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Abstract

We show that at any location away from the spectral edge, the eigenvalues of the
Gaussianunitary ensembleand its general ! siblings converge to Sine, , a translation
invariant point process.This processhasageometric description in term of the Brow-
nian carousel, a deterministic function of Brownian motion in the hyperbolic plane.

The Brownian carousel, a description of the acontinuum limit of random matrices,
provides a convenient way to analyze the limiting point processes. We show that
the gap probability of Sine, is continuous in the gap size and !, and compute its
asymptotics for large gaps. Mor eover, the stochastic dif ferential equation version of
the Brownian carousel exhibits a phasetransition at! = 2.
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1 Introduction

The Gaussian orthogonal and unitary ensembles are the most fundamental objects of
study in random matrix theory. In the past decades,their eigenvalue distribution has
shown to be important in several areasof probability, combinatorics, number theory, op-
erator algebras,even engineering (seeDeift (1999)for an overview). For dimension n, the

ordered eigenvalues" ;" ..." ", # R have joint density
1 11 P "274 1
e_ ! k=1 K " n ! , 1
- IR (1)
! j<k
where ! = 1,2 for the Gaussian orthogonal and unitary ensembles, respectively. The

above density makes sensefor any ! % 0, and the point processis often called Coulomb
gasin Gaussian potential at inverse temperature! . The goal of this paper is to study its
n& ' point processlimit away from the spectral edge.

The limit is described via a special caseof the hyperbolic carousel. Let

¥ bbe apath in the hyperbolic plane
¥ z be apoint on the boundary of the hyperbolic plane, and

¥f :R, & R, beanintegrable function.

To thesethree objects, the hyperbolic carousel associatesa multi-set of points on the real
line debned via its counting function N (") taking valuesin Z ( {$' ,} . As time in-
creasesfrom O0to ' ,the boundary point z is rotated about the center b(t) at angular speed
"f (t). N(") is debned asthe integer-valued total winding number of the point about the
moving center of rotation.

The Brownian carousel is debPned as the hyperbolic carousel driven by hyperbolic
Brownian motion b. SeeSection 2 for more details.

In order to study then & ' limit of (1) we need to pick the center u, of the scaling
window for eachn. Then the scaling factor follows the Wigner semicircle law. Our main
theorem gives necessaryand sufbcient conditions on W, to get a bulk-type limit.

Theorem 1. For! > 0, let! ,, denotehe point procesgivenby (1), andlet 4, bea sequencso
that nl’G(Z) n$ |un]) & * . Then

Van$ u2(1,$ W) * Sine,

where Sing is the discretepoint procesgjiven by the Brownian caouselwith parameters (t) =
(! /4)e 'V* andarbitrary z.



The convergencehereis in law with respectto vague topology for the counting mea-
sure of the point process. Together with the following theorem, this gives a complete
characterization of the possible limiting processedor the ensembles(1).

Theorem 2 (Ramirez, Rider, and Vir&g (2007)§ For! > 0, let! , denotethe point process

givenby (1), andlet u, beasequencsothatn”¢(2’ n$ p,) & a# R. Then

n“*(l 0 $ Wa) * Airy, +a

HereAiry, canbedebnedas$ 1times the point processof eigenvalues of the stochastic
Airy operator, seeRamirez et al. (2007)for more details. A straightforwar d diagonaliza-
tion argument gives the following.

Corollary 3. Asa& ' we haveZ) a(Airy, +a) * Sine .

The proof of Theorem 1is basedon the tridiagonal matrix models intr oduced by Trot-
ter (1984) and Dumitriu and Edelman (2002). Sutton (2005)and Edelman and Sutton
(2007)presentheuristics that the operators given by the tridiagonal matrices have a limit
whose eigenvalues give the Sine and Airy processes. Theorem 2 shows that this is in-
deed the caseat the spectral edge. The bulk case,however, is fundamentally different:
there seemsto be no natural limiting operator with the spectrum given by the Sine point
process. Rather than taking a limit of the operator itself, we consider limits of discrete
variants of the phasefunctions in the Sturm-Liouville theory. This connection is explored
further in Section5.3,where we describe how the Sine point processappearsasa univer -
sallimit for alarge classof one-dimensional Schredinger operators.

The eigenvalue equation of arealtridiagonal matrix gives athree-termlinear recursion
for the eigenvectors. This becomesa two-term recursion for the ratios of consecutive
entries, which then evolves by linear fractional transformations bxing the real line. So
in our case,the evolution operators perform a time-inhomogeneous random processin
PSL(2, R), the group of orientation-pr eserving isometries of the hyperbolic plane. To get
the Brownian carousel, we regularize this evolution and take limits.

The Brownian carousel description gives a simple way to analyze the limiting point
process. The hyperbolic angle of the rotating boundary point as measured from b(t) fol-
lows the stochastic sine equation, a coupled one-parameter family of stochasticdif feren-
tial equations

d# = "f dt+ Re((e #' $ 1)dz), #.(0) = 0, (2)



Figure 1: The! = 1 stochasticsine equation asafunction of " at threetimes

driven by a two-dimensional standard Brownian motion. For a single ", this reducesto
the one-dimensional stochasticdif ferential equation

d#. = "f dt+ 2sin@#-/2)dw,  # (0) = 0, 3)

which convergesast & ' to aninteger multiple #-(* ) of 25. A direct consequenceof
the debnition of Sine is the following.

Proposition 4. The numberof points N (") of the point processSine in [0,"] hasthe same
distribution as#- (" )/ (2%).

Convergence to the solution of the coupled SDEsis the result formally announced
in the lecture by Virag (2006). In independent work, Killip and Stoiciu (2006) present
a related but different description of the same limit processesin the setting of circular
ensembles.

Proposition 4 allows us to analyze the point processSine , for example to determine
the asymptotics of large gap probabilities.

Theorem 5. Fork % 0 bxedand” & ' ,wehave
P (# of pointsin [0,"]" k) = exp($ "?(! /64+ 0(1))).

This is shown in Section2.3for the caseof amore general parameter f . Severalsimilar
asymptotic identities canbe computed this way, and continuity properties canbe studied.
For the Sine processesve have

Proposition 6. Theprobabilitydistribution of N (") is a continuousfunction of* and! .
In contrast, the stochastic sine equation exhibits a phasetransition at! = 2.
Theorem 7. Forany"” > 0wehavea.s.

for all t largeenoughé- (t) % #- (' ) (4)
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if andonlyif ! " 2. In particular, the probability of the event(4) is not analyticat! = 2 asa
functionof! .

Deift (personal communication, 2007) asked whether this phase transition also ap-
pearson the level of gap probabilities. This question remains open.

2 The Brownian carousel and the stochastic sine equation

2.1 Definitions

In the Poincare disk model of the hyperbolic plane a boundary point can be described
by an angle. The Brownian carousel ODE with parameters f (t) and z, describes the
evolution of the lifted angle %(t) with €% () = z, asit is rotated about the center B (t) at
angular speed”f (t). Here B(t) is hyperbolic Brownian motion, that is the strong solution

of the SDE 1 B
- asier)

driven by complex Brownian motion Z with standard real and imaginary parts. The

dB

speed of %, as measured in units of boundary harmonic measure from B, is "f /(2$). To
changeto an angle measured from 0, we need to divide by the Poissonkernel

L 1 e +w 1 1% |wp
Poi(€® ,w) = - Re — S 5
Oi(e™ W) = s Re Fsw ~ Be® 3 WP’

which yields the ODE

i . |€* $ BJ?
2% Poi(e$,B) 1$ |BJ]? °

&% =

The most convenient way to debne the winding number N (") of €% about the moving
center of rotation B (t) is to follow the corresponding angle. Let #- (t) denote the hyper-
bolic angle determined by the points z,, B(t) and € . As we will check at the end of
this section, Ité@Ogormula shows that # satisPesthe stochastic sine equation (2), i.e.

d#. = "f dt+ Re((€ #' $ 1)dZ), #.(0) = 0, (5)

where dZ is simply complex white noise with standard real and imaginary parts. The

name of the SDE comes from the fact that the last term equals 2sin(#-/2) Im(¢€' #:/2dz).

SincedW = Im(€ #:/2dz) is 1-dimensional white noise, we get the SDE (3) for the single
" marginals.



Propostion 9 of the next section shows that

1 .
> dim #- (1) (6)

existsfor every " a.s.and for every "; < ", a.s.N("1) " N("2). Thus N(") canbedebned
asthe unigue random right-continuous function which agreeswith (6)for every " a.s.

To deduce (5), let T (w, z) denote the Mebius automorphism of the unit disk taking z,
to 1 and taking w to 0. It is given by the formula

_ S(w,2) _z$w
Then # is debPned asthe continuous solution of
#(0) = 0, etV = T (B, &*V). (8)

The stochastic sine equation (5) follows from taking logarithms and applying ItéOdor-
mula. For the driving Brownian motion we get the explicit expression
2 1$B

@Z = 28T (B,B)dB = ;¢ B 15B dB.

Remark 8. By ItéOdormula applied to the logarithm of (8), the noise term in (5) can be
interpr eted as the inPnitesimal movement of the angle # under the dif ference of trans-
formations dT = T(B + dB,%T (B,%' !. This inPnitesimal Mebius transformation dT
moves 0to T(B,B + dB) = &T (B, B)dB, a standard complex Brownian motion incre-
ment. Suchatransformation dT changesthe angle of any two points on the boundary by
a Brownian increment with standard deviation proportional to their distance. This gives
amore conceptual explanation of the noise term in (5).

2.2 Properties of the Brownian carousel

Let Lg denote the set of absolutely integrable functions of R* which tend to Oasx &
Given a hyperbolic Brownian motion and a boundary point z,, the Brownian carousel
associatesa random counting function N (") to eachf # Lg. More generally, it is fruitful
to study how N (") changeswhen the parameter f varies but the Brownian path remains
pPxed. In this case" can be absorbed in the parameter f so we wil | use the notation
Nt = N¢ (1), and #¢ for the case" = 1.

Proposition 9 (Properties of the Brownian carousel). Wehave
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(i) #t $ #4 hasthesamedistribution as#;, 4,

(ii) #¢ (1) isincreasingn f,

(iii) +# (1), ,,is nondeceasingn t whenf %0. Here+x, ,,, = max(2$Z - ($' ,X]).
(iv) Nf = 5 limes  #¢ (t) existsandis anintegera.s.,

(V) No = 0OandN; isincreasingn f,

(vi) EIN¢|" 5. f.,
(vii) EN; = L [7  (x) dx, and

(viii) N hasexponentiatails. Forintegersa,k > O wehave

k
P(N; %ak) " 2 [2f$al} .
Proof. Claim (i) holds because#; $ #4 solves (5) with dZ® = € #sdZ. The standard cou-
pling argument shows that the solution of the stochasticsine equation is monotone in the
drift term, sowe get (ii).

Now assumethat f % g/ 0. Then by the above #; (t) % #4(t) = 0. Claim (iii) follows
by repeating this argument for the processafter the hitting time of 2k$.

LetF(t) = fot f (s)ds. Then#; $ F is acontinuous local martingale which is uniformly
bounded below by $. f. ;. Thus it a.s.convergesto arandom limit. So# also converges,
but it can only converge to alocation where the noise term vanishes; we get (iv), and (v)
also follows from (ii). Now FatouOgemma

2$ENf$.f.1:E#f(l )$ F(' )" E#f(0)$ F(O)=O

shows (vi). By (iii) +# (t)
(1), 509
martingale and soE#; (" ) = F(* ), asrequired for (vii).

For general f # Lg, note that $#;: (t) " $#¢(t)' " #:(t)™ " # - (1), the embracing
terms being uniformly integrable. Claims (iv)-(vii) now follow for general f .

+ 50, 1S NONdecreasingin t, hencethe above inequality implies that

is uniformly integrable, and sois #; (t). Thus #; $ F is a uniformly integrable

Returning to f % 0, MarkovOsinequality implies that P(N; %a) " 2l%.f .1/a. Stopping

the processat time ' when and if # hits 2$ka we note that

P (N; % (k+ 1)a|Nf %ka,Feg) " %.f&. fa %.f.lla,

8



wherefgisf shifted to the right by ' . It follows that for integer k we have
P(Ny %ka)" [=.f../a]"
2$

Forgeneralf # Lg, we consider the positive and negative parts separately to get (viii). [

Remark 10. The previous lemma shows that for abxedf # Lg the random function N (")
is a.s.Pnite, integer valued, monotone increasng with stationary increments. Thus N (")
is the counting function of atranslation invariant point process.

Corollary 11. Foranyf # Lg thepoint processlebPnedy N (") is a.s.simple.

Proof. The tail estimate of the lemma implies that the probability that there aretwo points
or morein abxedinterval of length ( is at most c(?. Breaking the interval [0, 1]into pieces
of length (, and using translation invariance, we seethat the chancethat thereis a double
point in [0, 1] is at most 2c(. Letting ( & O shows that a.s.there are no double points in
[0, 1]. The claim now follows from translation invariance. O

Let M denote the spaceof probability distributions on Z with expectation. For p, 4y #
M let d(uy, U2) be the brst Wassersteindistance, i.e. the inbmum of E|X;$ X,| over all re-
alizations where the joint distribution of (X1, X5) has marginals ; and p,. The topology
induced by dis stronger than weak convergence of probability measures. Let L (N;) de-
note the distribution of N¢. The following proposition is a stronger version of Proposition
6 in the intr oduction.

Proposition 12. Themapf 0&L(Ny) is Lipschitz-1continuousin f: forf,g # Lg we have
d(L(Nf),L(Ng) " .f $ g.1.

Proof. Proposition 9 gives that Ng $ N¢ hasthe samedistribution asNg ¢ which implies

d(L(Nr),L(Ng) " EINg$ Ne|= EINg ¢|" .g$ ... 0

2.3 Large gap probabilities

Theorem 13. Letf : Rt & R* satisfyf (t) " c/(1 + t2) forall t and fo# |F|<"' .Letk%O.
As" & ' ,forthepoint procesgivenby the Browniancamouselwith parametef wehave

P (# of pointsin [0,"]" k) = exp($ "?(.f.3/8+ 0(1))). (9)



Lemma 14. LetY bean adaptedstochastiqprocesswith |Y;| < m, andlet X satisfythe SDE
dX = YdB whereB; is aBrownianmotion. Thenfor eacht > 0 wehave

P(X(t)$ X (0) %a) " exp($a’/(2tm?)).

Proof. We may assumeX (0) = 0. Fix) > 0, and let h(t) = Ee X, We apply ItéOsormula
to compute de X and take expectationsto get

&h=)2EY(t)>)h/2" ()m)>h/2
whence h(t) " exp(t() m)?/2). Now the probability in question equals
P(e XM %e?d)" expt()m)?/2$ )a)
by MarkovOsinequality . Minimizing the exponentin ) concludes the proof. ]

Proofof Theoem13. The event in (9) is given in terms of the stochastic sine equation as
limey  #(t) " 2k$. Wewill give upper and lower bounds on its probability .

Upper bound. By Proposition 9 (iii) it is enough to give an upper bound on the probability
p that # stayslessthan x = 2(k + 1)$. For0< s< t we have

P(#(t) < X|Fs) = P(/tZSin(#IZ)dB > " /tfdt$ X + #(s)‘FS).

We may drop the #(s) from the right hand side and use Lemma 14to get the upper bound

(fifdt$ x/ )2

PR#(t) < x|Fo) " exp@"*r(s,t),  r(s,) = S gres

Then, by just requiring #(t) < x for times (, 2(, ... # [0,K] we have

K /( K/(
p* EJ[P#(k+ (< x|Fe) " exp{$ "3 r((k, (k + ()}.
k=0 k=0

A choiceof ( sothat x/* = o(() as" & ' vyields the asymptotic Riemann sum

K (

dor(k,k+ ()= %/OK f2(t)dt + o(1).

k=0

Letting K & ' provides the desired upper bound.
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Lower bound. Consider the solution #(t) of (3) wit h the samedriving Brownian motion,
but with initial condition #(0) = $. Then # % #. For ( < $/4, let A be the event that
#(t) # (0,$+ (Jfor t # [0,s]. Then

P#(" )< 25) %P(As) sup PH(" )< 25|#(s) =y).
Y%(0,%+()

The sup is bounded below via MarkovOsinequality by

$+ (+" 7 f(t)dt
2%

where the last inequality holds if sis setto be alarge constant multiple of ". The event A

1% % 1/ 4,

is equivalent to R = logtan(#/ 4) staying in the interval 1 = (" ,logtan(($ + ()/4)] where
the evolution of R is given by ItéOdormula as

dR = Ef coshR dt + %tanhRdH dB, R(0)=0.

Let I® = [$(, logtan($ + ()], and consider a processR?® so that (i) the noise terms of R
and R® are the sameand (ii) the drift term of R® at every time is greater than the spatial
maximum over | ¥ of the drift term of R. Let A® denote the eventthat for t # [0, s] we have
R® # 1%, On this event R® % R, and therefore A also holds. With an appropriate choice
of cwe may set

q(t) = (1/ 2+ c()"f (t) + c(, dR® = q(t)dt + dB.

Let A% also denote the corresponding set of paths. GirsanovOsheorem gives

P(R®# A% = E [1(5 # A% exp ($ % / q(t)2dt + / q(t)dB(t))] . (10)
0 0

Integration by parts transforms the secondintegral:

S #
q(s)B(s)$/0 B(t)dqt) % $ c(" (f(s)+/0 | |)$ c(%$c@a+")

onthe event B # A%. Herewe alsousedthat f is bounded sinceit hasbounded variation.
The probability of this event, i.e. that Brownian motion staysin an interval of width c(, is
atleastexp($ c%/” (). In summary, (10)is bounded below by

exp($c((L+")$ CS/)

($ (W8+c()2f.3).
The choices = ¢", ( = /" gives the desired lower bound. O
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24 A phase transition at! = 2

The goal of this section is to prove Theorem 7 that at! = 2thereis a phase transition in
the behavior of the stochastic sine equation.

As # convergesto an integer multiple of 2% and it can never go below an integer
multiple of 2% that it has passed (Proposition 9 (iii)), eventually it must converge either
from above or from below. Theorem 7 saysthat # convergesfrom above with probability
lif andonly if I " 2. Otherwise, it convergesfrom below with positive probability .

Proof. Casd " 2. It sufpcesto prove that if #-(to) # (2$k $ y, 28k) with 0 < y < $ then
#. (t) leavesthis interval a.s.in Pnite time. As #-(t + ty) also evolves according to the
stochastic sine equation with " &= "e' 't/4 we may sett, = 0 and we are also freeto set
k = 1. Let B denote the event that the process#. started at #-(0) = x in (2% $ vy, 2%) will
stay in this interval forever. It sufpcesto show that B haszero probability .

Consider R = logtan(#-/4) and sety sothat logtan((2$$ y)/ 4) = 1. While #. # (0, 2%),
ItéOgormula gives the evolution of the processR:

| | 1
RO)=rq> 1, dR = (R, t)dt + dB, q(r,t) = > coshr & 'V4 + étanhr (11)
Then B is the event that R(t) # (1," ) for all t. On B we have
1 1 | 2R
q(R,t) > étanhR %§$ e " %14

which gives R(t) %t/ 4$ B(t) + ro from (11). Set

Q(t) = /0 t —ta”h(g) $ 1, (12)

by the previous inequality, on the event B we have

t #
Q(t) %$ / e! t/ 242B (s)! 2rods> $ / e! t/ 242B (s)! 2rods: $ M.
0 0

where the integral M is a.s.Pnite. Let

L) = R(t)$ V2% B(1) $ Q(t). (13)

Then on B we have
LYt) = %coshq_(t)+ t/2+ B(t) + Q(t))€ 'V* (14)
% 4 explL(t)+ B(t)+ t(1/2$ 1/4)$ M]. (15)
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The equation follows from lté@Ogormula and the inequality usescoshr % €/ 2. Multiply-
ing (15)by € - and integrating we get that on the event B

t

gL g gL %C/ exp[B(s) + s(1/2% ! /4)]ds.
0

with arandom 0 < C < ' . As the exponent is a Brownian motion with nonnegative
drift, the limit of the integral on the right is a.s.inPnite, thus the probability of B is O.
Casd < 2. It sufbcesto prove that for alarget, if #- (to) # (23 $ (, 2$) then #- (t) staysin
the slightly larger interval (2% $ *, 2$) with positive probability. Choosing the values of
( and * appropriately it sufbcesto show that if R(0) > 2and " is small enough then the
eventBthat R # (1," ) for t % 1 has positive probability.

Recallthe debnition of Q and L from (12)and (13). On the event B we have

4" tanh(R)" V2, and $t4" Q)" O

Using this with (14)and the fact that for r nonnegative coshr " € we get

L{t) Eexp[l_(t) + B(t)+ t(1/2% ! /4)]. (16)
From (16) we get
gtOget®rn E/0t exp[B(s) + s(1/2$ ! / 4)]ds.
Let M ® denote the above integral for t = ' . Then M % is almost surely bnite. Mor eover,

L(t) and thus R(t) remain Pnite if
M®< 2¢ LO, (17)
From (14)we get Lt) > Oand L(t) > L(0) = 2which gives
R()> 2+ B(t)+t/2+ Q(t) %2+ B(t) + t/ 4.

SoR(t) staysabove 1 if
B(t) %$t/4% 1 for all t. (18)

This has positive probability, so the conditional distribution of and M ® given (18)is sup-
ported on Pnite numbers. This means that the intersection of the events (18) and (17)
holds with positive probability for a sufpciently small choice of ", and it implies B. O
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3 Breakdown of the proof of Theorem 1

The goal of this sectionis to divide the proof of the main theorem into independent pieces,
which in turn will be proved in the later sections. The proof presentedhere also servesas
an outline of the later sections.

Proofof Theoem1. Fix! > 0, and consider the n 1 n random tridiagonal matrix

Nn +(n! 1)!
1 tooy Nmro +mooy
M) =)= - (19)
: trrop  Npoo T

where the +;, and N; entries are independent, N; has normal distribution with mean
0 and variance 2, and +;, has chi distribution with j! degreesof freedom. (For integer
values of its parameter, +4 is the length of a d-dimensional vector with independent stan-
dard normal entries.) We let ! ,, be the multi-set of eigenvalues of this matrix, which by
Dumitriu and Edelman (2002)has the desired distribution (1).

By the symmetry of the distributions of Ny we may assumethat p, % 0. We set

ny = ny(n) = P2/ 4, and Np=ne(nN)=n$n $ %

The assumption nl’G(Z) n$ |un]) & * implies

4n$ 2
1 3 n
' — & 1
n, n;” & 0, an, &
Soit sufbcesto show that
if n)'n/°& Oasn& ' , then 2n)°(! ,$ 2) n)) * Sine, (20)

aversion which makescomputations nicer. Recallthat the counting function N (") of aset
of points in R is the number of points in (0,"]for " % 0 or negative the number of points
in (", O]for " < 0.

Denote the counting function of the random multiset anz(! n$ 2" ny) by Ny("), and
that of t Sine by N("). Claim (20) follows if for everyd % 1and (","5,...,"q) # R9 we
have

(Na("1),Na("2), - N (")) =0 (N1 N(2), o N ().

The proof of this consists of several steps, these are veribed in detail in the subsequent
sectionswith the help of the Appendix.
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Consider the one-parameter family of SDEsdebning the Sine process:
! .
df- = " e idt+ Re((€ " $ 1)az), (21)

where Z is complex Brownian motion on [0," ) with standard real and imaginary parts.
The time-changet & $ ,2 log(1 $ t) transforms (21)to

21 (1% t)yd# =" “2dt+ 2) 2Re((€ *' $ 1)dw), (22)

where W, is complex Brownian motion for t # [0, 1) with standard real and imaginary
parts. Proposition 9 of Section 2 shows that the counting function N (") of the process
Sine can be represented as the right-continuous version of (2$)" ! limyx #. (1), a limit
which existsfor every " # R a.s. This gives

Step 1. Forevery" # R, a.s.wehave2$N (") = lim¢ o # (1 $ ().

The eigenvalue equation for a tridiagonal matrix gives a three-term recursion for the
eigenvector entries. This can be solved for any value of ", but the boundary condition
given by the last equation is only satisbedfor eigenvalues. A hyperbolic framework is
introduced in Section 4.1 for the study of these recursions. In Section 4.2 the solutions
of theserecursions are translated into the phase function , ). and target phase function
: ) with parameters0" - " +y, and " # R. More precisely, Proposition 17 shows the
following. Let# A denote the number of elementsof A.

Step 2. For- = 1,2,...,4,,, thefunction, ). is monotonencreasingjndependenof, ) , and
foranyx < y almostsurely
Na(y) $ No(X) = # (G )x $ 1 )xor gy $ 031~ 28Z). (23)
The relative phase function #)» = , - $ , ), hasthe samesign as" by Step2. Let

m1:+n0(1$ (),, m2:+n$ n1$.(n¥321),,

where the constants(, . > Owill be specibedlater in away that the chain of inequalities
0" m;" msyholds.

Next we will describe the limiting behavior of , y» and #,- when - is in the intervals
[0,m;] and [m{, my], respectively. This is the content of the next three steps. Section5.1
studies the behavior of the relative phase function on [0,m;]. In Corollary 26 we will
prove that #,- convergesto the SDE(22)in this stretch.
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Step 3. ForeveryO< (" 1
Bmo =% #.(1$ (), asné& ' (24)

in the sensef Pnitedimensionabistributionsfor " .

Proposition 27 of Section 6.1 shows that #- does not change much in the second
stretch.

Step 4. Therexistsconstants, ¢; dependingonlyon®and! suchthatif. = ., > ¢,," " |9
then

E|(#m,» $ #m,) 21" c(Edist(#m, -, 287) + (Y2+ n,"*(n}*2 1)+ .' 1Y), (25)

In Proposition 32 of Section6.3we show that , ,, becomesuniform mod 2$.

Step5. If. & ' andn)'. (n/*2 1) & Othen
{\ my0} a0, =" Uniform [0, 23],

where{X},,, = MiNkoz k( x(X $ 2$K).
Finally, in Lemma 33 of Section6.4we show that nothing interesting happens after ms.

Step 6. Foreverybxed. > Oand" # R

e $moo| $& 0, asn&

In a metric space,if limy,- Xk = X for every k and also limy- 4 Xx = x then we can
Pnd a subsequencen(k) & ' for which limy4 Xn,na) = X. This simple fact, together

with the previous steps,allows us to choosesequences( = (, & 0,. = ., & ' inaway
that the following limits hold simultaneously:

Fmerni=1,...,d) =% 2$(N("),i=1,...,d), (26)

{, mpo}s, =%  Uniform [0, 23] (27)

e S o] $& 0, i=1,....d (28)

Sincedist(g8 2$7Z) is a bounded continuous function, (26)implies that the right hand side
of (25) vanishesin the limit and so

B, § #mpe, $& 0, i=1....d. (29)
By (26) and (29) the completion of the proof only requiresthe following last step.
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Step 7. Fori = 1,...,dand" = "; wehavelimn P (25N,» = 3#m,-4,) = L

Here 34, is debPned asthe element of 2$Z in [x $ $,x + $). Wewill assume" > 0, the

other casefollows similarly. Then0" 3#,, -4, # 2$Z, for any x # R we have

%
o b= 28# (X, X+ Jm, byl - 257)

Using this with X =, ;m,» $ , .+ $ J#m, 4, We get

Fmorhye= 289 ((me0$ e * #mer § Fardys mar $ 4 ] - 2Z). (30)
The symmetric dif ferencebetween the intervals in (30)and (23)is aninterval J with end-
poINts , m,0$ , m,0and, m,o0$ + #m,r $ FHm, 4, Soit sufbcesto show

lim P((3- 282) = 5) = 1, (31)

We will show that the length of J convergesto O while one of its endpoints becomes
uniformly distributed mod 2$. First,

D1 [tmar $ St dyf + | e $ 0 ] $& 0,

where the convergence of the brst term follows from (26, 29) as #,,, - convergesto an
element of 2$Z; the convergenceof the secondterm is (28). Also, since, m,oand, _,are
independent, from (27) we have { m0$ , 'mz,()} =# Uniform[0, 2$]. Equation (31), Step

206
7 and the theorem follows. ]

Proofof Corollary 3. Note that weak convergenceof point processess metrizable. Leta; &

. For every i, we canbnd n; > i sothat the point process
1P = Y an’®(ln$ D i an;' '°)

is 1/i -closeto 2) a (Airy , +a;) by Theorem 2. By Theorem 1,! ¥ convergesto Sine . O

4 The hyperbolic description of the phase evolution

4.1 The hyperbolic point of view

The eigenvector equation for a tridiagonal matrix gives a three-term recursion in which
eachstep is of the form vy, = by $ av, , in our casewith a > 0. Let PSL(2, R) denote
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the group of linear fractional transformations preserving the upper half plane H and its

orientation. Thenry = vy_,/v) evolves by elements of PSL(2, R) of the form r 0&b$ a/r .
We will think of H as the Poincare half-plane model for the hyperbolic plane; it is

equivalent to the Poincaredisk model U via the bijection

i $z

i+ 2z

U:B& 9, z 0&

which is also a bijection of the boundaries. Thus PSL(2, R) actsnaturally on ¥, the closed
unit disk. Asr moveson the boundary &H/ R( {} ,itsimage under U will move along
&U.

In order to follow the number of times this image circled U, we would like to extend
the action of PSL(2,R) from &U to its universal cover, R%/ R, where we use prime to
distinguish this from &H. This action is uniquely determined up to shifts by 23, but here
we have achoice. For eachchoice,we get an element of alarger group UPSL(2, R) dePned
via its action on R% UPSL(2,R) still actson & and ¥ just like PSL(2,R), and for T #
UPSL(2, R) the threeactions are denoted by

Be& @:z082T, U& @:z08zT, R%& R%:z 0&zsT.

We note in passing that the topological group UPSL(2, R) is the universal cover of the
hyperbolic motion group PSL(2, R), and PSL(2, R) is a quotient of UPSL(2, R) by the in-
Pnite cyclic normal subgroup generated by the 2$-shift on R% For every T # UPSL(2,R)
the function x 0&XxsT is strictly increasing, analytic and quasiperiodic, i.e. (X + 2$)sT =
XsT + 2%.

Given an element T # UPSL(2,R), x,y # R% we debnethe angular shift

astre(T,X,y) = (YsT $ xsT) $ (y$ x)

i.e. the amount the signed distance of x, y changed over the transformation T. This only
depends on the image of T in PSL(2, R) and the imagesv = €*,w = &Y # &U of x, y under
the covering map. This allows us to debPneash(T, v, w); more concretely,

ash(T,v,w) = ashri(T, X, Y) = Ar gy 5 (W-T/V-T) $ Arg, o (W/ V),

where the last equality has self-evident notation and is straightforwar d to check. Note
alsothat the above formula debnesash(T,v,w) for T # PSL(2,R), v,w # &U aswell.

Next, we specify generators for UPSL(2,R). Let Q(#) denote the rotation by # in U
about 0, more precisely, the shift by # on R

,sQ#H) =, + # (32)
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Fora,b# R let A(a,b) bethe afbnemap z 0&a(z+ b) in H. If a > Othen this isin PSL(2, R),
it bxesthe' in &H and $ 1in &U. We specify the action of A on R&by making it bx $ # R&
Then we have

,sA(a,b) =, + ash(A(a,b),$1,€"). (33)

The following lemma estimatesthe angular shift. The proof is given in Appendix A.l.

Lemma 15. SupposéhatforaT # UPSL(2, R) wehave(i + z).T = i with |z]| " ¥3. Then

ash(T, v, w) Re [(w$ ) ($z$ L) 22>] + (3
$ Re[(W$ ¥)z]+ (» (34)
= (1

whereford = 1,2, 3 andan absoluteconstantc we have

(al " clw$ vijz|*" 22|, (35)

If v = $1thenthepreviousboundsholdevenin thecasqz| > Vs.

4.2 Phase evolution equations

The eigenvalue equation of a tridiagonal matrix can be solved recursively. The goal of
this sectionis to analyze this recursion in terms of phase functions.
We conjugate the matrix M = M (n) by a diagonal matrix D with

i
+ 1))
Dii = D(n); = H)%, where s =+/] $ Ve
)=1 + onl)

We get the tridiagonal matrix MP = D' 'M D given by

+2
N; Sn(l!n.l )T Xn Snt Yn
— +2
;1 Sw1 I Np e Sm1 Xnr1 o Snit Yo
= n' 1 n.)l_ Snt 2 | - n n n n . ' (36)
: Snt o | Npro . Sni 2 Xt 2 T

Then M P and M have the sameeigenvalues, but M P hasthe property that the eigenvalue
equations are independent. The moments of the independent random variables
N +2
Xj:)—J_, Yj: I(J!I)I$Sj,

P S
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are explicitly computable via the moment generating functions for the " distribution.

Our proof is valid for any choice of independent real-valued random variables X;,;
satisfying the following asymptotic moment conditions. X; and Y; may also depend on
n, in which casethe implicit error terms are assumedto be uniform in n.

moment ‘ 1st ‘ 2nd ‘ 4
T - (37)
oG |20 +0G'Y) [0
Letuy = uy, (1" -" n)beanon-trivial solution of the bPrstn $ 1 components of the
eigenvalue equation with eigenvalue! ,i.e.
SniyUy + Xy Uy + (Yary + Snry)Uyge = Uy, 0" -"n$ 2
(38)
Up = 0, u = L
Thenwith ry = ry, = uy;,/uy we have
1.1 X Yoy )
r)+1=<$—+ $ ”~’) (1+ —’) , 0" -"n$2 (39)
M Snr) Snt ) Snt )
This also holds for ry = Oorry =" ;in fact, the initial value of the recursionisry, =" . If

we debneY; = Oand alsosetr, via - = n$ 1caseof (39),then! is an eigenvalue if and
only if r, = 0.

We will usethe point of view and notation intr oduced in Section4.1. Namely, r takes
valuesin &H = R ( {} ,the boundary of the hyperbolic plane. Mor eover, the evolution
of r can be lifted to the universal cover of &H. The extra information there allows us to
count eigenvalues, asthe following proposition shows. The proposition also summarizes
the evolution of r and its lifting 0# R% We note that this is just a discrete analogue of the
Sturm-Liouville oscillation theory suitable for our purposes; such analoguesare available
in the literatur e. Although we state this proposition in our setting, a trivial modiPcation
holds for the eigenvalues of general tridiagonal matrices with positive off-diagonal terms.

Proposition 16 (Wild phase function). Therexistfunctions$ & :{0,1,...,n} 1 R& R
satisfyingthefollowing:

(i) ry,2.U=é",
(i) Goa=$%,08,,=0.

(i) ForeachO < - " n, O A is analyticandstrictly increasingin ! . For0" - < n, o)A is
analyticandstrictly deceasingn ! .
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(iv) Forany 0" -" n,! isaneigenvaluefM if andonlyif 0, , $ ,('j'),A# 2%7Z.

Proof. We consider the following elements of the universal cover UPSL(2, R) of the hy-
perbolic motion group PSL(2, R):

Q®), W = A@+VY/s))L$Xls;)) jwl (40)

where Q corresponds to rotations in the model U, and A corresponds to rotations in the
model U, asdebnedin (32-33).With this notation, the evolution (39)of r becomes

Rya = QE)AQL! Isniy)Whiy, (1)
Nt = I').R)YA,
for 0" -" n$ 1,and! isaneigenvalueif and only if * .Rg, &a8Rn 14 = 0. Multiplying
this by (R, A 888Rn 1a)' L for some0" -" nandthen moving to the universal cover R%
of &HI gives the equivalent characterization ,6) 5 = o)A mod 2%, where
a(.j),A = $$R0,A %R)l 1,A> abl)’A = O$R|{]!11’A ééa"R;’/:lia (42)

which is exactly (iv). Claims (i)-(ii) follow from the dePnition.

As , o = $, onereadily checksthat , ; 5 is strictly increasing. Since(,, !) 0&, sRy
are nondecreasing analytic functions in both parameters and so are their compositions,
the statement of claim (iii) for 6, ,» now follows. The same proof works for & . O

Motivated by part (iv) of the proposition, we call & the target phase function.

4.3 Slowly varying phase evolution for a scaling window

For scaling, we set

s(')=s"()=V1$" $Vm
so that we have s,y = s(-/ n)) n. Making s depend on n via the /2n term helps make
such formulas exactrather than only asymptotic.

The recursion (41) has dif ferent behavior depending on whether the main part of the
corresponding hyperbolic transformation Ry, is a rotation or not. As we will seelater,
the continuum limit processcomesfrom the stretch where it is a rotation (this is because
the corresponding eigenvectors will be localized there). This depends on whether this
main part has a bxed point in the open upper half plane H. The eigenvalues! of interest
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will be near the scaling window u,, sowe debnethe main part asR), without the noise

term, that is
" o_ _ Mn
= QO) AL nlsn)) = QDA (L)) (43)
Its Pxed point /, satisbes/,." =/, that is
282V, a2
s(-/ n)

where \/m = un/) 4n is the relative location of the scaling window in the Wigner
semicircle supported on [$ 1, 1]. Sinces(' ) is decreasing,we havethat /) # Hfor ' < ny/n,
where s(ny/n) = /n,/n . This explains the choice of the parameter n.

Thus/y =/ (n¢/n, -/ n),where/(',",) is the solution of

2¢ oS('1) _ : cooy o S(n) e S()?
/ $ 25(' 2)/ + 1= O, l.e. /( 1y 2) = S(' 2) + 1 1$ S(' 2)2. (44)
Mor e specibcally,
_ nl . n0$ -
/= mrnes- Vm+ns - (45)

Becauseof our choice of scaling window and the density in the Wigner semicircle law it
is natural to choosethe scaling (20) by setting

! =2)n_1+ ﬁ (46)

We recycle the notation uy- ,ry-, 0~ o) for the quantities uy x, ), O a, o)A We break
the evolution operator into two parts in the middle of the hyperbolic translation A:

Ry» = "Ly Wary, Loty :A(l,H:), 47
) R " 2s(-/n )’ NN (47)
wherethe rotation " isdebnedin (43). Note that ", is not inPnitesimal in then & ' limit,

while the second component is. Differentiating z 0&z." at z = / shows the angle to be
$2Arg(/)) # [$$,0]. Let
Ty = A(Im(/y)' 1, $ Re(/y))

correspond to the afPnemap sending /) # Hto i # H, then we may write
"= Q($2Arg(/)™

where AB = B' 'AB. Rather than following 0 itself, it will be more convenient to follow
a version which is shifted so that the bxed point /, of the rough evolution is shifted to i.
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Mor eover, in order to follow a slowly changing angle, we remove the cumulative effect
of the macroscopic rotations " . Essentially, we study the OdifferenceCbetween the phase
evolution of the random recursion and the version with the noise and " terms removed.
The quantity to follow is

e = 08T Qyr 1, (48)
where

Q) = Q(2Arg(/0)) ... Q(2Arg(/))),  $1" -" ny.

Acting on U, Q) is simply arotation about 0, more precisely a multiplication by
=133 15 (49)
From (42)and (48) we getthat , evolves by the one-step operator
(MQy 1) 'Ry (M1Q)) = (T 'Lnt )W) Ty41) ¥ = (S)-)%%.

We keep this OconjugatedQotation becauseS,- correspondsto an afpne transformation.
For-" ny we debnethe corresponding target phasefunction

e = 0. sTHQy 1. (50)

The follow ing summarizes our Pndings and translates the results of Proposition 16to this
setting. Here and in the sequelwe use the differencenotation # xy = x)1 $ X;.

Proposition 17 (Slowly varying phase function). Thefunctions,, , " :{0,1,...,+,} 1
R & R satisfythefollowingforevery0< -" ng:

.o =8

(i) , ). and$, ) areanalyticandstrictly increasingn ", andarealsoindependent.

(i) With S)» = T) "Ly W1 ) T)1, wehave#, ) = ash(S)-,$1,€" * p).
(V) O =,y $Q;!11T)! L
(v) Foranyx < ywehavea.s.Nny $ Ny = # (()x $ 1 )00y $ 03,1~ 28Z).

The form
S)» = (Lniy)™*S)0
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breaks S into a deterministic " -dependent part and a random part that does not depend
on". Let, 5$ =,y s(Lni ) )™ bethe intermediate phasebetween thesetwo steps. Note
that, $, =, )0, and

"2 fgny/s(ne/n )2 $ s(-/ n)2>

The relative phasefunctions

AL sy

(L))" = A(2 (51)

— $ — 3 $
#)," — )," $ ] ),01 #)"‘ — )"' $ ) )’(]

are the main tools for counting eigenvaluesin intervals. Below, z will always denote the
image of , under the map x 0&€*.

Proposition 18 (Relative phasefunction) . Thefunction# : {0,1,...,+,,} 1 R & R satispes
(i) #or = 0,#), = Oandforeach > 0, #,- is analyticandstrictly increasingn " .
(i) ##, = ash(L.n1))™*$1,2.:)8)+ ash(S),2>5,2,08)
= ash((Ln ) )™ $1,2, ) + ash(S)0,2)- 8,2 ) + ash(S)0, 2" B, 2),08)

(iii) Foreach and" % O0wehaveH#t -, " [#5,10 |, = #1100

Proof. (i)-(ii) aredirectconsequencesof Proposition 17.To check (iii), we note

#He = 0% )0
# = yrs(lany )8, )0
#er = sl )P4S),0% S L ),08(S),0) Y.
Sincethe map L)+ and its conjugates are monotone in ", we get #» " #f... Since
(S).0)? is the lifting of a Mebius transformation, it is monotone and 2$-quasiperiodic,
whence |#. |, = ) 1 ) 0 O

Remark 19 (Translation to the original matrix). Let wy denote the solution of the discrete
eigenvalue equation for the original matrix (19). It is given in terms of the diagonal matrix
D debned in the beginning of the section and the solution u of recursion (38) asw, =
(Du),. The ratios of the consecutive entries of this vector are

W1 _ (DU)y+1 _ W1 Dyjiya +(n1 )1 1)1
= = = . =r )7_ .

p) W) (DU)) Uy D),) ) I Shi )1
If - " ng then we may further rewrite this using z, as

_ yFyr 1
P = )_7 ((Z).U ))4' 1 Im(/)) + Re(/))) :

P Sniyi
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4.4 The discrete carousel

As we have seen,the appropriate limit of the relative phasefunction #,- is the stochastic
sine equation. In this sectionwe bring the discrete evolution equations in the form that it
becomesclear that their limit should be the Brownian carousel.

By (41) the evolution of ry is governed by a certain discrete process@),u in the hyper-
bolic automorphism group UPSL(2, R):

r = I’O.@)"' = ro.Ro," éééR)! 1" -

This processhasrough jumps, but it is asmooth function of the parameter " . It is therefore
natural to expectthat the evolution of the automorphism @)," @;é will have a continuous
scaling limit. In the following, we will rewrite this expressionin a form indicating the
desired scaling limit.

By (48) the evolution operator G)- of , satisPesG). = @),-- TyQy: 1, and therefore
G,. G, = G@,. @) ). Theevolution of , - is given by

e = 0rsGy = 856y (52)

wherewith AB = B' 1AB we have

G)." = YO," XO Yl," X1 éééY)l 1," X)I 1
Gil 6ot sss\, G
= Yor Yot Yy2 @@aY . G
G) = G),O = XOxléééX)! 15 (53)

and we used the temporary notation Yy = ((Lnr - ) ™), X, = (S),0)%*. By debnition,

# =) 5Q(S,)0) = $5G)r QS )0). (54)
We intr oduce the notation
! ! [
% = $4G)r G| = $e¥or Y Y2 &AYSE! (55)
By = 0G'#U. (56)

With T denoting the Mebius transformation debnedin (7), we claim that
T(By,z) = zG) Q($, )0)

with the choiceof z, = $ 1. This follows from the factthat T (B,, By) = 0by depnition and
T(B),$1) = 1by (52,53). Hence (54) becomes

dfu = T(By, &%),
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which is the sameform asequation (8) relating the stochasticsine equation to the Brown-
ian carousel ODE.

Remark 20 (Heuristics). Note that X, is approximately an inPnitesimal noise elementin
PSL(2,R). It is not necessarily isotropic, but the conjugation by the macroscopic rota-
tion Q) makesa composition of consecutive X,Ospproximately isotropic. Thus By in (55)
approximates hyperbolic Brownian motion started at O run at a time-dependent speed.
Similarly, the Y)- are inPnitesimal parallel translations, but becauseof the conjugation
by the macroscopic rotations Q), their compositi on approximates rotation about 0. Thus
%- in (56) approximately evolves by rotations about By. This is exactly how the Brow-
nian carousel evolves, giving a conceptual explanation of our results. This suggestsan
alternative way to prove our results via the Brownian carousel ODE, Section2.

5 The stochastic sine equation as a limit

This section describesthe stochastic dif ferential equation limit of the phase function on
the Prststretch [0, ng(1$ ()]. In the limit, this stretch completely determines the eigenvalue
behavior; this will be proved in Section6.

5.1 Single-step asymptotics

Let Fy denote the 0-bPeld generated by the random variables X, X1 1, ..., Xniy41, and
Yo, Yo 1,-.-, Yo y4+1. Let Ey[&] denote conditional expectation with respectto Fy. By dep-
nition, the random variables 6~ ,, ), #) are measurable with respectto Fy. Mor eover, for
pPxed", both 6+ and, ) are Markov chains adapted to F,.

Throughout this and the subsequentsectionswe assumethat |" | is bounded by a con-
stant 2. By default the notation O(x) will referto adeterministic quantity whose absolute
value is bounded by c|x|, where c depends only on ! and ®. As - varies k will denote
ng$ -.

This section presentsthe asymptotics for the moments of step#, )~ = , )41 $ , ).
Recall from Section 4.3 that - moves on the interval [0,n,]. The continuum limit of , y-
will live on the time interval [0, 1] sowe intr oduce

= _ #10,1].
t o [0,1]
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We also intr oduce the rescaling of s(t)? on this stretch:
&(t)” = s(tne/n)?$ s(ny/n)? K

= 1$ t= —
with 8 % 0. This formula explains why the point processlimits do not depend on the

No/N No

choice of the scaling window in Theorem 1: § is the only remaining parameter in the
asymptotic evolution of the relative phasefunction in Corollary 26 below, and it does not
depend on the scaling window . (SeeSection5.3for further implications.)

Proposition 17 (iii) expressesthe difference#, - := ,y;» $ , - via the angular shift
of S)» and (Lnr - )™. Lemma 15,in turn, writes the angular shift in terms of the pre-image
of i, in the presentcase

Z), =080 = iT) Loy Wn)) 'S i=v +V,, (57)
where
) + Iyt $ 1 v = Xn!q+/)+1Ym)_ (58)

=% s T imi, )
The random variable V) is measurable with respectto F),,, but independent of F,.
By Taylor expansion we have the following estimatesfor the deterministic part of Z,- :

: &
v, = Vn(ot) +OK'3,  w()=$ ol e /((tt)), v (0)] " C%, (59)

where we abbreviate / (t) = /(no/n, tne/n) = /,, see(44). The behavior of the random
term is governed by

EV) = O(n$-) ¥k ** EV?| = Lpt)+O0(ns-) k! (60)
Ev)2 = %Q(t) + O(n $ _)! 1/2k! 3/2, El\/)ld = O(k' d/2), d= 3,4
where s 4 2ais i 4
No _ + _ Ny n;
p(t) = e _k’ q(t) = & Tk\n +k (61)

Here the error terms come from the moment asymptotics (37), the size of §, and from the

bounds

han$/ly _
No

Proposition 21 (Single-step asymptotics for , y-). For- " ngwitht = -/n,andk = ny $ -

y1$1y=0(ns -) "=k, %/$ =0(n$ -) K 77,

wehave
B[4, )] = igo(t) ¥ iosq +O(K ¥ = oK' Y, (62)
l 132
E, [#, XEARE W = —gl(t) Re(z; A% #) + —gg(t) + —OSQ+ O(k / ), (63)
El#,,-° = oK ¥, d=23,
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whele

With theabbeviations) = ),,z = z-,z%= z,.+theoscillatorytermsare
osg = Re(($v $iq/2)p))+ Re(ir)*q)/4, (65)
os¢ = pRe(® + #))/2+ Re(q(p + &) + z8)°)) /2.
Proof. By Proposition 17 (iii) the difference#, ). canbewritten with Z = Z,. as
#,), = ash@S,,$1,2zp
= Rel$(1+8)Z$ WZQ + 0(Z?) (66)

| 2

Z
$ RezZ + m

+) terms + O(Z?).

The estimate (66) is from the quadratic expansion (34) of the angular shift in Lemma 15.
Note that sincethe secondargument of ashis $ 1, we do not need an upper bound on |Z|.
We take expectations, the error term becomes

O(Elzld) = O(lV)’" |3 + ElV)lg) = ()(kI 3/2).

By (57, 60) we may replacethe EZ , E|Z|*> and EZ? terms by v- (t) , p(t) and q(t) while
picking up an error term of O(k' ?). SigniPcant contributions come only from the non-
random terms v)- of Z and the expectation of V)Q. We are then left with oscillatory terms
with ), error terms, and the main term

$ Rev): + ImEV}/ 4 ni($ Rev. + Imq) + O(k' *?)
0

" & 2
1 Re/ N Im(/ <)

— kK ¥%).
n128° it e | TOK )

The error terms come from the moment bounds (37) of X, Y and from the discrete ap-
proximation of the derivative Re/% their exactorder is readily computed. This gives (62)
with (65). The O(k' !) bound comesfrom evaluating the continuous functions in the main
and oscillatory terms att = -/ n,.

ForE[#, -)#, -#] one usesthe linear approximation of the angular shift to get

#,) = Rel(1+ 8)Z)-]+ O(Z}.)
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and similarly for "& After multiplying the two estimates and taking expectations, only
the noiseterms in Z,-, Z,. » contribute. Namely, with V = \j, we have

Ey[#, ) #,)4

JE[+)mV + 1+ @8] (1) BV + (14 I¥] + OK ¥

1 1 |
> Re(1+ mdEV|* + > ReEV?+ ) terms + O(k' *?)

Formula (63) now follows from the asymptotics of E|V|?,EV2. The last claim follows
from the third moment asymptotics of X, Y. ]

5.2 Continuum limit of the phase evolution

The goal of this sectionis to show that the brst stretch of the phaseevolution convergesin
law to the solution of the SDE (22). Typically, the phase evolves in an oscillatory manner,
so we have to take advantage of averaging. Our main tool will be the following propo-
sition, basedon Stroock and Varadhan (1997)and Ethier and Kurtz (1986),which allows
for averaging of the discrete evolutions.

Proposition 22. Fix T > 0, andfor eachn % 1 considera Markov chain
(XP#RY, - =1...4T,).
LetY,"(x) bedistributedastheincrementXy, ; $ x givenX' = x. WedepPne
B'(t, x) = nE[Y.5.00]  a'(t x) = nE[Y:.(}) Y. 0]
Supposeghatasn & ' wehave
[a'(t,x) $ a’(ty)| + [B'(t,x) $ B'(t,y)| " clx$ y|+ ol) (67)

SUpE[IY,"()I°] " cn 2, (68)
x)

and that there are functionsa,bfromR 1 [0, T] to R¥, RY respectivelyith boundedprstand
secondlerivativessothat

sup‘/ a'(s,x)ds$ / a(s, x)ds +sup‘/ b (s, x)ds$/b(s x)ds & 0. (69)
Assumealsothat theinitial conditionsconvegeweakly:
X0 =4 x,.
Then(X., ..t %0) convegesin law to the uniquesolutionofthe SDE

dX = bdt+ adB, X (0) = X,.
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We will prove this in Appendix A.3. The next lemma provides the averaging condi-
tions for the above proposition. Recallthat #, ,- =,y 1 $ , ). and let

b ()= B, [y = X1, @ ) = BE o # el ge = %, )00 = Y,

Lemma 23. Fix", "%and( > 0. Thenforany-; " ny(1$ ()

)l 1 )il 1

> be(x) = n_lo > w(t) + O(ny*ny** + n, *?) (70)
)=0 )=0

Jat 1 )l 1

Z ), #(X,y) = n_];)Z (9u(t) Re(1+ ™ V) + gy(t)) + o(n'n,?* + n,"?

)=0 )=0
wheret = -/ ny, thefunctionsgy, g;, g aredebPnedn (64),andtheimplicit constantdn O depend

onlyon(,!,%.

Proof. Summing (62) we get (70)with apreliminary error term

! )1l 1

1 1 2

np 2 K@D+ D Ree))+ O™,
)=0 )=0

where the prsttwo terms will be denoted 1;, 1,. Here
ey = ($v(t)- $ iq(t)/ 2)e ¥, ey = iq(t)e /4

and k; = ng$ -; > cngy, where for this proof c denotesvarying constantsdepending on (.
Using the fact that v-, g and their brst derivatives are continuous on [0,1$ (] we get

leyl < ¢ ley $ ey < oyt

Thus by the oscillatory sum Lemma 37,

)1l 1

L1 ¢S (VMK + Dnb? + o(y/miky + Dn o(nd?n, ¥+ nlY).
)=0

Similarly, if we apply the sameestimate for the secondsum, we get

)l 1

1% ¥ CZ(\/nllk + /N Ny %+ c(v/nifk 1 + /ne/n Hng " (:(nilzn!osl2 + nllllznlollz).
)=0

We could also estimate 1, by taking absolute value in eachterm and using the precise
value of gfrom (60)to get

)il 1
07 YA+ k) Y enny
)=0

Using this bound for n; " 1 and the previous one for n; > 1 we get the desired estimate
(70). The asymptotics of the secondsum follow similarly . O

30



We are now ready to state and prove the continuum limit theorem.

Theorem 24 (Continuum limit of the phase function) . Suppose¢hatny/n & 1/ (1+ 2) with
2 # [0," ]. Thenthe continuousfunctions&(t) = &, (t),/(t) = /(ny/n, tny/n), alsoconvege
to their limits for whichwe usethe samenotation.LetB andZ bearealandacomplexBrownian
motion,andfor each' # R consideithe strongsolution of

) = - 5
dt + ZR?(?_' @), VIR e 7

" Rel/® 1Im(/?)
+ .. VJ .t
I'é I'é

267 Im/ 2l &

d, -

»+(0)

Thenwehave
y ot = , (1), asn & ' ,

whele the convegences in the senseof bPnite dimensionaldistributions for " andin path-space
D[O0, 1) fort.

Remark 25. Equation (71) can be written as

) -
) 2 i 1.1 2 [2(22+ 1% 1)

where the last two terms are 0 and 2! ' Y2dB, respectively when 2 =

Proofof Theoem24. It sufbcesto show that for any Pnite sequence(” 4, ...," 4) and for any
T < 1the following holds on the time interval [0, T],

(b onotsts oo #notarg) =0 G oon(8)seess vy (1),

We will use Proposition 22. For x # R let

Ly = Gy )s #1
b(x) = nE[#!,]!)=x], a(x)

Recallthe estimates (62) and (63) for b (x), a(x). Sincen,/ny & 2, the functions gy, ¢, %

ia$ !y,
noE [(#! ))# ! )T|') = x].

debnedin (64) converge uniformly on [0, T]to @y, §:, & which are also dePned by (64) but
in terms of the limits of $and /.
Using this with Lemma 23 we get that
t t
sup |/ Nobn,s+(X)ds $ / b(x,s)ds] & O,
0 0

XURI (T

t t
sup |/ No@sn,s+(X)ds $ / a(x,s)ds] & O, (73)
0 0

XURA (T
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where

Bx ) = (@0 00).  (aD) | = 6OReE™ )+ 0.

This meansthat condition (69)in Proposition 22 is satisbed. Becauseof (64) and the mo-
ment bounds we can seethat (67) and (68) are also satisPed, thus (,  sngt+s- -+, " 4*not+)
converges weakly to the SDE corresponding to §(x, t), &(x,t). The only thing left is to
identify the limiting SDEfrom the functions B(x t), &(x, t). This follows easily, by observ-
ing that if Z is a complex Gaussianwith independent standard real and imaginary parts
and 3;,3, # C then

ERE(Slz) Re(SQZ) = E(31Z + 31_2)(322 + ﬂ)/4: (313—2 + 323—1)/2 = Re(3132) O
Theorem 24 leads to the following corollary.

Corollary 26. LetW; becomplexBrownian motionwith standardrealandimaginary parts and
considetthe strongsolution of thefollowing one-parameteiamily of SDEs

) 1$ td# = %dt+ V2! Re((€ *' $ 1)dw,).

Then
Bengrer =4 #e (1), asn& ' (74)

whele the convegences in the senseof Pnite dimensionaldistributions for " andin path-space
D[O0, 1) fort.

Proof. If n;/n  convergesto a bnite or inPnite value asn & ' then the statement follows
immediately with W, = € °(Z,. This implies that for any subsequenceof n we canchoose
afurther subsequencealong which (74) holds, a characterization of convergence. O

5.3 Why are the limits in different windows the same?

The operator we are considering is approximately of the following form. We start with a
symmetric tridiagonal matrix with diagonal and off-diagonal terms

X1, Xa, ... Yi/2,Ys/2, ...

where X;,Y; are independent random variables with mean approximately zero and vari-
anceapproximately 0%2. We add a nonnegative term of potential type on the off-diagonal.
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)

This, at the -th off-diagonal is approximately * ns(-/ n), where s(t) is a dif ferentiable de-
creasing function on [0,1] with s(1) = O. In our case,

02=21,  s(t)’=1$t. (75)

First, we want to understand the point processlimit of the eigenvalues at a window
around 0. As it turns out, it will be governed by the stochasticdif ferential equation

s(t)d# = %dt+ ORe((1$ € *M)dz).

There are various ways of interpr eting this equation, perhaps the most intuitive is via the
Brownian carousel which is already apparent in the discrete evolution, seeSection4.4.

This equation changeswhen the window is not about O but rather near) n! , where
I is some macroscopic parameter. Implicit in our proofs is the fact that this evolution is
governed by the sametype of SDE parameterized by the initial stretch of s? instead of s?
itself. This correspondsto the eigenvectorslocalizing on that stretch.

Mor e precisely, with the solution of s(4 = |! | the new parameter §is given by

qt)Q = S(4t) iS(Zp )

This explains two phenomena. First, the s in our case(75)is invariant under the trans-

(76)

formation (76),so all limits will be governed by the same stochastic dif ferential equation
(evenwhen |! | depends on n and approachess(0) at a moderate rate).

Second, for a general s, with s§0) < 0, when |! | approachess(0), then the limiting
driving function should satisfy & = |(s*)%0)|(1 $ t). This, up to scaling, is equivalent to
the parameters

$£=1%$t, 82 = 0%/ sY0)|.
Thus for a general classof 1-dimensional discrete random Schredinger operators the ran-
dom matrix eigenvalue behavior is a universal phenomenon in the scaling between bulk
and edge. (This phenomenon also appears for more traditional discrete Schredinger op-
erators that are a sum of adiscrete Laplacian and potential and noise terms.) SeeRamirez,
Rider, and Virag (2007),Section 5 for the similar edge phenomenon. To avoid excessive
technicalities, we focus on the beta ensemblecasein this paper.

6 Asymptotics in the uneventful stretch

Section 5 describesthe stochastic dif ferential equation limit of the phase function on the
prststretch [0, ng(1$ ()]. Herewe show that in the limit, this stretch completely determines
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the eigenvalue behavior.

6.1 The uneventful middle stretch
The middle stretch is the discrete time interval [m;, my] with
mi = (1% (),, Ma=0$n$.(n°21),

for (# (0,1)and . > 0. The goal of this sectionis to prove that if #,- is closeto an integer
multiple of 2$ after time m; then it changeslittle up to time m,. Mor e precisely, we have

tyY2

Proposition 27. Therexistsaconstantc = ¢(2 ! ) sothatwith y = n,"*(n}’®

(n; " 2 1) wehave

E[l#),- $ #),-12 1|F),] " c(dist(#,,-,2$Z) + ) (+y+.'h, (77)
forall. > O,( # (0,2)," " [9|landm;" - " -5" ma.

The brststepis to estimate# #,- = #)., $ #,» using the angular shift Lemma 15with
z = Z)» debnedin (57). For the Pner asymptotics of the lemma, the condition |z| < Y3
is needed. For this, we truncate the original random variables X,,Yy. Form; " - " mjy,
intr oduce the random variables X, Yy which agreewith X,Y) on the event

POLIE o) st no), 79

and are zero otherwise; this event depends on n via 8. By MarkovOsinequality and the
moment assumptions (37) for X,,Y), this event has probability at least1$ c(no$ -)' 2.
Summing this for - " m, shows that the total probability that the truncation has an effect
is at most ¢.' !. This can be absorbedin the error term . ' ! in (77),soit sufPcesto prove
Proposition 27 for the truncated random variables.

To keep the notation under control, we will drop the tildes and instead modify the
assumptions on X, Yy. Namely, denoting k = n, $ - we assumethe bounds (78) and the
modiPed moment asymptotics

moment‘ 13t ‘ 2nd ‘4‘“
oK ) |2n + ok ) [o@

which follow from the original ones(37)and our choice of truncation. With p,qdebned
in (61),this changesthe moment asymptotics of V4 (58)the following way:
Bv | By | BV | BV
O(K' ?) | Lat) + O(K' %) | Lp(t) + O(K' %) | O(K' ?)

(79)
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Proposition 28 (Single-step asymptotics for #,. ). Thereexistsk® = k¥(! , ®) sothat for every
-" ny$ k¥ and|"| < 2 wehavethefollowing.

BE##] = Re[@: S B0)(Sv-$ ia/2)
+n—10Re [%(q‘%n $ q?o))f] +0(n,"’K "+ K *8,.)  (80)
= O(K ®- +n,"?k 7% (81)
E) [##)*] = O(K '# +ny'k'") (82)
E)l# )" ##)"' | = O(#) k! 1). (83)

Thefunctionsv- = v (-/ ng), g = g(-/ ny) aredebnedn (59, 61),and#,- denoteshe distance
betweeri, . andtheset2$Z.

Proof. By choosing a large enough k® % 1 we canassumethat for - " n$ k®

v 1 1

2 10 vy | 10
which together with (78) guarantees that the random variable debned in (57) satispes
|Zy~|" Y¥s. The proof of the proposition relies on the evolution rule, Proposition 18 (ii),

# #) = ash((Lm )" )T#, $ 1, VAR E) + ash(S),O, Z)$ )4, Zy- )4) + ash(S),O, Zy- H,Z),on),

whose terms we denote 1, 1, 1;. First we show that 1, 1, are small. By the dePnition (51)
of L we have

1 T# I 1 1 — i L = ) " i
"' ((Layr) ™) 8 " no 26 ') kn,| 10
This estimate with the third bound of Lemma 15gives
L=,5 8, = 0"k ") (84)

Applying again the third bound of Lemma 15with |Z),| " ¥3and (84)gives
L = 0L $,))=0(n"*k ).
For 13 we usethe pbrst estimate of Lemma 15and note that in our case|v$ w| equals
1z $ 20| = |€F* $ 1" #)-. (85)
Thus with Z = Z, , we have
I,= $Re[(zr $ B0)))(Z+iZ2%2)]+ Reli(z}. $ #)))Z% 4] + O~ Z°). (86)
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k' *?) after

Since Z is independent of Fy and #,- # F,, the error term becomesO(#,- k
taking expectations. The debnition (57) of Z,- and the moment bounds (79) imply that
replacing EZ and EZ2 by v- (-/ ny) and g(-/ n,) gives error terms of order O(k' 2). Because
of (85)and

Z0. $ 77| = €4 $ 1" 28 (87)
we get (80). Using the explicit form of v- and gqand (85,87)again, we obtain (81). The other
estimatesfollow similarly from the prst-order version of (86) and Proposition 21. ]

The following lemma relies on the careful use of single-step bounds and oscillatory
sum estimates. We postpone the proof till Section6.2.

Lemma 29. Therexistc,, ¢, dependingon® ! sowith y = n,"*(n}® 2 1) wehave

. ) . E[#),1|F)] &3
Bt 8 ) aly+) O+ DO ID N g )
)=)1

13 ! [
O n q n Cl (k /2+ ni/zk 5/2+ k /2n1/21k nl>’

whenever > ¢, ["| < Z,andm; " -;" -2" m,. Herek=ny$ -.

The last ingredient needed for the proof of Proposition 27is the following determinis-
tic Gronwall-type estimate.

Lemma 30 (Gronwall estimate). Supposehat for positivenumbersxy, by, cand- > -; wehave

)1
X)" Xy a/2+ ¢+ Yy X (88)
)=

Thenfor-, > -

)2l 1
Xy, " (X), + C) exp <22h)

)=

Proof. We can assume-; = 0. Let"; = (1+ 2h)ada(l + 2b, ;). Multiply (88)by ., =
(1/2+ b)"y41 (with .y, = 1) and add theseinequalities together for 1" -" -, to get
)2! 1 )2 N1
Xy, + Z . )X) Z ) X)1 1/2+ Z )C+ Z ZVJ X (89)
)=1 )=1 j=0

Since" )y > )4+ ...+ ., for every 0 < - < -, the coefbcient of xy on the right hand
side of (89) is less than the corresponding coefbcient on the left-hand side. This with
the positivity of x) implies x), " Z) 1)(c+ X)) " "o(c+ Xo) and with the estimate
"o" exp(ly+ ...+ b, ;) the lemma follows. O
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Proofof Proposition27. For this proof, leta = #), -, and debnea ,a # 2$Zsothat[a ,a )
is an interval of length 2$ containing a. We condition on the 0-beld F,,, soin this proof E
denotesthe corresponding conditional expectation. We also drop the index " from #. We
will show that there exists ¢, sothat if . > ¢y, then with the quantibers of the proposition

Ei#,$a| " c((@sa)+ ) (+y), (90)

Ei#,$a| " cf@ $a+ ) (+). (91)

The claim of the proposition follows from this by an application of the triangle inequality
to the stronger bound. The additional condition . > ¢ is treatedvia the error term 1/. .
Lemma 29 provides the bound
) _ )2
E#ty$a| " (@$a)+cy+’ ()+E#) /2+ ) bhESH.
=)
Note that # never goesbelow an integer multiple of 2$ that it passes(Proposition 18 (iii)),
so#) % a for all - % -;. This meansthat for - % -; we have #, " #, $ a and with
xy = E|#) $ a | we have the bound
)2

S (a$a)+0(y+)()+x)! 12+ > . (92)

=1
According to Lemma 29we can bound the sum of the coefPcientsb as

12
)ZZQ BECRR USRS VA
)=)1
which meansthat (90)follows via the Gronwall-type estimate of Lemma 30.

Next, we consider the prsttime T % -, sothat #1 $ a % 0. Proposition 18 (ii) breaks
one step of the evolution of # into two parts, from #) to #5,, and from #,, to #),,. It
shows that # can only passan integer multiple of 2% in the brst part. Sincethe prst part
is non-random, even the time T $ 1 (and not just T) is a stopping time adapted to our
pltration. The overshoot can be estimated in two steps. By (84), and the fact that k > ¢,
we have

E[#$a)l(T" -5)]" cn,”” (93)

By the expectedincrement bound (81) and the strong Markov property applied atT $ 1
we have
E[(#r$ #)1(T " =) " o, (94)
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This gives

Ef#),$a)" = E[I(T" -)E[#),$ a |Fr]]
QE[FH S a)U(T" =) +  (+y)

C‘f‘() (+y), (95)

where the brst inequality uses(90) and the strong Markov property, and the seconduses
(93,94). To prove (91) brst note that Lemma 29 also gives

)2
|E#,$ a|" (a $a)+ c(y+) () + E#y 1/2+ ZQE#J-.
j=)

Then by (95) and the identity |a] = $a+ 2a™ we get
E#f,$a| " |[E/ Hy$a|+2E# S a )t
)2

(@ $a)+ c(y+) () + E®) 1/2+ ZIqE#)j.
=)

Since®) " |#)$ a |, the inequality (92)follows with xy = E|#)$ a [, and the Gronwall-
type estimate in Lemma 30implies (91). O

6.2 Bounds for oscillations in the middle stretch

This section presentsthe proof of Lemma 29, isolated asthe most technical ingr edient of
the proof in the previous section. We start with a bound on the mixed dif ferences.

Lemma 31. Ther existsan absoluteconstantc sothatfor- " n $ k® (with k® asin Proposition
28)wehave
IE)[#2- $ #2,]" ck ® +cn,’k "’

andthesamdnequality holdswith z? replacingz ontheleft-handside.

Proof. The left-hand side equals

120 E) [(€%# $ 1)(e27# $ 1)+ (€27 $ 1)(d¥#0 $ 1)+ (2% $ 1)
"R YR [€8 $ 1)+ E)|##)-#, )| + [E[E $ 1]

The statement now follows from (62), Proposition 28,the bounds (85,87)and the bound
|E[€* $ 1] " |E[€X $iX $ 1]+ |E(IX)|" E|€® $iX $ 1]+ |[EX|" EX%+ |EX].
The inequality involving z2 canbe proved the sameway. O
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Now we are ready to prove Lemma 29.

ProofofLemma29. We will drop " in #)-, and condition on the O-Peld F),. Let E denote
the conditional expectation with respectto this 0-beld and let xy = E#,. We have

)2! 1
|E[#),$ #.1 " ’ZE (##|F))] ’ (96)
)=

Let

1 . 1
Gy = (v S W2E@; $ B, &)= - 2B S 7).

By the single-step asymptotics (80) the right-hand side of (96) can be bounded by

)2! 1 )2! 1 )2! 1 )2! 1

7 Retgy )0l 3 Rel@ )]+ | 3 Retg)+ oS K ¥+ 037,

)=)1 )=)1 )=)8+1 )=)1 )=)1
with the usual notation k = ny $ -. We call the terms 1, 1,, 15, 14, 15. Note that 1,, 13 come
from asingle sum cut in two parts at-* = ny $ +n,,, and one part may be empty. Clearly,
we have 1; " c) (, and 1, is already in the desired form. By (85) and the bounds (59, 61)
on g, v we have

C
—X).

(o .
n _ A + n
|01, -~ [v- + ig/ 2|, "

Lemma 31with t, = (- + 1)/n gives

iq(ty)

C
el " (V) + TSR IEE 2 $ # 20l + (#)v |+ 1#)a) Els: $ B0]])

" ! '3
ck' 2x, + cn, '’k ’2,

where we used the notation #)f = f((- + 1)/n) $ f (-/ ny). The oscillatory sum Lemma

37 gives
)2! 2

Lo o ($ -2) ¥4 (N $ -2)! DXy 1+ €Y (K 2+ ng Pk (K T+ 1)
)=)1
X),! 1 22 12 Y2,! 52
" % +¢(n/°2 n,"? + c)z):x)(k' +n;’k %),
=)1

where the coefbcient ¥/ ¢ is achieved by choosing a large enough ¢,. We continue
)$
n n n 3/
L " > g —|q|2x) &me 2
)=)1 )=)1 )=)1
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The term 1; is handled by Lemma 37 with g = g,;. Standard bounds on g, g*and Lemma
31give

91" ok ). 19 gl " oKk B+ cng K

hencefrom Lemma 37 we get

)2! 2
L " onf(ng$ -1) YA+ DK e Y 0okt 2 ng Tk TA(n) K+ )
)=)%+1
Xy,1 ) 2! 2 ,
T 200 e 0 (K P nK T
)=)$+1

if ¢y is chosensufbciently large. The claim follows. O

6.3 Why does the right boundary condition disappear?

The goal of this sectionis to show that the phaseevolution picks up sufpcientrandomness
that will neutralize the right boundary condition of the discrete equations.

Proposition 32. Letm = +1,$ . (n/°2 1), andsupposé¢hat. & ' withn,'. (n’*21) & 0.
Then, o modulo2$ convegesin distribution to Uniform(0, 2$).

Proof. We will show that given ( > 0, every subsequenceof indices has a further subse-
quence along which , , o modulo 2$ is eventually (-closeto uniform distribution. Sowe
prst pick aninteger ' ="' (() and show that along a suitable subsequence the conditional
distribution given Fr, ¢ Of , mo$ , mi & 0 CONvergesto Gaussianwith variance tending
to' with '. Herethe scaling factor is5= + (ni’3 2 1),. Sincea constant plus a Gaussian
with large variance is closeto uniform modulo 2$, the claim follows if ' is large enough.

To show the distributional convergence, we apply the SDE limit Theorem 24 to the
evolution of , from time m $ ' 5on. To adapt to the setup of the theorem we intr oduce
the new parameters

a=n$ m+"'5 0, = ny, 0 =0%m;$ Ve, O = )img

By assumption, we have 0y(n;)' ¥ & ' . We passto a subsequenceso that 6,/ 0
hasalimit 1/(1+ 2) # [0," ], so Theorem 24 (trivially modiPed to allow general initial
conditions) applies. The result is that Ux,+0 has an SDElimit given by (72) with " = O.
Thus, mo$ , mi & 0 COnvergesto a normal random variable which does not depend on
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the initial value U(0). Its variance is given by integrating the sum of the squares of the
independent dif fusion coefbcientsson the corresponding scaledtime interval:

Ot e 2% 2t 2
% —log(" + 1
/0 @13 D2+ 18 oot 2y ool + D,
which goesto' with ', asrequired. O

6.4 The uneventful ending

This section is about the last part of the recursion, from
my=10$nm$.(n°21),

to n where. > 0is a constant. The goal is to show that nothing interesting happens on
this stretch. Mor e precisely, we show

Lemma 33. Forevery" # Rand. > Oasn & ' wehave,

' mz,”

$, m,0& 0in probability

Fix . and ". We will show the convergenceby showing that any subsequencehas a
further subsequencewith the desired limit. Becauseof this, we may assumethat the limit
of n; = ny(n) exists. We will consider two cases:imn; <' andlimn; ="

Proofof Lemma33in thecasevhenlim n; is Pnite.
In this casen $ m, is eventually equal to some integer 5. Also, /,, convergesto a unit
complex number / with Im/ > 0. By (42),(47)and (50) we have

1'n!,,"$Q!n!1,! 1= O$$1ééé$,, (97)

where

)
i . 2 n n
- p'1 — Pl 1 11 : — 1
$,~ = R, jv = WJ- I:j’.. Q%) -, Ej» = A <1, s + 25,-) n_).

Consider the components of the product on the right-hand side of (97). The elementsL; -
are deterministic, and asfunctions on R& the lifted unit circle, they converge uniformly to
non-degenerate limits that do not depend on ". In the same sense,we also have T, &
A(Im(/)' ',$ Re/). If the random variables X;,Y; (36) do not depend on n then the W,
(dePnedin (40)) do not depend on n either. If they do depend on n then by the uniform
moment bounds of (37) we may Pnd a subsequencealong which eachW, converges for
j=1...,5

Sinceall of theselimits are non-degenerate and the dependenceon " disappears, we
have

}' ‘n! $, ‘n! ,,0‘ = }’ ln! ,,"$Q!n!1,! 1 %, ‘n! ,,O$Q!n!1,! 1‘ & 0. [
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Remark 34. For the second case,we review some of the results of Ramirez, Rider, and
Vir&g (2007),henceforth denoted RRV, about the eigenvalues of the stochastic Airy oper-
ator. The paper considers the eigenvalue process! , of the random matrix M (see(19))
under the edge scaling n”¢(! , $ 2° n). By Theorem 1.1 of RRV, the limit is a point pro-
cess%given by the eigenvalues of the stochastic Airy operator, the random Schredinger
operator )
on the positive half-line. Here b*is white noise and the initial condition for the eigenfunc-
tion f isf(0) = 0,f §0) = 1. By RRV, Proposition 3.5and the discussion preceding RRV,

Proposition 3.7,

H!=$

%is a.s.simple, and for every x # R, we have P(x # %)= 0. (98)

The proof is basedon the observation that after appropriate rescalingthe matrix M actson
vectors asa discrete approximation of H, . The initial condition f (0) = 0,f §0) = 1 comes
from the fact that the discrete eigenvalue equation for an eigenvalue! = 2 n+ n' YSuis
equivalent to a three-term recursion for the vector entries wy,, (c.f. (38) and Remark 19)
with the initial condition w,, = Oand w;, 6 O.

By RRV, Remark 3.8, the results of RRV extend to solutions of the same three-term
recursion with more general initial conditions. We say that a value of p is an eigenvalue
for afamily of recursions parameterized by p if the corresponding recursion reaches0 in
its last step. Supposethat for given 1 # [$' ,' ]the initial condition for the three-term
recursion equation satisbes

Wo,u — Y3 11 R
nlls(WLIJ $ Wop) =n P(pn$ 1) $& 1,

where p, = w;,/w,, does not depend on p. Here the factor n” is the spatial scaling
for the problem (RRV, Section5). Then the eigenvalues of this family of recursions con-
verge to those of the stochastic Airy operator with initial condition f (0)/f §0) = 1. The
corresponding point process% will also satisfy (98), seeRRV, Remark 3.8.

Now we are ready to complete the proof of Lemma 33.

Proofof Lemma33in thecasevhenlim n, =
Without loss of generality we assume" > 0. Fix a6 # R%and let B denote the event that

X$Qm,: 1 6/6mod 25 for X # [, 1, m,.ol- (99)
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It sufbcesto show that P(B) & 1. Indeed, by considering a subdivi sion of the unit circle
into arcsof length at most ( at points €1, if the event (99) holds for each6 then

' 11 ' 1 _
|’ ma," $sz! 1§, m2,0$Qm2! 1’ =

1 mp," $ ! m2,0|

cannot be greaterthan (. Taking ( & 0 completesthe proof.
Equation (50) translates B to an event about o) . Mor e specibcally, by Proposition 16
B is the event that the one-parameter family of recursions parameterized by 2

O, = 0 sRy,, - %m,

with initial condition

does not have an eigenvalue in the interval [0,"]. This recursion is determined by the
bottom right n, 1 n, submatrix of M (n)° ™ (36),wheren, = n$ m,. Thus the recursion
is in fact the discrete eigenvalue equation for M (n,)°("2) with a generalized initial con-
dition. This can be transformed back to the discrete eigenvalue equation for M (n;) with
the corresponding initial condition. Letu = U' '(€") # R be the point corresponding to
6 # R% Then (100)translatesto the initial condition

Fmyy = Wt = Im(/ m,)u+ Re(/ m,),

for the eigenvalue equation of M P (see(39)) and by Remark 19to the initial condition

+ +
Pras = Tmpy Y = FE e (I(/ m,)u+ Re(/ m,)) (101)

Snt ma! 1 * Snimyl 1
for the eigenvalue equation of M. Asn; & ' , we have
&', m=n$n, +on?), and /m, =1+ i) N, + on,”?). (102)
Since-' 2+ convergesto 1in probability as- & ' , (101)and (102)imply
Ny "% (P, $ 1) 1 $& Y20 1= 0

This meansthat the limit of P(B) canberelated to the limit point process%. Theinterval

[0,"] correspondsto 2ni’2+ [0,"n !01’2/ 2]in our scaling (46). In the edge scaling correspond-

ing to n,, the length of the remaining stretch, this turns into the interval
ny°(2n7?$ 2ny%) + [0,"n ,"*/2]& $. + [0,0]
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wher e the convergencefollows from (102).
For * > 0 let By be the event that the discrete eigenvalue equation for M (n,) with
initial condition (101)doesnot have an eigenvalue in the interval

20,7+ N, (S, $ %, 5.+ *).
By Remark 34,for any bxed * we have
lim supP(B) " lim supP(Bo) " P(% doesnOhave apoint in [. $ *,. + *]).
n"# n"#

Sincethis holds for all * > 0, the fact (98) gives lim P(B) = 1, asrequired. O

A Tools

A1 Angular shift bounds

The objective of this sectionis to prove Lemma 15,for which we usethe following identity .

Fact 35 (Angular Shift Identity) . Let T # PSL(2,R) bea Mebiustransformationandv, w #
&U;let0 = OT'!. Then

ash(T,v,w) = 2Arg <\(A\:\(I\;$—$O())\)/> = 2Arg (ii %\z) : (103)

Proof. The general form of such a transformation is given by w.T = € (w$ 0)/ (1 $ 8w),
where 0 is the pre-image of 0. We may assume# = 0 since post-composing T with a
rotation does not change the quantities in question. Using the depbnition of ash(T, v, w)
and the fact that |w| = |v| = 1 we have

B w$ 0w$ O v
aSh(T,V,W) = Arg[w%) (mmw) $ Al’g[O‘Q%)(W/ V).
The additivity of Arg mod 2% proves (103) mod 2$. By debnition, ashis continuous in T
and soalsoin 0. Since|0| < 1, the right-hand side of (103)is continuous in 0. As equality
holds for 0 = 0, the proof is complete. O

Proofof Lemmal5. Recallthat r.U = (i $ r)/ (i + r) maps the upper half plane to the unit
disk, sending i to 0. By Fact35we have

1$ ((i+2).U)w
13 ((i+2).U)w

_ z(w$ 9
C2i+z(1+ 9

ash(l',v,w)=2Arg( >=2Arg(1+ X),
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If |z| " ¥3then we have |x| " /2sowe canwrite ash(T,v,w) = Reh, ,(z) with

hyw(z) = iglog <1+ %) = (w3 v ($z$ WZQ + )V,W(z)) :

Here we use the standard branch of the logarithm debPned outside the negative real axis.
The secondequality is Taylor expansionin z. To bound the error term, we write

(w$ v p(z, v v)

hvul2) = (2 + z(1+ 9)3(2i + z(1 + W))3’

where p is some (explicitly computable) polynomial, sothe Taylor error term satisbpes

3 h&&
Dvw(2)| " |Z—| | v,w&(z)l <

3! 21 v vi=wi=1 WS V|

cz|®.

This proves the quadratic approximation of the angular shift for |z| " Y3, and the other
two estimatesof (34)follow easily.
For the case|z| > ¥/3,v = $ 1 we usethe fact that [Arg(1 + x)| " $|x| to conclude that

z(w$ 9

|aSh(T,V,W)| " 4% m

‘ = 4$|z(w$ 9| " 433" ' 2w $ 9|

for any d % 1. Using |z| > Y3 we getthat the main terms on the right-hand side of (34) may
also be bounded by cqjw $ v||z|* and from this we get upper bounds of (35)aswell. O

A.2 Oscillatory sums

Recallfrom the dePnition (49)that ), is a unit complex number with arapidly oscillating
angle. Lemma 37 below will show that this oscillation hasan averaging effectin sums. In
order to prove that we Prst need the following harmonic analysis lemma.

Lemma 36. Suppos¢hat2$ > 6, > 6,> ... > 6, > Oandlets) = 32)_, §. Then

)
iISj | v |1 1
ﬂ?’é';é" o6, + (2$% 6)' V).
Proof. We brst consider the casewhen 6, " $. Using second order interpolation we can
construct a dif ferentiable function s(x) on [1, m] with s(-) = sy for 1" - " m for which
the derivative sx) is monotone decreasingderivative with $$" s{x)" $6,/2.

Our proof is basedon the following lemmas of van der Corput (seeHille (1929)for the
prst and Stein (1993),Chapter VIII, Proposition 2 for the second):
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(i) If s(x) hasa monotone derivative with |s¥x)| " $ for x # [a,l] (with a,b# Z) then
the differenceof 3)_,€*®) and [, € *®)dx is at most 3.

(i) If s{x) is monotone and |s{x)| > pon aninterval [a,b] then |f:eis(x)dx| " 3p L

Sincefor our function $ > |s{x)| > 6./ 2for x # [1, m] we may apply theselemmas to get
the bound |Zj):1 esi|" c6l.
Consider now the case2$ > 6, > $. Let -® be the largestindex with 6s > $, then

)

YepYa]r [Seniyall«| X ewi 3 all ao

j=1 u=1 j=1 u=1 j=)%+1 u=)%$+1

The second sum can be bounded by c6.! using the Prst half of our proof. To bound the
Prst sum, note that

i i
Sew[idall=|Derid Al &=2:386..
j=1 u=1 j=1 u=1
and for - " -%®we have
$>26%6s%6,>6>...>6%2$%$6 >0
Thus the brst half of the proof can be applied again to get the bound ¢(2$ $ 6,)' . N

The following lemma describesthe averaging effects of the oscillating unit complex
numbers ),.

Lemma 37. Letg) # Cfor- # Nand-;, < -; " n,. Then

)1 )1l 1
IRe) )| " c(ni’zk!l V2 4 1) 9, +¢> (ni’zk! vz 1) 91 $ gl
)=)o )=)o
)l 1

)1
| Rezg)),?} " C<n11/zk!1 Vo n!lllzk(l)/2> 19| + CZ (ni’zk! Vo | n!lllzk(1)/2> 9.6 g
)=)o )=)o

(Weusedtheshorthandedhotationk = ng$ -, k; = ng$ -y andkg = ng $ -g.)
Proof. For d = 1,2 we introduce Fq; = ij:)o )4 with Fqyo 1 = 0. By partial summation

)1l 1

)1
> g)i = Fay 9+ > Faj(g $ g)- (105)

=)o i=)o
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From (45) we get the estimates

Arg/y " ny k"

, and $/2% Arg/," n/°k' "’
Together with (49) this meansthat we canuse Lemma 36to get

F1)

n C<n]i/2k|1 Y2 + 1) |F2’)| n C<ni/2k|1 12 + n|11/2ké/2> )

This with (105)implies the lemma. ]

A.3 A limit theorem for random difference equations

Proofof Proposition22. Let . 4. denote supremum norm on [0, T]. For a two-parameter
function f and x # R let | denote the integral | ¢ x(t) = fotf(s,x) ds. We recycle this
notation for afunction X : [0, T] & Rto write | ¢ x (t) = f;f (s, X (9)) ds.

The proof of this proposition is basedon Theorem 7.4.10f Ethier and Kurtz (1986),as
well asCorollary 7.4.2and its proof. (Seealso Stroock and Varadhan (1997).)It statesthat
if the limiting SDE has unique distribution (i.e. the martingale problem is well posed)
and also

D pxn$ 1 oxn.s $& 0, (106)
D oaxn$laxn.s $& O

for every (> 0 sup/1(|y$ x| % ()p)'(x, dy) $& O, (207)
X,)

then X" =% X . The theorem there only deals with the caseof time-independent coefp-
cients, but adding time asan extra coordinate extends the results to the general case.

Becauseof our assumptions on a and bthe well-posedness of the martingale problem
follows from Theorem 5.3.7 of Ethier and Kurtz (1986)(seeespecially the remarks follow-
ing the proof), and even pathwise unigueness holds. Condititon (107)follows from the
uniform thir d absolute moment bounds (68) and MarkovOsinequality . Thus we only need
to show (106) as well asthe analogous statement for a, for which the proof is identical.
We do this by bounding the successiveuniform-norm distancesbetween

I b, X", | b XMLy | b, XML, | b,X",

where X" = X2, ,with K = 7n/L 8 and X" (t) = X[

*nt+*
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If afunction f takescountably many values f;, then for any h we have

A hf-# " E A hfi-#
i

SinceX "t takesat most L values, we have
A B X n L $1 bXnL.# = A bl bX L. # " LSUp.l ! bx-# — LO(].)
X

by (69)where o(1) is uniform in L and referston & ' . For the other terms from (67) we
have

Jpxnt $lpxne " T.B@EX™(@Q)$B@X"Q).«
" CeT. XS XM, + 01)

The sameholds with breplacing b,. It now sufpcesto show that
E. X" $ X", = Esup|X{" $ XJ'|" f(L) (108)
)

uniformly in nwheref (L) & OasL & ' . Theleft-hand side of (108)is bounded by
1 )1 1 )
Esup|X'$ = > b(X)$ X[+ Esupl= > b(X))|
) N K ) MK
and the secondquantity is bounded by T sup, [0'(x)|/L . The Prstquantity canbe written

asEM ® where
M1

> B (Xik ).

k=0
Note that for eachi, M;, is a martingale. For any martingale with M, = O we have

1

M®= max M3 MF = max 1|Mi,)|, Miy = Xik H $ Xik $ -

i=0,..L!1 )=

312 )
Er|11(ax|Mk|3 " CE) E E[(M$ My )% F 4]l " cns’QrIHaxE[le$ M 1[3|F i 1]
n n
k(' n

The brst step is the Burkholder -Davis-Gundy inequality (seeKallenberg (2002))and the
secondstep follows from JensenOsequality . Therefore (68) implies

E[lMi$|3|FiL] " C(n/L )3/2n! Y2 — CL! 3/2’

which gives the desired conclusion

L1

(EM®)*" BM®*" EY (MH*" cL'

i=0

Letting Prstn & ' andthenL & ' gives (108)and (106). ]
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