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Abstract. Let M n be a closed Riemannian manifold homotopy equivalent to the
product of S2 and an arbitrary ( n  2)-dimensional manifold. In this paper we prove
that given an arbitrary pair of points on M n there exist at least k distinct geodesics
of length at most 20k!d between these points for every positive integerk. Here d
denotes the diameter ofM n .

Introduction and Main Results

In 1951 J.-P. Serre proved that for any pair of points on a closed Riemannian man-
ifold M n there exist in�nitely many geodesics connecting them. It is, therefore,
natural to wonder about the lengths of these geodesics. For example, in [NR1] we
made the following conjecture:

Conjecture A . There exists a function f (k; n), such that for every closed Rie-
mannian manifold M n of diameter d and every pair of points x; y 2 M n there exist
at least k geodesics betweenx and y of length at most f (k; n)d.

Example 1 . For any two points on a round sphere there always existk geodesic
segments of length� kd (see Figure 1). On the other hand, F. Balache�, C. Croke
and M. Katz [BCK] recently constructed examples of Riemannian metrics on S2

arbitrarily close to the standard round metric such that the length of the shortest
non-trivial geodesic loop based at every point is greater than 2d. These examples
show that one cannot takef (n; k) = k in Conjecture A even for n = k = 2.

Example 2 . Let M n be a closed Riemannian manifold with an in�nite torsion-
free fundamental group. Then it is not di�cult to see that for any pair of points
p; q 2 M n there exist at least k distinct geodesic segments of length� kd [NR1].
More generally, if � 1(M n ) is either an in�nite group or a �nite group with at least
k elements one can consider the universal covering space ofM n with the covering
metric. Let ~p be a lift of the base point in M n to the universal covering. It is known
that one can choose the fundamental domainU containing ~p such that U contains
the set S of all points x of the universal covering for which ~p is the closest tox lifting
of p, and U is contained in the closure ofS. As the distance from ~p to any point of S
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Figure 1: Short geodesic segments on a round sphere.

does not exceedd, the diameter of U does not exceed 2d. Next consider the metric
ball  2 ! (~p) centered at ~p of radius 2kd. In that metric ball there exist at least k
fundamental domains isometric to U and k distinct points ~q1; ! ! ! ; ~q 2  �  1(q)! .
Consider k minimal geodesic segments ~" ", #= 1 ; ! ! ! ; k, connecting ~p with ~q".  ach
of them is projected onto a distinct geodesic segment" " = � (~" ") connecting the
points p and q and of length � d ! 2( k " 1)d = (2 k " 1)d.

If the fundamental group of M n is �nite and has cardinality � k " 1, we can
consider the universal covering ~M n of M n . Its diameter will be at most 2(k " 1)d.
If there exist k distinct geodesic of length� f (n; k) diam( ~M n ) between every pair
of points of ~M n , then we can project these geodesics toM n , obtaining at least k
distinct geodesics of length� 2(k " 1)f (n; k)d between every pair of points ofM n .
Therefore the general case of Conjecture A would follow fromits validity for simply
connected manifolds.

Some other evidence of the validity of Conjecture A is our recent results [NR2]
and [NR"] (see also [NR1]), where we showed that on every closed Riemannian
manifold and for every pair of points of this manifold there exist at least two geodesics
connecting these points of length� 2nd. #e also showed that if a Riemannian
manifold M is di�eomorphic to the 2-sphere, then for every pair of points x; y 2 M
and every k there exist at least k geodesic segments joiningx and y of length at
most f (k)d, where f (k) = $ k2 " 2k " 1.

In this paper we will prove the following theorem.

 !"#r"$ %.&. Let M n be a closed Riemannian manifold which is either homotopy
equivalent to S2 # $ n 2 for an arbitrary manifold $ n 2 or is a simply connected
manifold such that for some map %: S2 $ M n the composition %%& of %and
the Hopf �bration & : S3 $ S2 represents a non-trivial element of in�nite order
in � 3(M n ). Then for every pair of points p; q 2 M n there exist at least k distinct
geodesics starting atp and ending at q of length � 20k%d. If p = q, then this upper
bound can be replaced by a better upper bound&k%d.

Remark . Our calculations yield the upper bounds of the form (&k% ! ' (k%))d for
general p; q and ($k% ! ' (k%))d in the case, whenp = q in Theorem 0.1. As we do
not believe that even these upper bounds are optimal, we decided to simplify the
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formulae for these upper bounds by choosing higher values ofthe constant factors
at k!d.

A nice proof of Serre s theorem can be found in a paper by Albert Schwarz [Sc].
Schwarz also proved that the length ofkth geodesic can be majorized by (M n )k,
where  (M n ) does not depend onk but only on the Riemannian manifold M n .
Here is a rough sketch of Schwarz s proof in the case whenM n is simply connected.
First, he makes an observation that the Cartan"Serre theorem (cf. [FHT, Th. 1#.10])
implies that there exists an even-dimensional real cohomology class! of the loop
space $M n such that all its cup powers !  are non-trivial. The space of paths
$ !"# (M n ) is homotopy equivalent to $M n . An explicit homotopy equivalence " :
$ M n = $ !"! (M n )  $ !"# M n can be constructed as follows: Fix a minimizing
geodesic between# and $. Attach this geodesic at the end of each loop based at#.

Now one can apply the Morse theory to produce critical pointsof the length
functional on $ !"# M n corresponding to cohomology classes"  (!  ) for %= 1 ; 2; & & &.
As !  = ! $ S

!  ! $, when % ' ( , the standard Lyusternik"Schnirelman trick (cf. [K])
implies that either "  (!  ) and "  (! $) correspond to di�erent critical points (i.e. to
distinct geodesics between# and $) or the critical level corresponding to "  (! $)
contains a set of critical points of positive dimension. (In the last case there exists
an in�nite set of geodesics between# and $ of the same length.) So, the set of
geodesics between# and $ is in�nite. In order to estimate their lengths it is su�cient
to consider the case when"  (!  ) and "  (! $) correspond to di�erent critical points
whenever%!= ( .

Now recall that the Pontryagin product in the rational homol ogy group of the
loop space is the product induced by the geometric product $M n " $ M n  $ M n .
(By the geometric product of two loops ) and * we just mean their join ) #* .) To es-
timate the length of the geodesics corresponding to!  , Schwarz de�nes a %dual& real
homology class+ of ! of the same dimension. (%'ual& means here that$!; + %= 1.)
Then he proves that for every positive %the %th Pontryagin power of + and a real
multiple of !  are dual. So, the critical point corresponding to !  also corresponds
to + . Choose a representative of+. Let , be such that this representative is con-
tained in the set of loops of length � , . Then + can be represented by a chain
contained in the set of loops of length� %,, and "  (!  ) can be represented by a
chain contained in the set of paths of length� %,* 2 d between# and $, whence the
length of the %th shortest geodesic between# and $ does not exceed%,* 2 d.

Note that although Schwarz s result indicates that it is natural to look for an
upper bound of the form +(n)kd for the length of the kth shortest geodesic between
# and $, it does not imply that such an upper bound exists, and, in fact, the factorial
behaviour in k of our upper bound might be optimal.

Let - : S3  S2 denote the Hopf �bration. Assume that M n is simply-connected
and there exists a map. : S2  M n such that . &- : S3  M n represents a non-
trivial class of in�nite order in � 3(M n ). Note that the Hopf �bration corresponds
to a non-trivial element / of � 2($ S2), and the image 0 of / under the Hurewicz
homomorphism � 2($ S2)  - 2($ S2; 1 ) is non-trivial. Our assumption about .
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implies that (  ) maps ! into a nontrivial homotopy class of in�nite order in
� 2( M n ). Now the Cartan!Serre theorem implies that this element corresponds to
a two-dimensional real cohomology class" of  M n such that all its cup powers are
non-trivial, and any integer multiple of " has the same property and can be used
instead of # in the proof of the existence of an in�nite set of geodesics between $
and %. "e can �nd a dual two-dimensional homology class &of # as the image of'
under the homomorphism induced by   .

The class' 2 ( 2( S2; ) ) admits the following explicit description. Consider the
1-dimensional real homology class* of  S2 de�ned as the image of the fundamental
homology class ofS1 under a map + : S1   S2 corresponding to the identity map
S2  S2. The map + admits the following explicit geometric description: For every
, 2 S1, +(, ) is the loop based at the south pole that �rst goes to the north pole via
the meridian with longitude , and the returns to the south pole via the meridian
with longitude zero. The class ' is equal to the Pontryagin square of* multiplied
by two (cf. [FHT, p. 2#$-2#5]). Thus, ' can be represented by a singular chain in
 S2 such that each loop in the image of each singular simplex in this chain consists
of four meridians of S2. In [NR#] we represented' by another explicit chain so that
the loops in the image of each singular simplex consisted of either two meridians of
S2 or a subset of a meridian ofS2 travelled in the opposite directions.

Thus, if there exists  : S2  M n such that [ ! ( ] 2 � 3(M n ) is an element of
in�nite order, then for every k there exist k di�erent geodesics between$ and %of
length � 2k- %2d, where- is the supremum of lengths of images of meridians ofS2

under  . (More precisely, by &the length of the image of a meridian ofS2' under  
we mean here and below the measure of this meridian under the pullback measure
induced by  . In other words, if the image of the meridian backtracks overitself, we
count the length of the backtracking piece twice.) If  maps the north pole or the
south pole of S2 to $ or to %, then the estimate can be improved to 2k- %d. If, in
addition, $ = %, then the upper bound becomes 2k- , as we do not need to use the
homotopy equivalence   ! M n    !" M n . (However, one of thek distinct geodesic
loops in this case will be trivial.)

Thus, we obtain the following proposition:

 roposition A . Let M n be a simply connected Riemannian manifold of diameterd.
 ssume that there exists a map  : S2  M n such that the composition  ! ( of
 and the Hopf �bration ( : S3  S2 represents an element of in�nite order in
� 3(M n ).  ssume, further, that the length of the image of every merid ian of S2

under  does not exceed- . Then for every two points $; %and for every k there
exist at least k distinct geodesics between$ and %of length � 2k- % 2d. If $
coincides with the image of the south pole ofS2 under  , then the lengths of k
distinct geodesics between$ and %do not exceed2k- %d. In this case there exist
at least k distinct geodesic loops based at$ of length � 2k- .

Note, that essentially the same argument will be true for some non-simply con-
nected manifolds. For example, it will be true for manifoldshomotopy equivalent to
S2 " . n! 2, where . n! 2 is an arbitrary closed manifold. In this case one can de�ne
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 as the composition of an inclusionS2  S2 ! ! n 2 that sends S2 into S2 ! " p"#
for somep" 2 ! n 2 and the homotopy equivalenceS2 ! ! n 2  M n . (Of course,
as we have already mentioned above, one can always reduce thecase of non-simply
connected manifolds to the simply-connected case paying the price of multiplying
the upper bound by 2(k $ 1). Here we are saying that if our manifold is homotopy
equivalent to S2 ! ! n 2, then we will not need to multiply the upper bound that
we are going to derive below by 2(k $ 1) even if ! n 2 is not simply-connected.)

Note that even if M n is di�eomorphic to S2 one cannot hope to �nd a map
 : S2  M 2 of non-zero degree such that the images of all meridians are bounded by
#$n%" dfor some constant#$n%". It seems that a counterexample can be constructed
by attaching to 2-discs constructed in [FK] any �xed 2-disc thus obtaining a family
of 2-spheres. But we have not checked the details.

Therefore, we cannot hope to majorize the length ofk shortest geodesics by
merely �nding an appropriate map  such that the lengths of images of meridians of
S2 under  are controlled in terms of d. Our paper [NR ] dealt with the case when
M n was di�eomorphic to S2. Our strategy there was to try to construct  with a
control over lengths of images of meridians so that our attempt could be thwarted
only by an obstructing geodesic between& and ' . Then we were making another
attempt at constructing a map  so that the lengths of the images of meridians
were bounded by a larger constant. The second attempt could be blocked only
by a di�erent geodesic between& and ' , and so on. After k attempts we would
either obtain k distinct obstructing geodesics between& and ' or a desired with
control over the length of images of meridians. (Of course, in the last case we would
immediately obtain the desired upper bound for an in�nite set of distinct geodesics
connecting & and ' ).

Our strategy of constructing  in [NR ] was based on the two-dimensionality of
the manifold, and cannot be used in the situation of the present paper. Instead, we
adopt a more complicated strategy.

Our general strategy will be to start with a map  satisfying the condition of
a proposition. !e would be trying to establish a control over the length of the
images of meridians not under but under the composition of  with a map   of
S2 into itself of degree%. The number %grows from one attempt to another. Again,
eventually we will either get k geodesics between& and ' as obstructions, or will
succeed in �nding a self-map ofS2   of degree%= ( k $ 1)" such that the length of
the images of meridians under %  is controlled.

Let us make the following obvious remark: Consider a slicing(= a partition) of
S2 into circles emanating from the south pole. If one manages toestablish a control
over lengths of images of the circles under a map( , then one can establish a control
over lengths of images of meridians of the map( %) , where ) is a self-map ofS2 of
degree one that sends one meridian to the south pole and sendsall meridians to the
circles from the slicing.

Therefore, in practice we will be trying to sweep-out various non-trivial spherical
2-cycles inM n of interest to us by loops of controlled length. The existence of such
a sweep-out for  %  would imply that  %  %) maps meridians into loops of
controlled length emanating from the same point.
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The next section contains further ideas of the proof of the main theorem.

 Furt!er Ideas o" t!e Proo" o" Main T!eore#

Here we are going to brie y describe some key elements of the proof as well as the
proof in a very simple case. For simplicity of the exposition, we assume thatM n is
homotopy equivalent to S2   n 2. (This assumption is not really necessary, but,
in our opinion, it makes the exposition more transparent.)

To simplify exposition, let us, �rst, deal with geodesic loops, which can be re-
garded as geodesic segments, in which the two end-points arethe same. Note that
a related problem of estimating the length of a shortest geodesic loop on a closed
Riemannian manifold was �rst studied by S. Sabourau in [S]. (Sabourau did not
consider the base point of a geodesic loop as being �xed and minimized over the
set of all base points as well.) The upper bound 2nd for the length of the shortest
non-trivial geodesic loop at every prescribed point was �rst proven in [R] for an
arbitrary closed n-dimensional manifold.

 !bstr"ct#$% ar&"'(%t. Let us begin with a homotopy equivalence! :
S2   n 2 ! M n . Consider f = ! " 2 !" !" # for any point p" 2  n 2. Obviously, f
is noncontractible, and, moreover, f # # represents an element of in�nite order in
� 3(M n ). (Recall that # denotes the Hopf �bration.) By virtue of the discussion
in the previous section, it would be enough to sweep-outS2 by curves connecting a
�xed pair of points (in particular, loops emanating from the same point), so that the
lengths of their images underf are controlled in terms of d. However, as we have
no information about the geometry of f , this is not possible. The next objective,
therefore, is to obtain a new map$ : S2 ! M n , that can be swept-out by !short"
curves, and, which belongs to the same homotopy class as the original map f .

Let us begin by endowingS2 with a �ne triangulation. #e will try to extend
f : S2 ! M n to a $-dimensional disc.

As an obstruction to this extension we hope to obtain a noncontractible map
$ : S2 ! M n , naturally endowed with a sweep-out by short curves. The useof a
similar obstruction technique for the purpose of obtaining stationary objects was
originated by M. %romov in [%]. The technique that we will use in this paper is,
however, signi�cantly modi�ed.

) *+( (,t(%s#$% -r$c(/"r(. Let %3 be triangulated as a cone overS2.
The extension will be inductive to skeleta of %3. Let us begin with the center of
the disc ~p that will be mapped to a point p of the manifold. #e will extend to the
1-skeleton, by mapping edges of the form [~p; ~&#] to corresponding minimal geodesic
segments of the form [p; &#], where &# = f (~&#). Next let us extend to the 2-skeleton.
Let us consider an arbitrary 2-simplex [~p; ~&#; ~&$]. Its boundary is mapped to a closed
curve of length � 2d& ' . A length shortening process being applied to any curve with
a �xed point p either stops at a geodesic loop of a shorter length or contracts the
curve to the point p. Let us apply the Birkho� Curve Shortening Process (BCSP)
for loops with �xed basepoint to the image of the boundary of the above simplex



504  A. NABUTOVSKY AND R. ROTMAN  GAFA 

(for a detailed description of the BCSP see [C]). Assume thatwhen we apply the
BCSP to this curve with a �xed point p, it is not terminated by a geodesic loop.
Then the curve is contracted to the point p as a loop based atp, and we can map
the 2-simplex to a surface generated by this homotopy. Let usnow look at the
next skeleton.  e claim that there are !-simplices in the !-s keleton of  3, such
that, the restrictions of the map f on their boundaries are non-contractible, and the
corresponding elements of� 2(M n ) sum to the element represented byf . Also, by
virtue of Lemma 2.1 below the boundaries of these !-simplices can be swept-out in
a natural way by curves of length � ! d " ! , for some small ! that depends on the
size of the triangulation. Therefore, it follows that at each point p 2 M n there exist
at least k geodesic loops of length bounded byk(#d " 2 ! ).  e will eventually let !
approach 0, and obtain the assertion of the theorem.

 !"# t" $%t$&' t" t($ )*s+$,$t"& -& t($ .r$s$&c$ "/ 0s("rt1 2$"'$s-c
,"".s3 Of course, the assumption made in order to extend to the 2-skeleton is
rarely satis�ed. In general, we cannot hope that we can extend to the 2-skeleton
as above, because the curves can get stuck on geodesic loops of length � 2d " ! .
In fact, even one $small% geodesic loop can obstruct the extension, and makes it
unclear how to continue. Therefore, let us look again at extension to the 1-skeleton
and try to modify that as follows: Consider a simplex [~p; ~"   ; ~"  2 ]. Its boundary is
mapped to a closed curve ["   ; "  2 ]  ["  2 ; p]  [p; "   ] (see Figure 2(a)). Let us denote
the edges that connectp with "  j by #! and the edges that connect ~p with ~"  j by
~#! respectively, where$ = 1 ; 2. Next suppose the curve#1  ["   ; "  2 ]  ! #2 gets
stuck on a geodesic loop%  " 2 of length � 2d " ! .  e will change our extension
to 1-skeleton as follows: the extension will stay the same on~#1, but on ~#2 it will
become%  " 2  #2. Now, indeed, we can extend to the 2-simplex [~p; ~"   ; ~"  2 ], as the
curve #1  ["   ; "  2 ]  ! #2  ! %  " 2 is homotopic to the point p (see Figure 2(b)).  e
will map the 2-simplex to the disc generated by this homotopy. Now, if we only had
to extend to this one 2-simplex, we would be done, but, of course, in general it is
impossible to extend to the whole 2-skeleton in this way for the following reason:

Consider a simple 1-cycle in the 1-skeleton of the triangulation of S2 (see Fig-
ure !).

Let us denote the vertices of this graph by ~"   ; ~"  2 ; & & & ;~"  k , let "  j = f (~"  j ),
$ = 1 ; & & & ; k. Next, let us denote the segments that connect ~p with ~"  j and p with "  j

by ~#! and #! respectively. Suppose, we want to change the extension on 1-skeleton
along this cycle, in such a way that will enable us to extend to2-skeleton. Let us
begin with the 2-simplex [~p; ~"   ; ~"  2 ]. Suppose that the image of the boundary of this
simplex contracts to a geodesic loop%  " 2 .  e then modify an extension, so that ~#2

is mapped to %  " 2  #2. Next, let us consider [~p; ~"  2 ; ~"  ! ]. Its boundary is mapped
to a closed curve%  " 2  #2  ["  2 ; "  ! ]  ! #3. Suppose that when we try to contract
this curve it gets stuck on the same geodesic loop%  " 2 . Then, we have to change an
extension on ~#3 to be mapped to%  " 2  #3. It can so happen, that when we continue
in such a way, we will have to change an extension on ~## and next on ~#1, ~#2 and so,
this process will not terminate, and the desired extension to the 2-skeleton will still
be prevented by a single loop.
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Figure 2: Modi�ed extension.

 !art"a# $%&"'(& ()t(*s"%*. It is, thus, clear that the idea described in
subsection 1 cannot always work, but we would like to get something out of it. That
is, if we cannot construct an extension to the whole 2-skeleton in such a way, we
would at least try to extend it to a part of it. In fact, we would like to extend to
at least one face of every  -simplex in the  -skeleton of 3. (Our reasons for doing
so will become apparent at the end of section 2! cf. Remark 2.".) It is not di�cult
to see that we can use the idea in the previous section to extend our map to the
cone over any tree in the 1-skeleton of a considered triangulation of S2 (after an
appropriate modi�cation of the already constructed extension to the 1-skeleton of
this cone). So, the following lemma will be helpful for our purposes:

 emma 1!1!  iven ! " 0, there exists a triangulation of the 2-sphere, such
that each simplex of the triangulation has a diameter# ! and satis�es the following
property! There exist two nonintersecting trees in the1-s"eleton of the triangulation,
such that any 2-simplex has an edge in one of the trees.

Proof. A triangulation satisfying the required properties will b e constructed from
the standard triangulation of the round 2- sphere as the boundary of a  -simplex
by successively performing any necessary number of operations of one of three types
described below. It will be clear from the description of these operations that we
can use an appropriate sequence of such operations to make the diameter of any
2-simplex less than! for any positive ! .



506  A. NABUTOVSKY AND R. ROTMAN  GAFA 

 !

"
#

$!

"%
$!"

&
$!

"
#

e!

"%
e!"

&
e!

 

"
&

$
"%

$

"
#

$

"
#

e

"%
e

"
&

e

Figure  : !hy we cannot always extend.

Let  ; !; "; d be the vertices of the standard triangulation of the boundary of a
 -simplex. In such a triangulation there exist two trees denoted #1 and #2 satisfying
the conclusion of the lemma. !e can simply let #1 consist of one edge [!; d ] and #2

consist also of one edge [ ; " ], (see Figure 5(a)). Note also that each 2-simplex of
this triangulation satis�es the following property.

 pposite vertex property . The vertex of a simplex that is opposite to the edge
that belongs to one of the trees, is in the di erent tree.

To make this triangulation �ner, but still satisfying the sa me properties, we can
perform the following three operations:

1. Subdivide an edge of a tree into two equal segments and jointhe middle
with the opposite vertex in each of two 2-simplices adjacentto the edge (see
Figure 5(b)). In this case, obviously, the triangulation satis�es the required
properties, because the subdivided edge of the tree simply becomes two edges
instead. The opposite vertex property will also not be violated by this opera-
tion.
To subdivide further, we will need to simultaneously subdivide pairs of sim-
plices that share an edge which is not in one of the trees. There are two
possibilities: either these simplices contain two edges that belong to the same
tree as in Figure "(a), in which case the edges will share a vertex, or they
contain two edges that belong to di�erent trees, as in Figure "(b), in that
case edges will be #opposite$. This observation follows from the opposite ver-
tex property. These two cases will be discussed separately and result in two
di�erent subdivisions.

2. Consider two 2-simplices with a common edge not in one of the trees, as
depicted in Figure "(a). Let us denote them [ ; "; x ] and ["; x; d] respectively.
Suppose edges [ ; x ] and [x; d] are both in #1 and the vertex " is in #2. Then
we can subdivide the common edge ["; x ] into two equal segments, connect the
middle with vertices  and d, and add the edge obtained by subdividing ["; x ]
and containing " to #2 (see also Figure 5(c)).
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 . Consider two 2-simplices with a common edge not in one of the trees, as
depicted in Figure !(b). Let us denote them as [ ; x; d ] and [ ; y; d ] respectively.
Suppose now that [y; d] is an edge in! 1 and [ ; x ] is an edge in! 2. "e can
subdivide the common edge into three equal segments. #enotethe points
of subdivision by "; # respectively, connect verticesx; y with "; # and add
the edge [y; " ] to ! 1 and the edge [x; #] to ! 2 (see Figure !(b) as well as
Figure 5(d)).

Note that none of the original speci�ed properties of the triangulation including
the opposite vertex property are violated by these operations.

Performing the three operations allows one to make the diameter of simplicies of
a triangulation as small as desired, while the desired properties remain satis�ed.

 !

"

#

 !

"

#

$ %

!

&

"
 !

&

"

 

'!(

')(

Figure !: Simplicial subdivisions

Figure 5 illustrates the three operations performed in a rowstarting from the
original triangulation of a sphere as the boundary of a tetrahedron.

Now, we can triangulate $ 3 as the cone over a su�ciently �ne triangulation
of S2 obtained using Lemma 1.1. Then we can extend to the 1-skeleton of this
triangulation $ 3. Now we would like to use the idea explained in section 1. to
extend to a subcomplex of the 2-skeleton in such a way that each  -simplex has
a face that belongs to this subcomplex. Of course, this extension will require a
modi�cation of our map on some 1-simplices of the triangulation of $ 3 that are not
in the triangulation of S2.
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Figure 5: Constructing triangulation of S2

 emma 1!2! Let S2 be triangulated as in Lemma  . . Let  3 be triangulated
as a cone over the chosen triangulation ofS2. !urthermore, let f : S2  M n be
a map from S2 to a closed Riemannian manifoldM n . Let p be the image of the
center of  3. Then there exists a subcomplex! of a 2-s"eleton of  3, satisfying the
property that at least one 2-face of each -simplex of  3 lies in ! and the following
additional property# !or every positive integer " either there exist " non-trivial
geodesic loops inM n based at p of length � " (2d ! #) or f can be continuously
extended to ! so that f maps each2-simplex $ 2 ! to a disc generated by a1-
parameter family of loops of length � (" ! 1)(2 d ! #) based at p constituting a
homotopy contracting the restriction of f to the boundary of $ to a constant map.

Proof. First, let us extend to the 0, 1-skeleta of 3 as described in the introduction.
"e will now modify the extension to the 1-skeleton as follows.

Let %1; %2 be the two trees of Lemma 1.1. Let us begin with the root of%1 that
we will denote by ~&0. Let ~&  , ' 1 = 1 ; ( ( ( ; k1 be the neighboring vertices of ~&0, where
k1 denotes their number.

Consider all the edges ~)   , ' 1 = 1 ; ( ( ( ; k1, that connect ~&0 with the corresponding
vertices ~&  .

Those edges correspond in a natural way to two-simplices that are obtained by
coning an edge with ~p. Suppose we try to extend to the 2-simplex corresponding
to ~)   . Its boundary is mapped to a closed curve of length� 2d ! #. Assume that
when we try to contract the boundary by the BCSP, it gets stuck at a geodesic
loop *   . "e will then modify an extension to the edge ~+  that connects the vertex
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~p with the vertex ~   , to be !    "   , where "   denotes the image of ~"   under the
original extension. Let us once again consider the 2-simplex [~p; ~ 0; ~   ].  nder the
new extension its boundary is mapped to a closed curve"0  [ 0;    ]  ! "    ! !   

of length � ! d " # (see Figure #(a)). This curve is contractible as a loop over
the curves of length � ! d " #. Also, note that "0  [ 0;    ] is path homotopic to
!    "   via curves of length � 5d " $ #. See Figure #(b) below. Indeed, one can
see that "0  [ 0;    ] is path-homotopic to !    ! !    "0  [ 0;    ] over the curves
of length � 5d " $ #. The above curve is, in its turn, path-homotopic to the curve
!    "    [   ;  0]  ! "0  "0  [ 0;    ] also over the curves of length� 5d " $ #, which
�nally is path-homotopic to !    "   .
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Figure #: New extension to the 2-skeleton.

Now suppose, we have modi�ed our extension on all edges ~"  j , $ = 1 ; % % % ; &,
' ! 2 " 1; % % % ; k" #, where ~"  j are edges joining ~p with vertices ~  j , that are located
at a distance � & from ~ 0 in the tree, and k" denotes the number of such vertices.
Suppose, in the process we were obstructed by at most( distinct geodesic loops of
length � ( (2d " #). Suppose also that we have extended to all of the 2-simplices
of the form [~p; ~  j •  ; ~  j ], where $ = 1 ; % % % ; &. %e now would like to extend to all of
the edges of the form ~"   ! and all of the 2-simplices of the form [~p; ~   ; ~   ! ]. Let
us consider the image of the boundary. By the induction assumption, it is mapped
to a curve of length � (( " 1)(2 d " #). Let us apply the BCSP with a �xed point
p to this curve . If there are no geodesic loops of length� (( " 1)(2 d " #), then
the boundary is contractible to p without the length increase and, therefore, we will
not modify the image of ~"   ! . Suppose, it does get stuck on a loop. Let us denote
it !   ! . If it does get stuck on the loop of length ) ( (2d " #) then this loop is
distinct from the ( loops we obtained during the previous steps of the induction
and we will have (( " 1) loops of length ( ( " 1)(2 d " #). On the other hand, if the
loop is one of the previous loops, its length must be� ( (2d " #). In any of the two
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latter cases we will modify the extension on ~    ! to be !    !      ! .  e continue in
the following manner, until we have modi�ed an extension on all of the ~  j and all
of the [~p; ~"  j ; ~"  j  ! ].

Now we can repeat the same process for the tree#2.

 T!e Proo" o" T!eore# $%& "or Loo's

To prove Theorem 0.1 one will need the following simple lemma.
 emma 2!1! Let M n be a Riemannian manifold.

Let $1(%); $2(%) be two curves connecting the pointsp; q 2 M n of lengths &1; &2
respectively.  onsider a !not geodesic" loop $1  ! $2 based at p that is a product
of $1 and ! $2. Let us apply the # $% to this loop, that &eeps the point p �xed.
$uppose also that it converges to a geodesic loop! based atp.

Then there is a path homotopy ' ! (%); ( 2 [0; 1], such that ' 0(%) = $1(%); ' 1(%) =
!  $2(%) and the length of curves during this homotopy is bounded above by ! &1"2 &2.

Proof. Let ~) ! (%) denote a homotopy that connects$1  ! $2 with a geodesic loop!
(see Figure 2(a) and (b)). Then below is a path homotopy between $1 and !  $2

satisfying the required properties (see Figure #(a)$(g)):

$1 " !  ! !  $1 " !  ~) 1 !  $1 " !  $2  ! $1  $1 " !  $2

The length of curves during this homotopy is � ! &1 " 2 &2.

 !!"!!!!# ! !!"!!!!# "

#

$

a$ 
%

%&&'&&( 
)

&

#

$

a

 !!$!'! ( %

 (

'*( '+(

',( '-( 'e( '.( '/(

Figure #: Illustration of the proof of Lemma 2.1.

This lemma generalizes a similar statement in [R]. Also a similar argument is
used by Croke to prove Lemma !.1 in [C].

Before stating the proof of Theorem 0.1 let us describe the idea behind it. Let
us begin, as in the introduction, with the map f : S2 " M n . Let S2 be triangulated
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as in Lemma 1.1, and let us start with the modi�ed extension from  3 to M n as
in Lemma 1.2 for ! = k  1.  e will now attempt to extend to the rest of the
2-skeleton of  3. So, let us consider a 2-simplex [~p; ~"   ; ~"  2 ] to which we did not
previously extend our map. From Lemma 1.2 we know that its boundary is mapped
to a closed loop of length� k(2d ! #), or there will be k distinct geodesic loops of
length � (k  1)(2d ! #) (including the trivial one), and we are done. Let us apply
the BCSP with �xed endpoints to this loop. The process, can possibly converge
to a geodesic loop$ of length � k(2d ! #), not allowing us to proceed further. If
this loop happens to be a periodic geodesic, then we are done,as we can regard
its iterates as distinct geodesic loops. Suppose, therefore, that this loop is not a
periodic geodesic. Consider a (de�nitely not geodesic) loop based atp that consists
of going twice around the geodesic loop obtained on a previous step.  hen we try to
contract this loop using the BCSP with �xed endpoints one of the following things
can happen:

(1) This double loop contracts to a point"
(2) This double loop contracts to the same loop$ as the original loop"
(#) This double loop contracts to a di�erent non-trivial loo p.

Case (#) results in a new $short% loop (of length at most twicethe length of
the original loop). In this case we can try to proceed in the above manner, i.e. by
tracing the original loop three, four, etc., times and applying the BCSP to these
curves hopefully obtaining new geodesic loops. Therefore,let us examine cases (1)
and (2). The case (1) allows us to construct the desired extension. In the case (2)
we use the following lemma"

 emma 2!2! Let M n be a Riemannian manifold. Let $ : [0; 1] ! M n be a
geodesic loop based atp 2 M n .  uppose $ " $ is contractible to the loop $ by a
path homotopy without the length increase. Then the loop $ is contractible to p by
a path homotopy passing via curves of length� # length($).

Proof. Let $ ! = $#[0"!], %= $ " $ and %# denote curves in the path homotopy that
connects%with $.  e will now describe a path homotopy between $ and p that
passes through $short% curves:

1. $ !  $ ! " $ ! " $ !  $ " $ " $" the length of curves during this homotopy,
obviously, does not exceed # length($) (see Figure &(a)'(c)).

2.  $ " $ " $ !  $ " %# !  $ " $" the length of curves during this homotopy
is bounded by # length($), since the length of %does not increase during the
homotopy, (see Figure &(d), (e)).

#. Finally,  $ " $ can be contracted top along itself, (see Figure & (f)).

The above lemma is a particular and most obvious case of the following situation:
Suppose, we consider a sequence of curves obtained from$(&) by going an integer
number of times around$(&), i.e. going twice, three times, four times, etc.,' times.
Then either this sequence of curves results in' distinct $short% geodesic loops,
after an application of the Birkho� curve-shortening process to each curve of the
sequence, or there exists an integer( ) ' , such that a curve obtained from the
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a  a  a! !" a a a! !"

 !a" !

aa" !
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Figure  : !ouble loop homotopy.

original loop by tracing it  times is contractible to p along "short# loops based
at p.

 emma 2!"! Let M n be a Riemannian manifold, ! be a positive integer number,
and " 1 be a geodesic loop inM n based at p. Then either there exist ! distinct
non-trivial geodesic loops," 1; # # # ; " ; # # # ; "! of length $1; # # # ; $ ; # # # ; $! , such that
$ � %$1, 2 � %� ! , or there exist a number  � ! , such that the (non-geodesic)
loop " "

1 = " 1  ! ! !  " 1 is path-homotopic to p along the curves of length� (2! " 1)$1.

Proof. Suppose that there are no! distinct geodesic loops based atp of length
� !$ 1. Consider the �rst ! powers of " 1: " 1; " 2

1; # # # ; " 1; # # # ; "!1 . Suppose that
none of these loops is path-homotopic top without the length increase. That means
that, for every %when we apply the BCSP to "  

1, it stops at a non-trivial geodesic
loop "  respectively. Our assumption implies that all these loops cannot be distinct.
Therefore there exist %#= & 2 $1; # # # ; !%, such that "  = " #. $ithout any loss of
generality, let us assume that& ' %. Then " #  

1 is path-homotopic to p as follows:

" #  
1 & " #

1  " "  
1 & " #  " "  & p. The length of curves during this homotopy is

bounded by (&%%)$1 � (2! " 1)$1.

Let M n be a closed Riemannian manifold, satisfying the hypothesisof Theo-
rem 0.1. Fix a point p 2 M n . Let S2 be triangulated as in Lemma 1.1, and( 3 be
triangulated as the cone over the chosen triangulation ofS2. Let f : S2 & M n be
a map such that its composition f ' ) with the Hopf �bration ) : S3 & S2 is an
element of in�nite order in � 3(M n ). Suppose that we have extendedf : S2 & M n

to the 1-skeleton of ( 3 as in Lemma 1.2. Suppose that there exist at most (k " 2)
non-trivial geodesic loops based atp of length � (k " 1)(2d %*). Then to extend
to 2-skeleton of( 3, we will proceed as follows: In the 2-skeleton of( 3 there will be
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2-simplices of two types. The boundary of the simplices of type I will be mapped to
a curve that is contractible to p in a natural way as it is described in Lemma 1.2.
According to Lemma 1.1 the boundary of every  -simplex of  3 contains a sim-
plex of type I. To extend to the simplices of type II, we will pr oceed as follows:
let ~! 2

 = [~p; ~"   ; ~"  2 ] be such a simplex. Its boundary is mapped to a curve passing
through the point p of length � (k  1)(2d ! #). Let us try to contract this curve as
a loop using the BCSP with �xed endpoints. If, indeed, it is contractible using the
BCS, then we are done. If it gets stuck on one of the geodesic loops based atp we can
proceed as follows: let us denote this curve by$ and let us consider its powers$ ! ,
%= 1 ; & & & ; k 1. Let us apply the BCSP with the �xed endpoints to each of these
curves. It cannot happen that BCSP ends at a di�erent geodesic loop every time,
as we have at most (k  2) distinct non-trivial geodesic loops based atp of length
� (k  1)(2d ! #). According to Lemma 2. the only other possibility is that s ome
power $  of $ with ' � k is contractible to a point via the loops based atp of length
smaller than (2k   ) k(2d ! #). Note, however that for di�erent $, this power ' can
be di�erent. But for every considered loop $ $ ("  1)! will be contractible via loops of
length � k ((k  1)" ! 2 k  #)(2d! #). ($e can contract k"(' copies of$  one by one.
$hen we contract each copy of $  we get an extra summand (2k    ' )k(2d ! #)
to the length of the considered curve.) This observation will help us to �nish the
proof of Theorem 0.1.

Proof of  !"or"# $%& '( )!" *+," -!"( p = q. The proof will be by contradiction.
Let f : S2 ! M n be a non-contractible map such that f " ) represents an element
of in�nite order in � 3(M n ). Assume that S2 is triangulated into �ne simplices as
in Lemma 1.1, and that f (S3) has induced triangulation, such that diameter of any
simplex in this triangulation is smaller than #. Let  3 be triangulated as a cone over
the triangulation of S2. %enote another copy ofS2 by S2

! . Let f # : S2
! ! S2 denote a

standard map of degree*. AssumeS2
! is triangulated so that f # is a simplicial map.

Let  3
! be triangulated as a cone overS2

! . $e can extend f # to a map of  3
! to  3

by mapping (+; ,); (, 2 S2
! ), to ( +; f#(, )). $e will denote this extension also by f #.

$e will now attempt to extend a map f " f # from S2
! to  3

! for * = ( k  1)", and as
an obstruction to this extension we will obtain a map - : S2 ! M n homotopic to
f " f # that is swept-out by &short' loops in a natural way. This sweep-out can then
be used to obtain the desired upper bound fork short geodesic loops based atp as
described in the introduction.

$e will �rst extend f " f # to the 0.,/"0")o( and to the 1.,/"0")o( of  3
! . The

0-skeleton of  3
! consists of a single additional pointp! , which is the center of the

disc. $e will let the image of p! be p. Next, let us extend to the 1.,/"0")o( as
follows: Consider all of the edges of the form [p! ; .  ] that connect the center of the
disc with the vertex .  , where .  is mapped to a vertex ~"  by f #. There, in general,
will be * such vertices. All edges of this form will be mapped byf # to the radius
of  3 that connects the center of  3

! ~p with ~"  . $e map this radius to a shortest
geodesic fromp to "  = f (~"  ).
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Now we will extend to the 2 !"#$#%o&of  3
 . Suppose that we have already

extended f : S2  M n to the part of the 2-skeleton that includes one 2-simplex
in the boundary of every  -simplex in the considered triangulation of  3 ! ! 3 as
guaranteed by the proof of Lemma 1.2. (Recall, that these 2-simplices are called
simplices of type I. Also, recall that in order to construct t his extension we need
�rst to change the previously constructed extension to someof 1-simplices.)

Consider an arbitrary 2-simplex of  3
 of the form [p ; "   ; "  2 ], where the bound-

ary is mapped by (the extension of) f ! to the boundary of a simplex [~p; ~#" ; ~#"2 ] of
type I. !e can assume that f : S2  M n was already extended to this 2-simplex of
the considered triangulation of  3 by the virtue of Lemma 1.2. In this case we will
map [p ; "   ; "  2 ] to the simplex [~p; ~#" ; ~#"2 ] using (the extension of)f ! , and then use
the constructed extension off . There will be $ such 2-simplices of the considered
triangulation of  3

 that are mapped to [~p; ~#" ; ~#"2 ].
Finally, consider the remaining 2-simplices of the considered triangulation of  3

 .
These are simplices of the form [p ; "   ; "  2 ], which boundary is mapped to the
boundary of a simplex [~p; ~#" ; ~#"2 ] of type II (see the discussion preceding the proof
of the theorem. Recall, that "type II# just means that the considered 2-simplex
is not of type I. That is, we do not have a ready extension off to such simplices
provided by Lemma 1.2.) There will be$ simplices like that for every pair of vertices
~#" ; ~#"2 . Consider the images of their boundaries under the mapf " f ! :  3

  M n .
The image will be the curve [p; #" ]#[#" ; #"2 ]#[#"2 ; p] raised to a power$, i.e. traced $
times. (Here #" = f (~#" ); #"2 = f (~#"2 ).) It is contractible with a "controlled# length
increase (length of curves in this homotopy is bounded byk((k$ 1)$%2k$ &)(2d%%),
see the discussion before this proof of Theorem 0.1. Otherwise there exist k $ 1
distinct non-trivial geodesic loops based atp, and, therefore, k distinct geodesic
loops based atp, and we are done.)

Therefore, although we cannot extendf " f ! to the union of these 2-simplices,
we can �ll the image of the boundary of their sum by a 2-disc, that will admit a
desired sweep-out by "short# loops based atp.

 !

"! #

"! $

"! %

&##

&
#%

&
#$

%#
&

&%%
&%$

&$#
&$%

&$$
'

( )

Figure 9: 'xtending a map f " f  : S2  M n

Thus, we managed to extendf " f ! from S2
 �rst to the 1-skeleton of the considered

triangulation of  3
 , and then to a certain collection of 2-cells. (!e will stop ou r
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attempt of extending f  f  at that.) Let ~ ! = [~! !  ; ~! !2 ; ~! ! ! ] be a simplex of the
considered triangulation of S2. Initially f  f  was de�ned on the collection of "
small 2-simplices formingf  1

 (~ ! ). But then we extended f  f  �rst to the center p!

of # 3
! and all 1-simplices connectingp! with points in the inverse image of vertices

of ~ ! under f  , then to the collection of " 2-simplices mapped byf  to a 2-simplex
of type I (which is the cone over an edge of ~ ! of type I), and �nally to two 2-discs
corresponding to two edges of ~ ! that become 2-simplices of type II after the coning.
As the result we obtained a singular 2-cycle inM n . The homology class of the sum
of these singular 2-cycles over all 2-simplices ~ ! of the considered triangulation of
S2 is equal to (f  f  )! ([S2

! ]) = "f ! ([S2]).
 e are going to demonstrate now that each of these singular 2-cycles is spherical

and, moreover, can be represented by a map of a circle into thespace of loops in
M n based at p so that all loops in the image of the circle are !short". For th is
purpose consider the just described singular 2-cycle inM n corresponding to ~ ! . It
is constructed from a small simplex 2

! = [ ! !  ; ! !2 ; ! ! ! ] = f (~ 2
! ) in the following way.

Firstly, one connects p with each of the vertices ! ! j ; $ = 1 ; 2; # by curves f (~%" ),
where ~%" are segments connecting ~p with ~! ! j .  e then obtain three closed curves:
%" ! [! ! j ; ! ! j !" !" ] ! " %"#$%3+1 , $ = 1 ; 2; #. By Lemma 1.2 at least one of these
curves is contractible to p along !short" curves, and without any loss of generality
we can assume that%3 ! [! ! ! ; ! !  ] ! " %1 is such a curve. The homotopy generates a
2-dimensional disc that we will denote 2

31. This disc, as well as 2
! , will be taken

with a multiplicity " . The remaining two curves are both path-homotopic top along
!short" curves after they have been traced " times.  e would like to comment that
 2

! is arbitrarily small and, therefore, can be treated as a point q (see the Remark 2.5
below for the details. To avoid a misunderstanding note that the notation q is used
here and below in this section di�erently than in the text of T heorem 0.1. This is
justi�ed by the fact that here we study only lengths of geodesic loops based atp and
not of geodesics connectingp with an arbitrary point that was denoted q in the text
of Theorem 0.1).  e now present a sweep-out by short curves. See also Figure 10.
p # %1 ! " %2 ! & & &! %1 ! " %2 (Figure 10(a)).  e next use Lemma 2.1 to !replace" %1

by %3 (Figure 10(b)):

%1 ! " %2 ! & & &! %1 ! " %2 # %3 ! " %2 ! & & &! %3 ! " %2 &

Finally, this curve is path-homotopic back to p (see Figure 10(c)).
So, we can separately sweep-out all such singular 2-cycles by !short" loops. Now

we can combine these sweep-outs to obtain a sweep-out of their sum "f ! ([S2]).
Note that the longest loops in the sweep-out appear when we contract %1 !" %2 or

%3 ! " %2 iterated " times. Thus, we obtain ' � (2k$ % &k2 " ' k)d, and Proposition A
implies that the length of the shortest k geodesic loops onM n (including the trivial)
does not exceed 2k' � (&k$ % 'k2 " 1*k)d. If k $ #, then (&k$ % 'k2 " 1*k)d � ' k$d.
(If k = 2, then a better bound &d for the length of a shortest non-trivial geodesic
loop based atp can be obtained as a particular case of the main result of [R]).

Remark 2 ! . Note that, in this proof, we really needed the possibility of contract-
ing the boundary of one of the three !not small" 2-simplices in the boundary of the
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Figure 10: Sweep-out of a sphere

considered  -simplex to a point without iterating it  times. Otherwise we would
not be able to obtain a desired sweep-out. This explains the necessity of Lemmas
1.2 and 1.1.

Remark 2 ! . In this remark we will explain why the small simplex [!   ; !  2 ; !  ! ]
mentioned in the proof of Theorem 0.1 can be treated as a point. In fact, [ !   ; !  2 ; !  ! ]
can be !replaced" by q = !  2 (see Figure 11). In Figure 11 we show that there
is a !short" path-homotopy between two curves "1  [!   ; q] and "3  [!  ! ; q] (see
Figure 11(a)), that goes as follows: Firstly, note that by Lemma 2.1 there is a
path homotopy passing through !short" curves between"1  [!   ; !  ! ] and "3 during
which the points p and !  ! remain �xed. Let us denote the curves in this homotopy
by #1

! . Secondly, because [!   ; !  2 ; !  ! ] can be made arbitrarily small (in particular,
its diameter can be made much smaller than convexity radius), it can be swept out
by curves of length � $(%), where $(%) approaches 0 as%approaches 0, with �xed
endpoints !   and !  2 = q. Let these curves be denoted as#2

" . (See Figure 11(d)).
Now the homotopy will go as follows (see Figure 11(b)#(f)):

"1  [!   ; q] ! "1  #2
" ! "1  [!   ; !  ! ]  [!  ! ; q] ! #1

!  [!  ! ; q] ! "3  [!  ! ; q] &

Thus, the point q replaces [!   ; !  2 ; !  ! ], "1 is replaced by "1  [!   ; q] and "3 is
replaced by "3  [!  ! ; q].
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Figure 11: Small simplices can be ignored.

 Geodesic Se!"ents Bet#een Di$erent Points

In the previous sections we assumed that the pointsp and q coincide, i.e. we were
interested in geodesic loops based atp. In this section, we outline how this proof can
be generalized for the case whenp and q are allowed to be distinct points. The main
problem is with the �rst step of the extension process:  hen w e contract a loop
based atp using a loop shortening process, we are either able to contract it all the
way to a point, or get stuck at a geodesic loop, not at a geodesic betweenp and q.
The remedy can be found at our paper [NR2]. Namely, we replacethe Birkho�
curve-shortening process for loops by another curve shortening process described in
the proof of Lemma 1 in [NR2]. It works as follows: Attach to a considered loop
a �xed minimal geodesic  between p and q.  e obtain a path between p and q.
Now apply a version of the Birkho� curve-shortening processfor curves with �xed
endpoints to this path. The result will be a geodesic betweenp and q. If for some S
there is only one geodesic betweenp and q of length � S, then this process will be
continuous with respect to initial loop based at p, when we consider only loops of
length � S dist(p; q). Further, assume that ! 1 and ! 2 are loops based atp. Assume
that when we apply this process to! 1 and ! 2 we get stuck at the same geodesic"
betweenp and q. Then there is the following path homotopy between! 1 and ! 2 that
passes through loops of length� max! length(! 1); length(! 2)" !2 dist( p; q) (compare
with [NR"]): Choose a minimizing geodesic  between p and q. Now proceed as
follows:

! 1  # ! 1 $  $   1  # " $   1  # ! 2 $  $   1  # ! 2#

Here arrows denote obvious path homotopies between loops based at p.
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A modi�cation of same idea can be used in the proof of an analogof Lemma 1.2:
If  1;  2 are two paths betweenp and x, ! is a minimal geodesic betweenp and q, we
can consider path 1    1

2  ! betweenp and q. Apply the Birkho� curve shortening
process with �xed endpoints to this path. Assume that the process stops at a
geodesic" between p and q. Of course, the length of" does not exceed the sum of
lengths of 1;  2 and ! . Consider a new path !

2 = "  !  1  2. Now  1  ! 1
2  ! can be

contracted to ! by a length non-increasing path homotopy. Therefore 1   ! 1
2 can

be contracted to a point by a path homotopy that increases thelength by not more
than 2d. This observation leads to an analog of Lemma 1.2 where we conclude either
the existence of#  1 distinct geodesics betweenp and q of length � (! #  1)( d $)
or the extendability of f on each simplex! 2 % so that the extension is generated
by a 1-parametric family of loops of length� ! # (d $). Note that this upper bound
is approximately twice the bound in the original estimate. As the result the upper
bound that we obtain when p and q can be di�erent is asymptotically twice the
upper bound in the loop case (("k#  &(k#))d versus (!k#  &(k#))d).

This idea can also be used to modify Lemma 2.$ as follows: Now we do not
attempt to contract powers of ' to a point by a length non-increasing path homotopy
as in its original version. Instead we attach!  !  1 to '  at its endpoint and apply the
Birkho� curve shortening process for curves with �xed endpoints to '   ! . Assume
that this process converges to a geodesic"  . Then, if "  = " ! , then '  is homotopic to
' ! via "   !  1 as above, and' "  ! " is contractible via curves of length not exceeding
(2 max! (; ) " # min! (; ) " ) length( ' )  2 dist( p; q), and an analog of Lemma 2.$ easily
follows.
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Institute for Mathematics at Bonn. The authors would like to thank the Max-Planck
Institute for its kind hospitality. The �rst author gratefu lly acknowledges a partial
support of this research by his NS'RC *iscovery &rant and NSF &rants *MS-
0!0595! and *MS-0+0/"0$. The second author gratefully ackn owledges a partial
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(NS'RC) 3niversity Faculty Award and *iscovery &rant and a p artial support of
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