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Ramanujan’s = function
oo
f@)y=z [[ Q-2 |z <1.
n=1

0

f(x) = Z 7(n)x™.

n=1
Ramanujan obtained the values of 7(n) for n <
30. He also made the following conjectures :

e 7(nm) =7(n)r(m), (n,m)=1
o 7(p")7(p) = pttr(p" 1) + (")
o I7(p)| < 2p2

T he first two conjectures were proved by Mordell
in 1917, but not the third.



Consider

SLQ(Z):{<Z Z) : ad—bczl}.

9 ={zr+iylz,y € R, y > 0}
is the upper-half plane. For z € 9, let
az + b
cz+d
Consider the set of all holomorphic functions
f 95 — C, such that

f (aiZ) = (cz 4+ ¥ f(2)

for all v € SL>(Z). Since

Yz =

(é }) € SLo(2),

fz4+1)=f(2), z€H.



Thus, f(z) has a Fourier expansion at infin-
ity

©@,

= > elNd", q=eT"

n=——oo
We say that f is holomorphic at infinity if
en(f) = 0 for all n < 0.

A modular form of weight k£ on SL>(Z) is a
map f:$H — C such that

(1) f is holomorphic on $,

(2) Ff(v2) = (cz + d)ef(2) for all v € SL»(Z).

(3) f is holomorphic at infinity.
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If in addition, cg(f) = 0, then f is said to van-
ish at infinity. We say that f(z) is a cusp
form of weight k.

oo

A(z) == ), 7(n)q"

n=1
is a cusp form of weight 12. For k£ > 4, k even,
the Eisenstein series

1 1
Ep(z) = ——
1(2) ¢ (k) (m’n)%;(o,o) (mz + n)k

IS @ modular form of weight k.

M;. and S are both finite dimensional vector
spaces.



Hecke Operators

For

O

F(2) =Y en(f)d", q=e%

n=1
define, for every n > 1,

oo

To(f(2) = Y | Y d"lemn | g™

m=1 \d|(m.n) z
[ Tan — Tmn, (m,n) = 1.
o T Ty, =pF 1T , 14+ T
pt4ip pn pn—l—l

For example, S15 is one-dimensional and gen-
erated by A(z).

Tp(A(2)) = 7(p) A(2).



Consider the space So4. The functions
AE2 = q—1032¢°+2451964¢>4+10965568¢" - - -
and

A2 = ¢ — 483 4+ 1080¢"* + - - -
form a basis of So4. The matrix of 15 is

—1032 1
18289152 2112/

The characteristic polynomial of this matrix is

A2 — 1080\ — 20468736.

The eigenvalues ap 1 and ap 5 are

540 + 124144169 and 540 — 12v/1441609.

23
lan ;| <2-272.



Let a,; denote the eigenvalues of T, on 5.
Ramanujan- Petersson conjecture states that

This was proved by Deligne in 1974. Define
the normalized Hecke operator

_ Ip

p(k_]-)/Q
The eigenvalues of T}, lie in [-2,2]. Serre fixes
a prime p and considers the sequence of spaces

/
Tp

512,514,516, " -

How are the eigenvalues of TZQ distributed in
[—2,2] as the spaces vary?



More generally, we need to consider

Mo(N) = {(‘;’ Z) € SL~(Z) - N|c},

where N is a positive integer.

A cusp form of weight £ and level N is a map
f % — C such that

(1) f is holomorphic on $,
(2) f(vz) = (cz+ d)kf(z) for all v € To(N).
(3) f ‘“vanishes at the cusps.”

For example, if f(z) € Si, then f(Nz) € S(N, k).



Let p be a prime not dividing N. Then, the
eigenvalues of T,(N, k) lie in the interval

k=1 k=1
[—2p 2 ,2p 27].

Thus, the family of eigenvalues of the normal-
ized p-th Hecke operator

Tp(N, k)

p(k—1)/2

lie in the interval [-2,2]. How are the eigen-
values of T;(N, k) distributed as we vary N and
k? For any closed interval [a, 3] contained in
[_272]7

/ —
Tp(N7 k) -

D(p, [a, 8]) = #{ Eigenvalues of T}, lying in [«, 8].}.
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Serre’s Equidistribution Theorem

Let N,, k), be positive integers such that k), is
even, Ny—+k), — oo and p is a prime not dividing
N,. We denote the dimension of S(NVy, k)) as

T\

Then, as Ny+k) — oo, for every [a, 3] C [-2, 2],
D(p, [a, 8]) /5

’I°>\ (0

Hp

where

_2(p+1) (1- %)1/2

Hp r (P24 p-1/2)2 _ 24




dim S(N, k) ~ w(N)"“l_—Ql

as N + k — oo where

Y(N) =N ] <1+%>.

p|N
Theorem 1 :

For any interval [«, 3] C [-2, 2],

D@, [0, 8 = 6N T [y

P(N)klogp
+O< log(kN) )

11
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If we choose o« = 3, then

(/jup>=0-

For a fixed a lying in [—2,2], let D(p,a) denote
the number of eigenvalues of T)(N, k) equal to
a.

Corollary

For a € [—2,2],

D(p.a) = O <W(N) log p) |

log(kN)
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Let us denote the dimension of S(N,k) as r.
For1l <<, leta,,; denote the i-th eigenvalue
of T,(N, k). Then, for a positive integer N and
a fixed prime p not dividing N,

T heorem 2 :

< 289 ((k _ 1)¢(N)|O'go(ilj’v)> |

Theorem 3

#{i:lgig’r‘,ap,iEZ}

k—1

k-1 log p
< 289 (4p >+ 1) ((k _ 1)¢(N)|Og(kN)> |
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T heorem 4

Let d be a positive integer and K, ; = Q(ap;)
for every 1 <1< r. Then

#{i:1<i<r [Ky;:Q =d}

< 289C, <(k _ 1)¢(N)IO;O(Q;£V)> ,

where

Ca= di[l (2() (207 +1).
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T heorem 5

For odd N, there is an effectively computable
constant B, such that if Jo(N) is isogenous
to a product of simple abelian varieties with
dimensions less than or equal to d, then N <



