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Abstract

The symbol of a function of a pseudodifferential operator
by

Alfonso Gracia-Saz

Doctor of Philosophy in Mathematics

University of California at Berkeley

Professor Alan Weinstein, Chair

Let A be an pseudodifferential operator in L?(RN) with Weyl -symbol A and
let f be a smooth function. Then B: = f (2) is another operator, with symbol B. What
is B in terms of A and f7 In this thesis, we provide an answer to this question in the
form of a formula “&a la Feynman”. We express B as a power series in i whose terms are
labeled by diagrams. The contribution of each term is a combinatorial calculation which
can be explicitly computed.

We then consider generalizations of this result to other quantizations and to

functions of various variables. We finally derive various applications to quantum me-

chanics, including Bohr—Sommerfeld quantization rules at all orders in .



Professor Alan Weinstein
Dissertation Committee Chair



DEDICATION

A mi madre, por su coraje.



Contents

Entzaduciiod iv
Acknowledgmentd ix

ii



C_Calculation of coand S

B o e foei—r e

Eibliogranhyl

iii

52

55
56
58

59

63

65



Introduction

The main goal of this thesis is to provide a realistically computable formula for

the symbol of a function of an operator. Here is our main problem:

Statement of the problem: Let A be a pseudo—differential operator in
L2(RN) which admits a self-adjoint extension. Let A € C®(T*RN) be the
symbol of A. Let f R — R be a smooth function and let B = f(g) be an

operator with symbol B. What is B in terms of A and f?

We need to give some background to understand 4. Consider the case of a
particle in NV dimensions. The observables are the physical quantities that we want to
study (e.g. the energy). In classical mechanics, the observables, which we call symbols,
are real-valued smooth functions on the manifold 7*(R") and depending on a formal
parameter A. In quantum mechanics, the observables are essentially self-adjoint oper-
ators on the Hilbert space L%(RY), also depending on the formal parameter h. Weyl

quantization provides a correspondence between classical and quantum observables, i.e.
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between symbols and operators:
Aec™(TRV[A] — AecOp(L*RY))[H].

This correspondence is a bijection when we restrict the domain and the range, so we can
talk about the symbol of an operator, and the question » makes sense.

Our interest in this problem comes from Bohr—Sommerfeld quantization rules,
which are an algorithm to calculate asymptotically the eigenvalues of an operator as a
formal power series in . Colin de Verdiére [ (inspired by Voros [Z]) obtained the

following results:

e Let H be a pseudodifferential operator in L%(R) with symbol H. Then, under

certain hypotheses, there exist a function
S: R — R[[A]],

called the semiclassical action, such that

~ S(E
FE is an eigenvalue of H <« % €N
™

e The semiclassical action for an operator H can be entirely calculated from the

symbol H, provided we have an answer to .

Colin de Verdiere proves the existence of a universal formula to answer "4 (like
our Equation (EZl) below), and explains how to calculate S(E) from it. It does not, how-
ever, give an explicit solution to "X. Instead, [ ] give an algorithm which theoretically

allows us to calculate the symbol of a function of an operator at any given order in A,



and from that to read off S(E) at the same order in /. This algorithm (which we call
the resolvent approach) is in practice intractable after order A2 because the calculations
are too complicated. We explain the resolvent approach in Appendix B

Our goal, as we said above, is to find a solution to *HMwhich is useful in practice,
i.e. which can realistically be computed for any given particular example. In this thesis,

we will derive the following formula:

B=Y" (%E o () ) "
=\ 2 Sr Vr!

The sum is taken over all finite graphs I' with no isolated vertices. For every such graph
I', Vr is the number of vertices and Er is the number of edges. Ar(A) is a polynomial
in the derivatives of A constructed algorithmically from I' (see §&). St is the order of
the symmetry group of I'. ¢p is a simple integer-valued invariant of I' (see JEZd). The
terms through order 4 in h of (&) are shown in Appendix B

There are two advantages to our method. The first one is that we derive the
compact, final result (E&M) whose terms can be explicitly written. This is important, as
most of the applications of this formula are in quantum physics, where we would like to
perform explicit calculations for a particular given operator. The second advantage is

its generality. In the derivation of (El) we use:

e Weyl quantization as a bijection between symbols and operators. However, the
only thing specific to Weyl quantization that we use is the star product (definitions

in ). This makes it easy to generalize (El) to other quantizations (see JE).
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e A functional calculus to define a function of an operator f (2) (see ). However,
unlike in the resolvent approach, we do not use any particular functional calculus,
but just the properties that every functional calculus has. Hence our result is valid

for a wider class of functions f and it generalizes to functions of several variables
(see SED).

Bohr-Sommerfeld rules are explained in &l There are various other applica-

tions of our result:

- Star exponential. Omori et al [Z2] studied the star exponential of quadratic forms,
which, although stated differently, is equivalent to studying the symbol of the
exponential of an operator. As we explain in &2 we believe that our method can

help extend their results to star exponential of higher order polynomials.

- Determinant of certain differential operators As explained in [Ed], such determi-
nants naturally arise in quantum field theory at the one loop level. The determinant
of an operator can be defined by the property log det A = trace log 2, which holds
in finite dimensional spaces. The trace of the operator B= log A can be calculated

by integrating its symbol B in phase space. See
The structure of this thesis is as follows.

1. In Chapter [l we give the background necessary to understand *X. In S0 we
define quantizations, i.e. correspondences between symbols (smooth functions) and
operators, and in particular the Weyl quantization. In &1 we define functional

calculi, i.e. how to define a function of an operator.
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2. Chapter H contains the core of this thesis. After introducing graphs and fixing

notation, we derive (E&l) and various equivalent formulas.

3. In Chapter B we study generalizations of (Bl) to other quantizations and to func-

tions of several variables.

4. In Chapter Bl we study various applications, including Bohr-Sommerfeld quantiza-

tion rules.

The core of this thesis was published in [i] by Annales de I'Institut Fourier.
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Chapter 1

Background

Let us recall our problem as was stated in the introduction. Let A € Op(L2(RY))
be an operator with symbol A € C®(T*RY) and let f be a smooth function. Let
B:=f (ﬁ) be another operator with symbol B. We want to express B in terms of
A and f. In this chapter we will give the background necessary to understand this
problem. First, in S0 we talk about quantizations, i.e. what it means that the func-
tion A € C®(T*RY) is the symbol of the operator A. Then, in Y& we talk about the

functional calculus, i.e. how to define a function of an operator f (2)

1.1 Quantization

In a few words, a quantization is a relation between the classical and quantum description
of a physical system. We will first give a heuristic explanation in JI&l and then a

definition in Y1 We will mostly use Weyl quantization (), whose main ingredient



for us is the Moyal product (JEI).

1.1.1 A heuristic explanation

The classical and quantum descriptions of a physical system are quite different. In the
classical description of a system, the space of states is a Poisson manifold, whereas the
quantum state space is a Hilbert space. For a particle in N dimensions, the Poisson
manifold (classical) is T*R" and the Hilbert space (quantum) is L?(RY).

The observables are the physical quantities in which we are interested (e.g. the
energy). They are classically described by real-valued smooth functions on the phase
space C®(T*R"Y), which we call symbols. In the quantum description they are essentially
self-adjoint pseudodifferential operators on the Hilbert space L2(RY). (We could discuss
quantizations in a more general setup than a particle in N dimensions, but we will not
do so now). See Figure &l for a summary of this comparison between classical and
quantum mechanics.

For instance, we have canonical coordinates

(:Evp) = (:Elv"'axvalv"'apN)

on the cotangent bundle T*R": x; are the coordinates on the base RN and pj are the
coordinates along the fibers. z; and p; are elements of C*°(T*R™) and hence classical

observables. We associate to them operators #; and p; on L*(RY) defined by:

zj[o)(z) : = z;0(x)
(1.1)
pjlol(z) : = —ih—(x)

d$j



Figure 1.1: Classical vs quantum mechanics.

Classical

Quantum

Space of states

Poisson manifold

Hilbert space

M H
Observables Symbols or smooth functions Operators
on M on H
Ez: particle
in N dimensions Co(T*RM)[[R]] Op(L2(RM))[[A]]

coordinates on

Zj j=1,...,.N

zjlol(x): = x;0(x)

J
TRV ~ B2V o Blél@): = —ihide (a)
star product composition of operators
C=AxB C=AB
QUANTIZATION A € ¢ (T*RM)[[H]] A € Op(L*(RN)[[n]




for ¢ € L2(RV).

A quantization is a suitable extension of this correspondence to a map
Aec®(TRY:C) — A e Op(L*RY)).

What do we mean by suitable? We would like it so satisfy the following properties:

The correspondence is linear.

A is real-valued <= A is essentially self-adjoint.

A is positive <= A is a positive operator.

The correspondence is injective.

The correspondence is often only defined on a dense subalgebra. When we restrict the
domain and range it becomes a bijection and we can talk about the symbol of an operator.
Some of these properties are sometimes relaxed.

Once we have a quantization, we can define an associative operation in C*°(T*R™),
called the star product x, that makes the bijection A +— A into an algebra isomorphism
(with respect to composition of operators). In other words, C' x D is the symbol of the
operator CD.

There is one extra condition, probably the most important:

e Correspondence principle: As h — 0, the quantum formalism converges to classical

formalism.



To formalize this principle we require

. AxB-—-BxA )
%# =i{A, B} (1.2)

in some topology we do not yet specify.

The mathematical nature of Planck’s constant A is an additional problem. We
can treat it in two different ways: as a parameter that takes real values in some interval,
or as a formal parameter. They lead to two different ways of making sense of the
previous limit, and to two different definitions of quantization, which we discuss in the

next subsection.

1.1.2 Definitions

We can think of & as a real parameter that takes values in an interval I which contains 0
as a limit point. Then we need to consider symbols that depend on A, i.e. C*°(I x T*RY)
and similarly for operators. We finally need to choose a topology to make sense of (I=3).
We will not follow this strict quantization approach here. See [ZH] for a rigorous definition
and examples.

Instead, we will think of A as a formal parameter and consider all our spaces
to consist of formal power series in A. Thus, the classical observables will be elements
of C®(T*RM)[[A]], and the quantum observables will be elements of Op(L?(RN))[[A]].
In this approach, we do not need to worry about convergence of the series in h. It
is equivalent to replacing every function that depends on A by its formal power series

expansion, modulo functions that are O(A).



Definition 1.1. A quantizatiorl or symbol correspodence is an injective, R[[A]|-linear
map

Aec(TRV)[[A)] — A€ Op(L*(RY))[[A]

defined on a dense subalgebra of C*°(T*RN)[[R]] and satisfying W) as well as
At = 4%, (1.3)

where A* is the complex conjugate of A, and

AxB = AB + O(h) ”
1.4

Ax B — BxA=ih{A, B} +O(h?)

(=) means that the symbol of the adjoint of an operator is the complex con-
jugate of the symbol (and hence the correspondence maps real-valued symbols to es-
sentially self-adjoint operators and positive-valued symbols to positive operators). ()
mean that the quantum formalism converges to the classical formalism when h— 0. {, }
is the Poisson bracket on C*°(T*RY).

There are various examples of quantizations in this sense. In this thesis we will
mostly use Weyl quantization, which we describe in the next subsection. (The exception
is 8 where we consider alternative quantizations).

There is still another approach. In Definition IEll we start with a symbol cor-
respondence

A e c(TRV)[[A)] — A € Op(L*(R™))|[7]

IThis is sometimes called a formal quantization to emphasize the difference from a strict quantization.



and define from it a star product x in C*>(T*R™V)[[A]] by

—_— o~

AxB = AB.

Since the symbol correspondence is a bijection (when the domain and range are re-
stricted), the star product encodes all the information of the algebra of operators. A
deformation quantization consists of defining the star product directly in C>(T*R™)[[A]]

without any reference to operators. More specifically:

Definition 1.2. Let M be a Poisson manifold. A deformation quantization or star

product on M is an associative, R[[R]]-linear product  in C*(T*RN)[[A]] satisfying (L.

This concept was introduced by Bayen et al in [H. See also [Z2] for details and
examples.

In g8 we will explain how to rephrase the statement of our main problem so
that it makes sense in the context of a deformation quantization that might not come

from a symbol correspondence.

1.1.3 Weyl quantization

Weyl quantization [Z] (a.k.a. Weyl-Wigner correspondence) follows from the following
idea. We know from (EZN) the operators z; and p; that correspond to the coordinate
functions x; and p;. We next construct the operator that corresponds to exponentials

of linear combinations of them, and finally we use the Fourier transform to build the



operator for an arbitrary symbol. Specifically, for o := (av, ..., an) € RV let us write

N
o Tr = E Oéj:Ej.
J=1

Let a, 3 € RN. Then, a-Z+ 3P is an essentially self-adjoint operator, so that e*(@Z+0P)
is a well-defined unitary operator. Given a symbol A € C®(T*RY), let us denote by

F[A] its Fourier transform, so that
A(z,p) = /f[A](oz, B) el +Be) qradrg.
Then we map the symbol A to the operator A defined by
A= / F[A](a, B) e@THD) qradn .

The last integral is taken in the strong topology. Although written for symbols that do
not depend on £, this expression can be extended to all symbols by R[[A]]-linearity.

If our symbols are in the Schwartz space of rapidly decreasing functions, then
so are their Fourier transforms. Alternatively, we can take a bigger class of symbols, and
then the Fourier transforms will be distributions. See [] for details.

An alternative way of thinking about the Weyl quantization is via the following

explicit expression. It produces an operator A from a symbol A or the symbol from the

operator:
- YA o @k
Aola) = [ Glbee A Y po)
(27h) 2 (1.5)
d"s ; -~
A = [ ————eisp/h 2|Alz — /2
@) = [ G o 5/2 A = 5/2)
Again, we refer to [ for details.



In the rest of this thesis, we accept that Weyl quantization is a well defined
correspondence between symbols and operators, but we will not need to use its explicit
form. We need only the explicit form of the star product, which we discuss in the next

subsection.

1.1.4 The Moyal product

Recall that, given a quantization, we define a star product in C(T*RY)[[h]] as the op-
eration that makes the bijection A +— A into an algebra isomorphism. In other words,
C'x D is the symbol of the operator CD. In the particular case of the Weyl quantization,
the star product is called the Moyal product. Its explicit form is actually due to Groe-
newold [ before Moyal [Z1]. It can be derived directly from (). If C, D are symbols
in C>°(T*RY), then:

CxD :kzz(]% (%) (C. D}y (1.6)
We need to explain the notation in (IZH). In the natural coordinates (z,p) on T*RY, the

Poisson bivector field is

N
J = Z(am] & apj - apj & amj)a
j=1
where 0, := a%. Let us call the coordinates (2!,...,22Y) := (z,p) and let J* be the

coefficients of the Poisson tensor on this chart

)= (5. %),



where Iy is the identity N x N matrix. Using the Einstein summation criterion (sum-

mation over repeated indexes), J = J*0, ® 0,. Let us also write

oC
C“u == 6“0 == azuc == @

okC

C7H1...“k e 8“1 .. a“kc e 62#1 . azl»"kc e m

Then the Poisson bracket in T*RY can be written as
{C,D}=C,J"C,.

The terms appearing in () are defined as:
{07 D}O =CD
{07 D}l = {07 D} = C,MJHVD,V

{C, D}, =C o p "V D

m ik

We introduce now some notation that will be more convenient for us than {, },

and of which we will make extensive use. Following [H] we use the notation “—” for

43

a Poisson tensor in the following way: “—" is replaced by J*¥, the expression at the

head of the arrow is acted on by 9, and the expression at the tail of the arrow is acted

on by 9,. For instance
¢c—D =C,J"D, = {C,D}
C—=D =CupJ"V J*"D 1, = {C,D}y
T D =Cpu " D = {C, D),

Here, :[k] denotes k arrows. A more complicated example is

C—D=—=A~= C“u1J“1V1D7V1M2H3J“2V2JHBVBAWzVa (1.7)

10



Since JH* is skew—symmetric, inverting an arrow multiplies the expression by —1:
C—D=(-1)C«~—D
With this notation, the Moyal product (EH) is written:
[e'e) . k
1 [ih —
C*D:I;H <5> C H_D (1.8)

The notation is explained in further detail in & In Appendix Bl we explain

how it makes it simpler to write down expressions and perform certain calculations.

1.2 Functional calculus

To make sense of our problem (and to understand (EM)), we need to define what a
function of an operator is. If f(y) = y™ then f(;l\) = (A\)", and similarly we can make
sense of f (2) for any polynomial f. At first sight, there is not a simple way to make

sense of f(A) for an arbitrary smooth function f, and this turns out to be an interesting

problem in functional analysis.

Definition 1.3. Let A be an essentially self-adjoint operator on a Hilbert space. A

functional calculus or spectral theorem for A consists of
e a (complex) algebra B of functions of one variable, and

® a map

feB — f(A) € Op(LARY)),

satisfying the following properties:

11



o fi— f(ﬁ) is a homomorphism of algebras (with respect to the pointwise product of

functions and composition of operators). In particular it is linear and
f(A)g(A) = (fg)(A).

The identity function is mapped to A: Id(ﬁ) = A.

The constant function equal to 1 is mapped to the identity operator: 1(2) =1.

o fX(A) = (f(A), where f* is the complex conjugate of f.

If the spectrum ofg does not intersect the support of f, then f(ﬁ) =0.

The definition can be extended to operators which are not essentially self-
adjoint. Sometimes a continuity condition is also required. Of course, we will only care
about functional calculus for operators in L?(R") and where the algebra consists of
smooth functions B C C*°(C). See [H] for details on the definition.

There exist various spectral theorems for different algebras B. [l] contains a
reasonably comprehensive list.

Let us go back to our main problem. Given an operator A with symbol A
and a smooth function f, we define the operator B: = f (2) with symbol B. We want
to write B in terms of A and f. A priori, the answer could depend on the functional
calculus that we are using, i.e. on how we define what f (2) means. In fact, previous
approaches to this problem [4 E¥] fix one particular functional calculus. We, instead,
will not choose any specific functional calculus. We will only assume that the function f

belongs to some algebra B for which we have a well-defined functional calculus. We will

12



not use its explicit form, but only the properties in Definition 23 As an consequence,
our result will be valid for a bigger set of functions and will have an easy generalization
to functions of several variables (see JB).

In Appendix B we will discuss the method used in [ E5] and will use it to
derive an alternative proof of our main result. This will be the only occasion in which
we fix an explicit functional calculus.

Finally, notice that we do not need a functional calculus to define what we

mean by a function of a symbol, since f(A): = f o A.

13



Chapter 2

Main calculations and results

In this section, we will derive (E&) and various equivalent formulas. By com-
parison with previous attempts to solve the same problem (see Appendix H), one of our
crucial ingredients is the diagrammatic notation first introduced in [H]. This notation
allows us to write compact expressions for otherwise long, ugly formulas. In particular
we will write formal power series whose terms are labeled by graphs (a la Feynman).

In §Z we will describe the families of graphs that we are going to use and fix

notation. The core of our calculations is in &0 and we finally summarize our results in

v |

2.1 Notation: Graphs

The formulas we are going to derive involve power series whose terms are labeled by

graphs. We will use two types of graphs: labeled graphs and unlabeled graphs (which

14



we will simply call graphs).

A graph consists of a finite set of vertices and a finite number of edges. Each
vertex is represented by a dot. Each edge is represented by a line joining two vertices.
Multiple edges joining the same pair of vertices are allowed. A self-edge (an edge from
a vertex to itself) is not allowed. A graph does not need to be connected.

An example of a graph is

e —= (2.1)

A labeled graph is a graph in which we have labeled the vertices with the first V
natural numbers 1,2,...,V and the edges with the first £ natural numbers 1,2, ..., E.

Therefore, V' is the number of vertices and E is the number of edges. An example is:

Even though a graph as defined above is not oriented, a labeled graph has a
natural orientation: every edge is oriented so that the target has a higher label than the

source:

2
1==2—>6==3 41—

All the information in a graph is given by how many edges there are joining
each pair of vertices. All the information in a labeled graph is given by which edge joins

which pair of vertices. This leads us to adopt the following formal definitions.
Definition 2.1. Let V and E be two non—negative integers. A labeled graph with V'

15



vertices and E edges is a map

s:{l,...,E} — P{1,...,V},

where Py X denotes the set of subsets of X with 2 elements.

This means simply that the edge i joins the pair of vertices s(i). The group
Sg of permutations of E letters acts on {1,..., E}. The group Sy of permutations of
V letters acts on {1,...,V}, and hence also acts naturally on P2{1,..., V'}. Therefore,
the direct product Sy x Sg acts on functions {1,..., E} — Po{1,...,V}, that is, on

the set of labeled graphs with V vertices and E edges.

Definition 2.2. An unlabeled graph or simply graph with V vertices and E edges is

an orbit of this action.

We will denote a labeled graph by I' and the corresponding (unlabeled) graph
by [I'], if we need to distinguish between them. Otherwise, we will abuse notation and
denote both simply by I'.

It is convenient to define now two more concepts that will be needed later. The
order of symmetry of a labeled graph is the number of permutations of edges and vertices

that we can make without changing it. Or, more formally:

Definition 2.3. The order of symmetry St of a labeled graph T is the order of the
stabilizer of I' in the action of Sy X Sg on the set of graphs with V vertices and E edges.

The order of symmetry of an unlabeled graph [U'] is the order of symmetry of T.

16



Notice that if two labeled graphs I'y and I's represent the same unlabeled graph
[['1] = [I'2], then their stabilizers are conjugate subgroups of Sy x Sg, and have the same
order. Hence, the order of symmetry of an unlabeled graph is well-defined. See Appendix
O for examples.

A labeled graph is reduced if it does not have any isolated vertices. Or, more

formally:

Definition 2.4. A labeled graph s : {1,...,E} — Po{1,...,V} is reduced if every
i=1,...V isin some element of the image of s (i.e., “if every vertex is in some edge”).

An unlabeled graph [T] is reduced if T is reduced.

° e is not

All the previous examples are reduced. The graph e
reduced.

Given a labeled graph I with V' vertices, and given V symbols A1, ..., Ay we
construct a new symbol, called Ap(Aq, ..., Ay), by replacing the vertices by Ay, ... Ay,
and letting every edge represent a Poisson tensor (as explained in JEIA). We denote
Ar(A4, ..., A) simply by A\r(A).

For instance, if I is the labeled graph

1 2

1 2 3 3,
then Ap(C, D, A) is the expression in (). And
Ar(A) = A——A=—=A = A, J"A, Ly JJ"?2IBRA .

17



Since changing the direction of one arrow multiplies the expression by —1, A

is defined only up to a sign.

2.2 Calculations

We recall our problem. Let us fix an operator A with symbol A and a smooth function
f. Let B=f (A\) be an operator with symbol B. In this section we will perform the
necessary calculations to obtain various expressions for B in terms of A and f.

The main step is to obtain an expression in terms of graphs for an iterated star
product Ci ... C, for symbols C;. We do this in &2 Then in &2 we derive our
first expression for B in terms of A and f.

Equation (BH) at the end of J&Zis a power series whose terms are parametrized
by labeled graphs. This is the easiest form of our result to derive, and it is useful for
theoretical proofs. However, it is not convenient for explicit calculations when we want
to write the first few terms explicitly, as there are many more labeled graphs than unla-
beled graphs. In §&J we obtain our second expression for B in terms of A and f, (E=),
a series whose terms are parametrized by unlabeled graphs. There is still a third form of
our formula, Equation (EZI), whose terms are parametrized by connected graphs. This
last form is studied in §E=ZA

Using (B2) or (EX), we have calculated the explicit form of the terms up to

order 4 in A of the symbol B in terms of A and f; the results are displayed in Appendix

18



2.2.1 The n—th star product.

The main step in the derivation of (Il is the following expression for the iterated star

product, which generalizes Moyal’s formula:

Lemma 2.5. Let Cy,...,C, € C®(T*RY) be symbols. Then

C’l*...*Cn = Z E (%) Z AF(CI)-.-,CTL) (22)

labeled graphs T’
with n vertices
and k edges

Notice that for every integer k, there exists exactly one graph with 2 vertices
and k edges
—_—

o (k] e

and there is a unique way to label it. As a consequence, when n = 2, Lemma EH is

exactly the Moyal formula for the star product (E3):

.1 [ih K —_
Cy* Oy :ZE <5> C1 K Cy
k=0

As an example, Figure B2l shows the first terms of Equation (B) when n = 3
and C; = A for all . Notice how in this figure all graphs have vertices labeled 1,2, 3

from left to right.

Proof of lemma B2l We will use induction on n.

The result is true for n =0, 1, 2.
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3.

Figure 2.1: Lemma EZ when n

A3+

>2<A—>A<—A> + O

4-2 ﬂ
2 2
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Inductive step. We use the associativity of the star product.

Cix...xCpp1 = (Cyx...Cp) xCria

1 /in\ ¥
e Z E 5 AF(CI, ey Cn) * Cn+1

labeled
graphs I'
with n vertices

o

L /in\ Btk .
_ Z Z o (%) Ar(Cy,...,Cn) il Cppa

labeled k=0
graphs I'
with n vertices

Applying Lemma Bl in Appendix B to Ap(Cy, ..., Cy) E Cpi1, wWe get a
sum over labeled graphs IV with n+ 1 vertices. They are built by starting with a labeled
graph I with n vertices (labeled 1,...,n) and E edges (labeled 1, ..., E) and adding the
(n+ 1)-th vertex and k edges (labeled E+1,..., E+k) ending at the (n+ 1)-th vertex.
The number of edges of IV is E/ = E + k. We are not getting all possible labeled graphs
with n 4+ 1 vertices yet because we are imposing that all the edges ending in the vertes
n+1 have the highest labels. For any given graph with with n+4 1 vertices and E’ edges,

E+k

we need to divide by a factor of ( 5 ) in order to account for all ways of relabeling the

edges. Fortunately, we can write

11 E+k
Bkl (E+KI\ E )’

and we get
1 (in\ ¥
01*...*Cn+1 = E ﬁ(?) /\F/(Cl,...,cn+1).
labeled
graphs T

with n 4+ 1 vertices
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2.2.2 First formula for the symbol of a function of an operator.

We now attack the problem of obtaining the symbol B of B = f (2) in terms of A and

1.

We first need the following fact:

Lemma 2.6. Let g be a smooth function and C:= g(ﬁ) Let zg be a point in T*RY and

ap: = A(z0). If g has a zero of order m at ag, then C(z) = O(h™/?).
Note. Actually, we can do better: C(z) = O(h*™/3). However, we cannot conclude
that C(z9) = O(R™) from the hypothesis of Lemma EIl As a counterexample, take
A(z,p) = 2* — p, 20 = (1,1),
ap = A(z) =0, 9(y) =y’

Let C: = g(ﬁ), so that C = Ax Ax A. On the one hand, ag is a zero of order 3 of g. On

the other hand, substituting

A—Ae A = A A, A, = 2
and A(zp) = 0 into the calculation in Figure B2l we get C(z0) = —h?/2 + O(h3).
Proof of Lemma B Let us write g(y) = ¢1(y)(y — ap)™ and let C = gl(ﬁ). Then

C = g(A) = g1 (A)(A—ap)"

and

C = 01 * (A — ao)*m. (23)
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We now notice that (A(z) — ag)|.=z, = O(h). When we expand (B&) using the Moyal
formula and evaluate at zg, we will get a sum of terms. For the contribution of one of
these terms not to be zero, we need all the m factors A(z) — ag to be differentiated at

least once. Since each two derivatives come with a factor of &, all the non-zero terms

will be of order at least O(h™/2).

U
Now to calculate B we use the following expression [H]:
Lemma 2.7. Let zg € T*RY and let ag := A(z). Then
Bla) = > oy 19w0) (4 a0)™ ). (2.4)
k=0

Note that the right hand side of (E) is well-defined only at the point z

(otherwise there are infinitely many non-zero contributions at each order in h).

Proof. For every m € N, apply Lemma Bl to

o) = F) = 3 31 f P a0) g — ao)™
k=0 "

This proves that

Bla) = Y 17 Fa) (A—a0)™ () = O(7")
k=0

for all m. Hence:

Bla) = Y & FP(a0) (A a0)* (z0) +O().
k=0
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Now we only need to substitute (B) into (B) to get an expression for B in

terms of graphs:

1, > 1 [(ih\F
B(z) = o} M (A(z0)) > > o <5> Ar(A = ao)(z0)

n=0 k=0 labeled graphs I" "~
with n vertices
and k edges (25)

1 iR\ (A
- Y (5> LG 54— ao) (a0
labeled "~ 1 r
graphs I'

In order to calculate Ap(A — ag)(z9) we need to write the symbol A — ag at
every vertex of I'. If a vertex is not isolated, then some derivatives are acting upon
that symbol, and we may substitute A — ag for A, since ag is a constant. If a vertex is
isolated, then it contributes a factor of (A — ag), and (A — ag)(29) = 0. Hence we only
need to consider graphs without isolated vertices, which we called reduced. Putting this

all together:

B\ Er (Vo) (A(z
B - Y (5) A v

Er' \ 2 !
reduced labeled r VF
graphs I'

And better yet:

in\ Er f0vr)
B= Y i,<—h> FA) (2.6)

|
reduced labeled EF' 2 VF'
graphs I'

It is to be noted that the previous equation is not, strictly speaking, a power
series expansion in h, as A itself depends on h. However, it is very simple to write
A = Y, h* A, as a power series in h and expand (EH). As a matter of fact, we have
an alternative way to write () with terms parametrized by graphs with weights where
every term is a monomial in h. We believe that the approach shown in this thesis is

simpler, though.
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Equation (BH) was easy to derive, and it is useful for proofs and theoretical
calculations, as well as to generalize to other quantizations (see §&H). However, when
we want to explicitly write the first few terms, it is not yet our ideal expression. We will
now put together the contribution of labeled graphs that differ only in the labels to get
a series whose terms are parametrized by unlabeled graphs.

See Appendix [l for an alternative derivation of ().

2.2.3 Version with non—labeled graphs.

Two labeled graphs which are the same except for the labeling of vertices and edges give
the same contribution (up to a sign).
(EZ3) can be rewritten as:

1 (k" f0(A
B= > E—F,<5> fvipg) > Ar(4) (2.7)

reduced
graphs [I]

In words, first we sum over all reduced (unlabeled) graphs [I'] Then, for each [I'] we sum
over all possible relabelings I'" of I'. Remember that Ar» and A\r will be equal up to a
sign.

Define

cr = Z (_1)# of arrows inverted going from I" to I'’ (2.8)
T’ is a reordering of
the vertices of T
That is, we start with a labeled graph I". Then, we consider the Vp! possible ways of

numbering the vertices of the graph with 1,2,---, Vp. For each of them, we orient the

arrows so that they all go from the vertex with the lowest label to the vertex with the
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highest label. Then we count these V1! relabelings with signs, depending on the parity
of the number of arrows inverted from our original orientation.

We can then write the contribution from (E) as

S ar(A) = 22 e ap(a), (2.9)

where St is the order of the symmetry group of the (unlabeled) graph [I'] (see Definition
). The contribution corresponding to different relabelings of the edges is Er!. The
contribution corresponding to different relabelings of the vertices is in ¢p. And we have
to divide by the order of the symmetry group, to account for the situation in which
exchanging edges or vertices results in the same labeled graph.

For instance, if I" is the graph e — e — e, then the contribution from renum-

bering the vertices is:

1—-2—-3 1—-3«2 2+«—1—3

o = (1) + D'+ (=D
2—-3+—1 3—1—2 3+—2+—1

+ =t o+ =D+ (=12 = 2

Finally we just have to substitute (EH) into (E=):

iR\ T ep ) (A)
o 2) & v 2.1
dzd <2> 5 v @ (2.10)
graphs [I]

Notice how ¢p and Ap(A) are only defined up to a sign for [I']. However, those
signs cancel in their product cpAp(A), which is well defined.
The explicit calculation of cr for a particular graph is actually very easy. See

Appendix B which includes the value of c¢r and Sr for all reduced, connected graphs
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with 2 or 4 edges. Thanks to Lemma EZl we only need to consider graphs I where every

connected component has an even number of edges, since otherwise cr = 0.

2.2.4 Version with connected graphs.

Let us rewrite (E) as

2
reduced
graphs [I]

o\ E
5= { > (5) & nw va} A, .11)
where D is the differential operator which applies to f.

Expressions like (BEZH), a series labeled by a certain family of “pictures”, ap-
pear very often in quantum field theory. By a family of pictures we mean a collection
of sketches that we draw following certain rules, that we can place next to each other
(disjoint union), and such that we can talk about the order of symmetry of each pic-
ture. Examples are Feynman diagrams and our collection of graphs. Whenever such
expressions arise in quantum field theory, it is standard to reduce all calculations to only
connected pictures. This is done usually on a case by case basis. In the following lemma
we state the properties that a series labeled by pictures needs to satisfy, so that we can

reduce the sum to only connected pictures. We have not found the result stated in this

generality in the literature, but the idea behind it is no doubt “in the air”.

Lemma 2.8. Let G be the free commutative monoid (i.e., semigroup with identity) gen-

erated by the set Go. Let S be a commutative ring (with multiplicative notation). Let
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O:G — S be a map satisfying

1 P (O(z1))™ -+ (O(zn)™ (2.12)

O(rizy+ -+ rpey) = 7“1'77"
! !

for distinct x1,...,x, € G and r1,...,m, € N. Then, formally:

ZO($> = exp Z O(x) (2.13)

z€G z€Go

In particular, consider G to be a family of pictures closed under disjoint union
(that we denote by +) and generated by the connected non-empty pictures Go. If we write
or) = %FF), where St is the order of the symmetry group of the diagram and M 1is a

multiplicative function
M(z1 + x2) = M(z1)M(22) for all z1,22 € G

then O satisfies (ELd).

In our case,

G = reduced graphs
Gy = reduced, connected, non-empty graphs
S = C(T*RY)

i Er Vr
ey = (5) ey 2

M is multiplicative from (EZ8) in Appendix E2

Cri+Ty oy CTy
Vr, +Vr, Vr, Vo,
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Hence, using (&) in (E250):

[ 3 i\ ep DVF—|
connected, reduced,
non-empty graphs [I']

2.3 Summary of results

We have derived three equivalent expressions that solve our problem. Let A be an

~

operator with symbol A and let f be a smooth functions. Let B: = f(A) be another

operator with symbol B. Then

in\ Er £0r)
p- Y (5 S,

reduced labeled EF : 2 VF'
graphs I"
iR\ T cp fOV0)(A)
B = i\ e fO0@)
ro%;(;d ( 2 > Sp Vl"! F( )7
graphs [I']
ih 2 cr DVr

connected, reduced,
non-empty graphs [I']

The first equation (version with labeled graphs) is the easiest one to derive from
scratch. It is useful for theoretical proofs and calculations, but not to calculate explicitly
the first few terms in any particular case, since there are too many labeled graphs at
every order in £ (i.e., with a fixed number of edges).

The second equation (version with (unlabeled) graphs) is hard to derive directly,
but easy to derive from the first one. It is useful to calculate explicitly the first few terms
in any particular case, since there are fewer (unlabeled) graphs at every order in .

The third formula (version with connected graphs) is only easy to derive from
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the second one. It will be useful for applications in some particular cases (for instance
in ).

See Appendix [ for an explicit form of B in terms of A and f at order 4 in h.
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Chapter 3

(Generalizations

As we mentioned in the introduction and explained in Chapter ll, we needed
two ingredients to derive our results (and even for the statement of our problem "X to

make sense):
e A quantization.

e A functional calculus.

We used the Weyl quantization. From it, we derived a form for the Moyal
product. The only thing specific to the Weyl quantization that we used in our deriva-
tions was the Moyal product. In §8Jl we discuss how to generalize our results to other
quantizations, by replacing the Moyal product with a different star product.

We did not use any specific functional calculus. Instead, we assumed that we
had a well-defined functional calculus that allows us to define f (ﬁ)’ and we used only

the properties in Definition E In §8 we explain how this allows us to easily extend
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our results to functions of several variables.

3.1 Other quantizations

There are other quantizations apart from Weyl quantization, that is, correspondences
A€ C>(T*RV)[[h]) — A € Op(L*R™))[[A]

between operators and symbols [E4]. Assume we want to solve the same problem (i.e.
writing the symbol of f (2) in terms of A and f) but with respect to a different quanti-
zation. Then we will have a different star product, still defined by CxD: =CD.

We can try to reproduce all our calculations (§&) using this new star product
instead of the Moyal product. The explicit form of the Moyal product has been used in
two places: to prove lemma [ and to derive an expression for the iterated star product
(Equation (B) in Lemma E3).

Let us consider a general quantization for which the star product that has the
form

201 (iRh\"
C*D :ZE <5> {C, D}. (3.1)
k=0

Assume (C, D) — {C, D}y, is a bidifferential operator of total order myj and
mo = 0. As long as the sequence {my/k | k = 1,2,3,...} is bounded, then Lemma
A is satisfied. Hence, for those star products, we only need to obtain an analogue to
Lemma EZ1 that is, an expression for the iterated star product Cy % ... C, in terms of
diagrams. This can often be done by induction if we start by writing the star product

of two symbols as a series in terms of diagrams.
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For instance, we can consider standard order quantization, which is given by

the equation
Az, p) = up(x) Aluy) (@),
where u,(x) = ¢”*/". From here, the star product has the form (B) with {C, D}, :=
a;fj C’@fj D. Lemma I still holds and, if we change the meaning of “—”, Lemma E3
is also true. The simplest way is to use the same definitions we gave in JCIA and &I
to construct a polynomial Ap(A) from a labeled graph I', but using the (non—Poisson)
tensor
(") = (1 0)-

With that convention, (BH) is still valid (except that the notation means something else
now!). However, it is no longer true that C — D = — (C' «— D). As a consequence,

the versions with unlabeled or connected graphs are messier (although they still exist).

3.1.1 Deformation quantization

We could try to ask our main question (what is the symbol of f (ﬁ) in terms of A and
f7) for a deformation quantization. But first we will need to rephrase it or it will not
make sense. As was explained in YA a deformation quantization is different from a

quantization as we have defined it here. Let us recall:

e A quantization is a symbol correspondence

Al[p]) € >(T*RN) — A € Op(L*(R™))[[A]],
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from which we define a star product in C°°(T*R™)[[A]] by requiring that the map

is an algebra homomorphism, i.e. C+D=CD.

e A deformation quantization, on the other hand, consists of defining the star product
directly in C>°(T*R™)[[h]] as an associative operation on the set of smooth func-
tions on a Poisson manifold that satisfies certain properties, without any reference

whatsoever to operators.

Of course, the problem as stated in the introduction (") does not make sense for
a deformation quantization that does not come from a correspondence between symbols
and operators, as we cannot talk about the symbol of an operator to begin with. However,
in certain cases, we can still make sense of the problem in a different way.

One such case is that of star exponentials. (This is explained in more detail
in ). Given a symbol A € C®(T*RY), we can define its star exponential et as a
smooth family of symbols

teR — et e OF(T*R)

satisfying the differential equation

d ia A
&ei = Axeld

eiA|t:0 = 1.
Clearly, if the star product comes from a symbol correspondence, then et is the symbol

tA

of the operator e“*, and we can use our formula for the symbol of a function of an

operator to calculate the star exponential of A. However, even if the star product does

not come from a symbol correspondence, we can ask how to write et4 in terms of A.
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Once we have calculated the star exponential of A, we can proceed to arbitrary

functions. Let F[f] denote the Fourier transform of a function f, so that

ﬂwz/fmww%t

We define the star f of A by

.mmz/ﬂmmﬁwt

—

Again, if the star product comes from a symbol correspondence, then f,(A4) = f(A).
Otherwise, we have extended our original problem "X to deformation quantizations. And
either way we can use the results on this thesis. Notice how the definition of f,(A) uses

the same idea as the symbol correspondence in Weyl quantization (see [IEX).

Note: Since we are considering deformation quantization, it is natural to wonder whether
we can apply our results in the context of Kontsevich’s quantization. In [Ef], Kontse-
vich gave a star product that quantizes any Poisson structure on RYN. His expression is
already a power series in i whose terms are labeled by a family of diagrams. We can
use it to obtain an equivalent of Lemma B2 and we can derive, again, the counterparts
of Equations (EH), () and (BX). In fact, our set of labeled graphs is a subset of
Kontsevich’s set of labeled graphs. It is to be noted, though, that working with Kont-
sevich’s star product goes against our original intention. We wanted to write a formula
for the symbol of a function of an operator that could be explicitly and easily calculated
at any order in A for any given example. Kontsevich’s star product includes a weight wr

associated to every diagram I" which is, in practice, hard to calculate. (See [f] and [Z]
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for some results.) So there is no hope of writing down explicit expressions like those in

Appendix B if we use Kontsevich’s product.

3.2 Functions of several variables

Let ;l\l, . .,;l; be n commuting operators in L*(RY) with symbols A1, ..., A,. Let F :
R" — R be a smooth function. We consider the operator B = F(ﬁ) = F(;l\l, . ,;1;)
with symbol B. Can we extend our results to calculate B in terms of Ay,..., A, and
F? The answer is yes. We are still using Weyl quantization and the Moyal product,
but we now need a spectral theorem for functions of several variables. Fortunately, such
theorems exist and behave equally well. See [l] and the references therein.

Hence, we only need to repeat our calculations, starting from §E2Z but with a

function of several variables. We obtain a version with labeled graphs (the counterpart

of (EH)):

1 (in\"r Oy 05 F(A)
B = Z E—p'<5> T Ar(Aigs - Ay ),
reduced labeled
graphs I'
a version with (unlabeled) graphs (the counterpart of (EZ)):
o\ E
ih\ “" er Oi - 05y F(A)
v dE: d <3> Sp Vr! Ar(Ais - Ai ), (3:2)
graphs [I]
and a version with connected graphs (the counterpart of (EZ)):
o\ E
ib\"" cr D, --- Dy,
B = exp Z (?) S_F AF(AZ'D“"AZ'VF) T F(A),

connected, reduced,
non-empty graphs [I']
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where D;F(y): = g—f(y). In all the previous equations sum over repeated indices is
J

understood.

For instance the first few terms of (EIH) are

B :f(A)—h; B A=—=A f/;(!A) + A—-A—A #] +O(hY),
and the first few terms of (B are
B = F(A)
_ h; [é A s A, az-aj;(A) A A e, %'F(A)]
+ O(hY).
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Chapter 4

Applications

4.1 Bohr-Sommerfeld quantization rules

We explain in this section the application that engendered our original interest in this
problem.

Let H be an operator with symbol H € C*°(T*R). Bohr—Sommerfeld quanti-
zation rules provide a way to asymptotically compute the spectrum of H. Assume for
simplicity that H does not depend on & (although this requirement can easily be lifted).
Assume that H has a unique minimum FEj at a point zg = (xg,po) € T*R and that the
minimum is regular (i.e, the Hessian is not zero). For any E > FEy, let yg: = H1(E)
be the level set of H with value E. Then, for values of F close enough to FEy, v are
simple closed contours around zy. In the following, E close to Ey will mean as long as

vE are simple closed contours around zy. See Figure EZ1
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Figure 4.1: Level sets of H around a regular minimum.

p H
—R
X

Definition 4.1. For E close to Ey, we define the classical action Sy(F) as the area

inside the level set vg. Equivalently:

So(E) =

/ pdr
TE

Then, classical Bohr—Sommerfeld rules say that for values of F close to Ey, as

a first approximation
E is an eigenvalue of H <= Sy(E) = 2mnh for some n € N. (4.1)

Of course, it remains to describe what “as a first approximation” means. We offer two
interpretations.

In P we will describe what we call the implicit approach: the classical
action is seen as the zeroth order term in 7 of the semiclassical action S(FE). Then exact
Bohr-Sommerfeld quantization rules are obtained from (EZM) when we replace So(E)
with S(E). Here we follow [A [ 5], although their method is not complete without an

algorithm to obtain the symbol of a function of an operator.
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In YA we will describe the explicit approach: we write H as a function of an
operator whose eigenvalues we know, and read the spectrum from it. Again, (&) appears
naturally as a low order approximation in A, and again we require (E). We took this
approach in [H]. It has various advantages over the previous one: it generalizes to various
dimensions, and it allows us to compute both the eigenvalues and the eigenfunctions of

H.
4.1.1 The implicit approach

In [ Colin de Verdiere gives an algorithm which computes the Bohr-Sommerfeld quan-
tization rules to all orders in % in the one dimensional case N = 1. His method is inspired

by Voros [Z3] and a similar method previously used by Argyres [H.

Proposition 4.2. Semiclassical Bohr—-Sommerfeld Rules.

Given the operator ﬁ, there exists a map
S:Re S[[A),  S(E):=>_ hS;E), (4.2)
§=0

called the semiclassical action whose lowest order term in h is the classical action, such

that, under certain extra assumptions on the symbol H (see [1]),
E is an eigenvalue of H <= S(E) = 2mwnh for some n € N. (4.3)

This should be understood in the following way. Assume we know the form
of S(E) for the operator H (i.e, we know the semiclassical action to all orders in ).

Assume also that the eigenvalues E of o depend smoothly on A. Then this method

40



allows us to obtain the McLaurin expansion of E as a power series in h. First, write
formally E = 3~ i* E), then substitute it together with (E=) into (E=3) to obtain recursive
equations for each Ej. Since (B) is an implicit equation for E, we call this the implicit
approach.

It remains to calculate the semiclassical action S(E). We already gave the value
of So(F). It is also known that S1(E) = 7.

The main result in [ is the following:

Theorem 4.3. There exists a universal formula for the symbol of a function of an

operator of the form

LU FU=1)(H)

J
)+ XS
Jj=1 =
where Py (A) are certain universal polynomials on the derivatives of the symbol A. From

them, we can write the value of the semiclassical action:

L(J

=y = 1_ ( : )H / Pa(H (), o)

=2

~

where t is the parametrization of vg by the time evolution

do = Hydt dp = —H,dt.

It is to be noted that [ proves the existence of these universal polynomials P;
but does not give their explicit form. Providing them would be equivalent to solving the

main problem in this thesis ¥ (i.e., deriving (EM)). Indeed, the algorithm suggested by
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[ (which we explain in Appendix H) allows us to calculate the terms up to order A2,
but after that becomes intractable. Hence, without an explicit formula for the symbol
of a function of an operator, [’s derivation of Bohr—-Sommerfeld rules at all orders in A
cannot be used to calculate the eigenvalues of any given operator explicitly.

However, we now have enough tools to explicitly calculate Bohr—Sommerfeld
rules to higher orders in h. Looking back at our result (EEN), we see that L; = 35/2+ 1

and the polynomials P;; can actually be defined in terms of graphs:

pan= Y (3) Taea,

reduced graphs I'
with { — 1 vertices
and j edges

which gives us the following equation for the eigenvalues E of H:

2r(n—1/2)h = Sy(E)

. Z <?>EF (_Vlr)!vp (%)VF_IE—?LE An(H) dt. (4.4)

reduced graphs I"
with Er>0

Sj(E)=0for j > 1and odd. S2(E) is given by the contribution of two graphs,
and S4(F) is given by the contribution of 15 graphs (see Appendix ). However, there
is a trick using Stokes’ theorem that allows us to express the contribution of certain
graphs in this expression in terms of others. (This trick is used in [H] and in [@] for So,
although without the diagrammatic notation). As a consequence, S3(FE) can be written
in terms of one graph and S4(F) can be written in terms of five graphs (those where

every vertex has at least two edges). We show the result at order A* in (=) below.

! Argyres [B] method to calculate the semiclassical action is somewhat different. His algorithm does not
require a formula for the symbol of a function of an operator, but just for the symbol of the exponential
of an operator. On the other hand, his method is quite less rigorous mathematically.
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Notice how all the integrands in the previous expressions are long polynomials in the
derivatives of H, which would be hard to obtain without the diagrammatic notation.
Given a concrete hamiltonian H we could easily program a computer to write all the

terms in (B0 for that specific operator at higher orders in .

+f_2 2!'1120%/7 (H=g H)dt + 5= 12<dE> LE (H === H)2 dt
2 3
- 3!.115 <%>L ijdﬂr ( >/ET—>T& )
H H<—H
) L]
+ O(R°)

For the case of a hamiltonian of the form “kinetic plus potential energy”

H(z,p) = p?/2m + V(z) the contribution of many graphs vanishes, and (=) becomes:

h2 1 d
m 24 dFE B

e [ i) Lvrora (i) [ oo

2r(n —1/2)h = Su(E) V" (z)dt

hﬁ
‘o (m_>

4.1.2 The explicit approach
In [ we took an approach to Bohr-Sommerfeld rules that uses Weyl quantization more
heavily. The basic idea is as follows.

Let H be an operator in L?(RY) whose eigenvalues we want to calculate. There
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are very few operators whose eigenvalues we have already calculated exactly. The most

important one is probably the hamiltonian of the harmonic oscillator:
~ 1 . .
I= §($2 + p2)7

whose eigenvalues are {(n+1/2)h | n € N}. If we could write H as a function of I, then
we could easily get its spectrum. This is not possible in general. A bit more generally,
we can try to find a unitary transformation U and a smooth function f such that

— ~

M:=UHU" = f(I).

Since conjugating by a unitary transformation does not change the eigenvalues, this will
mean that the eigenvalues of H are {f((n+ 1/2)h) | n € N}. By way of contrast with
(E), we call this the explicit approach.

The method in [d] consists of manipulating the Weyl symbols to find a unitary
transformation U such that the symbol of the conjugated operator is a function of the

symbol of the harmonic oscillator hamiltonian:
M =g(I).

Then, we need to be able to recover f from g, which is exactly our original problem "X.
The process is done in consecutive steps, one order of i at a time. So, we find a function
gr such that M = g;(I)+O(1¥), then we use (E0) to get fi such that M= fk(f)—l—O(hk),
and finally the cigenvalues of H are {fi((n + 1/2)h+ O(h*) | n € N)}.

There are various advantages to this approach. Since we know both the eigen-

values and the eigenfunctions of I , and we obtain a explicit form for the unitary transfor-
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mation U , we eventually get both the eigenvalues and the eigenfunctions of H as formal
power series in A. In addition, and most notably, the method generalizes to various
dimensions (see [A]).

Finally, we have to mention that [H] introduces the diagrammatic notation that

has been so fundamental in this thesis.

4.2 Star-exponential of polynomial forms

Omori et al studied in [ evolution equations and star exponentials. This problem is
related to finding the symbol of a function of an operator, although their statement of

the problem looks different. First, their definition:

Definition 4.4. Let A € C®(T*R) be a symbol. The star exponential etd of A is a
smooth family of symbols

teR — el e C®(T*R),

satisfying the differential equation

d 14 tA
7o = Axel,

eiA|t:0 = 1.
The solution is unique if it exists.
Notice how this definition is written entirely in terms of symbols, without any

reference to operators. However, if we let A be the symbol of an operator 27 then (EH)
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becomes:

GaA = Aah,
gf?‘h:o = 1,
and therefore
;5;4 _ etﬁ

Equivalently

As a consequence, we can use () and the equivalent equations to calculate
star exponentials. Omori et al [Z2] consider primarily the star exponential of quadratic
symbols. Quadratic symbols simplify our formulas considerably, so they deserve to be

treated separately with our approach.

4.2.1 The case of a quadratic symbol

When we restrict to a smaller class of symbols, sometimes the contribution of many
graphs vanishes, simplifying our calculations. Quadratic symbols are good examples.

A particular (simple) case of importance consists of taking A= IA, the harmonic
oscillator hamiltonian in one dimension. In the standard coordinates (z!,22%) = (z,p)
its symbol is I = $((2')? 4 (2?)?). This simplifies the calculations because any third
derivative vanishes: I, ,,,, = 0. The same is true for any quadratic function. Let @,

be a 2 x 2 real symmetric matrix and consider the symbol A = %z“Q“,,z” . Assume that
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A is the symbol of an operator A. Then:
Ay =2"Qu,
A = Quu
and any third derivative vanishes. As a consequence, we need to consider only graphs
where every vertex meets at most two edges. After Lemma 2 in Appendix B, we
only need to consider graphs with an even number of edges. If we also ask them to be

connected, reduced and non-empty, there are only two families of such graphs:

A = o — e — .- — e (2kedges) k>1
Ay = o — e — ... — e (2kedges) k>1
T !
o — o — — o

In words, A consists of 2k + 1 vertices and 2k edges joined forming a line. Its
symmetry group has order 2. A consists of 2k vertices and 2k edges joined forming a
simple cycle. Its symmetry group has order 4k.

The corresponding polynomials in the derivatives of A can be calculated:
An, = A JNA L, JERR e JRR2RA
=z ((QJ)%Q)MV% ZH2k
ANy = Ay JHVA y y JH2VE L TRV —

= trace ((QJ)*)
Since @ is symmetric and J is skew—symmetric, their product Q. is traceless. Hence

the characteristic polynomial of QJ is 22 + det(QJ), and (QJ)? = — det(QJ)id. Write
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w? :=det(QJ) = det(Q). Then:
AA, :(—1)kw2kz“sz” = (—1)Fw?*24
A, =(—1)Fw? trace(id) = (—1)Fw?2
As for the coefficients ca, and cy,, Fact Bin Appendix B gives us the relation
ca, = —2kea,_,. Let us call ¢ := (—1)kcAk.
We now plug all this values in (BZE) to obtain, for a general function f and a

quadratic symbol A:

B = (exp

We are left with a combinatorics problem: calculate the sequence {cy}. Fact B

oo 1 2k D2k+1
A (Z—w> Chtl T
(

‘ 2 2k +1)!
o\ 2 s (4.7)
+ ;:% <Ew> Ck m] ) f(4)

in Appendix B gives us a recurrence formula:

k—1
2k
o =2 |,y Cj Ch—j—1,
, 27+1
3=0 (4.8)
co = 1.

The first few terms are 1, 2, 16, 272, 7936 ... This sequence is called the Zag numbers
[//L

Claim. The Zag numbers appear in the McLaurin expansion of the tangent:

0o
_ } : Ck 2k-+1
tanz = m!ﬂ (49)
k=0

Proof. To prove this, notice that tan x is the only odd solution to the differential equation

Y =1412 (4.10)
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Write a generic solution of the form y = f(z) = > .72, %aﬁ%“ and substitute it
into (). Equating coefficients, we conclude that the sequence ay, satisfies the same

recurrence relation as the sequence c¢; (Equation (E3)). Hence ay = c. O

The Zag numbers can be written in terms of the Bernoulli numbers B,,:

22k |sz|
22k —1 2k

k| =

When we use equation (EH) in (B8 we obtain a nice, compact expression:

B = f(4)

(4.11)

thwD 24 shwD
tan

B = sec

Remember that D is the derivative operator that applies to f.

4.2.2 Back to star exponentials

Now we are ready to calculate the star exponential of a quadratic symbol. If we use the
function f(y) = €Y in (EZXM), then D acts simply as multiplication by . In particular,

when we consider the time evolution operator:

B — —itA/h
(4.12)
B tw 2A ; tw
= sec — exp | — tan
2 P i 2
or equivalently:
1 2A t
eiA = Sech%) exp [ﬂ tanh %}] .

Equation (EZ&8) is derived in [ in a different manner, and appears first in [H for the

case A=1. A better—known, equivalent expression is the kernel of the time evolution
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operator of the harmonic oscillator, instead of (EX), the symbol of the time evolution
operator of the harmonic oscillator. Such kernel is known as the Mehler kernel and can
be obtained from (EE&) by means of a Fourier transform (see, for instance, [H]).

In a similar manner we can reproduce [Z2]’s results for star exponentials for
other star products by using other quantizations (see J&I). We believe that the same

methods will allow us to calculate star exponentials of higher order polynomials.

4.3 Other applications to quantum mechanics.

There are various other applications of () that appear in quantum mechanics when
we are trying to do a calculation with operators using Weyl symbol correspondence.

As an example, let us mention the calculation of determinants of pseudodiffer-
ential operators. Such determinants naturally arise in quantum field theory at the one
loop level, or in Yang-Mills theory (see, for instance, [fd]). If M is a finite-dimensional
—tr M

matrix, then det e™ , where tr is the trace. Equivalently

det M = et (log M),
We use this equation to define the determinant of a pseudodifferential operator A I
det A : = ' (08 4), (4.13)

Now, Weyl quantization has the property:

trB = / dNzd™p B(z, p). (4.14)
T*RN

2For (23 to make sense, we need the operator A to be of the form “identity + trace class”. Needless
to say, this is often not the case in QFT, so we need a “regularization” to redefine its trace.
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Let us say we want to calculate det A for a certain operator A to order k in h. Let
B:= log A. Using (EEN), we can write B in terms of A to order A*. This gives us tr B
using (), and det A using (EXJ).

Equation (E) gives us more applications. In quantum statistical mechanics
(see, for instance, [E]), the partition function corresponding to a hamiltonian H is

defined as the trace of the Botzmann operator or density matriz:
Z(B): =tr e PH,

which again can be written as a power series in % from the symbol of e #. Hence
we encounter here the symbol of an exponential of an operator. This application was
suggested to us by Robert Littlejohn.

Finally, Krivoruchenko and Faessler have applied (&) to scattering theory in

.
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Appendix A

A lemma for calculations with

graphs

The diagrammatic notation introduced in JEI and &0 (originally due to [H])
makes equations and derivations easier to write.

For instance, the skew—symmetry of the Poisson bracket becomes
C—D = (-1)C+— D. (A1)
As a second example, the identity
(CD)—-FE =C(D—E)+ (C—E)D,

i.e., that the Poisson bracket is a derivation on each argument (Leibniz rule or product
rule), is written as:
(CD,E} = C{D,E} + {C,E}D.
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An application of the product rule for ordinary derivatives is

(C—-D)—E = C—-D—E + E—~C—D
(A.2)

Notice that (B=) cannot be written just with Poisson brackets { , }. If we combine

(BE3) and (BZ) we get a proof of the Jacobi identity:
(C—-D)—-E+ D—-E)—-C+ (E—-C)—D =0
The following lemma is a generalization of (B=8) which we use in our derivation
in 20
Lemma A.1. Let I" be a labeled graph with V' vertices and E edges. Let D,C1,...,Cy

be symbols. Then
Ar(Ch,...Cy) (D = Y Ap(Ch,...,Cy, D),
1"/

where the sum is taken over all labeled graphs I with V' = V 41 vertices and E' = E+k

edges, which are constructed by putting together
- the labeled graph T' (conserving its labels),
- an extra vertex labeled by V + 1,

- k extra arrows (labeled by E + 1,..., E + k) starting from the vertices of T and

ending at the vertex V + 1.

Proof. Write down the definition of both sides in terms of J#” and check that they are

equal. O
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For instance:

2 2
. e —_—
= C=>D STFE  + C— D—=F

2 3
=) > =) >
+CID3E + C1D2E
= = —
= C=——D ) + C——D—F

+2(C—=D—F
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Appendix B

On Voros and Colin de Verdiéere’s

approach

As we mentioned in the introduction and in I the existence of a universal
formula like (EEW) was used by Voros [Z8] and Colin de Verdiere [ as part of their
computation of Bohr—Sommerfeld rules at all orders in A. While they prove the existence
of such a formula, they do not give its explicit form. Instead, a method is suggested that
potentially would allow us to calculate the symbol of a function of an operator at any
given order in A, but in practice the calculations are too tedious to be done at order
higher than A2. In this appendix we will first describe their method, and then use the

same idea backwards to check our result (EH).
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B.1 The method of the resolvent

Let a € C and define the resolvent operator Ry := (a — A)~! with symbol R,. Then we
fix a functional calculus that allows us to write a function of an operator f (2) in terms
of the resolvent I/%\a In this way, we can write the symbol of f (2) in terms of the symbol

of the resolvent R,.

e Colin de Verdiere [ uses Helffer—Sjostrand’s formula [E3]:

7y / R. 0=1(2) dudy.
C

™

o)t
1
=
=
I

Here z = = + iy, f is an almost analytic extension of f, and 0 = 0, + i0y. This

allows us to write

B = 1 /Rz 0zf(z) dxdy. (B.1)
C

™

e Voros [F] uses Cauchy’s integral formula (see, for instance, [PH]):
B = s(d) = [ 3% f)R.
g
da
B = — @
[ 5 fl@
for an holomorphic function f, where ~ is a path around the spectrum of A

Either way, finding the symbol of f (ﬁ) reduces to finding the symbol of I/%\a In

order to do so, we write formally

he 3 (2 o3

k=0
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We know that I/%\a(a — 2) = 1. Quantization translates composition of operators into star
product, so that

Ry*x(a—A) = (a—A)xR,=1. (B.3)

Now we substitute (BX) into (BZ3) and use the explicit form of the Moyal product ()

to obtain
> in\*
1=Rox(a=4)=) 5) Ry | *(a—4)
k=0
:Z Z (?) _!Ra(k) m] (a—A),
k=0 m=0
which gives us
L= Ra((])(a - A)
1 —
0= k; ﬁRa(k) ‘m (a—A) forn>1.

This was obtained from R,(a — A) = 1. When we do the same for (e — A)R, = 1 and

put it together, we get the following recursive relations

1
R0y = P

R4y = 0 for n odd,

B >

RGN |
Ra(2n) = _a _A mEZ:l (2m)!Ra(2n—2m) m ((1 - A) for n > 1.

Although simple, this method quickly proves intractable. Obtaining an explicit form of

Rg4y is already too complex, and we will not find the pattern that (El) shows.
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B.2 An alternative derivation of (Z0)

We can also use the idea in the method of the resolvent to prove (EH) in a different way.
If we already have guessed the form of (BH) and we want to check it, we first do so for

the resolvent.

Claim. The function

1 iR\t Ap(A)
ha()= > — <—> 0 (B.4)
reduced EF' 2 (a o A)V+1
labeled
graphs I'

satisfies hg(A) * (a — A) = (a — A) x he(A) = 1.

The proof is a long combinatorial exercise on calculations with graphs. Therefore
ha(A) = R,.
Second, we substitute (BZ) into any of the functional calculi describe in S

to again obtain (EH).
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Appendix C

Calculation of cp and St

Calculating cp is a combinatorial problem. The definition of ¢p, Equation (B3),
is enough to calculate it. Alternatively, we can use the following five facts. The first
three entirely determine the value of c¢r for any graph I', and the five together allow us

to obtain quick, recursive rules. An example on how to use them will follow.
1. ce =1

2. IfI'; #1'j for i # j,and I' =I'y + - - -T', is the topological sum, then

Vr!

WCH Oy, - (Cl)
1- ne

cr =

3. If p is a vertex in I, denote by I' — p the same I' with the vertex p and every edge

starting or ending at p erased. For instance:

' = o p ° o

I'—p = o o——=oe0.
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Then:

§ : of arrows starting at
cr = (—1)# W g p Cr—p-

vertices p in I
Proof. Count the possible reorderings of the vertices by choosing first which vertex

has label V. O

4. cr = 0 if EF is odd.

This is due to a symmetry property. If we denote by I' a labeled graph with a
numbering of the vertices by 1,2,---V and by i(I") the relabeling of the vertices

by the permutation (%,i‘z/rl), then
Airy = (=1)Fr A
And when we sum over reorderings of the vertices:
cr = (—1)Frep.

5. c¢r does not change if we erase two edges with the same endpoints.

For instance

C1-233—-4 = C1-2 3—4

In particular, putting together Facts @ and B we get:

Lemma C.1. IfT has a connected component with an odd number of edges, then cr = 0.
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Example: We want to calculate cr, where

Let us consider

Fl = ° ° ° o F4 — ° o— -0 o
i
Iy = °o——0——o0 I's = ° ° ° o
i
I's = ° °o——o T = o— >0 ——>0o .

cr = cr, because of Fact @

cr, = (—Dter, + (=)ter, + (—1)%cr, 4+ 2(—1)%r, because of Fact B
cr, = cr, = cry, = 0 because of Lemma [EZ1

cr, = 4cocr,; because of Fact B

Cce = 1 because of Fact [l

Continuing with similar calculations we obtain cry = —2.

Hence cr = —4-1-(-2) =8.

Figure B2l shows all the reduced, connected graphs with 2 and 4 edges, and for
each of them the value of cr and Sp. These results have been independently verified by

Krivoruchenko [ with a MAPLE code.
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Figure C.1: ¢r and St for reduced, connected graphs I" with 2 and 4 edges.

r | Er [V [ Sr] er |
) 2 12| 4 2

o ~0o— -0 2 3 2 —2
o=—=o 4 2 | 48 2
o—=e0e——>0o 4 13 |6 | -2
O —=0—=0 8 6
o——=o 4 2
\i
o— >0 4 4 8 8
o<—i
o — 00— 0 2 0
\i
o— >0 >0 4 8
i
° ° ° ° 2 —8
° ° ° ° 4 0
° ° ° ° ° 4 5 2 16
° ° ° ° 2 —8
|
o -~0o— -0 24 | —24
i\o
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Appendix D

Symbol of a function of an

operator at order 4 in A

Using any of the equations derived in & we write down in Figure B the
explicit form of all the terms of the symbol of a function of an operator up to order 4 in

h. The data in Figure B2l are needed.
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Figure D.1: Symbol of a function of an operator at order 4 in .

B = f(A)
B = f(A)
h2 AjA f//(A) f///(A)
4 2 2! +o4 A 4
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16 24 21
A== A~<—A 1
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+ - A=—=A=——=A
4 3!
3 2
+ Z(A:;A) + A——A
A<—A
+4 A A A A
@A
+2 A—=A—A ) f 4$ )
A
+<8 A—=A——=A + A—=A<~—A
A<—A A A
+ 5 (A==A)(A—=A<—A)
G)a
+4 A A A A )f 5$ )
A
6)A
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