
(1) Let M ⊂ Rn be a Cr manifold and let f, g : M → Rm be Cr maps
such that f |M = g|M . Let p ∈M .

Prove that dfp|TpM = dgp|TpM .
(2) Let M ⊂ Rn be a smooth (i.e. C∞) manifold. Prove that there exists

a smooth tangent vector field defined on M which is not identically
zero on M . Hint: Use partition of unity to glue together locally
defined tangent vector fields.

(3) Let V be a smooth vector field on Rn. Let M ⊂ Rn be a smooth
manifold. Let for p ∈ M let V t(p) be the result of the orthogonal
projection of V (p) to TpM .

Prove that V t is smooth.
Hint: use that one can construct a local family of smooth or-

thonormal vector fields tangent to M .
(4) Let V be a n-dimensional vector space and let 〈·, ·〉 be a scalar prod-

uct on V and let µ be an orientation on V .
Prove that there exists a unique alternating n-tensor ω ∈ An(V )

such that ω(e1, . . . , en) = 1 for any positively oriented orthonormal
basis e1, . . . , en of V .

(5) Let Let M ⊂ R3 be given by {x2 + y2− 5z2 = 0}∩ {2x− y+ z = 1}.
Prove that M is a manifold and find TpM for p = (1, 2, 1).

(6) Prove the theorem stated in class: A l-tensor field T on a mani-
fold M ⊂ Rk is smooth if an only if for any coordinate parame-
terization φ coming from the definition of a manifold we have that
T (φ∗(ei1)(p), . . . φ∗(eil)(p)) is smooth as a function of p for any I =
(i1, . . . il).
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