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18.1. Let L/K be a finite Galois extension, let M1,M2 be intermediate fields, and
Hj := Gal(L/Mj) the corresponding subgroups of Gal(L/K).

a) Show that M1,M2 are K-isomorphic if and only if H1 and H2 are conjugated.
b) Show that the composite fieldM1M2 corresponds toH1∩H2, and the intersection

M1 ∩M2 corresponds to 〈H1, H2〉 .
c) Now assume that M1 and M2 are Galois overK. Show that M1M2 is Galois over

K, and φ : Gal(M1M2/M1) → Gal(M2/(M1 ∩M2)), given by σ 7→ σ|M2
, is bijective.

d) Still assuming that M1,M2 are Galois over K, show that ψ : Gal(M1M2/K) →
Gal(M1/K) × Gal(M2/K), given by σ 7→ (σ|M1

, σ|M2
), is injective. If in addition

M1 ∩M2 = K, ψ is also bijective.

18.2. Let p1, . . . , pn be distinct prime numbers. Show that L := Q(
√
p1, . . . ,

√
pn)

is Galois over Q with Galois group (Z/2Z)n.

18.3. Let a, b be rational numbers with b > a2. Consider p = (x2 − a)2 − b ∈ Q[x]

with zeros ±
√

a±
√
b, and assume that p is irreducible. Let L be the splitting field

of p over Q. What is the Galois group of L/K? Use σ :
√

a+
√
b 7→

√

a−
√
b and

τ :
√

a+
√
b 7→ −

√

a+
√
b as generators. Write down a field diagram with all subfields

of L and the corresponding Galois groups.


