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NONRECURSIVE FUNCTIONS
IN REAL ALGEBRAIC GEOMETRY

ALEXANDER NABUTOVSKY

ABSTRACT. As a result of the Tarski-Seidenberg theorem, problems in
real algebraic geometry usually have constructive solutions. In this article
we show that this is not always the case. We consider the following
problem, which is of interest for its own sake.

Let " C R"*! be a nonsingular compact algebraic surface of degree
d. Let X" be isotopic to the standard hypersphere $” C R"t1, It is well
known that it is not always possible to connect X" and S” by an isotopy
passing via nonsingular algebraic hypersurfaces of degree not higher than
d. We prove that it is always possible to connect X" and S” by an isotopy
passing via algebraic surfaces of some degree 4 which depends on n and
d only. Consider for each n the smallest of such degrees as a function
An(d). What can be said about these functions?

We prove that for each n > 5, the function 4,(d) cannot be majorized
by a recursive function of d. Also, some generalizations of these results
are stated below.

1. Algebraic approximation of isotopies. It is well known that a com-
pact hypersurface in a Euclidean space may be approximated by a non-
singular algebraic hypersurface. It is possible to prove that an isotopy
between two compact nonsingular algebraic hypersurfaces may be approx-
imated by an isotopy which passes via nonsingular algebraic hypersur-
faces only. This can be generalized for regular complete intersections of
compact nonsingular algebraic hypersurfaces. More precisely, let p;(x),
i € {1,...,k} be a system of polynomials on R*** such that for all
i the set Z; of zeroes of p;(x) is compact and not empty and the Ja-
cobi matrix J(pi(x), pa(x), ..., pr(x)) has maximal rank at each point of
Z,=7Z,nZyNn---NZ. If Z, is nonempty, then we call {p;(x)} a
regular system and Z, a compact complete intersection, or briefly a CCI
(cf. [1, 4] and references there for properties of compact complete in-
tersections). If some CCI M" c R"*k is representable as a regular in-
tersection of nonsingular compact algebraic hypersurfaces of degrees less
than or equal to d, then we shall call M" a d-CCI. Let Q,;(M") de-
note the space of all n-dimensional submanifolds of R"+*_ diffeomorphic
to M", with the C'-topology. We shall denote by T, (R"**) the space
V Q, (M"), where the disjoint union is taken over all nondiffeomor-
phic compact C*-smooth manifolds M” embeddable in R"*, and by
T,fd)(R”*"‘ ) its subspace consisting of all d-CCI’s. We shall say that two
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d-CCI’s, M and M} are D-rigidly isotopic if there exists some continuous
mapping F*: [0, 1] — T,SD )(R"+" ) (which will be called a D-rigid isotopy),
such that F*(0) = M}, F*(1) = M}. For k = 1, this is a generalization
and a modification of the rigid isotopy definition by V. A. Rokhlin [9]; un-
like him, we permit singularities in the complex nonreal part of the zero
set of polynomials during the isotopy and also permit the degrees of the
polynomials to increase from d to D during the isotopy. Obviously “to be
D-rigidly isotopic” is an equivalence relation on T,ﬁd)(R"*"‘ ).

In such terms, for k = 1, Proposition 1.1 says that if two compact
non-singular algebraic hypersurfaces are.isotopic then they are D-rigidly
isotopic for some D.

PROPOSITION 1.1. Let F: [0,1] — T,(R"**) be a smooth isotopy such
that F(0), F(1) € T,fd)(R"*"). Then there exist some D and a smooth
isotopy F*: [0, 1] —» TP (R™**) such that F*(0) = F(0), F*(1) = F(1).

Proor (for k = 1). For each ¢, approximate F(¢) constructively by a
nonsingular algebraic hypersurface A4o(¢) = {x € R"*!|py,(x) = 0} (cf. [6,
10]) in such a manner that py(x) be positive for large enough [|x| and
Ao(i) = F(i), i € {0,1}. It is possible to prove that for a close enough
approximation there exists some finite set of ¢ {¢g, ¢;,...,tm—1,tm}, to =0,
tm = 1, such that for each ¢ € [t;, t;,] the set

A(t) = {x e R"™Y((t — t:)/(tis1 — 1)) Por,,, (X)
+ ((tix1 — 1)/ (tiz1 — 1)) Doy, (x) = 0}

is a nonsingular algebraic hypersurface. The necessary isotopy F* is ob-
tained by the canonical projection of the resulting broken line in the space
of vectors of polynomial coefficients on T,ﬁd)(R"“). Q.E.D.

The following theorem states that the number D in the statement of
Proposition 1.1 can be chosen to be independent of the subvarieties F(0),
F (1) and dependent only on 7 and a given upper bound d of degrees F(0)
and F(1). Thus it is a strengthened form of Proposition 1.1.

THEOREM 1.2. For each positive integer d, n, k there exists D such that
each two isotopic n-dimensional d-CCI'’s in R"** are D-rigidly isotopic.

ProoF. Consider the set @, ; ; of all regular systems of k£ polynomials
of n+k variables of degree less than or equal to d. Fix some numeration of
all ("*%*)k monomial coefficients in such systems. Now we can consider
®, ;.4 as a subset of R "¢}, The set D, ;. 4 is a semialgebraic subset of the
Euclidean space. Hence it has a finite number of connected components
(cf. [3]). The CCTI’s represented by a given connected component of @, ; 4
are isotopic. Choose one representative in each connected component of
®, 4. Denote the corresponding CCI's by C;. Each d-CCI is d-rigidly
isotopic to one of the constructed CCI's C;. Let C; be isotopic to C;,
for some i, i;. Proposition 1.1 implies that there exists a number d;,;,
such that C; and C;, are d,,;,-rigidly isotopic. Let I = {(i, j)|C; and C;
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are isotopic}, Dy = max(; jes dij, D = max{d, Dy}. Obviously D is the
necessary number. Q.E.D.

Denote the minimal value of such D for some fixed d, n, k by A4, x(d).
We shall consider below these numbers as functions of d (for each fixed
pair of n, k).

Each pair of D-rigidly isotopic n-dimensional CCI’s in R"** can be
connected by a D-rigid isotopy which can be represented by a piecewise-
continuous path in the set ®,, p of vectors of coefficients of regular sys-
tems. Moreover, this isotopy can be chosen in such a manner that each
connected component of ®, ; , will contain no more than one piece of the
path. Hence, the semialgebraicity of ®,; p makes it possible to majorize
effectively the number of the pieces (for example, using results of [8]). This
makes it possible to prove the following result, using the Tarski-Seidenberg
theorem.

THEOREM 1.3. There exists an algorithm which verifies for each set of
given n, k,d, D and for each given pair of vectors with rational components
representing some d-CCI’s M7, M} C R, whether M} and M} are D-
rigidly isotopic in R"*k

2. Nonrecursive functions in real algebraic geometry. Let M C R*+! be
a C°-smooth manifold, and n > 5. We are interested in the question:
Is M" diffeomorphic to the standard sphere S” or not? Provided that
M" is represented in a standard way described in [2] or in an equivalent
one, there is no algorithm which provides an answer to this question (this
is a result of S. P. Novikov, cf. its exposition in [11, §10]). More pre-
cisely, S. P. Novikov constructed a sequence X! C R™*!, i € N, of smooth
hypersurfaces such that the problem of n-dimensional sphere recognition
is undecidable even for this sequence. We can constructively approxi-
mate M" by an isotopic nonsingular algebraic hypersurface A" c R"*!,
A" = {x € R*!|p(x) = 0}, grad p(x) # 0 on A", all coefficients of p(x)
are rational. “Constructively” means that all the coefficients of one such
polynomial p can be found from a data set describing M”. Hence, the
recognition problem, whether or not M” is diffeomorphic to a standard
sphere S”, is undecidable even in the class of nonsingular algebraic mani-
folds M " which can be represented as nonsingular zero sets of polynomials
with rational coefficients p: R"*! — R, providing M" is given by a vector
of coefficients of one such polynomial. Further, it is well known that there
are no nontrivial smooth codimension one knots in R**! (n > 4) (cf. [7,
Chapter 9, Proposition D]). Hence a smooth hypersurface in R**! (n > 4)
is isotopic to a standard sphere S” C R**! if and only if the hypersurface is
diffeomorphic to S”. This implies that “diffeomorphic” in the formulation
of the problem above for hypersurfaces is equivalent to “isotopic.” Thus,
we obtain the codimension one case (k = 1) of the following proposition.

PROPOSITION 2.1. Let n > 5 and arbitrary k be fixed. There is no algo-
rithm which permits to determine for a given ordered set of rational coeffi-
cients of some polynomial mapping p: R*** — Rk, such that its zero set Z,,
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is not empty and is nonsingular, whether or not Z, is isotopic to the sphere
SP={x eR"™¥|x,p=" =X, =0, flx|l = 1}.

The general case of the proposition can be easily deduced from the
codimension one case.

We can now state our main result. But first recall that A4, ,(d) de-
notes the minimal number D € N such that any two isotopic d-CCI’s
of dimension n and codimension k are D-rigidly isotopic. Theorem 1.2
ensures the existence of A4, ;(d). Define A;f"'k (d) as the minimal number
E € N such that any two d-CCI’s of dimension # and codimension k which
are isotopic to the standard sphere S” are E-rigidly isotopic. Obviously
A5, (d) < App ().

MAIN THEOREM. For each n > 5 and for each k the function Af:'k (d)
cannot be majorized by any recursive function of d.

PrOOF. We prove the theorem by contradiction. Assume that for some
n > 5,k, the function Af_"k(d) can be majorized by some recursive func-
tion ¢(d). By Theorem 1.3 and by recursiveness of ¢(d) there exists an
algorithm for the decision problem whether or not two d-CCI’s M}, M}
are ¢(d)-rigidly isotopic. But, by the definition of A;f,"k(d), for each n-
dimensional d-CCI M" c R"+*, the existence of an isotopy connecting M"
and the 2-CCI S” is equivalent to the existence of a connecting ¢ (d)-rigid
isotopy. Thus our assumption contradicts Proposition 2.1. This proves
the theorem. Q.E.D.

What can be said about the functions A,,,k(d)(Af:'k (d)) forn < 4?

We have proved using the same method, that for each k > 4 the func-
tion A, 4(d) cannot be majorized by any recursive function of d. In [2]
a sequence of hypersurfaces in R®> was constructed in order to prove the
algorithmic unsolvability of the diffeomorphism problem. We used this
sequence instead of the S. P. Novikov’s sequence to prove an analogue of
Proposition 2.1 which is valid for » = 4. The constraint k > 4 arises be-
cause of the necessity to use also the following particular case of Haefliger’s
theorem [5, p. 47]: Any two diffeomorphic 4-dimensional connected, sim-
ply connected submanifolds of R*** are isotopic if k > 4.

However, one can prove easily that 4, ;(d) is a recursive function.
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