STATIONARY REFLECTION AND THE UNIVERSAL
BAIRE PROPERTY

STUART ZOBLE

ABSTRACT. In this note we show that w;-Universally Baire self-
justifying systems are fully Universally Baire under the Weak Sta-
tionary Reflection Principle for Pairs. This involves analyzing the
notion of a weakly captured set of reals, a weakening of the Uni-
versal Baire property.

INTRODUCTION

Woodin has shown that the Weak Stationary Reflection Principle for
Pairs W RP3)(w2) implies that if every subset of w; has a sharp then
every subset of wy has a sharp. He has shown more generally that under
W RP2)(w-), if PD holds after collapsing w; then it continues to hold
after collapsing ws (see 9.78 and 9.84 of [11]). Similar arguments appear
throughout [7] where stationary reflection is used to lift closure under
various operations from H(w;) to H(ws). In this note we attempt to
unify these arguments in terms of a weakening of the Universal Baire
Property. We say that a set of reals A is weakly captured at « if there
is a Col(w, k)-term A such that for sufficiently large 6, for a club of
countable H < H(#), and for a comeager set of g : w — ot(H N k),

m(A)g = AN Hlg],

where ot(HNk) is the order type of H Nk and 7y is the transitivization
map. This property is a consequence of A having the k-Universal Baire
Property and it is known not to be equivalent in general (see 3.2 below).
It is true however that if the condition ”comeager many ¢” is replaced
by ”all generic g” then an equivalent property is obtained. Our main
result is that under W RPyy) (), if a set of reals A is weakly captured
at wy then it is weakly captured at k. We show further that if A and
w“ \ A have semiscales whose prewellorderings are weakly captured at
wy then A is in fact k-Universally Baire. Thus, under MM for example,
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or if wy is generically supercompact (see [5]), self-justifying systems’
which are wi-Universally Baire are fully Universally Baire. Recently
the author has shown with Todorcevic that w;-Universally Baire sets
are Universally Baire under the Game Reflection Principle GRP™ (see
2.12 below). Todorcevic has shown however that under MM there is
a set of reals which is w;-Universally Baire but not fully Universally
Baire so that some additional hypothesis (such as capturing of scales)
is needed for the main theorem here. These and related results will
appear in [9].

1. DEFINITIONS AND PRELIMINARY REMARKS

We think of a real as an element of the Baire space w“ of infinite
sequences of integers, and for any set X we endow X“ with the product
topology, giving the set X the discrete topology. For an uncountable
set X we denote by [X]“ the set of countable subsets of X. [X]“* will
denote the set of subsets of X of size w;. C' C [X]“ is a club if it is co-
final (in the C ordering) and closed under countable increasing unions.
A set S C [X]“ is stationary if it has nonempty intersection with every

club. We will use the following facts about clubs and stationary sets
(see [1,2]).

Lemma 1.1. Let X C Y be uncountable, 60 a reqular cardinal, and
a€ H().
(1) {He[H®O))”|ac H=<H()} is club in [H(9)]”
(2) If S C [X]“ is stationary and ¢ : S — X satisfies (o) € o for
every o € S then 1 is constant on a stationary subset of [ X%
(3) If S C [Y]“ is then {oNX | o € S} is stationary in [X]“.
(4) If S C [X]“ is stationary then {oc € [Y]* | cNX € S} is
stationary in [Y]*
(5) If C C [X]¥ is club then there is a function f: X<Y — X such
that Cy = {o € [X]* | fle=¥] Co} CC.

For an uncountable cardinal x, the Weak Reflection Property for
Pairs at r, denoted W RP3) (), is defined as follows.

Definition 1.2. WRP4) () is the assertion that for any stationary
S, T C [k]¥ the set of X € [k]“ for which both SN [X]* and T N [X]¥
are stationary in [X]“ is cofinal in [k]*'.

In case kK = wy, we may assume that X € wy. Work of Baumgartner
shows that if k is weakly compact and G C Col(w, < k) is V-generic
then V[G] = WRP)(w2) (see [5] for a proof using game reflection).

Lclosed under complements and prewellorderings of scales
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W RP)(r) for higher x is a consequence of MM or the generic super-
compactness of wy (see [3,5]). Our reference for the Universal Baire
Property is [2].

Definition 1.3. A set A C w* is k-Universally Baire if f~!(A) has the
Baire property in k“ for any continuous function f : k“ — w®.

We extend this definition to subsets of (w*)"™ for any finite power
n using any recursive homeomorphism f : (w¥)" — w*, and let TY5
denote the pointclass of k-Universally Baire sets. A more useful for-
mulation is given in terms of absolutely complementing trees.

Theorem 1.4. (Feng, Magidor, Woodin [2]) A C w* belongs to TV
if and only if there are trees S, T C (w x A\)<¥ for some \ which project
to A, w*\ A respectively and which continue to project to complements
after collapsing k, that is

VIG] = plS] = w* \ plT]
whenever G C Col(w, k) is V-generic.

For a k-Universally Baire set A C w*, the condition of Theorem 1.4
implies that for # large enough and for club many countable elementary
submodels H < H(0)

pIS) = AN Hlg] = RY6\ p{7]

whenever g C Col(w,x N H) is H-generic. It is relatively easy to see
that an equivalent property is obtained if the trees are replaced by
Col(w, k) terms A, B with the property above. One can either observe
that the proof of Theorem 2.1 in [2] that continuous preimages of A
in k* have the Baire property goes through with trivial modification,
or one can build the trees directly. First let us fix some notation. We
think of a C'ol(w, k) term for a real as a set 7 C k=¥ X (w X w) satisfying
1) IFCol(wry T € w, and let T, denote the set of such terms. A name A
for a set of reals will be a set of pairs (p,7) with p € k< and 7 € T.
For such a name and a submodel H < H(6) we denote by A | H the
set {(p,TNH) | (p,7) € AN H}. Thus for g € (H N k)* we have

(Al H)y = 7TH(A)WH(g)
where 7y is the transitivization of H. We will typically work with the
uncollapsed version for ease of notation.

Definition 1.5. A set of reals A C R is captured at x if there is
name A € Vs guch that for sufficiently large 6 and for club many
H € [H(0)]“ and every H-generic g C Col(w,kN H),

(A | H), = AN H[g).
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If A is captured at x and B is defined as the set of (p,7) such that
7 is a term for a real and p IFcoywr) T ¢ A then clearly we have

0 IFoorwr A=R\ B
so that w* \ A is also captured at k.
Lemma 1.6. A C w* is captured at  if and only if A € TUB

Proof. Let f : H(8)<* — H(#) such that C; consists of submodels
witnessing that A, B are capturing terms for 4, B respectively, where B
is the complement of A. Let 1) : w — w<* be bijective with ran(y(i)) C
i for all i. Define S C w<* x H(0)<* x (k<¥)<¥ by (¢, h,p) € S if and
only if

(1) dom(t) = dom(h) = dom(p)

(2) n(0) = (p(0),7) € A

(3) Each p(i) € Col(w, k) with p(i) C p(i+1),and p; IF 7 [i=1t[i

(4) h(2i+1) = f(ho ((i))) and h(2i) = p(i)

(5) If h(z) C Col(w, k) is dense then p(7) € h(i).
Define T" analogously by changing clause (2) to read h(0) = (p(0),7) €
B. If x € p[S] as witnessed by (h,p) € H(A)* x s then H = h[u]
is an elementary submodel of H(6) which is in the club associated
to A, contains some (p(0),7) € A, g = {p(i) | i < w} is H-generic
for Col(w, k) below p(0), and t = (1 N H),. Thus t € A. Similarly
p[T] C B. To see that S and T are absolutely complementing, suppose
to the contrary that there are ¢ and 7 with

q -7 ¢ (p[S]Up[T]).
Then we can find a condition ¢* below ¢ and a term 7 such that
¢ lF7=71"and (¢*,7) € AUB. Say (¢*,7*) € A. Let G C Col(w, k)
be V-generic and let z = 7¢ = 75. In V]G] one easily defines the
branch witnessing x € p[T]. This completes the proof. O

2. WEAK CAPTURING
We now define the pointclass TV of sets weakly captured at x by
requiring only a comeager set of generics for each submodel.

Definition 2.1. Let IT'V¢ be the class of sets A C w* for which there
exist a term A € V@) such that for club many countable elementary
H < H(#) and for comeager many g € (H N k)%

(A1 H)y=AnNH[g].

If X is a set of ordinals then 'Y ¢ is defined in the same way.
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Note that T = TW¢ whenever X is a set of ordinals of size , and
that if A is weakly captured at  then so is w*\ A. Clearly TYZ C T'VC.
We first establish some basic facts about weakly captured sets.

Lemma 2.2. TW¢ C TVC for any infinite cardinals x and \ with
A < K.

Proof. Suppose A witness A € WO Let m: k<% — A< x k<% be a
dense embedding. We denote the collapse Col(w, ) x Col(w, k) term
corresponding to A under the forcing isomorphism generated by 7 as
7(A). We now define a by (p,7) € aif and only if p € Col(w, N), 7 € T},
and
(p,0) IF i() € m(A)

where i(7) = {(q,0,t) | (¢,t) € 7}. We claim that G witnesses A € ['}C.
Let H < H(#) be a submodel which is good for A and which contains
all relevant objects. Let C' be the comeager set of good Col(w,x N H)
generics. Thus 7[C] is comeager in (AN H)¥ x (kN H)¥ and for all
(9,h) € =[C]

AN Hg[h] = (7(A) | H)gn)-
Thus by a Kuratowski-Ulam argument there are comeager many g €
(AN H)* for which there are comeager many h € (kN H)* such that
(g,h) € w[C]. For any such g we have

(@] H)y=AnNHlg]
as desired. ]

Lemma 2.3. V¢ =TU5

Proof. Suppose f : w* — w* is continuous. Then there is a term 7 € T,
such that f(g) = 7, for every g € w”. It is easy to see that M defined
as the set of g € w* such that for some n

g fn ”_C'ol(w,w) T E A

is the open set witnessing that f~'(A) has the Baire Property. To see
this let H be a good submodel and C' the set of good H-generics. Then
HA)AM C w® \ C is meager. O

We now turn to the main theorem. Given 7 € T, and a set o we
denote by 7 [ o the term 7N (6=¥ X (w X w)). Note that 7 | o is
typically a Col(w, o) term for a real in the sense that this is true for
a club of o € [k]“. Henceforth we use the quantifier V* to mean for a
comeager set.
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Definition 2.4. For a set of reals A, a condition p € Col(w, k), and a
term for a real 7 € T); we denote by S2_ the set of o € [k]* such that
VigeopCg=(1]0), €A

Note that p C ¢ implies SA is almost (mod club) contained in SA
Before presenting our main theorem we mention one subtle point Wthh
will arise in the proof (see Theorem 3.2 of [2]).

Lemma 2.5. Given 7 € T, the interpretation map f. : k* — w*
defined by f;(g) = 7, is defined and continuous on a comeager set. If
A €TYB then f71(A) will have the Baire property in k*.

Proof. The domain D of f, is a comeager Gs in A\* and hence there
is a homeomorphism % : k¥ — D. Thus (f, o h)"!(A) has the Baire
Property in xk*. It follows that f-1'(A) has the Baire Property in D
and hence in k“. t

Theorem 2.6. T}V ¢ =TV under WRPy)(k) for any k > wy.

Proof. Fix A € FZXC and let B = w®” \ A. Define the terms A, B by

A={(p,7) | peColw,k), €Ty, S;!. contains a club }
and
B={(p,7) | pecCollw,k), €T, SP_ contains a club }.

We establish the following:
(1) (p,7) ¢ A= <p SP_ is stationary.
(2) ;. either contains or is disjoint from a club.
3) 1) ¢A=3<p(¢,T)EB
(4) pIFcoi(w) T € A implies (p,7) € A.
Toward (1) assume (p,7) ¢ A. Thus there is a stationary set S C [k]“
such that o € S implies
~(VgpCg=(rlo) €A
By Lemmas 2.2 and 2.3 there is for each o € S a condition ¢7 extending
p with ¢% C o such that
V'gq¢° Cg=(1]0), €B.

The point is that A € Y% as ¢ is countable, and the map g — (7 | o),
is continuous on a comeager set. By pressing down we may assume
that there is a condition ¢ such that ¢° = ¢ for any o € S. Thus S(fT
is stationary.
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To prove (2) assume to the contrary that SIfT and its compliment are
stationary. From (1) we get a ¢ extending p such that S;}T and SfT
are both stationary. Thus their stationarity reflects to some X € [k]*?
with ¢ € X. It is easy to see that

@ “_Col(w,X) T r X € w“’.

By assumption there are Col(w, X) terms a, b which witness that A €
'V Suppose without loss of generality that there exists r € X<“
such that ¢ C r and

T “_Col(w,X) (7' rX) € a.

Thus there is a countable H < H(f) containing X, r, T, a, b such that
Vige [ XNH (anNnH)y,=an Hlg]
Vige [ XNHYqgCg= (] (HNX)),€B
Vige[XNH]*rCqg= Hlgl = (T X), € )
Any H in the club associated to @ such that H N X € SB will work.
Taking g € [H N X]* which is H-generic for Col(w, X) below r and
which belongs to each of the three comeager sets above gives the desired
contradiction. .
Toward (3) assume that (p,7) ¢ A. By (1) there is ¢ extending p
such that SP_is stationary. By (2) S must contain a club, so that
(¢,7) € B by definition.
To prove (4) assume that p lFeewe) T € A but (p,7) ¢ A. Thus there
is ¢ < p such that (¢, 7) € B. Since ¢ also forces 7 € A, there is r
extending ¢ and 7 such that (r,7) € A and r IFCoi(wky T = 7. Passing
to a submodel H with H Nk € SB N SAf and an H generic below r in
the relevant comeager sets gives a contradlctlon We may now verify
that A witnesses A € ' Otherwise by a pressing down argument
there is for @ large enough a stationary set S of countable H < H(#)
and a pair (p,7) such that H € S implies p, 7 € H and

(*) V*ngg:>ﬂ((7'[H)QG(AHH)g@(T[H)QGA).
We consider two cases. If p lFcoywr) 7 € A then (x) we have
VigpCq= (T H)y ¢ A4,

yet by (3) we have (p,7) € A which gives a contradiction. Otherwise
there is ¢ extending p such that q lFcow ) 7 € A. By (2) then we have
7 extending ¢ such that (r,7) € B and by (x) we have

VgrCq= (1] H), €A,

giving a similar contradiction. 0
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In case the set in question is a function f C w¥ x w*, we will have
(by an extra argument), for club many H < H(f) and comeager many
g C Col(w, kN H) which are H-generic

f 1 Hlgl € H[g|.

We now turn our attention to the Universal Baire Property.

Definition 2.7. A semiscale on a set A C w* is a sequence (A,,) with
each A, C w¥ x w* a prewellordering of A such that the associated
norms (¢,,) satisfy the following condition. Suppose (z,,) is a sequence
in A and x € w* such that (x,,) converges to x and for each n the
sequence of ordinals (¢ () | m < w) is eventually constant. Then
x € A

If ¢ = (¢,) are the norms of such a semiscale then A is the projection
of the associated tree Ty = {(z [ n, (¢i(2))i<n) | n <w, x € A}.

Lemma 2.8. If A € TV and both A and w*”\ A have semiscales whose
prewellorderings belong to TWC. Then A € TUB.

Proof. Let B denote the compliment of A and let A witness that A€
I'"C (A,) be the semiscale on A with associated capturing terms (A,,).
It is straightforward to show that

0 1Fcoiwr) (A,) is a semiscale on A.

Thus there is a term 7" which is forced to be the tree of (4,). We claim
that there is a tree T4 € V such that

Q) H_COZ(LU,H) TA =T.

Let H < H(0) be a countable elementary submodel which contains
everything relevant and belongs to the relevant clubs. Suppose toward
a contradiction that there are conditions p,q € H such that

plk(a,b)eT

and
qlF (a,b) ¢ T

where a € w<¥, t € <. We may assume p,q have common domain
n < w. Let g, h be H-generics which belong to every relevant comeager
set, and such that H[g] = H[h]. This is accomplished by choosing g, h
inductively so that p C g, ¢ C h and g, h agree on w \ n. We will have
(TN H), = (T'N H);, which is a contradiction. Thus there is a tree
Ty € H such that H = (IFcoywr) Ta = T) and by elementarity 7 will
have the same property in V. Repeating the argument for B gives a
tree Tg such that Ty, Ts are absolutely complementing as desired. [J
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Thus under W RP,(k), self-justifying systems which are weakly cap-
tured at w; are x-Universally Baire. By arguments of [2] this means
that they have various regularity properties in the case kK > ws.

Corollary 2.9. Assume W RPp) (k) and that A € TY'C and both A and
w \ A have semiscales whose prewellorderings belong to FKC. Then
AeTYB. [fk > wy then A is Lebesque Measurable and has the Ramsey
and Bernstein properties.

Proof. Todorcevic has shown that WRPs)(w2) implies that 2¢ < w,
(see [8]) so that under this principle, sets of reals satisfying the hy-
potheses of the corollary are all 2*-Universally Baire (and 2 is regular)
by Theorem 2.6 and hence have the regularity properties as in [2]. O

It also follows that under MM plus two Woodin cardinals, if a set of
reals A belongs to an wi-Universally Baire self-justifying system then
A is determined (see Thm. 5.4 of [2]). Thus, in any usual model for
MM obtained by iterated forcing over a model of with a supercompact,
w1-Universally Baire self-justifying systems are determined. This raises
the following question.

Question 2.10. Assume MM or the generic supercompactness of ws.
Are Universally Baire self-justifying systems determined?

As mentioned in the introduction, it will be shown in [9] that W RP2)(w>)
cannot imply Y% =TY5. We mention this result now.

Theorem 2.11. (Todorcevic) Assume MM. Then any A C w* of size
wy 18 wy-Universally Baire but not we-Universally Baire.

This together with Theorem 2.6 hows that weak capturing is indeed
weaker than capturing under MM.

Corollary 2.12. Assume MM. Then T}V #£TY5.

The following is about all reflection gives and may be useful in another
context.

Lemma 2.13. Assume WRPyy(ws) and that A C w§ is such that
ANEGY has the Baire Property in 6% for every d < wo. Then for every
p € wy® there is ¢ € wy® with p C q such that AN o is comeager
below q in 0¥ for a club of o € [ws]* or ANa“ is meager below q in o*
for a club of o € [wq]®

Proof. Note that we do not necessarily assume that A is the continuous
preimage of a set of reals. If AN o¢“ is meager below p for a club
of 0 were done. Thus we may assume by pressing down that there
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are disjoint stationary sets S; and Sy and a fixed ¢ extending p such
that A N o“ is meager below ¢ if 0 € S; and comeager below ¢ if
o € Sy. These sets reflect to some [§]“. Suppose without loss of
generality that player I wins the Banach Mazur game G**(A N ¢¥)
which is determined by hypothesis. It follows that a club of o € [§]“
are closed under this winning strategy. By selecting such a o in Sy we
reach a contradiction. U

If more of generic compactness is used, the hypothesis of weakly cap-
tured scales can be avoided. Recall from [5] the game reflection prin-
ciple GRP™. For a set A C < the game G(A) has two players who
alternate playing ordinals below 6 for w; rounds. Player II wins if the
cooperative play stays in A at every countable stage. For a set H C 6,
the game G*(A) is the same except both players are restricted to play-
ing ordinals from H. GRP" asserts that IT wins G(A) if and only if
IT wins GH(A) for an w;-club of H € [9]*.

Theorem 2.14. (with S. Todorcevic) GRP* implies TP = TYP.

Proof. Suppose A C ¢ is a continuous preimage of a set in I'U”. Thus
AN H¥ has the Baire Property in H* for any H € [#]“*. We describe
a game which is easily coded as one of the form desribed above. I and
I alternate playing elements of < for w rounds producing a strictly
increasing sequence (p; | i € w). At II’s first move however he must
declare wether the resulting play p = Up; € 6 will belong to A or not.
If he declares that p € A then he plays p; = po at this turn only. 11
wins if his prediction is correct. O

3. FURTHER REMARKS

It is of course consistent that there be a self-justifying system which
is wi-Universally Baire but not Universally Baire. For a heavy handed
example, suppose there exist infinitely many Woodin cardinals. Then
the pointclass of projective sets I' is itself a self-justifying system and
I' c TUP. Butif V = L[X] for some set X, which may be assumed, then
by Thm. 3.4 of [2] there is a 33 set which cannot be Universally Baire
(otherwise X# exists). An example of perhaps the lowest complexity
would be Al which can be arranged from less than a Mahlo cardinal.
One can still ask whether it is consistent for there to be a definable set
of reals which is weakly captured but not universally Baire, or to what
extent weak capturing is a regularity property.

Question 3.1. Is it consistent for there to be a projective set A €
IWON\TYB with k € {wy,ws}?
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Question 3.2. Suppose k > 2¢ is regular and A € TVC. Must A have
other regularity properties?

The answer to both questions is very likely no. The second question
can likely be answered in the negative under MM. Regarding the first
we conjecture that it is consistent for there to be a 33 counterexample.
First note that Al cannot be a counterexample.

Lemma 3.3. A} C TWC implies Ay CTUP.

The point is that if A is Al then the norms of the X1 scale on A
are also A}. Thus Lemma 2.9 applies. Morcover Ay C I')’C under
W RP)(ws) implies A} € TUP. Note that by the proof Theorem 3.3
of [2], and Lemma 3.1 above, A} weak capturing at w; implies w; is
inaccessible in L. However we cannot show that even the statement
all projective sets are weakly captured at every x has greater strength.
The point is that at 31 anyway (it is open if this persists) there is
an equivalence between the Universal Baire property and generic ab-
soluteness which does not seem to follow from weak capturing. This
leads us to believe that the divergence between the two notions occurs
at this level. It has been known since [10] that generic absoluteness
can be used to violate covering. The following lemma is implicit in [2].

Lemma 3.4. X3 C T'YB if and only if for sufficiently large 0 there is a
club of countable X < H(0) such that X[g] <s1 V for any X-generic
g C Col(w, X NK).

Theorem 3.5. Suppose £3 C TUP. Let « € w*. Then there is a club
of a < wy which are regular cardinals of Llx]. Further, wY is weakly

compact in L|x].

Proof. For simplicity assume x € L. Suppose to the contrary that
there is a stationary set S C w; such that every « in S is not a regular
cardinal of L. Let X be a countable elementary submodel of H(0)
such that X Nw; = o« € S. Let H be the transitivization of X. So
H = (o = wy) and hence H thinks that « is a regular cardinal of L. In
V' let g C Col(w, ) be H-generic, and let y € H[g] be a real codinig a
well-ordering of length a. The statement ”"some L, [y] thinks that the
ordinal coded by y is not a regular cardinal of L” is ¥1(y) and hence
true in H[g]. Thus some level of LAl = L# thinks that « is not a
regular cardinal, a contradiction. It follows that w) is Mahlo in L.
Finally we show that w{ has the tree property in L. Suppose T € L is
an w} tree. Then for stationary many o < wy, T'N L, is an a-tree in
L. Let X < H(0) be as before with X Nw; such an a. Some Lg sees a
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branch through 7'N L, and using absoluteness again we conclude that
X contains such a branch. U

Pushing the argument above, one can show that w! is Mahlo to
ineffables in L and more. On the other hand, the closure of H(ws)
under sharps ensures 3 C I'J”. But in the presence of WRP,(ws), by
Woodin’s result mentioned in the introduction, H(w3) would be closed
under sharps which in turn implies 31 C Fgf . This is an obstacle to
using Theorem 2.6 to arrange a definable set which is weakly captured
at wo but not wo-Universally Baire. Should such an example at the
level of 3! be possible it may require answering 3.7 below.

Question 3.6. Does all projective sets weakly captured imply w; is
weakly compact in L7

Question 3.7. What is the consistency strength of ¥ C TYP?
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