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Pensieve header: A BCH-Lyndon Question; also at http://mathoverflow.net/questions/116137/the-bch-
series-in-terms-of-lyndon-words.

The Question

Recently | did some explicit computations that involved the BCH series, log(e* e¥). Here x and y are non-
commuting variables, and the BCH series lives in the graded completion FL (x, y) of the free Lie algebra
generated by x and y.

Mostly by chance | found that when BCH is written in the Lyndon basis of FL (X, y), the number of
Lyndon words that occur in its degree n piece is {2, 1, 2, 1, 6, 5, 18, 17, 55, 55, 186, 185, 630, 629,
2181, 2181, 7710, 7709, 27594, 27593, 99857, 99857}, for n running from 1 to 22.

There is an obvious pattern in this sequence - it seems that the odd-numbered terms are almost equal
to the even-numbered terms that follow them, with a decline of one in 2/3 of the times, and with precise
equality in the remaining 1/3 of the times. | have no idea why this is so. Perhaps you do?

Why care? The truth is that I'm curious but | don’t care much; | just stumbled upon this by chance. Yet
Lyndon words are a very effective tool for computations in free Lie algebras, and the BCH formula
appears in many of these computations. The fact that there is some unexpected symmetry in the Lyn-
don word description of BCH suggests that BCH contains less information than one might think, possibly
leading to some computational advantage. Though in (my) reality, the computational bottlenecks are
anyway elsewhere.

Some further observations:

The number of Lyndon words of length n, for n between 1 and 22, is {2, 1, 2, 3, 6, 9, 18, 30, 56, 99, 186,
335, 630, 1161, 2182, 4080, 7710, 14532, 27594, 52377, 99858, 190557}. For the even n’s, this is
much more than the number of Lyndon words that occur within BCH. For the odd n's, this is mostly
equal to the number of Lyndons in BCH, with exceptions at n=9, 15, 21. In those cases the BCH

formula is missing exactly one Lyndon word. These missing words are “XXXXXyxXy”, “XXXXXXXXXYXXXXy",
and “XXXXXXXXXXXXXYXXXXXXY”.

The actual BCH formula, written in Lyndon words, is displayed below to degree 8. Further down is the
list of Lyndon words that occur / do not occur in the BCH formula to degree 12.

Initialization

This notebook as well as the file “FreeLie.m” are available at http://drorbn.net/AcademicPen-
sieve/2012-12/.

SetDirectory["C:\\drorbn\\AcademicPensieve\\2012-12"1];

<< FreeLie.m;

BCH[n_Integer] := BCH[{"'X™), 'y"™)1[n];

BCHWords[n_Integer] := Cases[BCH[n], _LW, Infinity];
AllLyndonWords[n_Integer] := AllLyndonWords[n, {"X", "y"}1;
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BCH in Lyndon words

Table[BCH[Nn], {n, 8}]

Xy) Oxy)yy) xxyy)
{oo+ ., , ' : :
2 12 12 24
(XXXXY ) (XXXYY)  (XXYXY)  (XXYYY)  (XYXYY) (XYYYY)
720 : 180 ' 360 : 180 : 120 720
(XXXXYY ) (XXXYXY)  (XXXYYY)  (XXYXYY)  (XXYYYY)
1440 : 720 ' 360 ' 240 1440
(XXXXXXY ) (XXXXXYY D) (XXXXYXY)  (XXXXYYY)  (XXXYXXY)  (XXXYXYY)
30240 5040 : 10080 ’ 3780 : 10080 : 1680 :
(XXXYYXY ) . (XXXYYYY) . (XXYXXYY ) B (XXYXYXY ) . 13 (xxyxyyy) . (XXYYXyY) -
1260 3780 2016 5040 15120 10080
(XXYYYXY) ~ (XXYYYYY) N (XYXYXyy) B (XYXYYyyy) - (XYYXyyy) . (XYYYyyyy)
1512 5040 1260 2016 5040 30240
(XXXXXXYY ) (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 : 20160 20160 ’ 2520 :
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXYXY) 13 (XXXYXYyy) (XXXYyXyy)
120960 : 4032 10080 : 30240 : 20160
(XXXYYYXY)  (XXXYYYYY) . (XXYXYXYY)  (XXYXYYYY)  (XXYYXYYY) . <XXYYYYYY>}
3024 10080 2520 4032 10080 60480

Some Counts

Length /@ BCHWords /@ Range[21]

{2, 1, 2, 1, 6, 5, 18, 17, 55, 55, 186, 185,
630, 629, 2181, 2181, 7710, 7709, 27594, 27593, 99857}

(The degree 22 computation is time consuming and was done elsewhere. Comes out 99857)

Length /@ AllLyndonWords /e Range[22]

{2, 1, 2, 3, 6, 9, 18, 30, 56, 99, 186, 335, 630,
1161, 2182, 4080, 7710, 14532, 27594, 52377, 99858, 190557}

The Lyndon words in BCH

Do[
Print[{n, Length[BCHWords[n]], BCHWords[n]}];
If[EvenQ[n], Print["———"1],
{n, 12}

1
{1, 2, {0, <y)1}
{2, 1, {Kxy>1}
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{3, 2, {{xxy),

{4, 1,

{5, 6, {(XXXXY),

{6, 5,

{7, 18,

(XXYYYXY),
{8, 17,
(XXXXYYXY ),
(XXXYYYXY),

{9, 55,
(XXXXXYXYY),
(XXXXYXYXY),
(XXXXYYYYY),
(XXXYXYYXY),
(XXXYYYXYY),
(XXYXYXXYY),
(XXYYXXYYY),
(XXYYYYXYY),
(XYXYYYXYY),

{(XXyy)1}}

{ (XXXXyY),

{(XXXXXXY ),
(XXXYXYY), (XXXYYXY),

(XXYYYYY),
{{XXXXXXYY ), (XXXXXYXY),
(XXXXYYYY),

(XXXYYYYY),

{{XXXXXXXXY ),

(Xyy) 13

(XXXYY),
(XXXYXY),

(XXXXXYYXY ),
(XXXXYXYYY),
(XXXYXXXYY),
(XXXYXYYYY),
(XXXYYYYXY),
(XXYXYXYXY),
(XXYYXYXYY),
(XXYYYYYXY),
(XYXYYYyyyy),

(XXYXY),
(XXXYYY),

(XXXXXYY),
(XXXYYYY), (XXYXXYY),
(XYXYYyy),

(XXXXXYYY ),
(XXXYXYXY ),
(XXYXYYYY),

(XYyXyXyy),

(XXXYXXYY ),
(XXYXYXYY),

(XXXXXXXYY ),

(XXXXYXY),

(XXXXXYYYY ),
(XXXXYYXXY),
(XXXYXXYXY),
(XXXYYXXYY?),
(XXXYYYYYY),
(XXYXYXYYY),
(XXYYXYYXY),
(XXYYYYYYY),
(XYYXYYYYY),

(XXYyy),
(XXYXYY),

(XXXXYYY),

(XXXXXXYXY Y,

(XYyXyy),

(XXXXYXXXY),
(XXXXYYXYY),
(XXXYXXYYY ),
(XXXYYXYXY),
(XXYXXYXYY),
(XXYXYYXYY),
(XXYYXYYYY),
(XYXYXYXYy),
(XYYYXYYYY),

(XYYyXyyy),
(XXXXYXXY ),

(XXXYXYYY),
(XXYYXYYY),

(Xyyyy) 1}
(XXYYyy)}}

(XXXYXXY ),
(XXYXYXY), (XXYXYYY),
(XYYyyyy> 1}

(XXXXYXYY ),
(XXXYYXYY),
(XXYYYYYyy)>}}

(XXXXXXYYY),

(XXXXYXXYY ),
(XXXXYYYXY),
(XXXYXYXXY),
(XXXYYXYYY),
(XXYXXYYXY),
(XXYXYYYXY),
(XXYYYXYXY),
(XYXYXYYYY),

(XYYYYYYYY) 1}
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(XXYYXyY),

(XXXYXYXYY ),
(XXXYYYXXY),
(XXYXXYYYY),
(XXYXYYYYY),
(XXYYYXYYY),
(XYXYYXYYY),

{10, 55, {(XXXXXXXXYY), (XXXXXXXYXY), (XXXXXXXYYY), (XXXXXXYXXY), (XXXXXXYXYY),

(XXXXXXYYXY),
(XXXXXYYXXY ),
(XXXXYXXYYY?),
(XXXXYYXYXY),
(XXXYXXYXYY ),
(XXXYXYYXYY),
(XXXYYXYYXY),
(XXXYYYYYXY),
(XXYXYYYXYY),

(XXXXXYXYYY),

(XXXXXXYYYY?),
(XXXXXYYXYY),
(XXXXYXYXXY ),
(XXXXYYXYYY),
(XXXYXXYYXY ),
(XXXYXYYYXY),
(XXXYYXYYYY),
(XXXYYYYYYY),
(XXYXYYYYYY),

(XXXXXYXXXY ),
(XXXXXYYYXY),
(XXXXYXYXYY),
(XXXXYYYXXY ),
(XXXYXXYYYY ),
(XXXYXYYYYY?),
(XXXYYYXYXY),
(XXYXYXYXYY),
(XXYYXYYYYY),

(XXXXXYXXYY),
(XXXXXYYYYY),
(XXXXYXYYXY),
(XXXXYYYXYY),
(XXXYXYXXYY ),
(XXXYYXXYYY),
(XXXYYYXYYY),
(XXYXYXYYYY),
(XXYYYXYYYY),

(XXXXXYXYXY),
(XXXXYXXXYY),
(XXXXYXYYYY ),
(XXXXYYYYXY),
(XXXYXYXYXY ),
(XXXYYXYXYY),
(XXXYYYYXYY),
(XXYXYYXYYY),
(XXYYYYYYYY)}}
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(XXXXYXXYXY ),
(XXXXYYXXYY),
(XXXXYYYYYY),
(XXXYXYXYYY),



(11, 186,

(XXXXXXXYXYY),
(XXXXXXYXYYY),
(XXXXXYXXXYY),
(XXXXXYXYYYY?),
(XXXXXYYYXYY?),
(XXXXYXXXYYY),
(XXXXYXYXXXY ),
(XXXXYXYYXYY),
(XXXXYYXXYYY),
(XXXXYYYXXXY),
(XXXXYYYYXYY),
(XXXYXXXYYXY),
(XXXYXXYYXXY),
(XXXYXYXXYXY),
(XXXYXYXYYYY),
(XXXYXYYYXYY),
(XXXYYXXYXYY),
(XXXYYXYXYYY),
(XXXYYYXXYXY),
(XXXYYYXYYYY?),
(XXXYYYYYXYY?),
(XXYXXYXYXYY),
(XXYXXYYXYYY),
(XXYXYXXYYXY),
(XXYXYXYYXYY),
(XXYXYYXYYXY),
(XXYXYYYYXYY),
(XXYYXXYYYYY),
(XXYYXYYXYXY?),
(XXYYYXXYYYY),
(XXYYYXYYYYY),
(XXYYYYYYXYY),
(XYXYXYYyXyyy),
(XYXYYYyXYyyy),
(XYYXYYYXYYY),

{{XXXXXXXXXXY Y,

(XXXXXXXYYXY ),
(XXXXXXYYXXY ),
(XXXXXYXXYXY ),
(XXXXXYYXXXY ),
(XXXXXYYYYXY ),
(XXXXYXXYXXY ),
(XXXXYXYXXYY),
(XXXXYXYYYXY),
(XXXXYYXYXXY),
(XXXXYYYXXYY),
(XXXXYYYYYXY ),
(XXXYXXXYYYY ),
(XXXYXXYYXYY ),
(XXXYXYXXYYY ),
(XXXYXYYXXYY),
(XXXYXYYYYXY),
(XXXYYXXYYXY),
(XXXYYXYYXXY ),
(XXXYYYXXYYY ),
(XXXYYYYXXYY),
(XXXYYYYYYXY),
(XXYXXYXYYXY ),
(XXYXXYYYXYY),
(XXYXYXXYYYY),
(XXYXYXYYYXY),
(XXYXYYXYYYY),
(XXYXYYYYYXY),
(XXYYXYXXYYY ),
(XXYYXYYXYYY),
(XXYYYXYXYXY),
(XXYYYYXYXYY),
(XXYYYYYYYXY),
(XYXYXYYYXYy),
(XYXYYYYXYYY),
(XYYXYYYYYYY),

(XXXXXXXXXYY),
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(XXXXXXXYYYY),
(XXXXXXYYXYY),
(XXXXXYXXYYY),
(XXXXXYYXXYY),
(XXXXXYYYYYY?),
(XXXXYXXYXYY),
(XXXXYXYXYXY),
(XXXXYXYYYYY),
(XXXXYYXYXYY),
(XXXXYYYXYXY),
(XXXXYYYYYYY),
(XXXYXXYXXYY ),
(XXXYXXYYYXY),
(XXXYXYXYXXY),
(XXXYXYYXYXY),
(XXXYXYYYYYY),
(XXXYYXXYYYY),
(XXXYYXYYXYY),
(XXXYYYXYXXY),
(XXXYYYYXYXY),
(XXXYYYYYYYY),
(XXYXXYXYYYY?),
(XXYXXYYYYXY),
(XXYXYXYXXYY),
(XXYXYXYYYYY),
(XXYXYYYXXYY),
(XXYXYYYYYYY),
(XXYYXYXYXYY),
(XXYYXYYYXYY),
(XXYYYXYXYYY),
(XXYYYYXYYXY),
(XXYYYYYYYYY),
(XYXYXYYYYyyy),
(XYXYYYYYXYY),
(XYYYXYYYYYY),

(XXXXXXXXYXY Y,

(XXXXXXYXXXY ),
(XXXXXXYYYXY),
(XXXXXYXYXXY ),
(XXXXXYYXYXY),
(XXXXYXXXXYY),
(XXXXYXXYYXY),
(XXXXYXYXYYY),
(XXXXYYXXXYY),
(XXXXYYXYYXY),
(XXXXYYYXYYY),
(XXXYXXXYXXY ),
(XXXYXXYXYXY),
(XXXYXXYYYYY ),
(XXXYXYXYXYY ),
(XXXYXYYXYYY),
(XXXYYXXXYYY),
(XXXYYXYXXYY),
(XXXYYXYYYXY ),
(XXXYYYXYXYY),
(XXXYYYYXYYY ),
(XXYXXYXXYXY),
(XXYXXYYXXYY ),
(XXYXXYYYYYY),
(XXYXYXYXYXY),
(XXYXYYXXYYY),
(XXYXYYYXYXY),
(XXYYXXYYXYY),
(XXYYXYXYYXY),
(XXYYXYYYYXY),
(XXYYYXYYXYY),
(XXYYYYXYYYY),
(XYXYXYXYXyy),
(XYXYYXYXYYyy),
(XYXYYYYYYYY ),
(XYYYYXYYYYY),

(XXXXXXXXYYY),

(XXXXXXYXXYY),
(XXXXXXYYYYY),
(XXXXXYXYXYY),
(XXXXXYYXYYY?),
(XXXXYXXXYXY ),
(XXXXYXXYYYY),
(XXXXYXYYXXY),
(XXXXYYXXYXY),
(XXXXYYXYYYY),
(XXXXYYYYXXY),
(XXXYXXXYXYY),
(XXXYXXYXYYY?),
(XXXYXYXXXYY),
(XXXYXYXYYXY?),
(XXXYXYYYXXY),
(XXXYYXXYXXY),
(XXXYYXYXYXY),
(XXXYYXYYYYY),
(XXXYYYXYYXY),
(XXXYYYYYXXY),
(XXYXXYXXYYY?),
(XXYXXYYXYXY),
(XXYXYXXYXYY),
(XXYXYXYXYYY),
(XXYXYYXYXYY),
(XXYXYYYXYYY),
(XXYYXXYYYXY),
(XXYYXYXYYYY),
(XXYYXYYYYYY),
(XXYYYXYYYXY),
(XXYYYYYXYXY),
(XYXYXYXYYYy),
(XYXYYXYYyXyy),
(XYYXYYXYYyyy),
(XYYYYYYYYYY)}}
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(XXXXXXXYXXY ),

(XXXXXXYXYXY),
(XXXXXYXXXXY ),
(XXXXXYXYYXY),
(XXXXXYYYXXY),

(XXYYYYYXYYY),

(XYXYYXYYYYyy),



(12, 185,

(XXXXXXXXYYXY),
(XXXXXXXYXYYY),
(XXXXXXYXXXXY ),
(XXXXXXYXYXYY),
(XXXXXXYYXYXY),
(XXXXXXYYYYYY),
(XXXXXYXXYXYY),
(XXXXXYXYXYXY),
(XXXXXYXYYYYY),
(XXXXXYYXYXYY),
(XXXXXYYYXYXY),
(XXXXXYYYYYYY),
(XXXXYXXYXXYY),
(XXXXYXXYYYXY ),
(XXXXYXYXYXXY),
(XXXXYXYYXYXY),
(XXXXYXYYYYYY),
(XXXXYYXXYYYY),
(XXXXYYXYYXYY),
(XXXXYYYXYXXY ),
(XXXXYYYYXYXY),
(XXXXYYYYYYYY),
(XXXYXXYXYYYY),
(XXXYXXYYYYXY),
(XXXYXYXYXXYY),
(XXXYXYXYYYYY),
(XXXYXYYYXXYY),
(XXXYXYYYYYYY),
(XXXYYXYXYXYY),
(XXXYYXYYYXYY),
(XXXYYYXYXYYY),
(XXXYYYYXYYXY),
(XXXYYYYYYYXY),
(XXYXYXYYYXYY),
(XXYXYYYXYYYY),
(XXYYXYYYXYYY),

{ {XXXXXXXXXXYY ),

(XXXXXXXXYYYY),
(XXXXXXXYYXXY ),
(XXXXXXYXXXYY ),
(XXXXXXYXYYXY),
(XXXXXXYYXYYY ),
(XXXXXYXXXXYY),
(XXXXXYXXYYXY),
(XXXXXYXYXYYY),
(XXXXXYYXXXYY),
(XXXXXYYXYYXY ),
(XXXXXYYYXYYY),
(XXXXYXXXYXXY ),
(XXXXYXXYXYXY),
(XXXXYXXYYYYY ),
(XXXXYXYXYXYY),
(XXXXYXYYXYYY),
(XXXXYYXXXYYY),
(XXXXYYXYXXYY),
(XXXXYYXYYYXY),
(XXXXYYYXYXYY),
(XXXXYYYYXYYY),
(XXXYXXYXXYXY),
(XXXYXXYYXXYY ),
(XXXYXXYYYYYY),
(XXXYXYXYXYXY),
(XXXYXYYXXYYY),
(XXXYXYYYXYXY),
(XXXYYXXYYXYY),
(XXXYYXYXYYXY),
(XXXYYXYYYYXY),
(XXXYYYXYYXYY),
(XXXYYYYXYYYY),
(XXXYYYYYYYYY),
(XXYXYXYYYYYY),
(XXYXYYYYXYYY),
(XXYYXYYYYYYY),

(XXXXXXXXXYXY ),
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(XXXXXXXYXXXY ),
(XXXXXXXYYXYY),
(XXXXXXYXXYXY ),
(XXXXXXYXYYYY ),
(XXXXXXYYYXXY),
(XXXXXYXXXYXY),
(XXXXXYXXYYYY ),
(XXXXXYXYYXXY),
(XXXXXYYXXYXY),
(XXXXXYYXYYYY),
(XXXXXYYYYXXY),
(XXXXYXXXYXYY),
(XXXXYXXYXYYY ),
(XXXXYXYXXXYY),
(XXXXYXYXYYXY),
(XXXXYXYYYXXY),
(XXXXYYXXYXXY),
(XXXXYYXYXYXY),
(XXXXYYXYYYYY),
(XXXXYYYXYYXY),
(XXXXYYYYYXXY ),
(XXXYXXYXXYYY ),
(XXXYXXYYXYXY),
(XXXYXYXXYXYY),
(XXXYXYXYXYYY),
(XXXYXYYXYXYY),
(XXXYXYYYXYYY),
(XXXYYXXYYYXY),
(XXXYYXYXYYYY),
(XXXYYXYYYYYY),
(XXXYYYXYYYXY),
(XXXYYYYYXYXY),
(XXYXYXYXYXYY),
(XXYXYYXYXYYY),
(XXYXYYYYYXYY),
(XXYYYXYYYYYY),

(XXXXXXXXXYYY),

(XXXXXXXYXXYY),
(XXXXXXXYYYXY),
(XXXXXXYXXYYY),
(XXXXXXYYXXXY),
(XXXXXXYYYXYY ),
(XXXXXYXXXYYY),
(XXXXXYXYXXXY ),
(XXXXXYXYYXYY),
(XXXXXYYXXYYY),
(XXXXXYYYXXXY),
(XXXXXYYYYXYY),
(XXXXYXXXYYXY),
(XXXXYXXYYXXY),
(XXXXYXYXXYXY),
(XXXXYXYXYYYY),
(XXXXYXYYYXYY),
(XXXXYYXXYXYY),
(XXXXYYXYXYYY),
(XXXXYYYXXYXY),
(XXXXYYYXYYYY),
(XXXXYYYYYXYY),
(XXXYXXYXYXYY),
(XXXYXXYYXYYY),
(XXXYXYXXYYXY),
(XXXYXYXYYXYY),
(XXXYXYYXYYXY),
(XXXYXYYYYXYY),
(XXXYYXXYYYYY),
(XXXYYXYYXYXY),
(XXXYYYXXYYYY),
(XXXYYYXYYYYY),
(XXXYYYYYXYYY),
(XXYXYXYXYYYY),
(XXYXYYXYYXYY),
(XXYXYYYYYYYY),
(XXYYYYXYYYYY),

(XXXXXXXXYXXY),
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(XXXXXXXYXYXY),
(XXXXXXXYYYYY),
(XXXXXXYXYXXY),
(XXXXXXYYXXYY ),
(XXXXXXYYYYXY ),
(XXXXXYXXYXXY ),
(XXXXXYXYXXYY),
(XXXXXYXYYYXY),
(XXXXXYYXYXXY),
(XXXXXYYYXXYY),
(XXXXXYYYYYXY),
(XXXXYXXXYYYY ),
(XXXXYXXYYXYY ),
(XXXXYXYXXYYY ),
(XXXXYXYYXXYY),
(XXXXYXYYYYXY),
(XXXXYYXXYYXY),
(XXXXYYXYYXXY),
(XXXXYYYXXYYY),
(XXXXYYYYXXYY),
(XXXXYYYYYYXY),
(XXXYXXYXYYXY),
(XXXYXXYYYXYY),
(XXXYXYXXYYYY),
(XXXYXYXYYYXY),
(XXXYXYYXYYYY),
(XXXYXYYYYYXY),
(XXXYYXYXXYYY),
(XXXYYXYYXYYY),
(XXXYYYXYXYXY),
(XXXYYYYXYXYY),
(XXXYYYYYYXYY),
(XXYXYXYYXYYY),
(XXYXYYXYYYYY),
(XXYYXYYXYYYY),
(XXYYYYYYYYYY) }}

(XXXXXXXXYXYY),

On the MathOverflow question site, Hugh Thomas observed:

= It looks to me (from the data in the linked pdf) like there are two different perhaps not-so-related
things that are happening: at n odd, BCH gets all possible Lyndon words except one of them when
n=6k + 3 (k>0), in which case it misses x**** yx?¥y, and at n = 2k, the Lyndon words that appear
in BCH are exactly those obtainable from the Lyndon words of length 2k — 1 by prepending x, except

that x>~y does not appear. | have no explanations, though.
He is right:
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SymmetricDifference[A_List, B_List] := {
Complement[A, B], Complement[B, A]
}s

Table[

SymmetricDifference]
b[{"x"), #] & /@ BCHWords[2n-1],
BCHWords[2 n]

1,

{n, 2, 10}

1 // ColumnForm

{{XXXy >}, {}}

{{XXXxxy >}, {1}

{{LOXXXXXXXY )}, {}}

{{LUXXXXXXXXXY Y T, { (XXXXXXYXXY ) )}
{{L{XXXXXXXXXXXY Y Y, {}}
{{{XXXXXXXXXXXXXY )}, {}}
{{LEXXXXXXXXXXXXXXXY D}, { (XXXXXXXXXXYXXXXY ) )}
{{L{XXXXXXXXXXXXXXXXXY Y}, {}}
{{LEXXXXXXXXXXXXXXXXXXXY Y Y, {}}

The Lyndon words not in BCH

Odd n:

Table[{n, Complement[AllLyndonWords[n], BCHWords[n]1}, {n, 1, 21, 2}]

({1, {33 (3, (33 {5, {33, {7, {3}, {9, {{xxxxxyxxy)}}, {11, {}}, {13, {}},
{15, {(XXXXXXXXXYXXXXYY}Y, {17, {13}, {19, {}}, {21, {{XXXXXXXXXXXXXYXXXXXXY)>}1}}

TopBracketForm [ { (" XXXXXyXXy"" ), (" XXXXXXXXXYXXXXY"" ), " XXX XKXXY XXXXXXY"" ) } ]

{XXX XXY XXY, XXXXXXXXXY XX XXY, XXXXXXXXXXX XXY XXXX xiy}

Even n:

http://drorbn.net/AcademicPensieve/2012-12/#MathematicaNotebooks
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Table[{n, Complement[AllLyndonWords[n], BCHWords[n]]}, {n, 2, 12, 2}]

({2, {3}, {4, {{XXXY), (Xyyy)}},

{6, [(XXXXXY), (XXYYXY), (XYXYYY), (XYYYyy)}}, {8, {(XXXXXXXY),
(XXXYYXXY ), (XXYXXYXY), (XXYXXYYY), (XXYXYYXY), (XXYYXYXY), (XXYYyxyy),
(XXYYYYXY ), (XYXYXYYY), (XYXYYXYY), (XYXYYYYY), (XYYXYYYY), (XYYYYyyy)}},

{10, [ {XXXXXXXXXY ), (XXXXYYXXXY), (XXXYXXXYXY), (XXXYXXXYYY), {(XXXYXXYXXY),
(XXXYXYYXXY ), (XXXYYXXYXY), (XXXYYXYXXY), (XXXYYYXXYY), (XXXYYYyXXY),
(XXYXXYXXYY ), (XXYXXYXYXY), (XXYXXYXYYY), (XXYXXYYXYY), (XXYXXYYYXY),
(XXYXXYYYYY ), (XXYXYXXYYY), (XXYXYXYYXY), (XXYXYYXXYY), (XXYXYYyXYyXYy),
(XXYXYYYYXY ), (XXYYXXYYXY), (XXYYXXYYYY), (XXYYXYXYXY), (XXYYXYXYyy),
(XXYYXYYXYY ), (XXYYXYYYXY), (XXYYYXYXYY), (XXYYYXYYXY), (XXYYYyXyXy),
(XXYYYYXYYY ), (XXYYYYYXYY), (XXYYYYYYXY), (XYXYXYXYYY), (XYXYXyyXyy),
(XYXYXYYYYY ), (XYXYYXYYYY), (XYXYYYXYYY), (XYXYYYYXYY), (XYXYYyyyyy),
(XYYXYYXYYY ), (XYYXYYYYYY), (XYYYXYYYYY), (XYYYYYYYYYy)}},

{12, {<xxxxxxxxxxxy>, <xxxxxyyxxxxy>, <xxxxyxxxxyxy>, <xxxxyxxxxyyy>,

(XXXXYXXYXXXY Y, (XXXXYXYYXXXY ), (XXXXYYXXXYXY), (XXXXYYXYXXXY), (XXXXYYYXXXYY),
(XXXXYYYYXXXY ), (XXXYXXXYXXYY ), (XXXYXXXYXYXY), (XXXYXXXYXYYY), (XXXYXXXYYXXY),
(XXXYXXXYYXYY ), (XXXYXXXYYYXY ), (XXXYXXXYYYYY), (XXXYXXYXXXYY), (XXXYXXYXYXXY),
(XXXYXXYYYXXY ), (XXXYXYXXXYYY ), (XXXYXYXXYXXY), (XXXYXYXYYXXY), (XXXYXYYXXXYY),
(XXXYXYYXXYXY ), (XXXYXYYXYXXY), (XXXYXYYYYXXY), (XXXYYXXXYYXY), (XXXYYXXXYYYY),
(XXXYYXXYXXYY ), (XXXYYXXYXYXY), (XXXYYXXYXYYY), (XXXYYXXYYXXY), (XXXYYXYXXYXY),
(XXXYYXYXYXXY ), (XXXYYXYYXXYY), (XXXYYXYYYXXY), (XXXYYYXXYXXY), (XXXYYYXXYXYY),
(XXXYYYXXYYXY ), (XXXYYYXYXXYY), (XXXYYYXYYXXY), (XXXYYYYXXYXY), (XXXYYYYXXYYY),
(XXXYYYYXYXXY ), (XXXYYYYYXXYY), (XXXYYYYYYXXY), (XXYXXYXXYXYY), (XXYXXYXXYYXY),
(XXYXXYXXYYYY ), (XXYXXYXYXXYY), (XXYXXYXYXYXY), (XXYXXYXYXYYY), (XXYXXYXYYXYY),
(XXYXXYXYYYXY ), (XXYXXYXYYYYY), (XXYXXYYXXYXY), (XXYXXYYXXYYY), (XXYXXYYXYXYYy),
(XXYXXYYXYYXY ), (XXYXXYYXYYYY), (XXYXXYYYXXYY), (XXYXXYYYXYXY), (XXYXXYYYXYYY),
(XXYXXYYYYXYY ), (XXYXXYYYYYXY), (XXYXXYYYYYYY), (XXYXYXXYXYXY), (XXYXYXXYXYYyy),
(XXYXYXXYYXYY ), (XXYXYXXYYYXY), (XXYXYXXYYYYY), (XXYXYXYXXYYY), (XXYXYXYXYYyXY),
(XXYXYXYYXXYY ), (XXYXYXYYXYXY), (XXYXYXYYYYXY), (XXYXYYXXYYXY), (XXYXYYXXYYYyy),
(XXYXYYXYXXYY ), (XXYXYYXYXYXY), (XXYXYYXYYYXY), (XXYXYYYXXYYY), (XXYXYYYXYXYY),
(XXYXYYYXYYXY ), (XXYXYYYYXXYY), (XXYXYYYYXYXY), (XXYXYYYYYYXY), (XXYYXXYYXYXY),
(XXYYXXYYXYYY ), (XXYYXXYYYXYY), (XXYYXXYYYYXY), (XXYYXXYYYYYY), (XXYYXYXXYYYY),
(XXYYXYXYXYXY ), (XXYYXYXYXYYY), (XXYYXYXYYXYY), (XXYYXYXYYYXY), (XXYYXYXYYyyy),
(XXYYXYYXXYYY), (XXYYXYYXYXYY), (XXYYXYYXYYXY), (XXYYXYYYXYXY), (XXYYXYYYYXYY),
(XXYYXYYYYYXY ), (XXYYYXXYYYXY), (XXYYYXXYYYYY), (XXYYYXYXYXYY), (XXYYYXYXYYXy),
(XXYYYXYXYYYY ), (XXYYYXYYXYXY), (XXYYYXYYXYYY), (XXYYYXYYYXYY), (XXYYYXYYYYXY),
(XXYYYYXYXYXY ), (XXYYYYXYXYYY), (XXYYYYXYYXYY), (XXYYYYXYYYXY), (XXYYYYYXYXYY),
(XXYYYYYXYYXY ), (XXYYYYYXYYYY), (XXYYYYYYXYXY), (XXYYYYYYXYYY), (XXYYYYYYYXYY),
(XXYYYYYYYYXY ), (XYXYXYXYXYYY), (XYXYXYXYYXYY), (XYXYXYXYYYYY), (XYXYXYYXYyXyy),
(XYXYXYYXYYYY), (XYXYXYYYXYYY), (XYXYXYYYYXYY), (XYXYXYYYYYYY), (XYXYYXYXYYYY),
(XYXYYXYYXYYY ), (XYXYYXYYYXYY), (XYXYYXYYYYYY), (XYXYYYXYYXyy),

(XYXYYYXYYYYY), (XYXYYYYXYYYY), (XYXYYYYYXYYY), (XYXYYYYYYXYY),

(XYXYYYYYYYYY ), (XYYXYYXYYYYY), (XYYXYYYXYYYY), (XYYXYYYYXYYY),

(XYYXYYYYYYYY ), (XYYYXYYYYYYY), (XYYYYXYYYYYY), <(XYYYYYYYYYYY)}1}
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Table[{n, Complement[AllLyndonWords[n], BCHWords[n]]}, {n, 2, 10, 2}] //
TopBracketForm

{201 {4 {xxxy, Xyyy}} {6 {(xxxxXy, xXyy Xy, Xy Xyyy, Xyyyyy|}

{8, {xxxxx XXY, XX XYY XXY, XXY XXY XY, XXYXXYVyYV,

XXY XYY XY, X XYY XYXYy, X XYYy XYy, XXYy YyyXy, XyXy Xyyy,

XYXYY XYY, XY XYY Yyy, XyY Xyyyy, Xyyyyyyy}},

{10, {xxxxxxx XXY, XXX XYY X XXY, X XXY XXXY XY, X XXY XXXYVYYVY,

X XXY XXY XXY, XXXY XYY XXY, XX XYY XXY XY, XX XYy XY XXV,

XX XYY YX XYY, XXXYYyy XXy, XXy XXy xXXyy, XXy XXy XyXy,

XXY XXY XYY Y, XXy XXYYy XYy, XXYXXYyYyXy, XXy XXyyyyy,

XXY XYX XYY Y, XXYXY XYYy XY, XXY XYYy X XYY, XXy XYYy XyXY,

XXY XYY YYXY, X XYY X XYY XY, X XYY X XYY Yy, X XYYy XYyXYyXY,

X XYY Y XYy Xy, XXYY YYXYXY, XXYY Yy XyyYy, XXYyyyyyXyy,

XXYYYYYYXY, XYXYyXYy XYy y, XYXY Xyy Xyy, XyXy Xyy yyy,

XY XYYy XYY Yy, XY XyyyXyyy, Xy XyyyyXyy, Xy Xyyyyyyy,

X
<
<

X
<
<

X
<
<
<

XYY XYY YYYY, XYY Y XYY YYY, XYY yyyyyyy}}}
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