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4.1. Let ' =T(N), k > 4 an (even) integer, m a positive integer, and define

Pp(z) = Z (cz +d) "e(myz) = Z v (2) Fe(mryz), say.

(&) e e

a) Show the Fourier expansion
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Hint: At some point you might encounter the integral
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for n € Z. Show that this integral vanishes if n < 0 by moving the line of integration
upwards. If n > 0, use that this is 2mi R (n/m)F=D/2 1, (4ny/mm/c).
b) Let F(z) = >.o"; F(n)e(nz) € Sp(N) be a holomorphic cusp form (that is,

F(vz) = j,(2)*F(2) for v € T'). Show that
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4.2. Let \j = s;(1 —s;) = 1/4+ 7 denote the finite (probably empty) sequence of
exceptional eigenvalues of A (of weight 0) on T'o(NV)\H.
Let w;(2) = 32, 20 pj(n)Wo,it, (4|n|y)e(nx) denote the corresponding eigenfunction.
a) Let X > 1 be a (large) parameter. Show
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and conclude \; > 3/16. Hint: Take h(t) = (X" + X ~%)?/(¢* + 1)? in the Kuznetsov
formula.



b) Choose a basis of the space of exceptional eigencuspforms as follows (you don’t
need to prove the details): If the subspace corresponding to A; is one-dimensional we
can assume that u; is a Hecke eigenform, in particular p;(1) does not vanish and is in
fact > N~1/27¢ (since vol(T'o(N)\H) < N'*¢). If the subspace corrsponding to \;
has more than one dimension, we might get oldforms, but not more than 7(N) < N¢
for each newform. We can therefore assume
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Use this to show the density estimate
#{j s > af < NOTete,

For o > 1/2 this is small compared to the covolume of I'o(N), but probably only a
weak bound for the empty set...

7.3. Show the following “large-sieve”-type inequality for Fourier coefficients of
holomorphic cusp forms: Let k > 4 be even, I' = T'o(N), and let {F; =" Fj(n)e(nz)}
be an orthonormal basis of Si(N) (it has size about kN/12). Show
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for any sequence a,, of complex numbers.
This estimate displays clearly the “quasi-orthogonality” of cusp form coefficients if
the level is large: Cauchy-Schwarz would give
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Since obviously Cauchy-Schwarz loses a lot, the above estimate shows that one can’t
make a,, close to proportional to all F ’i(n); even stronger, if the a,, conspire with E i(n)
for one j they behave randomly with respect to most others.

Hint: Call the left hand side L(N). Open the square and apply Petersson. If
x < N/(27) use the power series expansion for Ji_1 and estimate trivially. Otherwise
embed S (V) C Si(Np) for a suitable prime p of size about 4wa /N, say. Since [['o(Np) :
To(N)] <p-+1, conclude L(N) < (1+ 1/p)L(Np).



