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Abstract

It is well known now that kernel density estimators are not consistent when estimat-

ing a density near the finite end points of the support of the density to be estimated.

This is due to boundary effects that occur in nonparametric curve estimation prob-

lems. A number of proposals have been made in the kernel density estimation context

with some success. As of yet there appears to be no single dominating solution that

corrects the boundary problem for all shapes of densities. In this paper, we propose

a new general method of boundary correction for univariate kernel density estimation.

The proposed method generates a class of boundary corrected estimators. They all

possess desirable properties such as local adaptivity and non-negativity. In simulation,

it is observed that the proposed method perform quite well when compared with other

existing methods available in the literature for most shapes of densities, showing a very

important robustness property of the method. The theory behind the new approach

and the bias and variance of the proposed estimators are given. Results of a data

analysis are also given.
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1 Introduction

Let f denote a probability density function with support [0, a], 0 < a ≤ ∞, and consider

nonparametric estimation of f based on a random sample X1, . . . , Xn from f . Then the

traditional kernel estimator of f is given by

fn(x) =
1

nh

n∑
i=1

K

(
x−Xi

h

)
(1.1)

where K is some chosen unimodal density function, symmetric about zero, and h is the

bandwidth (h → 0 as n →∞). The basic properties of fn at interior points are well-known,

and under some smoothness assumptions these include, for h ≤ x ≤ a− h,

E fn(x) = f(x) +
h2

2
f (2)(x)

∫
t2K(t)dt + o(h2),

Var fn(x) = (nh)−1f(x)

∫
K2(t)dt + o

(
1

nh

)
,

see, e.g., Silverman (1986, Ch. 3) or Wand and Jones (1995, Ch. 2). The performance of fn

at boundary points, i.e. for x ∈ [0, h) ∪ (a − h, a], however, differs from the interior points

due to so-called “boundary effects” that occur in nonparametric curve estimation problems.

More specifically, the bias of fn(x) is of order O(h) instead of O(h2) at boundary points. To

remove those boundary effects in kernel density estimation, a variety of methods have been

developed in the literature. Some well-known methods are summarized below:

(i) The reflection method (Cline and Hart, 1991; Schuster, 1985; Silverman, 1986).

(ii) The boundary kernel method (Gasser and Müller, 1979; Gasser, Müller and Mam-

mitzsch, 1985; Jones, 1993; Müller, 1991; Zhang and Karunamuni, 2000).
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(iii) The transformation method (Marron and Ruppert, 1994; Wand, Marron and Ruppert,

1991).

(iv) The pseudo-data method (Cowling and Hall, 1996).

(v) The local linear method (Cheng et al., 1997; Cheng, 1997; Zhang and Karunamuni,

1998).

(vi) Other methods (Zhang et al., 1999; Hall and Park, 2002).

The reflection method is specially designed for the case f (1)(0) = 0 or f (1)(a) = 0, where

f (1) denotes the first derivative of f . The boundary kernel method is more general than

the reflection method in the sense that it can adapt to any shape of density. However,

a drawback of this method is that the estimates might be negative near the endpoints;

especially when f(0) ≈ 0 or f(a) ≈ 0. To correct this deficiency of boundary kernel methods,

some remedies have been proposed; see Jones (1993), Jones and Foster (1996), Gasser and

Müller (1979) and Zhang and Karunamuni (1998). The local linear method is a special

case of the boundary kernel method that is thought of by some as a simple, hard-to-beat

default approach, partly because of “optimal” theoretical properties (Cheng et al., 1997)

in the boundary kernel (without bandwidth variation) implicit in local linear fitting. The

pseudo-data method of Cowling and Hall (1996) generates some extra data X(i)’s using what

they call the “three-point-rule”, and then combine them with the original data Xi’s to form

a kernel type estimator. Marron and Ruppert’s (1994) transformation method consists of

a three-step process. First, a transformation g is selected from a parametric family so that

the density of Yi = g(Xi) has a first derivative that is approximately equal to 0 at the

boundaries of its support. Next, a kernel estimator with reflection is applied to the Yi’s.

Finally, this estimator is converted by the change-of-variables formula to obtain an estimate
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of f . Among the other methods, two very promising recent ones are due to Zhang et al.

(1999) and Hall and Park (2002). The former method is a combination of the methods of

pseudo-data, transformation and reflection; whereas the latter method is based on what they

call an “empirical translation correction”.

In this paper we propose to investigate a class of estimators of the form

f̃n(x) =
1

nh

n∑
i=1

{
K

(
x + g1(Xi)

h

)
+ K

(
x− g2(Xi)

h

)}
(1.2)

where h is the bandwidth, K is a kernel function and g1 and g2 are transformations that

need to be determined. Clearly, when gi(t) = t, i = 1, 2, then the estimator (1.2) reduces to

the standard reflection estimator. Thus (1.2) can be thought of as a “generalized” version

of the standard reflection method estimator. Alternatively, one can also argue that (1.2)

is a “transformed-reflection” based estimator. Furthermore, it will be clear later that the

estimator of Zhang et al. (1999) is a special case of (1.2). Estimator (1.2) is non-negative

as long as the kernel K is non-negative. The transformations g1 and g2 are chosen so that

the bias of (1.2) is of order O(h2) for all x ≥ 0. In this paper, we study the particular case

g1 = g2 in detail, but other choices of (g1, g2) are also discussed. They are all locally adaptive

in that they depend on the point of estimation. Another desirable property of the proposed

estimators is that they all reduce to the traditional kernel estimator (1.1) at the interior

points. Most importantly, the proposed estimator improves the bias but holds on to the low

variance, whereas ordinary reflection is well-known to have a bad bias but low variance (see

Jones 1993, among others). Extensive simulations are carried out to compare the proposed

estimator with the existing well-known methods. It is observed that the proposed estimator

performs reasonably well compared to the existing estimators for most shapes of densities.
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Section 2 contains the methodology, the development of the proposed estimator and the

main results of the paper. Sections 3 and 4 present simulation studies and a data analysis,

respectively. Final comments are given in Section 5 and the appendix contains proofs of the

main results.

2 Methodology and Main Results

2.1 Preliminaries

For convenience, we shall assume that the unknown probability density function f has sup-

port [0,∞). Also, let the kernel function K in (1.2) be a non-negative, symmetric function

with support [−1, 1], and satisfying

∫
K(t)dt = 1,

∫
tK(t)dt = 0, and 0 <

∫
t2K(t)dt < ∞, (2.1)

that is, K is a kernel of order 2. We assume that the transformations gi, i = 1, 2, in (1.2) are

non-negative, continuous and monotonically increasing functions defined on [0,∞). Further

assume that g−1
i exists, gi(0) = 0, g

(1)
i (0) = 1, and that g

(2)
i and g

(3)
i exist and are continuous

on [0,∞), where g
(j)
i denotes the jth-derivative of gi, with g

(0)
i = gi and g−1

i denoting the

inverse function of gi, i = 1, 2. Suppose that f (j), the jth-derivative of f , exists and is

continuous on [0,∞), j = 0, 1, 2, with f (0) = f . Then the bias and variance of (1.2) are
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given by, for x = ch, 0 ≤ c ≤ 1,

E f̃n(x)− f(x) = h

{
2f (1)(0)

∫ 1

c

(t− c)K(t)dt− g
(2)
1 (0)f(0)

∫ 1

c

(t− c)K(t)dt

− g
(2)
2 (0)f(0)

(
c +

∫ 1

c

(t− c)K(t)dt

)}

+
h2

2

{
f (2)(0)

∫ 1

−1

t2K(t)dt

−
[
g

(3)
1 (0)f(0) + g

(2)
1 (0)(f (1)(0)− g

(2)
1 (0)f(0))

] ∫ 1

c

(t− c)2K(t)dt

−
[
g

(3)
2 (0)f(0) + g

(2)
2 (0)(f (1)(0)− g

(2)
2 (0)f(0))

] ∫ c

−1

(t− c)2K(t)dt

}

+ o(h2) (2.2)

and

Var f̃n(x) =
f(0)

nh

{
2

∫ 1

c

K(t)K(2c− t)dt +

∫ 1

−1

K2(t)dt

}
+ o

(
1

nh

)
. (2.3)

The proofs of (2.2) and (2.3) are given in the Appendix. Note that the contribution of g1

on the bias vanishes as c → 1. We shall choose the transformations g1 and g2 so that the

first order term in the bias expansions (2.2) is zero. It is clear that there are various possible

choices available for the pair (g1, g2). Here we investigate the particular choice that g1 = g2

for convenience. For other possible choices, the reader is referred to the authors’ technical

report, Karunamuni and Alberts (2004).

Assume that g1 = g2. Let g denote the common transformation, i.e. g1 = g2 = g. Then

g must satisfy

g(2)(0) = 2f (1)(0)

∫ 1

c

(t− c)K(t)dt

/
f(0)

(
c + 2

∫ 1

c

(t− c)K(t)dt

)
. (2.4)
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Note that the right-hand side (RHS) of (2.4) depends on c; that is, the transformation g

depends on the point of estimation inside the boundary region [0, h). In this sense, the

transformation g is locally adaptive. Combining (2.4) with the other assumptions given

above, g should now satisfy the following three conditions:

(i) g : [0,∞) → [0,∞), g is continuous, monotonically increasing

and g(i)exists, i = 1, 2, 3,

(ii) g−1(0) = 0, g(1)(0) = 1,

(iii) g(2)(0) = RHS of (2.4).

(2.5)

Functions satisfying the conditions of (2.5) can be easily constructed. We employ the fol-

lowing transformation in our investigation. For 0 ≤ c ≤ 1, define

g(y) = y +
1

2
dk′cy

2 + λ0(dk′c)
2y3, (2.6)

where

d = f (1)(0) /f(0), (2.7)

k′c = 2

∫ 1

c

(t− c)K(t)dt

/(
c + 2

∫ 1

c

(t− c)K(t)dt

)
, (2.8)

and λ0 is a positive constant such that 12λ0 > 1. This condition on λ0 is necessary for g(y)

of (2.6) to be an increasing function of y. The function g(y) at (2.6) is constructed as a cubic

polynomial (because it is easy to decide whether its derivative, a quadratic polynomial, is

always positive), with the only free parameter g(2)(0) determined as g(2)(0) = k
′
cd. Observe

that g(y) of (2.6) depends on c, and in order to display this local dependence we shall denote
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g by gc, 0 ≤ c ≤ 1, in what follows. As c → 1, k′c → 0 and thus gc(y) → y as c → 1 for

each y. This means that f̃n defined by (1.2) with g1 = g2 = gc of (2.6) reduces to the

usual kernel estimator (1.1) at interior points, i.e. for x ≥ h, f̃n(x) coincides with fn(x) of

(1.1). For g1 = g2 = gc defined by (2.6), the bias and variance of (1.2) satisfy, as c → 1,

E f̃n(x) − f(x) → h2

2

∫ 1

−1
t2K(t)dt + o(h2) and Var f̃n(x) → f(0)

nh

∫ 1

−1
K2(t)dt + o

(
1

nh

)
, which

are exactly the same expressions of the interior bias and variance of the traditional kernel

estimator (1.1).

Remark: Suppose the transformation pair (g1, g2) in (1.2) is chosen so that g
(2)
1 (0) = 2d

and g
(2)
2 (0) = 0, where d is given by (2.7). Then g1 and g2 should satisfy the conditions

(i) and (ii) of (2.5), and g
(2)
1 (0) and g

(2)
2 (0) must satisfy the above conditions. Two such

transformations are

g1(y) = y + dy2 + λ1d
2y3,

g2(y) = y + λ2kc|d|y3

where kc = 2k′c with k′c as in (2.8) and λ1 and λ2 are non-negative constants such that

3λ1 ≥ 1 and λ2 ≥ 0. When λ2 = 0, then the resulting estimator has the form

1

nh

n∑
i=1

{
K

(
x−Xi

h

)
+ K

(
x + g1(Xi)

h

)}
,

which is exactly the same estimator investigated in Zhang et al. (1999). Thus, their estimator

is a very special case of (1.2). However, the estimator of Zhang et al. (1999) is not locally

adaptive, whereas f̃n(x) is locally adaptive with the above pair (g1, g2).
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2.2 Estimation of d

In order to implement the transformation gc given by (2.6), one must replace d = f (1)(0)/f(0)

with a pilot estimate, which requires the use of another density estimation method such as

semiparametric, kernel or nearest neighbour method. In this paper, we employ the kernel

method that was used in Zhang et al. (1999). Their method is easy to implement and is

based on a simple idea that d can be written as the derivative of log f(x) evaluated at x = 0.

We define an estimator of d, slightly modified from theirs, as

d̂ = (log f ∗n(h1)− log f ∗n(0))/h1 (2.9)

with h1 = o(h), h as defined in (1.2). Further

f ∗n(h1) =
1

nh1

n∑
i=1

K

(
h1 −Xi

h1

)
+

1

n2
(2.10)

and

f ∗n(0) = max

{
1

nh0

n∑
i=1

K(0)

(−Xi

h0

)
,

1

n2

}
, (2.11)

with K being a normal, symmetric kernel function satisfying (2.1), K(0) is an endpoint order

two kernel satisfying the conditions:

∫ 0

−1

K(0)(t)dt = 1,

∫ 0

−1

tK(0)(t)dt = 0, and 0 <

∫ 0

−1

t2K(0)(t)dt < ∞,
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and h0 = b(0)h1, with b(0) given by

b(0) =





(∫ 1

−1
t2K(t)dt

)2 (∫ 0

−1
K2

(0)(t)dt
)

(∫ 0

−1
t2K(0)(t)dt

)2 (∫ 1

−1
K2(t)dt

)





1/5

. (2.12)

The factor 1/n2 in (2.10) and (2.11) is used to keep f ∗n(h1) and f ∗n(0) bounded away from

0, and it does not affect the asymptotic statistical properties of f ∗n(h1) and f ∗n(0). In fact,

using an argument as in Lemma A.1 of Zhang et al. (1999) it is easy to show that

E
[|f ∗n(x)− f(x)|3 |Xk = xk, Xl = xl

]
= O(h6

1), (2.13)

for any xk ≥ 0, xl ≥ 0, 1 ≤ k, l ≤ n and x = 0, h1, provided h1 = O(n−1/4) and f (2) is

continuous near 0.

2.3 The Proposed Density Estimator

Our proposed estimator of f(x) is defined as, for x = ch, c ≥ 0,

f̂n(x) =
1

nh

n∑
i=1

{
K

(
x + ĝc(Xi)

h

)
+ K

(
x− ĝc(Xi)

h

)}
, (2.14)

where ĝc(y) is given by (2.6) with d replaced by d̂ of (2.9), and K and h are as in (1.2).

For x ≥ h, f̂n(x) reduce to the traditional kernel estimator fn(x) given by (1.1). Thus f̂n

is a natural boundary continuation of the usual kernel estimator (1.1). An important feature

of the estimator (2.14) is that it is locally adaptive. Another desirable property is that it

is non-negative, provided the kernel function K is non-negative - a property shared with

other reflection estimators (see Jones and Foster, 1996) and transformation based estimators
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(see Wand et al., 1991; Marron and Ruppert, 1995; Zhang et al., 1999; and Hall and Park,

2002). Furthermore, it can be shown that f̂n is itself a density function asymptotically; that

is, it integrates to 1 as n →∞. The asymptotic bias and variance of f̂n(x) are given in the

following theorem, which is the main result of this paper.

Theorem 2.1. Let f̂n(x) be defined by (2.14) with a kernel function K satisfying (2.1) and a

bandwidth h = O
(
n−1/5

)
. Suppose h1 in (2.9) is of the form h1 = o(h). Further, assume that

K(1) exists and is bounded on [−1, 1] and that
∫ |K(1)(t)|dt < ∞. Assume that f(0) > 0 and

that f (2)(0) exists and is continuous in a neighbourhood of 0. Then for x = ch, 0 ≤ c ≤ 1,

we have

E f̂n(x)− f(x) =
h2

2

{
f (2)(0)

∫ 1

−1

t2K(t)dt

− [
g(3)

c (0)f(0) + g(2)
c (0)(f (1)(0)− g(2)

c (0)f(0))
] (∫ 1

−1

t2K(t)dt + c2

)}

+ o(h2) (2.15)

and

Var f̂n(x) =
f(0)

nh

{
2

∫ 1

c

K(t)K(2c− t)dt +

∫ 1

−1

K2(t)dt

}
+ o

(
1

nh

)
, (2.16)

where gc is defined by (2.6).

3 Simulations and Discussion

To test the effectiveness of our estimator, we simulated its performance against other well-

known methods. These included a boundary kernel and its close counterpart the local linear
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fitting method, the transformation and reflection based method given by Zhang et al. (1999),

Jones & Foster’s (1996) nonnegative adaptation estimator, and an estimator due to Hall &

Park (2002) based on a transformation of the data “inside” the kernel.

In our simulation when a kernel of order (0, 2) was required we used the Epanechnikov

kernel K(t) = 3
4
(1 − t2)I[−1,1], where IA is the indicator function on the set A. It has been

observed in Silverman (1986) that this kernel possesses the maximum efficiency, in the sense

that it produces the minimal MISE given all else held equal.

In all simulations a sample size of n = 200 was used. The bandwidth chosen was the

optimal global bandwidth of the regular kernel estimator (1.1), given by

h =

{ ∫ 1

−1
K(t)2dt

[
∫ 1

−1
t2K(t)dt]2

∫
[f (2)(x)]2dx

}1/5

n−1/5 (3.1)

as shown in Silverman (1986). The main reason for this choice is that it provides a fair basis

for comparison among the different estimators without regards to bandwidth effects.

For estimation of d we chose h1 = hn−1/100, which is faster than h but not tremendously

so. We also used the order two endpoint kernel

K(0)(t) = 12(1 + t)(t + 1/2)I[−1,0]. (3.2)

Here b(0) = 2 and so h0 = 2h1.

Our first comparison estimator is the boundary kernel with bandwidth variation (BVF).

It is defined (see Müller, 1991, and Zhang and Karunamuni, 1998) as

f̂B(x) =
1

nhc

n∑
i=1

K(c/b(c))

(
x−Xi

hc

)
(3.3)
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with c = min(x/h, 1). On the boundary, the bandwidth variation function hc = b(c)h is

employed, here b(c) = 2− c. We used the boundary kernel

K(c)(t) =
12

(1 + c)4
(1 + t)

{
(1− 2c)t +

3c2 − 2c + 1

2

}
I[−1,c]. (3.4)

Note K(1)(t) = K(t), the Epanechnikov kernel as defined above. Moreover, Zhang and

Karunamuni (1998) have shown that this kernel is optimal in the sense of minimizing the

MSE in the class of all kernels of order (0,2) with exactly one change of sign in their support.

The downside to the boundary kernel is that it is not necessarily non-negative, as will be

seen on densities where f(0) = 0.

A simple modification of the boundary kernel gives us the local linear fitting method

(LL). We use the kernel

K(c)(t) =
12(1− t2)

(1 + c)4(3c2 − 18c + 19)
{8− 16c + 24c2 − 12c3 + t(15− 30c + 15c2)}I[−1,c] (3.5)

in (3.3) and call the resulting estimator f̂LL(x). In this case the bandwidth variation function

is b(c) = 1.86174− .86174c. Unfortunately, the LL method also suffers from the undesirable

negativity property.

The method of Zhang et al. (1999) (hereafter Z,K&J) applies a transformation to the

data and then reflects it across the left endpoint of the support of the density. The resultant

kernel estimator is of the form

f̂ZKJ(x) =
1

nh

n∑
i=1

{
K

(
x−Xi

h

)
+ K

(
x + gn(Xi)

h

)}
, (3.6)
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where

gn(y) = y + dny2 + Ad2y3.

This estimator is the motivation behind ours, but as we previously noted it is now a special

case of our estimator. The main difference is that our g is dependent on the point of

estimation, whereas this is not. The only requirement on A is that 3A > 1, and in practice we

used the recommended value of A = .55. However, dn is again an estimate of d = f ′(0)/f(0),

and the methodology used is the same as that given in Subsection 2.2.

The Jones and Foster (1996) (hereafter J&F) nonnegative adaptation estimator is defined

as

f̂JF (x) = f̄(x) exp

{
f̂(x)

f̄(x)
− 1

}
, (3.7)

where

f̄(x) =
1

nh

n∑
i=1

K

(
x−Xi

h

)/ ∫ c

−1

K(t)dt. (3.8)

Here f̄(x) is referred to as the cut-and-normalized kernel. This version of the J&F estimator

takes f̂ to be some boundary kernel estimate of f , and here we used f̂(x) = f̂B(x) as defined

by (3.3) with (3.4).

The recent paper of Hall & Park (2002) (hereafter H&P) investigates the following esti-
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mator. It is defined as

f̂HP (x) =
1

nh

n∑
i=1

K

(
x−Xi + α̂(x)

h

)/ ∫ c

−1

K(t)dt, (3.9)

where α̂(x) is a correction term given by

α̂(x) = h2 f̃ ′(x)

f̄(x)
ρ

(x

h

)

with f̃ ′(x) an estimate of f (1)(x), f̄(x) the cut-and-normalized kernel given by (3.8), and

ρ(u) = K(u)−1
∫

v≤u
vK(v)dv. To estimate f (1)(x) we used the endpoint kernel of order (1,2)

(see Zhang and Karunamuni 1998) given by

K1,c(t) =
12(2c(1 + t)− 3t2 − 4t− 1)

(c + 1)4
I[−1,c]

and the corresponding kernel estimator

f̃ ′(x) =
1

nh2
c

n∑
i=1

K1,c/b(c)

(
x−Xi

hc

)
,

where hc = b(c)h with the bandwidth variation function b(c) = 21/5(1 − c) + c for 0 ≤

c ≤ 1. The idea behind Hall and Park’s estimator is somewhat similar to ours in that it

transforms the data inside the kernel based on the point of estimation, however it corrects

the inconsistency inherent in regular kernel density estimation through normalization rather

than with the addition of a second kernel term as in our estimator.

Each estimator was tested over various shapes of curves, but we have collapsed our results

into four specific densities which are representative of the different possible combinations of
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the behaviour of f at 0. Density 1 handles the case f(0) = 0, whereas Densities 2, 3, &

4 illustrate what happens when f(0) > 0 but f (1)(0) = 0, f (1)(0) > 0 and f (1)(0) < 0,

respectively.

Figures 1 through 4 and Table 1 about here.

For each density we have calculated the bias of the estimators at zero (estimated value

minus true value) over 1000 simulation and displayed the results in a boxplot. The variance

of each estimator can be accurately gauged by the whiskers of the plot. In Table 1 we have

also calculated the mean integrated squared error (MISE) over [0, h). Together they give a

thorough description of how each estimator performs over the boundary region.

In Density 1 both our estimator and H&P’s estimate the value of f(0) perfectly in that

they always produce f(0) = 0. This is why the boxplots for the two reduce to horizontal

bars. Both fair quite poorly in terms of MISE though, which is the result of both severely

underestimating the function to the right of zero. The boundary kernel and LL method show

low MISEs, but from Figure 1 we see they take on negative values at zero. The J&F method

appears to be the best overall, holding onto a low bias and MISE while at the same time

remaining always positive.

Our estimator performs best on Density 2, where f (1)(0) = 0. The boxplot shows that at

zero our estimator has a low bias and an extremely low variance. Further these properties are

apparently preserved over the rest of the boundary region as the MISE over [0, h) significantly

outperforms the other estimators. The boundary kernel and LL methods perform similarly

at zero and over the boundary, and are followed closely in terms of MISE by the J&H and

H&P methods. The former is seen to have a relatively large bias and variance, while the

latter has good bias but poor variance. The Z,K&J appears to have modestly low variance
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but unfortunately has the largest bias, which helps to rank it last in terms of MISE.

Density 3 is a tricky one to estimate with a small hump to the right of zero that is

difficult to capture. At zero our estimator has a low bias, marginally higher than that of

the H&P method, but our variance is lower. This appears to help in terms of MISE where

our estimator puts in a smaller value than H&P. Both, however, lag behind the other four

estimators in MISE.

Our estimator has its poorest showing on the exponential shape of Density 4. From the

boxplot in Figure 4 we see that our estimator significantly underestimates the value of f(0).

The other estimators do the same but not as poorly. Clearly our estimator does preserve

the low variance as we claimed, but the large bias dominates the mean squared error and is

responsible for the substantial amount of MISE seen in Table 1. The best estimator among

the six, in terms of both MSE at zero and MISE, is clearly Z,K&J. It is somewhat surprising

that it does so well and ours does so poorly, the opposite of Density 2, especially given that

they are each special cases of (1.2). This discrepancy highlights the importance that g1 and

g2 can play in our method of estimation, and suggests that perhaps the Z,K&J estimator

and our own could be used in tandem. For practical use, for example, the expected shape

of the density could be used to select the appropriate estimator among the two.

4 Data Analysis

We have put our estimator to task on some well-known datasets in order to demonstrate its

usefulness in practical applications. The first is the famous suicide data found in Table 2.1 of

Silverman (1986). It consists of the lengths of 86 spells of psychiatric treatment undergone

by patients used as controls in a study of suicide risks. This is a classical example of a dataset
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on which the traditional kernel estimator fails miserably over the boundary region. We have

graphed the performance of our estimator and the kernel estimator given by (1.1) in Figure

5. The bandwidth is chosen subjectively to be h = 60, mainly for purposes of comparison

with Figure 2.9(b) of Silverman’s book. From the figure alone it is remarkably clear that our

estimator removes a large part of the boundary effect inherent in kernel density estimation.

Figure 5 about here.

Our second dataset consists of 68 measurements of perpendicular distances of wooden

stakes from a given path in a line transect survey (see Burnham et al., 1980, p. 62). The

usual assumption in such surveys is that f (1)(0) = 0, representing that the most likely objects

to be spotted are those on the path. A common model for f is the half-normal density with

the variance σ estimated by its MLE. We use this as a reference density for choosing the

bandwidth (see Silverman 1986), which produces h = 7.1822. Figure 6 shows our estimator

along with that of Zhang et al. (1999). The two capture roughly the same shape although

our estimator predicts lower density near zero than the Z,K&J estimator does. To the eye it

would also appear that our estimator more effectively captures the f (1)(0) = 0 hypothesis.

Figure 6 about here.

5 Final Remarks

In this paper, we have introduced a very general method of boundary correction in kernel

density estimation problems. The idea of the present paper stemmed from our preliminary

work in Zhang, Karunamuni and Jones (1999) on the same problem. The preceding work

is considered an important contribution in this area and is now seen a special case of the
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method proposed here. On the other hand, the present approach can be viewed as an f-

dependent generalization of the reflection method that can improve the bias but hold on to a

low variance. The proposed estimator possesses a number of desirable properties, including

the non-negativity of the estimator. It is clear that no single existing estimator in the

literature dominates all the others for all shapes of densities. Each estimator has certain

advantages and works well at certain times. The performance of the proposed estimator,

however, is generally very robust with respect to various shapes of densities. The proposed

method seems to have inherited the best of both transformation and reflection methods.

We believe the present approach has the potential to produce even better estimators. In

this paper, we have examined only one particular estimator, based on a particular choices

of transformations with g1 = g2. One may further study other different transformations and

investigate their corresponding estimators. In this sense, further research is needed in this

direction.

Acknowledgements: We wish to thank the Editor, the Associate Editors and the referees

for very constructive and useful comments that led to a much improved presentation.

A Appendix

Proof of (2.2):
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For x = ch, 0 ≤ c ≤ 1, we have, using a Taylor expansion of order 2,

1

h
E K

(
x + g1(Xi)

h

)
=

1

h

∫ ∞

0

K

(
x + g1(y)

h

)
f(y)dy

=

∫ 1

c

K(t)
f(g−1

1 ((t− c)h))

g
(1)
1 (g−1

1 ((t− c)h))
dt

=

∫ 1

c

K(t)

{
f(g−1

1 (0))

g
(1)
1 (g−1

1 (0))
+ (t− c)h

[
g

(1)
1 (g−1

1 (0))f (1)(g−1
1 (0))− g

(2)
1 (g−1

1 (0))f(g−1
1 (0))

g
(1)
1 (0)(g

(1)
1 (g−1

1 (0)))2

]

+
h2(t− c)2

2(g
(1)
1 (0))3(g

(1)
1 (g−1

1 (0)))3

[
g

(1)
1 (g−1

1 (0))f (2)(g−1
1 (0))− g

(3)
1 (g−1

1 (0))f(g−1
1 (0))

−3g
(2)
1 (g−1

1 (0))
(
g

(1)
1 (g−1

1 (0))f (1)(g−1
1 (0))− g

(2)
1 (g−1

1 (0))f(g−1
1 (0))

)] }

+ o(h2)

= f(0)

∫ 1

c

K(t)dt + h(f (1)(0)− g
(2)
1 (0)f(0))

∫ 1

c

(t− c)K(t)dt

+
h2

2

{
f (2)(0)− g

(3)
1 (0)f(0)− 3g

(2)
1 (0)(f (1)(0)− g

(2)
1 (0)f(0))

} ∫ 1

c

(t− c)2K(t)dt

+ o(h2). (A.1)

Similarly, a Taylor expansion of order 2 on the function f(g−1
2 (·))/g(1)

2 (g−1
2 (·)) at t = c gives

1

h
E K

(
x− g2(Xi)

h

)
=

∫ c

−1

K(t)
f(g−1

2 ((c− t)h))

g
(1)
2 (g−1

2 ((c− t)h))

= f(0)

∫ c

−1

K(t)dt− h(f (1)(0)− f(0)g
(2)
2 (0))

∫ c

−1

(t− c)K(t)dt

+
h2

2

{
f (2)(0)− f(0)g

(3)
2 (0)− 3g

(2)
2 (0)(f (1)(0)− f(0)g

(2)
2 (0))

}

×
∫ c

−1

(t− c)2K(t)dt + o(h2). (A.2)

Using the properties of K, we have
∫ c

−1
tK(t)dt = − ∫ 1

c
K(t)dt and

∫ c

−1
K(t)dt = 1 −
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∫ 1

c
K(t)dt. Also, by the existence and continuity of f (2)(·) near 0, we have for x = ch,

f(0) = f(x)− chf (1)(x) +
(ch)2

2
f (2)(x) + o(h2),

f (1)(x) = f (1)(0) + chf (2)(0) + o(h), (A.3)

f (2)(x) = f (2)(0) + o(1).

Now combining (A.1) and (A.2) and using the properties of K along with (A.3), we have for

x = ch, 0 ≤ c ≤ 1,

E f̃n(x) =
1

h
E K

(
x + g1(Xi)

h

)
+

1

h
E K

(
x− g2(Xi)

h

)

= f(0) + h(f (1)(0)− g
(2)
1 (0)f(0))

∫ 1

c

(t− c)K(t)dt

− h(f (1)(0)− g
(2)
2 (0)f(0))

∫ c

−1

(t− c)K(t)dt

+
h2

2

{
f (2)(0)− g

(3)
1 (0)f(0)− 3g

(2)
1 (0)(f (1)(0)− g

(2)
1 (0)f(0))

} ∫ 1

c

(t− c)2K(t)dt

+
h2

2

{
f (2)(0)− g

(3)
2 (0)f(0)− 3g

(2)
2 (0)(f (1)(0)− g

(2)
2 (0)f(0))

} ∫ c

−1

(t− c)2K(t)dt

+ o(h2)

= f(x) + h

{
2f (1)(0)

∫ 1

c

(t− c)K(t)dt− g
(2)
1 (0)f(0)

∫ 1

c

(t− c)K(t)dt

−g
(2)
2 (0)f(0)

(
c +

∫ 1

c

(t− c)K(t)dt

)}

+
h2

2

{
−c2f (2)(0) + f (2)(0)

∫ 1

−1

(t− c)2K(t)dt

−
[
g

(3)
1 (0)f(0) + 3g

(2)
1 (0)(f (1)(0)− g

(2)
1 (0)f(0))

] ∫ 1

c

(t− c)2K(t)dt

−
[
g

(3)
2 (0)f(0) + 3g(2)(0)(f (1)(0)− g

(2)
2 (0)f(0))

] ∫ c

−1

(t− c)2K(t)dt

}

+ o(h2). (A.4)
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This completes the proof of (2.2).

Proof of (2.3):

Observe that for x = ch, 0 ≤ c ≤ 1, we have

Var f̃n(x) =
1

(nh)2
Var

{
n∑

i=1

[
K

(
x + g1(Xi)

h

)
+ K

(
x− g2(Xi)

h

)]}

=
1

nh2
E

[
K

(
x + g1(Xi)

h

)
+ K

(
x− g2(Xi)

h

)]2

− 1

nh2

{
E

[
K

(
x + g1(Xi)

h

)
+ K

(
x− g2(Xi)

h

)]}2

= I1 + I2, (A.5)

where

I1 =
1

nh2
E

[
K

(
x + g1(Xi)

h

)
+ K

(
x− g2(Xi)

h

)]2

=
1

nh2

∫ [
K

(
x + g1(y)

h

)
+ K

(
x− g2(y)

h

)]2

f(y)dy

=
1

nh2

[∫
K2

(
x + g1(y)

h

)
f(y)dy +

∫
K2

(
x− g2(y)

h

)
f(y)dy

]

+
2

nh2

∫
K

(
x + g1(y)

h

)
K

(
x− g2(y)

h

)
f(y)dy

= I1,1 + I1,2, (A.6)

where I1,1 and I1,2 denote the first and second terms, respectively, of the right-hand side of
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(A.6). Using a Taylor expansion as in (A.1) and (A.2), it can be shown that

I1,1 =
1

nh2

[
h

∫ 1

c

K2(t)
f(g−1

1 ((t− c)h))

g
(1)
1 (g−1

1 ((t− c)h))
dt

+ h

∫ c

−1

K2(t)
f(g−1

2 ((c− t)h))

g
(1)
2 (g−1

2 ((c− t)h))
dt

]

=
f(0)

nh

∫ 1

−1

K2(t)dt + o

(
1

nh

)
. (A.7)

By the continuity property of g
(2)
1 and g

(2)
2 and by a Taylor expansion of order 2 on g1 and

g2, we have

g1((c− t)h) = g1(0) + (t− c)(−h)g
(1)
1 (0) + O(h2)

= (c− t)h + O(h2) (A.8)

and

g2((c− t)h) = g2(0) + (t− c)(−h)g
(1)
2 (0) + O(h2)

= (c− t)h + O(h2), (A.9)

since gi(0) = 0 and g
(1)
i (0) = 1, i = 1, 2. Using (A.8) and (A.9) and by a change of variables,
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x + g1(y) = ht, we obtain

I1,2 =
2

nh2

∫
K

(
x + g1(y)

h

)
K

(
x− g2(y)

h

)
f(y)dy

=
2

nh

∫ 1

c

K(t)K

(
x− g2(g

−1
1 (ht− x))

h

)
f(g−1

1 (th− x))dt

=
2

nh

∫ 1

c

K(t)K

(
x− (t− c)h + O(h2)

h

)
f(g−1

1 (th− x))dt

=
2

nh

∫ 1

c

K(t)K(2c− t + O(h))(f(0) + O(h))dt

=
2f(0)

nh

∫ 1

c

K(t)K(2c− t)dt + o

(
1

nh

)
. (A.10)

From (A.1) and (A.2), it is easy to show that

I2 =
1

nh2

{
E

[
K

(
x + g1(Xi)

h

)
+ K

(
x− g2(Xi)

h

)]}2

= o

(
1

nh

)
. (A.11)

Now combine (A.5) to (A.11) to obtain, for x = ch, 0 ≤ c ≤ 1,

Var f̃n(x) =
f(0)

nh

{
2

∫ c

−1

K(t)K(2c− t)dt +

∫ 1

−1

K2(t)dt

}
+ o

(
1

nh

)
. (A.12)

This completes the proof of (2.3).

In order to prove Theorem 2.1, we first state a lemma.

Lemma A.1. Let d̂ be defined by (2.9), with h and h1 as in Theorem 2.1. Suppose that

f(x) > 0 for x = 0, h and that f (2) is continuous in a neighbourhood of 0. Then

E
[
|d̂− d|3|Xi = xi

]
= O(h3

1)
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for any xi, xj ≥ 0 and integers 1 ≤ i, j ≤ n, where d is given by (2.7).

Proof. Similar to the proof of Lemma A.2 of Zhang et al. (1999).

Proof of Theorem 2.1

From (2.14) we have, for x = ch, 0 ≤ c ≤ 1,

E f̂n(x)− f(x) = I3 + I4, (A.13)

where

I3 = E f̂n(x)− E f̃n(x) (A.14)

and

I4 = E f̃n(x)− f(x), (A.15)

where f̃n(x) is given by (1.2) with g1 = g2 = gc, gc as in (2.6), and f̂n(x) given by (2.14).

From (2.2) we obtain

I4 =
h2

2

{
f (2)(0)

∫ 1

−1

t2K(t)dt

− [
g(3)

c (0)f(0) + g(2)
c (0)(f (1)(0)− g(2)

c (0)f(0))
] ∫ 1

−1

(t− c)2K(t)dt

}

+ o(h2) (A.16)
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where gc is given by (2.6). From (A.14), we have

|I3| ≤ 1

nh

n∑
i=1

E

∣∣∣∣K
(

x + ĝc(Xi)

h

)
−K

(
x + gc(Xi)

h

)∣∣∣∣

+
1

nh

n∑
i=1

E

∣∣∣∣K
(

x− ĝc(Xi)

h

)
−K

(
x− gc(Xi)

h

)∣∣∣∣

= I5 + I6, (A.17)

where I5 and I6 denote the first and second terms, respectively, of the RHS of (A.17). In

order to prove (2.15), it is enough to show that I5 = o(h2) and I6 = o(h2). The proofs of the

preceding two expressions are very similar. We give details of the proof of I6 = o(h2) here.

For notational convenience of the proofs, we shall denote gc and ĝc by g and ĝ, respectively,

in what follows. By an application of Taylor’s expansion of order 1 on K, we obtain

|I6| = 1

nh

n∑
i=1

E

∣∣∣∣
(

g(Xi)− ĝ(Xi)

h

)
K(1)

(
x− g(Xi) + ε(g(Xi)− ĝ(Xi))

h

)∣∣∣∣ , (A.18)

where 0 < ε < 1 is a constant. Then for y ≥ 0 and 12λ0 ≥ 1,

g(y) = y +
1

2
dk′cy

2 + λ0(dk′c)
2y3

= y

(
1 +

dk′c
2

y + λ0(dk′c)
2y2

)

= y

[(√
λ0dk′cy +

1

4
√

λ0

)2

+ 1− 1

16λ0

]

≥
(

1− 1

16λ0

)
y. (A.19)

Thus, g(y) ≥ h for y ≥ ρh, where ρ = 16λ0−1
16λ0

> 0. Therefore, εĝ(Xi) + (1− ε)g(Xi) ≥ h for
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Xi ≥ ρh. Since K vanishes outside [−1, 1], from (A.18) we obtain

|I6| ≤ 1

nh

n∑
i=1

E

∣∣∣∣
(

g(Xi)− ĝ(Xi)

h

)
K(1)

(
x− εĝ(Xi)− (1− ε)g(Xi)

h

)∣∣∣∣ I [0 ≤ Xi ≤ ρh]

≤ C

nh2

n∑
i=1

E |ĝ(Xi)− g(Xi)| I [0 ≤ Xi ≤ ρh] , (A.20)

where C = sup|t|≤1 |K(1)(t)|. Now observe that

E |ĝ(Xi)− g(Xi)| I [0 ≤ Xi ≤ ρh]

= E

∣∣∣∣
k′c
2

(d̂− d)X2
i + k′2c (d̂2 − d2)X3

i

∣∣∣∣ I [0 ≤ Xi ≤ ρh] . (A.21)

≤ k′c
2

(ρh)2 E |d̂− d|I [0 ≤ Xi ≤ ρh] + k′2c (ρh)3 E |d̂2 − d2|I [0 ≤ Xi ≤ ρh] .

By the Cauchy-Schwarz inequality and Lemma A.1 above, we have

E
[
|d̂− d|l|Xi = xi, Xj = xj

]
= O(hl

1) (A.22)

for 1 ≤ l ≤ 3 and 1 ≤ i, j ≤ n. From (A.22), we obtain

E |d̂− d|I [0 ≤ Xi ≤ ρh] = E
{

E
[
|d̂− d|I [0 ≤ Xi ≤ ρh]

∣∣Xi = xi

]}

= E
{

I [0 ≤ Xi ≤ ρh] E
[
|d̂− d|

∣∣Xi = xi

]}

≤ O(h1) E [0 ≤ Xi ≤ ρh]

= o(h2) (A.23)

where the last equality follows from the fact that limn→∞ h−1 E [0 ≤ Xi ≤ ρh] = f(0). Simi-
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larly, we again obtain from (A.22) that

E |d̂2 − d2|I [0 ≤ Xi ≤ ρh] = E |d̂− d||d̂ + d|I [0 ≤ Xi ≤ ρh]

= E |d̂− d||d̂− d + 2d|I [0 ≤ Xi ≤ ρh] (A.24)

≤ E |d̂− d|I [0 ≤ Xi ≤ ρh] + 2|d|E |d̂− d|I [0 ≤ Xi ≤ ρh] .

Now by combining (A.20) to (A.24), we obtain I6 = o(h2). This completes the proof of

(2.15).

We now prove (2.16). First we write

Var f̂n(x) =
1

(nh)2
Var

{
n∑

i=1

K

(
x + ĝ(Xi)

h

)
+

n∑
i=1

K

(
x− ĝ(Xi)

h

)}

= 4(I7 + I8 + I9 + I10 + I11 + I12), (A.25)

where

Y1 =
n∑

i=1

[
K

(
x + ĝ(Xi)

h

)
−K

(
x + g(Xi)

h

)]

Y2 =
n∑

i=1

[
K

(
x− ĝ(Xi)

h

)
−K

(
x− g(Xi)

h

)]

Y3 =
n∑

i=1

[
K

(
x + g(Xi)

h

)
+ K

(
x− g(Xi)

h

)]

and

I7 =
1

(nh)2
Var Y1, I8 =

1

(nh)2
Var Y2, I9 =

1

(nh)2
Var Y3,

I10 = 2 Cov(Y1, Y2), I11 = 2 Cov(Y1, Y3), I12 = 2 Cov(Y2, Y3)
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From (2.3), we have

I9 =
f(0)

nh

{
2

∫ c

−1

K(t)K(2c− t)dt +

∫ 1

−1

K2(t)dt

}
+ o

(
1

nh

)
. (A.26)

Since we have Il = o((nh)−1), l = 10, 11, 12, by the covariance inequality, it follows that in

order to prove (2.16) it is enough to show that I7 = o
(

1
nh

)
and I8 = o

(
1

nh

)
. The proofs are

very similar and therefore we only give details of the proof of I8 = o
(

1
nh

)
. By an application

of Taylor’s expansion of order 1 on K, we obtain

I8 ≤ 1

(nh)2
E

{
n∑

i=1

[
K

(
x− ĝ(Xi)

h

)
−K

(
x− g(Xi)

h

)]}2

=
1

(nh)2
E

{
n∑

i=1

(
g(Xi)− ĝ(Xi)

h

)
K(1)

(
x− g(Xi) + ε(g(Xi)− ĝ(Xi))

h

)}2

≤ 2

n2h4

n∑
i=1

E

{
(ĝ(Xi)− g(Xi))

2

[
K(1)

(
x− εĝ(Xi)− (1− ε)g(Xi)

h

)]2
}

≤ C

n2h4

n∑
i=1

E (ĝ(Xi)− g(Xi))
2 I [0 ≤ Xi ≤ ρh] , (A.27)

using an argument similar to (A.20), where 0 < ε < 1, ρ = (12λ0−1)/12λ0 and C > 0 are all

constants independent of n. Now, again using (A.22), (A.23) and (A.24) above, we obtain
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(compare with (A.21))

E(ĝ(Xi)− g(Xi))
2I [0 ≤ Xi ≤ ρh]

= E

{
kc

2
(d̂− d)X2

i + k2
c (d̂

2 − d2)X3
i

}2

I [0 ≤ Xi ≤ ρh]

≤ k2
c

2
(ρh)2 E(d̂− d)2I [0 ≤ Xi ≤ ρh]

+ 2k4
c (ρh)6 E(d̂2 − d2)2I [0 ≤ Xi ≤ ρh]

≤ O(h4h2
1h) + O(h6h2

1h)

= o(h7). (A.28)

Now combine (A.27) and (A.28) to obtain I8 = o
(

1
nh

)
. This completes the proof of (2.16).

Table 1: MISE Values over [0, h)
Density 1 Density 2 Density 3 Density 4

New Estimator 0.000494 0.001826 0.009853 0.022152
Boundary Kernel 0.000234 0.002288 0.009414 0.015894
LL method 0.000271 0.002223 0.009365 0.014869
Z,K&J method 0.000426 0.002637 0.009219 0.014595
J&F method 0.000268 0.002439 0.009269 0.016964
H&P method 0.000374 0.002445 0.011264 0.015018
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