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Abstract In a Buid system in which two immiscible layers are separated by a sharp free
interface, there can be strong coupling between large amplitude nonlinear waves on the
interface and waves in the overlying free surface. We study the regime where long waves
propagate in the interfacial mode, which are coupled to a modulational regime for the free-
surface mode. This is a system of Boussinesq equations for the internal mode, coupled to
the linear Schrdinger equations for wave propagation on the free surface, and respectively
a version of the Korteweg-de Vries equation for the internal mode in case of unidirectional
motions. The perturbation methods are based on the Hamiltonian formulation for the
original system of irrotational EulerOs equations, as described in (Benjamin and Bridges, J
Fluid Mech 333:301D3251997 Craig et al., Comm Pure Appl Math 58:1587D1641,
20053 Zakharov, J Appl Mech Tech Phys 9:190D18d68, using the perturbation theory

for the modulational regime that is given in (Craig et al. to appear). We focus in particular
on the situation in which the internal wave gives rise to localized bound states for the
Schralinger equation, which are interpreted as surface wave patterns that give a charac-
teristic signature of the presence of an internal wave soliton. We also comment on the
discrepancies between the free interface-free surface cases and the approximation of the
upper boundary condition by a rigid lid.
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1 Introduction

In the situation in which a RBuid domain, such as the sea, consists of essentially two
immiscible layers separated by a sharp interface such as a thermocline or a pycnocline of
differential salinity, very large amplitude and long wavelength nonlinear waves can be
produced in the interface and can propagate over large distances. Despite the fact that
internal waves of a variety of types are commonly generated in the worldOs oceans, it is
only surprisingly recently that they have been observed and accurately measured. Several
of the earliest observations are most striking, consisting of long brightly shining strips of
many kilometers in extent in the Andaman Sea, visible through the effect of the ref3ection
at an oblique angle of the setting sun, and photographed from the Space Shuttle (see the
Ofpce of Naval Research report, Global Ocean Associd@ Osborne and Burch
1980. The changes in re3ectance of the wave pattern on the ocean surface are due to the
presence of a roughness, akin to a tidal rip, the result of a coupling between internal waves
and free-surface waves, which is the subject of this paper.

In our analysis, we derive model equations for interfacial and surface waves, which
describe the evolution of large amplitude nonlinear motions of an interface between two
internal Ruid layers, and its coupling with the motion of an overlying free surface. The
perturbation methods that we use are based on the Hamiltonian formulation of the problem,
and are extensions of those that are developed in (Craig and Gi®8#s Craig et al.

2010 for the free-surface problem. While many studies of internal waves are based on
approximations which impose a rigid lid boundary condition on the upper boundary of the
Buid, it is important in the description of the interface-surface coupling to retain the full
free-surface conditions. In this situation and in the regime of linear analysis, there are two
normal modes, one for the displacements of the free-surface and the other for the inter-
facial motions. Denote their respective dispersion relationsk)) and w(k). Since the
group velocity of the free-surface moﬁ@ékb Y4 0,w10kP is always larger than the group
velocity ¢, 8kb :¥4 0,wdkP of the interfacial mode (Craig et ak004 20053, it is natural
when considering the long-wave regime for the interface, to study the free-surface as
described in a modulational regime. The carrier frequégdpr these modulational waves

is such that their group velocity satisbes the resonance conditiogbkop ¥4 ¢, 30, the

latter quantity being the propagation velocity of the long interfacial waves. Furthermore,
the most relevant problems of the motion of ocean waves are expected to satisfy?,
whereg, is a typical amplitude of the surface waves, whifeis the typical amplitude of
internal wave motions. We bnd for small ¢; that the internal waves will satisfy
asymptotically a Boussinesq equation, or its unidirectional version, the Korteweg-de Vries
(KdV) equation. The surface waves are then driven by the motions of the interface, solving
a transport equation at the group velociyw,(ko), with their envelope modulated by a
linear Schrdinger equation. For some important cases of solitary wave solutions of the
internal wave mode, the linear Sclinger equation exhibits bound states, which are
interpreted physically as a characteristic signature of the presence of internal waves.

The study of the long-wave regime for internal waves was initiated in the two papers of
Benjamin 1966 1967, who studied the case of rigid lid upper boundary conditions. He
derived the well-known criterion for the presence of positive vs. negative solitary wave
solutions in the Buid interface, using the KdV model equations. The article of Gear and
Grimshaw (984 addressed the problem with the more realistic free-surface boundary
conditions imposed on the upper free-surface. In this analysis, however, they assumed that
the evolution of the interface and the free surface are both in the long-wave regime.
Because of the strict inequality, 30 < cP30p mentioned earlier, the resonance condition is
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never satisbed, localized long-wave regime disturbances of the free surface will always
move faster than similarly localized disturbances in the interface, and the two solutions
will decouple. The most comparable work to our present analysis is that of Hashizume
(1980, who studies precisely the regime of a coupled long-wave regime in an interface
with a modulational regime for the upper free surface of the Buid body. He uses a classical
multiple scales perturbation method, and, in contrast to our focus of interest, is interested in
the case of large amplitude nonlinear surface displacements coupled to large amplitude
motions of the interface. More recently, there have been a number of articles on this
problem, from a variety of points of view. Namely, Benjamin and BridgE39() reas-
sessed the theory in BenjaminOs previous work, using as a starting point the formulation of
the interface with rigid lid problem as a system of Hamiltonian partial differential equa-
tions. Choi and Camass&999 studied large amplitude interfacial waves, again with rigid

lid upper boundary conditions. Dias and lliche2001) modeled both classical and gen-
eralized interfacial solitary waves beneath a linear free surface, and Parau an@@ids (
numerically computed such solutions. Finally, Craig et 2004 20053 consider both the
cases of rigid lid and free surface upper boundary conditions in the long-wave scaling
regime. They derive a Hamiltonian formulation for the equations of motion in both cases,
and they analyse a number of aspects of the two problems for which the rigid lid
assumption is and is not a good approximation for the problem of an upper free surface.
The work in the present paper considers the situation in which the surface mode appears in
a modulational regime, whereas the internal mode remains in the long-wave regime. It
represents a continuation of the previous analysis of Craig e@04 20053.

There in addition has been a continuing interest over many years in the rigorous
mathematical analysis of the problem of internal waves. One earlier work is the paper of
Peters and Stokerl960 on the existence of solitary waves in internal layers, with free
surface boundary conditions on the upper Ruid boundary. Bona e2@G)8(studied the
initial value problem for the problem of a Ruid interface with rigid lid upper boundary
conditions, deriving in a mathematically rigorous manner the validity of various of the long
wave asymptotic models for internal waves. The paper of Colin and Lar2@3I)(
addresses a problem in nonlinear waves which involves the coupling of long and short
waves, in a system which is in some ways similar to the present case at handhBuche
(2009 studies the more complex problem of rigorous justibcation of asymptotic models for
coupled free-surface/free-interface evolution in the case of an interface and an upper free
boundary to the Ruid domain.

In the present paper, we start our analysis with the incompressible irrotational Euler
equations of motion for a body of Buid consisting of two immiscible layers separated by a
dynamical interface. The bottom of the Ruid domain is bxed, and as for the upper Buid
boundary, we consider principally the case of free surface boundary conditions, keeping
rigid lid conditions for contrast and comparison. In Se&twe derive the Hamiltonian
structure for this problem, on which our asymptotic analysis is based. This is an extension
of the original ideas of Zakharou968 for the Hamiltonian formulation of the free surface
water waves problem, which was then revisited in (Craig and SU@é3. The case of a
rigid lid upper boundary condition was shown to be a Hamiltonian partial differential
equation in (Benjamin and Bridgel997), with a similar Hamiltonian given in Craig and
Groves R000. Since the kinetic energy is expressed in terms of the Dirichlet integrals for
the two Ruid domains, in Se@.we provide a detailed asymptotic analysis of the Dirichlet-
Neumann operators for the different Buid domains and interfaces. This has previously been
worked out in (Craig et aR004 20053. In Sect.4, we perform a normal mode analysis of
the linearized equations for the free interface-free surface system, thus deriving the two
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dispersion relations for the problem. These are compared with the case of rigid lid upper
boundary conditions, for which there is only one internal mode. Finally, in Seake
perform the nonlinear long wave regime analysis to derive the model equations for the
interface in the presence of the upper free surface. This is based on a general scaling
approach that was introduced in (Craig and Gro%894 and used effectively for the
internal wave-free surface problem in (Craig et20053. We bnd that the internal mode
solves asymptotically a KdV equation, while in the proper frame of reference the surface
wave mode solves a linear Selinger equation. We discuss a criterion for the presence of
bound states of this system, and the surface wave patterns that are generated. Again,
important features such as the relative strengths of nonlinear to dispersive effects are
compared to those for the case of the rigid lid.

2 Formulation of the problem
2.1 Equations of motion

The RBuid domain is the region consisting of the pointsy] suchthatt 2 R, h<y<h; p

n10x, b, and it is divided into two regionsdr; nb ¥4 fox,yp : x 2 R, h<y<ndx,tbg and

S10t; 1, 11P Ya FOx, yb : x 2 R, 5dx, tP <y < hy P 1,0x, tbg by the interface § = 5(x, £)}. The

two regions are occupied by two immiscible Ruids, witthe density of the lower uid and

p1 the density of the upper RBuid. The system is in a stable conbguration, ip thai;

(Fig. 1). In such a conbguration, the Buid motion is assumed to be potential Bow, namely
in Eulerian coordinates the velocity is given by a potential in each Ruid region,
u(x, y, ) = rolx y, 1) in Sn), andus(x, y, 1) = ro(x, y, 1) in Si(tn, n1), where the

two potential functions satisfy

Ap ¥4 0, in the domain Sdr; b

. 01p
Ap, ¥ 0, in the domain S10t; 1, 1,P
The boundary conditions on the bxed bottomn=f —h} of the lower RBuid are that
ro Nodx, hPY¥% 0O,pdx, hb¥%0, 02p

where Ny is the exterior unit normal, enforcing that there is no Ruid RBux across the
boundary.

Fig. 1 Sketch of the physical y
domain which consists of two
Ruids of densitiep and p; < p,
and of depthé: andh,, separated
by an interface of elevation.
The lower boundary of the ol
domain is a uniform rigid bottom,
while the upper boundary is a
free surface of elevation;

hy
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On the interface § = 5(x, #)}, it is natural to impose three boundary conditions, two
kinematic conditions which are essentially geometrical, and a physical condition of force
balance. The kinematical conditions assume that there is no cavitation in the interface
between the Ruids, and therefore the functigm, 1) whose graph debnes the interface
satisbes simultaneously

N\ 1/2
nYadyp Ondep Yarg N(lpaamb) , 83

whereN is the unit exterior normal on the interface for the lower domain, and

1/2

OmYedypy  Oundypr Ve Ty 8 Np(1|oaax;7b2) 84p

The third boundary condition imposed on the interface is the Bernoulli condition, which
states that

1 1.
p <@tqo b roi’ b gn> Ya py (fwl i ro.i° b gn> , a5p

with ¢ being the acceleration due to gravity.
Finally, on the top free surfacey{= hy + n(x, £)}, the velocity potentialy, and the
function 5, satisfy a surface kinematic condition

1/2
O Vi 0y Oumdipy ¥ oy Ny(1padn?) o6»
and a Bernoulli condition

1 .
01 P 5T’ b g, %0 87

The problem then is to describe the simultaneous evolution of the free surface {(
h1 + n1(x, 9))} and the free interface { n(x, 1))}

2.2 Canonical variables and Hamiltonian formulation

In this section, we identify the canonical variables and derive the form of the Hamiltonian
functional following the lines of (Craig et ak0053. The system involves the coupled
evolution of the free interface and a free surface lying over the upper Ruid. This problem
can be described in terms of a Lagrangian, which will depend upon both the deformations
n1(x, 1) of the free surface, as well as those of the free interigegr). The Obrst principlesO
of mechanics can be cited in deriving the natural canonically conjugate variables for a
Hamiltonian description of the problem and for a convenient expression of the Hamiltonian
functional.

The kinetic energy is given as a weighted sum of the Dirichlet integrals of the two
velocity potentials

n0xp h1pn,0xp

1 . . 1 . :
K Y E/ / pir @ix, ybj2dydx p E/ / P2 @10x, ybjdydx. a8p
R “n R ydxb
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The potential energy is
v%% / dp plbnzéxbdxb% / gpy [6h1 b 11,p%xb hﬂ dx. a9
R R
The analogy with mechanics implies that the Lagrangian of the system is given by
LYiK 'V,

and in this analogy the conbguration space variables gre;. We now express the
Dirichlet integrals in terms of the boundary values for the two velocity potentials and the
Dirichlet-Neumann operators for the two Buid domains. We debne the quaditied/

(0x, ndxbb, ®10xb Ya ¢, 0x, ndxbb, and ®,0xp ¥4 ¢,0x, hy P n,0xPP on the free surface. The
Dirichlet-Neumann operator for the lower domain is

N\ 12
GopdIb 3 Nbamaxbb(lpaaxnb) . 3100

For the upper Buid domaisy(r, 11), both ®,8xp and ®,0xP contribute to the exterior unit
normal derivative ofp, on each boundary. That is, the Dirichlet-Neumann operator is a
matrix operator which takes the form

AN\ 1/2
<G11 G12> <<I)16xb) org; Nbdx, néxbb(lb 00, n0xbb ) 5110

1/2
Gor G2 \P32) | gy Nyptx, i b ngteop (1 60.,8000°)

Using GreenOs identities and expressing the normal derivatives of the velocity potentials on
the boundaries in terms of Dirichlet-Neumann operators, the kinetic energy takes the form

1 1 D\ (G G2 [ P1
1/, — —
K Az/p(DGénD(Ddxbz/pl(q)z) <G21 Gop ) \ @, dx. 012p
R R

To continue the analogy with Lagrangian mechanics, an expression for the tangent space
variablesdn, ;P is needed. In terms of the Dirichlet-Neumann operatd@ (1), the
kinematic boundary conditionl@) for ®xb is employed to debPng as

N Ya Gonb®, 013
while (4) and @) become

. 014
i1 ¥4 Go1D1 P Goo®y.

Using (L3) and (L4), we rewrite the kinetic energy in terms of the variabdgsy, 17, 7P,
giving the following expression of the Lagrangian for the free interface-free surface
problem,

1 1 1N\" /G G\ /[ i
L1/4—/p1'7G 16nbf7dxb—/pl( ,") ( u 12) ( _7)dx
ZR Z]R il G G2 M1

1 1
5 / gp  pibrfavdy / Py [ahl b 1p%xb hﬂ dx. 815
R R
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In these terms, we are able to deduce from Obprst principlesO the appropriate canonically
conjugate variables for the problem (see Landau and Lifst#), namely the Legendre
transform is stated as

3 5;L G onbi G G L
(o) () e 0™ e 5 ) ()
& 0, L 0 G G2 n
® p,®
1/4(,) - 1). 8160
p1®P2

The expressionl) also appears in (Benjamin and Bridge397). Using (L6), the kinetic
energy (2) has the form

L(EN (i
K Y4 = . o )dx
2 C1 m
R
(ENT/ G G 0}
WCEY(E o) () -
ZR &1 G G2 D,

Solving (13, 16) for 8®, @1, ®,P in terms of €, &;) and dePning

B Y1 pGa1 p p,Gonp,
we have
O YaB W¥G11E G 318
D, Y4 B 1( Goybé ﬁ(;lzsl) 51
P1
p1®2 Vs &y, 5200

and (L7) can be written as

1 14 > G11B 1G6;7b GonbB lGlz &
K Ya . )dx. 21
42/(61) ( G21B *Gonp %Gzz 1-G21B G )\ & dx 8

R

The Hamiltonian for the free interface and free surface probléinis K + VwhereK = K(y,
n1, €, £1) is given by @1) and the potential enerdy = V(1, 1) is simply expressed b).

In terms of the variables;( &) and 1, ¢1), the equations of motion take the canonical
form

0 0 1 0 0\/H
¢ | 10 o ol sH

S I Lo ACE IR I B 822
& 0 0 1 0/ \6,H

for the interface and free surface respectively.

3 Dirichlet-Neumann operators

The Dirichlet-Neumann operators for the lower Ruid regi€{n) and the upper region
S(n, n1) are analytic in their dependence on the domain (Coifman and MES@S Fazioli

@ Springer



Nat Hazards

and Nicholls2008, as parametrized locally by the two functionéx) and n1(x). Their
Taylor expanions ini{, #,) about zero play a central role in the perturbation calculations of
this paper. We derive expressions for the Taylor expansions of the Dirichlet-Neumann
operators 10, 11) which are explicit in their dependence upom, §,), and where the
Taylor coefbcients are recursively debned.

3.1 Lower [3uid domairs(n)

For the lower RBuid domair§(y), a particular basis of harmonic functions is given by
ou(x, y) = a(k)e¥e™ + b(k)e Pe™. Satisfying the bottom boundary conditions i), (we
bnd thata(k) = /(¢*" + e ") andb(k) = e *"I(¢"" + ¢*"). Its boundary values on the
free surface are

1. ) okh kh )
Dy Bxb Ya ¢, Bx, 7dxbb Ya ZO i 1/ dxbk/ (W bs 1v = p )ek" 523
J

which has the normalization property that(x, 0) = ¢***. Relating the normal derivative
of ¢u(x, y) on the free surface,

12,
o, dx, yb N(lpaaxnapr) [T,

ek

1 . . kh )
§ -7 jbl ikx
Ya ; j—'i’/axba axnaxbp (lkj ) (T b 0 1'3/ kh b )e

kh kh
b1 € b1 € ikx
IOZ 1/ xPk! (k'pe —pd 1/ W)e : 824
to the Taylor series expansion 6Bybd;, the constant term i&® e v, k tantdhkpe’ .
Writing this Fourier multiplication operator in terms &f = — i0,, it reads
G® ™ Y, DtanthDbe™. 2>

Reading the higher terms of the Taylor expansion fr&8 @4), we bnd

. . 1 ) hD b1 e hD .
GPonbe™ 1/4,7Dr/axbu< ps 1P 7) e
J:

hD b hD hD p e hD

D
[Z/;Gaf b= 7 nfaxpo‘( The —po '

hD
ehD b

from which one can read in a recursive manner the expressions for the Taylor coefbcients
of G(n) as a function of;. In particular, one has the prst- and second-order terms

)eik", 026p

G*™8nb Ya DyoxbD  G*®xbG,

1 027
G2onb Ya > (D21126xDG60p b G*y%8xbD? 2G60Dn6beaopn6xDGaop),

which can also be found in (Craig and Sulé®©3. In practice in numerical computations
involving the fast Fourier transform, it is more efbcient in terms of computational time and
memory storage to use the adjoint of the form28)( as this only requires vector oper-
ations (Craig and Nicholl2002.
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3.2 Upper Buid domaisy(1, 71)

For the upper domainSi(y, 1), consider the family of harmonic functions
1%, ¥) = (a(k) € + b(k) e )™ which solve () with the boundary values

Dy 80P ¥ (aakbek"m b bikbe "’76"") ek on y Ya nixb 28
Dy 03P Vs (aékbekhlek”laxp b bdkbe e k’h“") eM onyYah pg,dab. 829

As in (23), these expressions have convergent Taylor expansiong and in #q
respectively;

Dy 0xP %Z%niaxbkf(aékppa 1V bakb) ™™ 330
iof
1 .. . , '
©p 48P Va y = rh8xbK (adkbe™ & 16/bokbe 1) e™. 531
iof

The exterior normal derivatives @f, on the two boundaries are given by

12, 1 . 4 ,
o, N(l b 66méxbb2> s 74> E 17 8xD8i0, axPDKPL (adkP p & 16/b3kb) e
i

3 ]Ev WokP? (adk 3 1P hokp ) e
i)

a32»

and

1/2 ) )
ro., Nl(lpaaxnlaprz) By Vo Zj%yﬂlaxpa 0,7, 8xPbk/P? (adkbe*
A L 70 A 833
bd 1bdkbe hlk)e”‘"bzﬁn’léxbkjbl(aékbehlkba 1P pkbe hlk)ei“.
j 0

Using 30, 31, 32) and @33), the relation {1) can be solved for expressions for the Taylor
coefbcients of the Dirichlet-Neumann operator as a double power serieandz;. For
this, one takes a basis of the harmonic functi®; 29), by setting in turrda; kb, b10kbb ¥4
(e Mk/(ehk o huk) ghik/(ehik o hiK)) 8a,8kb, bydkhb Ya (1/(ek e hik) 1/(Mk

e Mkpb, First of all, from direct comparison in the relatiohl) one bnds that the constant
term in the Taylor expansion is

334p

a0 ~30p DcscléhiDb D cothbh, Db

(Gi‘}” Gi%“) . < D cottdhy Db DcschiithD)
G21 G22

,m1p

We denote the general term in the Taylor expansiorGﬁﬁ? , wherej, ¢ = 1, 2, which
is homogeneous of degresy in n and of degreen; in #,, so that the operator can be
written

(Gnén,fhb G12677>’71D> ” 21: (Gal"{‘”"lpémmb Gal"zw""%n,nlb)

Omo,m Omo,m
G210, P G220, 4P Gon®™ 8, 1P Gon™ 8, P

mo,my %0
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The Pbrst-order terms are of particular importance in the long-wave expansions of this
paper. From 30, 31, 32, 33) and the relation11), we bnd

010p 4100
( Gy 0n,mP Gpp O, P )
0100 4100
Gpy On,mP Gy 01, mP
y (D cothdhy DbndxbD cothdhyDP  DnoxbD D cothdhy DPndxPD csctdhy Db >
! D cscldhy DbydxbD cothdhy Db D csctéhy DbydxbPD csctdh Db )

Similarly,

00, 00
( Gnlpa’?, 1P G121D6’7a 1P )
00, 00
szpaﬂ, 1P Gzzlpa’% 1P
L D cscldhy Dbr,8xbD cscldh, Db D cscldhy Dby, 0xPD cothdhy Db
D cothdhy Dby, 0xbD csctdhy Db D cothdhy Dby, 8xbD cothdh, Db o Dy dxbD )

There is a recursion formula for the higher-order terms in the Taylor series expansion
for Gj;""awlp, analogous to the concise formul@6] whose details are given in the
Appendix.

4 Linear analysis

We begin our analysis by examining the linearized equations about the Ruid at rest. This
amounts to truncating the Taylor expansion of the Hamiltonian at its quadratic terms.

4.1 Linearized equations

Using @) and @1), as well as the lowest-order terms in the expressions of the Dirichlet-
Neumann operators, the quadratic part of the Hamiltonian is given by

2 1/4} / ¢ D tankdhDbcothoh, Db D tantBhDbcscidh Db
2
R

2
p cothdhy Db p p, tankﬁthé b ép cothdh, Db p p, tankhDb =

Décothihy Db tanthDP P p/p;b

b & p cothdhy Db p p, tantdhDp

&bgdp  pibr’ b gpinidsx. 835

The linearized equations of motion are

D tantbhDbcothdh, Db D tanbhDbcsctdh, Db
p cothdhy Db p p, tantdhDp p cothdh, Db p p, tantdhDp
0EYa 0,HZYs gdp piPy,

O Ya O:H Vi

&1

and

D tanhbhDbcscldh Db
p cothdhy Db p p, tantdhDp
Ddcothdh, Db tantdhDb p p/p4P
p cothdhy Db p p, tantdhDp

0& Y 8 HZ Y gpim.

Oy Ya 02, H? Ya

a36p

<
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The corresponding dispersion relation fof is determined by the quadratic equation

4 1 o tantdkhb cothdkhsb tanrdkhb

2 2 2
§ bk % 0.
@ 8P otk p py tantikip P& p p CotrBkhiP P py tantdkhb

a37p

The two solutionsv™ (k) of (37) are associated with two different modes of wave motion,
namely surface and interface displacements. These represent the temporal frequencies of
the two modes in the normal mode decomposition of the Hamiltonian system for each
wave numbek. They are given by

(w )2 v, 1 1 b tanhbhkbcothdh, kp
il p cothdhy kb b p, tankdhkp

1
Sk [pzél tantihkbcothih, kbb®
b 4pp, tantbhkbdcothdh kb tantbhkbp

1/2
b 49?2 tanh’-)hkbz} /3p cottBhukb p p, tantihkbb. 3%

The radicand is always positive, as can be assured by the fact that for all wavenumbers
k > 0, tankhkb < 1 < cothdhykb. The branchw™ (k) := w4(k) is associated with free surface
wave motion, while the linear behavior of the interface mode is governed by
o (k) = w(k).

4.2 Comparison with the rigid lid case

It is important to compare the dispersion relatien for the interfacial mode with the
dispersion relatiorw for the case of a rigid lid, as given by

W21 g0p  pqPktantdkhb tantbkhib

p tantdkh,p p p, tantbkhb
In the regime wheré ¥ p1 , bxing other aspects of the Buid domain, one Pnds
p
(B) Yok, ()05 PPy 839

pb 1

The latter agrees with the asymptoticskad p L of the dispersion relation for the rigid
lid case. The expressio(mug)z% gk agrees with the dynamics of the free surface with no
interface present.

However, the behavior of the dispersion relations for long-wave regimes are very
different when considering the case of a free surface lying over a free interface and the case
of rigid lid upper boundary conditions. Letting: andkh; ¥ O while bxing the ratioci/h,
to be Pnite, one bnds that the two phase speeds associated with the two branches of the
dispersion curven® are asymptotic to

(o) % g(h b \/6h hih? b 4% hh1>. 540D

We only considep; < p, so the OfasterO free surface phase vebé’c@somewhat slower
than if there were no interface present. Note that the phase vel@g,tjy associated with
the free interface (the Oslower® dispersion curve) is positivep fop, (stable
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stratibcation). Examining, , we conclude that it can behave completely differently than
the case of the rigid lid, as given by

gdp  piP
p/h P p1/h1

There is also a signibcant difference between the dispersive behavior in this long-wave

regime, in the case of a free surface and a free interface, compared to the case of a rigid lid.
In other situations, such as whéh ¥ 1 (inPnitely deep lower layer) ankh; ¥ O

(Pnite upper layer),

cg Ya

()3 and (cp)™ gh1<1 %). 841p

This differs from the regime of two Pnite layers where b(ng)z are of the same order of
magnitude, as shown Q).

In Fig. 2, we plot the linear phase speeds for the different conbgurations as functions of
the wavenumber. The linear phase speed w/k for the interface in the rigid lid case is
given by

., |88p  piPtantdkhp tankbkh,p
c
“\/ kdp tantki:p p p, tantokibp’

while those of the coupled system are given B®)((c* = o™ /k). We show the com-
parison between andc® for two different values of the density ratjn/p = 0.1, 0.9 and

for three different values of the depth ratig/h = 10, 1, 0.1. As expected, coincides

with ¢ at largek and their graphs always lie below that of. The differences betweean
andc™ are most signibcant for small valuesmfp. Also the values of andc™ are slightly
larger for smallp,/p than for largep,/p. This is the fact that interfacial waves propagate
more rapidly beneath a less dense Ruid. For a given valye/pf the differences between

c andc¢™ are most important when the ratlg/h is small. Whemi/h is large, their graphs
match perfectly since in this case the effects of a rigid lid or a free surface are negligible.

5 Coupled KdV-modulational regime
5.1 Normal mode decomposition

We focus on the situation of two bnite RBuid layers and where both the interface and surface
are of small amplitude. Since we are dealing with a coupled system, it is convenient to
perform a normal mode decomposition in order to simplify the quadratic part of the
Hamiltonian. This is effected by applying the canonical transformations

7 V&p  piP (1) 0 0 n
£0

0 0
CU Y, 80 pb ¢ , 042
’161 0 0 gp1 O N1
1 0 0 0 »i <)

8&h1
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Fig. 2 Linear phase speed vs. wavenumbek for pi/p = 0.1 (eft) and p1/p = 0.9 (right): hi/h = 10
(top), halh = 1 (middle), hi/h = 0.1 (pottom). The linear phase speedor the interface in the rigid lid case
is represented imhin solid line. The linear phase speeds andc™ in the coupled system are represented in
thick dashed andsolid lines, respectively
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and
U a 0 b O 7
tl,0 a 0 b g
" “l b 0 P o ngl , 343
4 0 ap 0 P/ \ &
where
. 2b92 N 12 gy, CODP_ ABDD
“ * 2 2 U T gape

2 344p

béDD%%(@ \/4p92)<2p%2 g\/4b92) ,

and the coefbcientd(D), B(D) and C(D) are the coefpcients appearing in the expression
(35) of H® and debned by

g0p  p.pDtantdhDbcothdhy Db
p cothdh, Db p p, tanthDb
BADb Y g\/p10p  p.PDtantdhDbcscléhy Db
p cothdhy Db p p, tanthDb ’
gpDicothon, Db tantdhDb p p/p,P
p cothdhy Db p p4 tantdhDb

AODbP Vs

C3Db Ya

As a result, the quadratic part of the Hamiltonian takes the simpler form

H? v, % / {w?3Db! P 1% p {1020DP; b 1i2dx, 345
R

where

«?3Db 1/4% <A6DD b caDp \/ 8A8DP  CADPP? p 4326Db>,

w33Db 1/4% (Aan b cipb p \/ 8A8Db  CBDPP® P 4326DD)

are the eigenvalues of the symmetric ma i)’g Ié , which coincide with the two roots

(w*)? of the quadratic Eq37 debning the dispersion relation. Of course the operators
A(D), B(D), C(D), (D), etc. are differential operators, but as they mutually commute the
calculation makes sense, and in the casB (D) the possible singularity (D) at zero

is regularized due to cancellations if{D) — A(D). Through this transformation, the
equations of motion22) are transformed to

m 0 1 0 0\/H
¢, 10 0 O|f &H
%l o 0o 0 1 o, H
¢ 0 0 1 0)\oyH

Of course the higher-order terms of the Hamiltonian are transformed as well by these
changes of variables.
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Since both internal and surface waves propagate with their respective speeds, it is also
convenient to change the equations to a moving reference frame. In the present Hamil-
tonian setting, this is accommodated by subtracting a multiple of the momentum (i.e., the
impulse integral)

noxb hapn,0xp
1 [0 [ aotbr [ oudr|as
R h noxp
Y / 80,1 b &0, 11bdx Ve / 800,11 b (1Oupugbd, 246
R R

from the HamiltonianH ¥ H cl. It is possible to do so because the total momentum
(46) is also a conserved quantity of the coupled system.

5.2 Long-wave scaling and the modulational Ansatz

Next, we introduce the scaling regime we are interested to describe. We assume that the
OinternalO modes are long waves according to the scalings

X Yaex, udx,tbYac2idX, b, (ox, b Ya el0X, 10,

wheres? = (h/7)®> = alh 1 (with a and /. being the typical internal wave amplitude and
wavelength respectively), and the Osurface® modes are quasi-monochromatic waves
obeying the modulational Ansatz, which after an additional canonical transformation takes
the form

Uq0x, 1P Y4 %wi/zéDD (v16X, tbe’** b 518X, the ikox) b aiﬁléX, h, [y Ya Pouq,
2 ~ ~
{1x, b Vs %wl Y2500 (113X, e 53X, e %) p L%, 5, Ty e Poly,
l &

whereg; = kga; 1 (with a; andkg being the typical surface wave amplitude and carrier
wavenumber, respectively). A more precise relationship betweand ¢; will be bxed
below. We note that several regimes in the modulation theory of free surface waves and
internal waves have been described in (Hashizd®®0, precisely by imposing relations
betweere ande;. The symbol denotes complex conjugation, aRg is the projection that
associates ta; and &, their zero-frequency components. Thereforg,represents the
envelope of the surface modes, apd and £, the associated mean Rows (Craig et al.
2010.

The next step is to substitute these scalings and Ansatz in the Hamiltonian and perform
expansions. This approach combines calculations of (Craig and Gi®@#s Craig et al.
20053 2010 devoted to the derivations of KdV and NLS-like equations in a Hamiltonian
setting. The leading term in the Hamiltonian is natura{? as given by 45). In (45),

(D), acting on functions ofX = ex is replaced byw(e Dyx) while w,(D) acting on
functions ofx andX is replaced byw,(D, + ¢ Dyx). To get the Boussinesg-KdV like terms,

we need in addition to compute the next-order corrections to the quadratic Hamiltonian.
The resulting Hamiltonian expansion is then obtained in the form
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H Y / E el (a)260D b c»?0:'Dy p %sszGODOOD)Z( b %sstGODUOUD)S(
R

oL,

24 4 260D0000D4) (b= .53,u2 b —e K,uBDXCDZ

2 1
b (C—l Vi (wlékob b F(}J?lakopDX b E & wlékoDD)Z() V1

b 1&1 gl( 100 b 80)260&1)){ b 2°¢ %50D00D2> & b 1&1 I

~ . AV 8 ~ . = \. .
p e (afi b iraDxC )jvai® b 2 (iafiy b iwaDx s )vaf®
4
pini’ b |ax.
where the coefbcieni®230p, 280", »2300"™, w280p and w2305’ can be shown to be zero,

P
/28 b
K Vs %a 3003 2%“51 5002 80P
(85 0% p VEP PP son, 50, 847
P1 p

and the other coefbcients have explicit expressions as well. The notatfbistands for
differentiation with respect to the argument©fSimilarly,

Can L & .. 1 S & ~
1Y / |:l83§DXH ;1]{0]111\]2 ési (lexvl p V]_D)(Vl) l:fl',ulegl b :|dX

Combining these two quantities, we obtain

2

7 o0, 1 —
H I 1/4/[(0—166016/(0[3 ckoijljzbisf(wglékob c) (VlDleblele)

P

15 50n| 202 2¢2 - 2ici \?
I:)48 "8 250p” 1 230p" DXprZESODUO

b { Zaop°0°°(D§§) b: Kuapxgp}

1 1¢l
b 5efidkopnDin 200 DXl p 3 81 i

b e (Klﬁ b iKszZ)jvljz o) ;1 (Ksﬁl b iK4Dx51)J-V1J'2
84 . .4 84 =
b?lx5jvlj ic;l,ftleﬁl b }dX. 048

The change of variablef, {, iy, (b ¥ (7, v1,v1, iy, 1 ), together with the spatial
scalingx ¥ X % ex, leads to a change in the symplectic matrix. Name&lys debned in
(22) is replaced by
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0 ¢2 0 0 0 0
c?2 0 0 0 0 0
0 0 0 ige, 20 0 0
1 1
AAL 0 0 g 0 o o | 64%
0 0 0 0 0 &%t
0 0 0 0 82814 0

wherel is the identity operator on the class of functionsXofand the two opposite 22
blocks essentially retain the standard symplectic form on the spaces of fun¢tiof
and ([41, Cl). The corresponding equations of motion read

O,U YaJirydH  clb, 0500
~ - >
whereU Y. (/1’ 57 V1, V1, /117 Cl) .
5.3 Resonance condition

Equation48 indicates thatd — ¢ I can be further simplibed by choosiagsuch that

020" g 2\
Yoo Yo\ [T [ (P foh h? DA% hny ) 851
p

and moreover, ikg is selected such that
@ 3koP Ya co, 3520

then @8) reduces to

2 1 _ 2
H Co[ 1/4/ ﬁ6(1)16/(0'3 Cokopjvljz 583 (C()Dxél b l/])
&
R

1 ~N201 A2

b & [4—8(0260[30000 (DJZ(C) b kI (DXC) }

1 _ 12 ~\2 1.
b > 88%60?([)6/(0[3\11D)2<vl ‘—1;1 w%BODOU (DX§1> b E?l ,ui

4
. N\, .o, & . =\, .

b el (Klﬂ o) ”<2DXC)JV1J2 b zl (Ksﬂl b l’<4l)xCl)JV1]2

o4 s
b; Ks)vi) lCO;HlDXQ b dx. 853

Note thatc is determined byv according to §1), while (52) involvesw;. Therefore, Eq52

can be thought of as a linear resonance condition between the internal and surface modes.
Figures3 and 4 plot numerical solutionq of (52) for different values of the density

ratio p1/p and depth ratidi;/h. The left hand side»}dkob of (52) has a rather complicated

expression and is not shown here for convenience. Noteptiat= 0.99 is a typical value

in realistic conditions. The main observation is that there is always a surface mode of

wavenumbelko which satispes the resonance conditi6g){ and thus travels at the same

linear speed as a long internal mode. The smaljér, or the closepi/p to unity, the larger

ko (and hence the shorter the surface mode). In addition, althégigaries monotonically

as a function ofzy/h and p1/p, we clearly distinguish in all cases two regions whége

varies very rapidly and then much more slowly in the limitgh ¥ 0 andp,/p ¥ 1.
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Fig. 3 Depth ratiok,/h vs. wavenumbekq corresponding to the linear resonance conditiongigp = 0.1
(left) and p1/p = 0.99 (right)
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Fig. 4 Density ratiop,/p vs. wavenumbek, corresponding to the linear resonance conditiomfdt = 0.1
(left) andhy/h = 1 (right)

Now assuming; = ¢>* (with 0 < o < 1/2), which is to say that the surface modes are
of smaller amplitude than the internal modes, and retaining terms of 6rg&y only, we
obtain

- 1 = 2
H ol 1/4/ s3p2“6w16kob Cokopjvljz 583 (CoDxC b lﬂ)
R

1 A2 01 N\ 2
5 2l (92 o 5
be |:4860 aop (ng) bzxu(DXC) ]deO(e ).
At this order of approximation, we note that tfi& norm

MY / jvjldx,
R
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is also a conserved quantity of the system, which can be easily veriPed by showing that
Poisson commutes witH — ¢ 1. This property is related to the phase invariance of the

approximate solutions and can be accommodated by subtracting a multiple fafm

H — ¢ I. Therefore, at the order of approximation considered, the renormalized
Hamiltonian

HYH col P%3widkod  cokobM
1 - 2

Y, / Eg?’(cobxmoin)
R

1 A2 1 -
5| L 2xn (2 1o 2
¢ [ 75070 (DXC> p Dy }dX,
describes the essential dynamics of the system. If we make the further change of variables
i ¥4 0x{ (which plays the role of a horizontal shear velocity), then

. 1 1 1
HY: / Eéap cob’pe® {szaop‘)“““aaxapz Exﬁﬁz]d& 354

and the equations of motion are transformed to

i 0 ¢y O 0 0 0 opH
i g2y O 0 0 0 0 oaH
ol vy 0 0 0 jg 3 2 0 0 oy H
"1 0 0 i 320 0 0 0 oy H
i 0 0 0 0 0 8% || opH
& 0 0 0 0 e®% 0 o H

o~
I

This indicates that the internal and surface wave motions are decoupled atgsgemwith
the internal modes obeying the Boussinesq equations

1
OiYa Oy {coacoﬂ & <2—4w260p°“°“a§1; b K[m)} ,
~ ~ o1, 5
ouYa Ox|p cou és K |,

after rescaling ¥ er.

5.4 A KdV equation for the interface

The next step is to look at the dynamics of the system in a preferred direction of propa-
gation. This is achieved by adopting the characteristic variables

pl C ~
(r) Yl pr ; (H)
@ ~ |

s P /3 )\u

wherer(X, f) is the component of the solution that is principally right-moving, wh({l€, )
is principally left-moving. In terms of these variables, Edk reads
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5 w?80s™

H 1/4/£3c0s2 be

R

[aaxrb 280y P30y sb P aaxsbz}

&> 04;20( S bs3)dX

and the corresponding equations of motion are

r £§%y O 0 0 0 0 5,H
N 0 & 28X 0 0 0 0 5SI'{
ol 0 0 0 ic 3 & 0 0 oy, H
"1 0 0 i 20 0 0 0 0w H
I 0 0 0 0 0 & &% || o
4 0 0 0 0 e %% 0 5: H

a550

The KdV regime consists of restricting oneOs attention to the region of phase space where
is of orderO(¢?), which is to say that one focuses primarily on the propagation to the right.
In this situation, retaining only terms of ordéx(c®) leads to

250p™ co K
HY | &= 80y ¢ 34X,
/ 860 N7 N\ 2"

and the evolution equation fot,0,r ¥4 ¢ 29¢3,H, can be rewritten as

2 6 ObDOOU

o1 2 63 b ——raxr 356

which is a KdV equation expressed in a reference frame moving at speedl evolving
over time scaler = &°.

5.5 A linear Schrdinger equation for the free surface

If the higher-order terms in5@) are taken into account, the evolution equations for the
surface modes, ;11 and{, can be obtained frombf). The equation fow, reads

Oy v1 Yai akopa§v1 brivibe 2p2s (Kg,ul b K46XC1 b ksjvij )vl} 057

wheret; = ¢% is the usual scaling time in modulational analysis. We note that the non-
linear term appears at a much higher order. Thus, at leading ordegtispes a linear
Schralinger equation with an external potential proportional to the solutiohthe KdV
equation describing the internal modes,

z@rlvl Ya —CU 6k0D6Xv1 b K1rvy. 058

In general, the Schibnger operator on the right-hand side of this equation has a time-
dependent potential, and there are few general statements that one can make about its solu-
tions. However, in the important case of an internal wave soliton, the-8ctger operator
appearing in§8) can be reduced to a time-independent potential. In particular, whes 0,

the potential has eigenvalues whose associated eigenfunctions are localized bound states in
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the reference frame of the soliton. In this situation, the wave pattern exhibited by this trapped
free surface mode is visible in the vicinity of the soliton peak, and travels with it. We propose
that these trapped modes are the cause of the changes in surface reRectancy that so very
dramatically affect the imaging of internal waves. Thus the trapped modes can be considered
as an effective signature for the presence of this type of internal waves.

When rigid lid boundary conditions are imposed afi, 7) represents a soliton internal
wave, then the sign of the proble ofs determined by the sign of

ph3  pih?, 35%

as given in (Benjamirl966. In the free interface-free surface problem, the relative sign of
the dispersive and nonlinear terms &6 are what determines this sign (Craig et al.
20053. One expects that commonly it will be the case that > 0 in situations where the
solitons are of negative elevation. However, one can also imaginecthat O could also

hold for either negative or positive solitary wave elevations, in certain cases, as it depends
as well on the sign ok;.

The coefbcientc; has a complicated but explicit expression in termskgfand the
parameters of the problem. In a forthcoming work, we plan to examine the relative signs of
the Laplacian and the potential, and discuss the cases in which eigenvalues of the
Schralinger equation exist, and analyse further the character of the bound states associated
with these eigenvalues. To complete the derivation, the equations, fand {; have the
form

1 -
ey iy Ya éwiaorﬂ”aiglpmaxjvljzpcoaxnl, 3600
0,01 ¥ iy P Rajvij” b codxly, 861

from which we deduce that, dyl; jvij>.
5.6 Comparison with the rigid lid case
In order to quantify the differences between the rigid lid and free surface cases, we

compare their ratios of nonlinearity to dispersion in the KdV regime. In the rigid lid case,
this ratio is

3(ph3  pih?
RiYVi—— (ol _pal?) . 362
h2hi8p ha P phP+/gdp  piP
In the free surface conbguration, it is debPned by
24k
Rg Y4 , 063
®200p

wherek is given by é7) and
1

25 ~H 000 th 2
54 00p™" Y4 3—p2<'5p 01P3ph P 3phiPa d0P

h
%\/plap pib(20h2 P 6pyihy P 3ph2)a 300 30p
0

g
3,2 (%3 b pp1h® b 3pp1hh b 3p3h%hy)b 3007,
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Figure 5 shows the comparison betweRpandRj as a function of the density ratja/p,
for different values of the depth ratio/h. It is clear that there are signibcant differences
between these two cases. First, we can see®thiatalways positive fof;/h > 1, whileRg is
always negative foki;/h < 1. The ratioR; changes sign only once in the ranggp € (0, 1)
for hi/h < 1. On the contraryRs changes sign once and then twicéig increases from 1.
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Fig. 5 Ratio of nonlinearity to dispersion for the interface in the KdV regime vs. density gafjo for
(@) ha/h =10, ©) ho/h = 1.2, €) hi/h =1.1, d) ha/h =1, (€) hi/h = 0.8, ) ha/h = 0.4. The ratios
R; (rigid lid case) andRs (free surface case) are represented in thieiied andsolid lines respectively
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This property has important implications since the sign of the ratio determines the sign of
solitary wave elevations. Benjamii 966 found that, in the rigid lid case, the sign 8f
changes fop./p = (hi/h)?. We note that there is a widely varying difference between the
sign of Rg and that ofR; for many parameter choices. Regarding the relative importance of
nonlinearity and dispersion, it is observed that, fetp ~ 0.9 (which is close to realistic
conditions), bottR;, Rg¢ ~ O(1) in magnitude whet,/h ~ 1 and larger. This observation
also holds true for a smaller density ratio, $ajp ~ 0.2. As expected, the nonlinear effects
prevail over the dispersive effects whiyiz is small. We can nevertheless conclude that the
Boussinesq and KdV regimes for the interface, in which dispersive and nonlinear effects are
balanced, remain valid over a signibcant range of parameters.

6 Conclusions

This paper gives an asymptotic analysis of the coupling between the interface and the free
surface of a two layer Buid, in a scaling regime in which the internal mode is treated as a
long-wavelength nonlinear internal wave, while the surface mode is smaller and taken in a
modulational regime. This is a physically realistic situation for certain cases of internal
waves in the ocean, whose visible signature on the surface is a band of roughness which
propagates at the same velocity as the internal wave. Using a perturbation theory based on
an analogy with Hamiltonian mechanics, we have derived a coupled set of equations which
describe this regime, in which the internal mode evolves according to an equation of KdV
type, and the surface mode is propagated at the resonant group velocity, and is modulated
according to a time-dependent linear Salinger equation. In the case of a soliton internal
wave (when it is a wave of depression), this Selinger equation will often have bound
states, leading to the phenomenon of trapped surface wave modes which propagate as the
signature of the internal wave. It is proposed that this is a possible explanation for these
bands of surface roughness mentioned earlier, which are associated with the presence of
large amplitude internal waves.
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Appendix

We present here a recursion formula for the higher-order terms in the Taylor series
expansion forGj.’}”Dén,nlb. We distinguish two cases. The brst is the special case where
m = (myg, 0) or (0,m,), and the second is the more general case, wiese (mq, m,) where
neithermg, m; = 0. In the brst case, let = (mg, 0). Then we can read from the matrix
Egs.11, using30, 31, 32 and33, the following expressions for the matrix coefpcients: the
(1D)-coefbcient is

1 Di’]mo dxpDMo (ehlg

5 Ya gD 3 1o e”l”)
mo,0p mo!
Gy, Opp Mo

o b P b, D

hiD 3 1p170b1 hiD
3q0.0P 1 e e
b Zl Giy 5'7|°p—0!’7p°5xpr° (ehlp B thbeth o WD | 064
Po

agbpg¥ang
41%40%py
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the @1)-coefbcient is
hiD

G v, Z Ga‘1°°"ap PoaxpDP°< c

Po
40 b/)o‘/ famg
q1%:0%4pq

the (12)-coefbcient is
o
mioanmoaxpoO (ehl[) 18 "D eth L th)

D g hiD b gD g D

opl hiD
3 1p7°P%e )7 565

ﬁmo Oba D .
b1
8g0. 05 1 L 1 o 1p°
Z G} 611DI)—()!;7”°6xDD”°<eh1D p thbe”lD o D |’ a66p
llobﬁo‘/mo
q1Yi0%p1
and the R2)-coefbcient is
b1
am o 300,00 1 a
2" onb ¥ Z Gat™onb Poaxpo(e o, P ) 6P

%0 p,)ov mo
q1¥:0%py

A recurswe computation ofGé'”‘”OD

mO, Omg,0p

onb, mg > 0 and formula65) for G

order to calculateG 617b andG
It is a general fact that

6m0 mlba’/] 7’]1p Y, Gém1 moba N, np

which allows us to deduce the form (ﬁfoml"

onp can be based upon formula64) for
onb, mg > 0. This is sufbcient information in
6nb from respectively §6) and €7).

68

onqp, with j, £ =1, 2 from the above

expressions. As well, each matrix opera(éf“ is self adjoint, which is not necessarily

self-evident from the above formulae. Thus in parUcu(aﬂ‘i’;D)

i}
s GO,

Therefore, the

latter can be obtained fron66), which itself depends upon the recursid@) alone.

The second case consists of those multi indiees (mq, m1) where neitheing nor m,
vanish. Then-order terms on the right-hand side of the relati@f)(are zero, as is seen in
(32, 33). Working as in the brst case, we bnd an expression forliedpefbcient to be

§ 1proPleip )

g 1pribt
beth e mD |’

D g hiD

§ 1proPlemd )

g 1prbt
behlb e mD |’

hD
6m0 mp 1 dqo,m1P i ) 0 ¢
61”[ I’Ilp Ya Z G 671,711[3170' n xpD” ehD o mD p emD o hD
1 po mo ’
qoPpo¥amg
P10
6mo qlba D 16 DDpl 1
b > G UBEY ’7/1 v WD g hiD
Po¥0
1 py m
q1bPpq¥amy
The Q1)-coefbcient is
hD
6m0 map 1 dqo,m1P i Po 20 ¢
61”[ '/’lp Ya Z G 671,'11'31)0"/[ dxpDf ehD e mD
1 po mo ’
aobpoYang
P10
b S Gy, mp—powor (-
22 T, M1 pl,’h gD g D
Po¥0 ’
1 py m

q1bp¥amy

@ Springer



Nat Hazards

The (12)-coefbcient is the operator

popl
am ,mib aq mab 1 1 o 1p°
0 B 6" nlp /4 Z G o 67]7 ﬂlplj—()!”]poabepo (eth e D b eth e hiD

Po

flObl’O‘/"”O
Pp1Yi0
hD § 1pPbl, mp
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Finally, the @2)-coefbcient is
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