GENERALIZATIONS OF DOUADY’S MAGIC FORMULA
ADAM EPSTEIN AND GIULIO TIOZZO

ABSTRACT. We generalize a combinatorial formula of Douady from the main car-
dioid to other hyperbolic components H of the Mandelbrot set, constructing an
explicit piecewise linear map which sends the set of angles of external rays landing
on H to the set of angles of external rays landing on the real axis.

In the study of the dynamics of the quadratic family f.(z) := 2> + ¢, ¢ € C, a
central object of interest is the Mandelbrot set

M:={ceC : (f(0)),0 is bounded}.

Cc

The Mandelbrot set contains two notable smooth curves: namely, the intersection
with the real axis MNR = [—2,1/4], and the main cardioid of M, which is the set of
parameters ¢ for which f, has an attracting or indifferent fixed point in ¢ (of course,
this is smooth except at the cusp ¢ = 1/4).

Let R denote the set of angles of external rays landing on the real axis, and = the
set of angles of external rays landing on the main cardioid. The following “magic
formula” is due to Douady (for a proof see [Bl]):

Theorem 1 (Douady). The map

sends = into R.

In this note, we prove the following generalization of Theorem [I|to other hyperbolic
components. Let D(6) := 20 mod 1 denote the doubling map.

Theorem 2. Let H be a hyperbolic component which belongs to a vein V' of the
Mandelbrot set, not in the 1/2-limb. Let Ay, By be the binary expansions of the root
of H, and let oy be the complezity of V. Then the map

®y(0) == D (ByAyg - 6)

sends the set of external angles of rays landing on the upper part of H into the set R
of angles of rays landing on the real axis.

To illustrate such a formula, let us consider the “kokopelli” component of period
4, which has root of angles ¢; = 3/15 = .0011, 0, = 4/15 = .0100, thus Ay = 0011,
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Far:

F1GURE 1. The magic formula for the kokopelli component. The angle
¢ = 1/5 which lands at the root of its component is sent to ®y(0) =
21/40 which lands on the real axis.

By = 0100. This component lies on the principal vein with tip § = 1/4, hence its
complexity is 0y = 1. Thus,
67 0
dy(0) =1 11-0=— 4+ —.
1 (6) := 10000 95+ 128
Let us note that if H is the main cardioid, then ¢,y = 0, Ay = 0, By = 1, hence
we recover Douady’s original formula from Theorem [}

Remarks. Note that the map @y is very far from being surjective: indeed, the set
of angles of rays landing on a hyperbolic component has Hausdorff dimension zero,
while the set R has dimension 1.

During the preparation of this paper we have been informed of the generalization
of Douady’s formula by Blé and Cabrera [BC|]. Let us remark that our formula is
quite different, as the one in [BC] does not map into the real axis but rather into the
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F1GURE 2. The graph of the function ¥(x) discussed in Remark
The red dots correspond to points on the graph of Douady’s magic
formula function T = ¢y for the main cardioid, the (thick) blue dots
to the image of ¢y for the rabbit component, and the green dots to the
kokopelli component.

tuned copies of the real axis inside small Mandelbrot sets. In fact, we will describe
their formula and how it relates to ours in Section [L.2

Acknowledgements. We thank S. Koch and C. T. McMullen for useful conversa-
tions. G.T. is partially supported by NSERC and the Alfred P. Sloan Foundation.

1. COMBINATORICS OF EXTERNAL RAYS

1.1. Real rays and the original formula. Consider the Riemann map @, :
C \ D — C\ M, which is unique if we normalize it so that ®,(c0) = 0o, ¥/, (c0) = 1.
For each 6 € R/Z, we define the external ray of angle 6 as

Ry (0) == {®as(re*™®) : r > 1}

The ray Rys(0) lands if there exists () := lim,_,1+ @ (re?™). Tt is conjectured that
the ray Rj/(0) lands for any 6 € R/Z; to circumvent this issue, we define as R (6)

the impression of Ry (6), and the set of real angles as
R:={0 € R/Z : Ry(d)NR #0}.

Conjecturally, this is exactly the set of angles for which the corresponding ray lands
on the real axis. For further details, see e.g. [Za].
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The following lemma gives a characterization of R in terms of the dynamics of the
doubling map.

Lemma 3 ([Dao]). The set of real angles equals
R:={0ecR/Z : |D"(0)—1/2|>|0—1/2| VneN}.

Proof of Theorem [1 By symmetry, we can assume 0 < 6 < % Since the external ray
of angle # lands on the main cardioid, then the forward orbit P := (D"(0))nen of
the angle 6 does not intersect the half-circle I = (£ + 1, %) (the one which contains
0) (see [BS]). The preimage of I by the doubling map is the union of two intervals
(2,9 u (4 -4 1+%. In particular, the forward orbit of § does not intersect

2 W 4
J=(3—%1+1%) Thus, if we look at the orbit of §' = T'(f), we have 20' = & ¢ J
and D"(0') € P for any n > 2, hence the forward orbit of # does not intersect J,
hence ' is a real angle by Lemma 3] O

Remark 4. By Lemma , one recognizes that a way to map any angle 6 € R/Z to
the set of real angles is to consider the function

U(z) = % + inf | D*(z) — 1' :

k>0 2

which indeed satisfies W(R/Z) C R. As you can see from Figure , this function is
discontinuous, while its graph “contains” the graphs of all the magic formula functions
wg given by Theorem [2 (which are indeed continuous) for all components H.

1.2. Tuning and the Blé-Cabrera magic formula. Given any hyperbolic com-
ponent H in the Mandelbrot set, let us recall that there is a tuning map which sends
the main cardioid to the hyperbolic component H, and the Mandelbrot set to a small
copy of itself which contains H.

In order to define the map precisely, let ag = .ay...ar < by = .by...b; denote
the two external angles of rays landing at the root of H, and denote Ay = a;...ax
and By = b;...b; the two corresponding finite binary words. Moreover, denote
ay =.ay...a;by ...y and by = by .. bray ... ag.

The tuning map Ty on the set of external angles is now defined as follows. If
0 = .€1€5 ... is the binary expansion of 6, then the angle Ty () has binary expansion

Ty(0) = AL A, ...

where Ay = Ay, A1 = By. Then, the set =y := Ty (=) is the set of rays landing on
the boundary of H.

If 8 € T = R/Z has infinite binary expansion (i.e. it is not a dyadic number) and
S = 81...8, is a finite word on the alphabet {0,1}, we denote by S - € the element
of T

S-0:=) s27F 4270
k=1
i.e. the point whose binary expansion is the concatenation of S and the binary
expansion of . Recall that tuning behaves well with respect to concatenation, namely
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for any S, H and 6 we have
Tu(S-0)=Tu(S) Tu(0).

We define the small real vein associated to H, and denote it as Ry, to be the real
vein of the small Mandelbrot set associated toAH . Let us denote as Ry the set of
external angles of rays landing on Ry, and as Ry the set of external angles of rays

whose impression intersects Ry. Clearly, Ry, = R if Hj is the main cardioid, and
Ru, =R.

Proposition 5 (Blé-Cabrera [BC]). The map Ty := Ty oT o T, maps Zg into the

small real vein Ry. Moreover, this map (restricted to Zg ) is piecewise affine: in fact,
it can be written in terms of binary expansions as

Tu(0) = ByAy -0
if 0 € (ag,ay), and

Tu(0) = AyBy -0
if 0 € (bly, by).

Proof. By construction, the tuning map Ty : 2\ {0} — Zg \ {ay, by} is a bijection,
so the first statement follows by looking at the diagram:

Moreover, since T'(#) = 10 - 0 for § < 1/2 and tuning behaves nicely with respect to
concatenation, we have

Ty (0) = Ty (10 - T;1(0)) = Ty (10) - 0

which proves the second claim. O

1.3. Veins, pseudocenters and complexity. Given a dyadic number § € S' =
R/Z, we define its complezity as

10]] ;== min{k >0 : D*() =0 mod 1}.

Of course, if § = & with p odd, then ||| = ¢. Given an interval (6,60%) with
0~ < 0, we define its pseudocenter 0y to be the dyadic rational of lowest complexity

inside the interval (6—,07).

A pair of elements (6~,607) in T is a ray pair if the two external rays of angle #~ and
6" combinatorially land at the same parameter on the boundary of the Mandelbrot
set. To be precise, one starts by defining a relation on Q/Z by setting that 6, ~g 602
if Ry(6h) and Rps(62) land at the same point. Then, one takes the transitive closure
of this relation and finally its topological closure to define an equivalent relation ~ on
R/Z. As constructed by Thurston [Th|, there is a lamination Q)M L on the unit disk
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such that its induced equivalent relation is precisely ~. If MLC holds, then #; ~ 6,
if and only it Ry/(01) and Rps(62) land on the same point.

Ray pairs are partially ordered: in fact, we say (07,607) < (05 ,605) if the leaf
(07, 07) separates (05 ,65) from 0. Let us denote as N(6) the number of ends of the
Hubbard tree associated to the angle 6. Recall that if 6; < 6,, then N(6,) < N(62).

A dyadic number 6, defines a combinatorial vein in the Mandelbrot set as follows.

Definition 6. Given a dyadic rational number 8y, we define the combinatorial vein
of Oy as the set of ray pairs (01, 60y) such that:

(1) Oy is the pseudocenter of (01, 6s);
(2) N(6o) = N(61).

For instance, if 6y = %, then the vein extends all the way to (%, %), since N(%) =3,

and one can check easily that N(2) = 3 (the “rabbit”). On the other hand, if 6y = 2,

then the vein extends up to (5%, 55;). Indeed, N(3) = 5, and N(0) = 3if 0 € (3, 2.
Definition 7. The complexity of a vein V with pseudocenter 8y is given by
dy = ||6o]| — 1.

The complexity &y equals:

e the smallest k such that D¥(6) = 1/2;

e the smallest & such that D*(6~) and D*(#T) lie on opposite connected com-
ponents of the set T \ {0,1/2};

e the smallest & such that f*(c) lies on the spine [—3, 8] of the Julia set of f.
for ¢ which belongs to the vein.

Clearly, oy = 0 if and only if V' is the real vein. Given a vein V' in the upper half
plane (i.e. with 6y < 1/2), its lower side is the set of angles 61 for which there exists
6~ < 07 such that (0~,0") belongs to the vein.

Proposition 8. Let V' be a vein in the upper half plane, and oy be its complezity.
Then for each ray pair (—,07) which belongs to V' we have

DY (6T) CR.
In order to prove the proposition, we need the following

Lemma 9. Let (07,07) be a ray pair, and 0y be its pseudocenter, with 6y < 1/3 (i.e.
the hyperbolic component lies in the upper half plane, and not in the 1/2 limb). Then
we have

9+—60<90—9_.

Proof. Recall that, for each rational %’ with p, g coprime, there exists a unique set
Cyp/q of q points on T such that the doubling map acts on C,/, with rotation number
p/q, i.e. D(z;) = x;4,, where the indices are considered modulo g. We know that the
set Cp/q is precisely the set of external rays which land on the « fixed point for f.,
when ¢ belongs to the p/g¢-limb. Let us call sectors the ¢ connected components of
T\ C,/q- In particular, we call critical sector S; the smallest sector, and central sector
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Sp the largest sector. We say an interval I C T is embedded if it is entirely contained
within one sector. Let us consider the interval Iy = [6~,0"], which is embedded by
construction.

Let & > 0 be the smallest integer such that I, := D*"(I) is not embedded
(it must exist, since D doubles lengths, and the length of an embedded interval is
bounded above by a constant ¢ < 1). Note that the doubling map is a homeomorphism
between each non-central sector and its image, so I, must be contained in the central
sector. R

Let us now consider the set C),/, = C,/q + 1/2, which is a subset of the central
sector and equals the set of external rays which land on —«, the preimage ofA the
a fixed point. Thus, let us call subsectors the connected components of Sy \ Cp/q-
In particular, exactly two subsectors S~ and ST map to the critical sector S;; let
us call them central subsectors. Since the rays D*(0~) and D*(6*) land together,
then either they are both contained in the same subsector, or one is contained in one
central subsector and the other one in the other. If they are contained in the same
subsector, then the whole [ is contained in the same subsector, hence its image ;1
is still embedded, contradicting the definition of k. Thus, the two endpoints of I
are contained in two distinct central subsectors. Since Ij, is embedded, then it must
contain 0; moreover, since 0 is the dyadic of lowest possible complexity, this means
that D*(fy) = 0. Now, by construction the images D*™1(6~) and D*T1(6*) lie in
the critical sector S;, which is contained inside the arc [0,1/2] since the hyperbolic
component lies in the upper half plane. This means that

(([0, DFH(07)]) < 1/2 < (([D*1(07), 0])

(where ¢ denotes the length of the intervals) and, since D*! is a homeomorphism
when restricted to [0y, 07] and to [07, 6],

2"10([00,01]) = £(D*[o,67]) = €([0, D*(97)]) < 1/2
and similarly
2([07,00]) = €(D*H1[07, 60]) = £([D*F1(67),0]) > 1/2
hence by comparing the previous two equations
(([60, 6™]) < ([0, 00])

which proves the claim. O

1.4. Combinatorial Hubbard trees. Recall that every angle § € T has an associ-
ated lamination on the disc which is invariant by the doubling map (see [Th]). The
(two) longest leaves of the lamination are called major leaves, and their common im-
age is called minor leaf and will be denoted by m. Moreover, we let 3 denote the leaf
{0}, which we will take as the root of the lamination (the notation is due to the fact
that the ray at angle 0 lands at the [S-fixed point). The dynamics on the lamination
is induced by the dynamics of the doubling map on the boundary circle. In particu-
lar, let us denote f : D — D to be a continuous function on the filled-in disc which
extends the doubling map on the boundary S!. Let us denote by A the diameter of
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the circle which connects the boundary points at angles 6/2 and (6 + 1)/2. Then we
shall also choose f so that it maps homeomorphically each connected component of
D\ A onto D.

Let £, and L5 be two distinct leaves. Then we define the combinatorial segment
(L1, L5] as the set of leaves L of the lamination which separate £; and L,. Some
simple properties of combinatorial segments are the following;:

(a) if L e [ﬁl,ﬁg], then [ﬁ,ﬁl] - [/:1,/:,2];
(b) for any choice of leaves L1, Lo, L3 we have [L1, Lo] C [L3, L£1] U [L3, Ls];
(c) the image of [L4, Ls] equals:

L0 0] — [f(L1), f(Lo)] if A does not separate £; and Lo,
P, £]) = [f(L1),m]U[f(Ly),m] if A separates £1 and L.

(d) in any case, for any leaves L£;, £; we have

[f(£1), F(£2)] € F([£r, La]) € [f(£1), m] U [f(L2), m].
Finally, we shall say that a set S of leaves is combinatorially convex if whenever £,
and L, belong to S, then the whole set [£, L5] is contained in S.
We now define

H, = [ 8, fi(m)]

0<i<n

H::UHR.

neN
We call the set H the combinatorial Hubbard tree of f, as it is a combinatorial
version of the (extended) Hubbard tree.

and

Lemma 10. The combinatorial Hubbard tree H has the following properties.

(1) The set H is the smallest combinatorially convex set of leaves which contains
B, m and is forward invariant.
(2) Let N >0 be an integer such that fN*1(m) € Hy. Then we have H = Hy.

Note that N 4+ 2 coincides with the number of ends of the extended Hubbard tree.

Proof. (1) Let us check that H is combinatorially convex. Suppose L, Lo belong to
H, so that say £; € [8, f{(m)] and Ly € [3, f?(m)]. Then
(L1, L2] C [L4, Bl U[B, La] C [f'(m), BIU[B, f/(m)] € H

as required. In order to check that H is forward invariant, note that by point (d) and
using that f(3) = f yields the inclusion

(1) F(B, F1(m)]) C Lf(B),m] U [m, fHH(m)] C [B,m] U[B, f(m)]
and the right-hand side is contained in H by construction, so f(H) C H.

In order to check the minimality, let S be a combinatorially convex, forward in-
variant set of leaves which contains $ and m. Then by convexity S contains [3,m].
Moreover, by forward invariance for any ¢« > 0 we have

S 2 f([8,m]) 2 [f'(B), f'(m)] = [B, f'(m)]
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thus S O H.

(2) Note that by construction Hy C H, and the same proof as in (1) shows that
Hy is combinatorially convex. In order to prove the claim it is thus enough to check
that Hy is forward invariant, because then by minimality we get Hy 2 H and the
claim is proven. To prove forward invariance, note that

Y = | FB.Fim)) € Hy U8, ¥4 (m)]

0<i<N
and since fN*1(m) € Hy then [, f¥*1(m)] C Hy, proving the claim. O

Lemma 11. Let my < msg, and Hy, Hy be the corresponding combinatorial Hubbard
trees. Then

H, C H,.
As a corollary,

#Ends(T)) < #Ends(Ty).

Proof. By definition, m; < ms means that m; € [3,ms]. Thus, m; € Hs and since
H, is forward invariant we have f%(m;) € H, for any 7 > 0. Since also € H, and
H, is combinatorially convex, then [3, f'(m)] C Hy for any ¢ > 0, thus H; C Ho
as required. For the corollary, note that since the trees are dual to the laminations,
Ty C T5, and in general a connected subtree of a tree cannot have more ends than
the ambient tree. ([l

Lemma 12. Let (§,07) be a ray pair, and 0y its pseudocenter, with ||6q|| = q. Then
#Ends(Ty+) = #Ends(Ty,)
if and only if the arcs I = (D*(07), D*(6%)) for k=0,...,q — 1 are disjoint.

Proof. Note that the forward orbit of #y has cardinality ¢ + 1, and since its minor
leaf is a point (and so are all its forward iterates), the number of ends of T, is also
q+ 1. Now, consider the minor leaf m = (0, 07%) and its forward iterates. Note that
by Lemma [13| the arc I for £ < ¢ — 1 never contains 0. Thus, the intervals I; and I},
are disjoint if and only if neither f7(m) € [3, f*(m)] nor f¥(m) € [B, f(m)]. Now,
if all the intervals are disjoint, then f*(m) ¢ [B, fi(m)] for any 0 < i < k < q — 1,
hence the number of ends of Ty+ is at least ¢ + 1, which implies it is exactly ¢ + 1
since by the previous Lemma it cannot exceed the number of ends of Tp,. Vice versa,
if 0 <i<k<gqg—1and f*(m) ¢ [B, fi(m)], then either I} is disjoint from I;, or
fi(m) € [B, f¥(m)]. This however is impossible, as it implies I, C I; with i < k.
Indeed, let us denote as z, and x; the pseudocenters of, respectively, I, and I;. As
the complexity of the pseudocenter decreases precisely by 1 under iteration, since
i < k one has ||z;|| > ||x1]|. However, since I C I, then z; € I;, hence by definition
of pseudocenter ||zx|| > ||z;||, contradicting the previous statement. O

Lemma 13. Let [, 8] be an embedded arc in S* which does not contain 0, and 0y its
pseudocenter, with ¢ = ||6g||. Then for all 0 < k < q — 1, the arc [D*(«), D*(3)] is
embedded and does not contain 0.
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Proof. We claim that there exists a minimal k such that [D*(«), D*(3)] contains 1/2,
and moreover all arcs [D"(a), D"(8)] for 0 < h < k are embedded. Indeed, the
map D doubles lengths of arcs of length less than 1/2, hence eventually the length
of one of its images is more than 1/2. Let k£ be minimal such that the length of
J = [D*(a), D*(B)] is at least 1/2. Note that all previous iterates are embedded arcs,
moreover J must contain either 0 or 1/2. However, by minimality of k, since the
preimages of 0 are 0 and 1/2 and the initial arc does not contain 0, J must contain
1/2. Since J contains 1/2 and does not contain 0, then its pseudocenter is 1/2, and
since J = D*([a, 8]) one has D¥(,) = 1/2, hence k = q — 1, which completes the
proof of the claim. O

Proof of Proposition[§ Let k = dy, and let 6~ <A0Jr be the two endpoints of the
leaf. We need to show that D¥(6%) belongs to R. Let us set Iy := (§~,67) and
I, := D"(Iy). Since the component belongs to V, we have by Lemma [12| that the
intervals [, for 0 < h < k 4 1 are pairwise disjoint. Moreover, by definition of
dy the interval Ij, contains 1/2. Now if one looks at the lamination it follows that
f¥*(m) € Hy, so we are in the hypothesis of Lemma . Thus, all higher iterates
fi(m) for i > k + 1 belong to Hj. This means that the leaf f*(m) separates the
point {1/2} from all postcritical leaves f*(m) with ¢ > 0. Thus, if we consider the
orbit {D*(6"),7 > 0}, we have that no iterate lies in the interior of I}, and points
in complement of I, are by Lemma [9] at least at distance |D*(6%) — 1/2| from 1/2,
hence the element in the orbit closest to 1/2 is D*(6%), so D¥(6+) belongs to R, as
required. 0]

2. RENORMALIZATION AND LANDING

We proved that any element in the image of ®5 combinatorially lands on the real
axis. To complete the proof of the main theorem, we need to show it actually lands. In
order to do so, we will prove that it is not renormalizable, hence it lands by Yoccoz’s
theorem.

Proposition 14. Let H be a hyperbolic component which does not lie in the 1/2-
limb, and let 0 € R/Z be an irrational angle of an external ray which lands on the
boundary of H. Then the external ray at angle ®y(0) is not renormalizable, hence
the corresponding ray lands.

The proof uses the concept of maximally diverse sequence from [Sh|, which we
discuss in the following section.

2.1. Maximally diverse sequences.
Definition 15. A sequence (s,) € {0,1} is maximally diverse if the subsequences

(3i+np)neN

withp>1,0<i<p—1 are all distinct.
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Lemma 16. A sequence (s,) is mazimally diverse if and only if the subsequences

(5i+np)n€N
with p > 1,1 > 0 are all distinct.

Proof. Suppose that the two subsequences (;1np)nen and (Sj1nq)nen With p, ¢ > 1 and
i,7 > 0 are equal. Then for any k£ > 1 we also have that (S;1npk)nen and (Sj1ngk)nen
are equal. Now, we can choose k large enough so that ¢ < pk and j < ¢k; then s is
not maximally diverse by definition. U

Corollary 17. If s is mazimally diverse, then for anyi > 0 and p > 1 the subsequence

(Sitnp)nen
1s mazximally diverse.

Lemma 18. Let s € {0,1}" and s’ = o(s) its shift, i.e. (') = Sni1 for anyn. Then
s is maximally diverse if and only if ' is mazximally diverse.

Proof. If s is not maximally diverse, then there exist 7,7 > 0 and p,q > 1 such that
Sitnp = Sjtng fOr alln > 0. Hence, also S;4pynp = Sjtqing for allm > 0. Since t+p > 1
and j + ¢ > 1, this also implies si,, 1., = S5, 11,, for all n > 0, hence s’ is not
maximally diverse. Vice versa, if s’ is not maximally diverse then there exist i,j > 0

and p,q > 1 such that s}, = s, for all n > 0, which implies s;114np = Sjt11ng
for all n > 0, hence s is not maximally diverse by the previous Lemma. U

Recall an infinite sequence (¢,) is Sturmian if there exists a € (0,1)\ Q, € R
such that

en=|(n+1a+ 8] — |na+ 3] — 5]
for all n > 0.

Theorem 19 (Shallit [Sh]). Sturmian sequences are mazimally diverse.

2.2. Proof of Proposition Let 6 be an external angle of a ray landing on the
boundary of the hyperbolic component H, of period p. If € is irrational, then 6 is
the tuning of an irrational angle n of a ray landing on the main cardioid. Thus, the
binary expansion of 6 is

0 := 55,5, - --

where (Sp,S1) are the binary expansions of the two rays landing at the root of H,
and (€,) is the binary expansion of the angle of a ray landing on the main cardioid.
Thus, by [BS] the sequence (¢,) is a Sturmian sequence, hence by Theorem [19]it is a
maximally diverse sequence.

Hence, for any a = 0,...,p—1 we have that either (6n1np)nen is maximally diverse
(if (So)a # (S1)a) or is constant (if (Sp)a = (S1)a). Thus, if we consider the image
o = ®y(0) we have by Lemma [18| that either (044np)nen is maximally diverse or is
eventually constant.

Note that since H does not intersect the real axis, then either (Sp); = (S1)1 =0
(if H lies in the upper half plane) or (Sp); = (S1)1 = 1 (if H lies in the lower half
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plane). In both cases, the subsequence (61.np)nen is eventually constant. Thus, there
exists 7 > 1 such that the subsequence

(Gjtnp)nen
is eventually constant.

Let us now suppose by contradiction that the angle o is renormalizable. This
implies that there exist two words Zy, Z; with |Zy| = |Z1| = g such that o € {Z, Z}V.
Since by construction the angle o is real, the only possibility is that (Z1); = 1—(Zp);
foranyt=1,...,q.

Case 1. Let us first assume that p is not a multiple of q.
Then let | := lem(p, ¢), and consider all remainder classes modulo .

Definition 20. Let us define two remainder classes o, &' modulo p to be q-equivalent
if there exists m € {0,...,é — 1} and 8,8 € {0,...,q — 1} such that « = qm + 3
mod p and o/ = gm + 3 mod p.

Lemma 21. Let p,q > 1 be two integers, with p not a multiple of q. Now, suppose
that a set A C {0,...,p — 1} is not empty and has the following property: if a € A
and o/ € A is g-equivalent to o, then o/ € A. Then A={0,...,p—1}.

Proof. 1f p < ¢, the claim is almost trivial: indeed, the set {0,...,¢ — 1} projects to
all possible classes modulo p. Let us suppose now p > ¢, and let k := LgJ. Then
each interval A, := [gm,qgm + g — 1] with 0 < m < k lies in some equivalence class.
Moreover, if we choose j € {0,...,p — 1} such that j = (k + 1)¢ mod p, then also
each interval By, := [gm + j,qm + j + q — 1] with 0 < m < k lies in some equivalence
class. Then, note that B, intersects both A,, and A,,.1, hence all remainder classes
must belong to the same equivalence class. ([l

Now, let us pick o € {0,...,p — 1} such that (0,4np) is eventually constant. Find
vin {0,...,l—1} such that v = @ mod p, and let g € {0,...,qg—1} such that 5 =~
mod ¢. Then one can write v = 8 + mq with 0 < m < é - 1.

Suppose that one has

with ¢; € {0,1}.

If for some a € {0,...,p — 1} the sequence (0qinp)nen is eventually constant
(e.c.), so is its subsequence (0 ini)nen, Which coincides with ((Zc,, .., )g)nen. Since
(Zo)g # (Z1)p, this implies (€mqni/q)nen is also eventually constant. On the other
hand, if (04-np)nen is not eventually constant, then it is maximally diverse, hence by
Lemma [17)50 i (0yni)nen, hence also (€m4ni/q)nen is not eventually constant.

Let us now consider another o € {0,...,p — 1} which is g-equivalent to «. Then
by the above discussion

<0a+np)n€N e.c. < (€m+nl/q)n€N e.c. < (Ua’+np)n€N €.C.

By Lemma , since we know that there exists at least some a for which (04 np)nen
is e.c., then each sequence (0o 4np)nen is e.c. for any o’ € {0,...,p — 1}, hence o is
also eventually periodic, thus the angle # cannot be irrational.
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Case 2. Finally, let us consider the case when p is a multiple of gq.
Then recall one can write

0= PSSy = Z

70

A

o

where P is a finite word of some length & > 0.

Now, let us suppose that k is not a multiple of q. Note that since H is contained in
either the upper or the lower half plane, we have (Sy); = (S1)1; moreover, we claim
that (Sp), # (S1),: in fact, if one considers the external angles 6y = .S, and 6, = .57,
the number of periodic external rays of period which divides p and lie in the interval
(6o, 61) is even, since on each landing point exactly two rays land. Hence, in their
binary expansion the last digit of Sy must be opposite to the last digit of .S;.

Now, for each i > 0 there is some index j such that 7, overlaps with both S, and
Seirr- As the last part of Z; must coincide with the first part of S, ,, and since Sy and
Sy start with the same symbol, this forces Z, to be either Zy or Z;, independently
of 7. However, since the last symbols of Sy and S; are different, this means that S,
is also fixed, hence the sequence (¢;) must be eventually constant, which contradicts
the irrationality of 6.

Finally, if k£ is multiple of ¢, then Sy, and S; are finite concatenations of Zy, 71,
which means that 6 lies already in the small copy of the Mandelbrot set with roots
{Zy, Z1}. Since {Zy, Z1} represent a real pair, such a small copy of the Mandelbrot
set lies in the 1/2-limb, which contradicts the fact that H is outside such limb and
completes the proof of Proposition [14]

2.3. Proof of the magic formula.

Proof of Theorem[3. If 6 belongs to Zp, then by Proposition [5] the angle By Ay - 6
belongs to the upper part of the combinatorial vein V' on which H lies. Hence,
by Proposition the angle ®5(0) := D (ByApg - ) belongs to R. Finally, by
Proposition (14| the ray actually lands, hence @y () belongs to R, as claimed. 0

3. AN ALTERNATE FORMULA

We conclude with another possible generalization of Douady’s formula. This version
does not depend on the vein structure of M.

Proposition 22. Let H be any hyperbolic component, and Oy be the set of external
angles of rays landing on the small Mandelbrot set with root H (in particular, this set
contains the set of external angles landing on the boundary of H). Then there ezists
an affine map ¢y such that

Lemma 23. For each hyperbolic component H of period p > 1, one has
" 1 1
o3>
for all 8 € Oy, for alln > 0.
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Proof. Let ¥y = Apg and ¥; = By be the binary words which give the binary
expansion of the two angles landing at the root of H, and let p be the period of H,
which equals the length of both Yy and ;. By the construction of tuning operators,
any external angle 6 landing on the small Mandelbrot copy associated to H has binary
expansion of type

=2 .2, ..

where ¢; € {0,1} for all 7. Since H is not the main cardioid, then both ¥, and
Y1 contain both the symbol 0 and the symbol 1. As a consequence, any block of
consecutive equal digits in the binary expansion of 6 cannot have length larger than
2p — 2. However, all numbers in the interval U, = (% — 2%,,, % + 2%) have binary

expansion of type either

01...1 or 10...0

~—~— ——
2p—1 2p—1
hence none of the iterates D"™(6) can lie in the interval U,. U

Proof of Proposition[22 The map is given by
or(0) :=01...1-0
2p—1

In fact, by the above observation, oy (#) € U, = (3 — 55,3+ 55). On the other

hand, consider the other iterates D"(pg(0)) for n > 1. If721 <22p— 1, then D™(pg(0))
begins with 11 so it does not lie in U,. For n = 2p — 1, then D"(py(0)) =1 -6 also
does not belong to U,, as 6 cannot begin with 2p — 1 zeros by the above Lemma.
Finally, if n > 2p, then

D*(pn(0)) = D""(0) ¢ U,
again by the Lemma. In conclusion, since ¢ (#) belongs to U, and none of its forward

iterates does, then ¢ (0) is closer to 1/2 than all its iterates, hence ¢y () belongs to
R. O

REFERENCES

[Bl] G. BLE, External arguments and invariant measures for the quadratic family, Discrete Contin.
Dyn. Syst. 11 (2004), no. 2-3, 241-260.

[BC] G. BLE, C. CABRERA, A generalization of Douady’s formula, Discrete Contin. Dyn. Syst. 37
(2017), no. 12, 6183-6188.

[BS] S. BULLETT, P. SENTENAC, Ordered orbits of the shift, square roots, and the devil’s staircase,
Math. Proc. Cambridge Philos. Soc. 115 (1994), no. 3, 451-481.

[Do] A. DouADY, Topological entropy of unimodal maps: monotonicity for quadratic polynomials,
in Real and complex dynamical systems (Hillerod, 1993), NATO Adv. Sci. Inst. Ser. C Math.
Phys. Sci. 464, 65-87, Kluwer, Dordrecht, 1995.

[Sh] J. SHALLIT, Automaticity IV : sequences, sets, and diversity, Journal de Thorie des Nombres
de Bordeaux 8 (1996), no. 2, 347-367.

[Th] W. THURSTON, On the Geometry and Dynamics of Iterated Rational Maps, in D. Schleicher,
N. Selinger, editors, Complex dynamics, 3-137, A K Peters, Wellesley, MA, 2009.

[Za] S. ZAKERI, External Rays and the Real Slice of the Mandelbrot Set, Ergodic Theory Dynam.
Systems 23 (2003), 637-660.



	Remarks
	Acknowledgements
	1. Combinatorics of external rays
	1.1. Real rays and the original formula
	1.2. Tuning and the Blé-Cabrera magic formula
	1.3. Veins, pseudocenters and complexity
	1.4. Combinatorial Hubbard trees

	2. Renormalization and landing
	2.1. Maximally diverse sequences
	2.2. Proof of Proposition 14
	2.3. Proof of the magic formula

	3. An alternate formula
	References

