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Ramanujan’s τ function

f(x) = x
∞∏
n=1

(1− xn)24, |x| < 1.

f(x) =
∞∑
n=1

τ(n)xn.

Ramanujan obtained the values of τ(n) for n ≤
30. He also made the following conjectures :

• τ(nm) = τ(n)τ(m), (n,m) = 1

• τ(pn)τ(p) = p11τ(pn−1) + τ(pn+1)

• |τ(p)| ≤ 2p
11
2

The first two conjectures were proved by Mordell
in 1917, but not the third.
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Consider

SL2(Z) =

{(
a b
c d

)
: ad− bc = 1

}
.

H = {x+ iy|x, y ∈ R, y > 0}

is the upper-half plane. For z ∈ H, let

γz :=
az + b

cz + d
.

Consider the set of all holomorphic functions

f : H→ C, such that

f

(
az + b

cz + d

)
= (cz + d)kf(z)

for all γ ∈ SL2(Z). Since(
1 1
0 1

)
∈ SL2(Z),

f(z + 1) = f(z), z ∈ H.
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Thus, f(z) has a Fourier expansion at infin-

ity

f(z) =
∞∑

n=−∞
cn(f)qn, q = e2πiz.

We say that f is holomorphic at infinity if

cn(f) = 0 for all n < 0.

A modular form of weight k on SL2(Z) is a

map f : H→ C such that

(1) f is holomorphic on H,

(2) f(γz) = (cz + d)kf(z) for all γ ∈ SL2(Z).

(3) f is holomorphic at infinity.
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If in addition, c0(f) = 0, then f is said to van-

ish at infinity. We say that f(z) is a cusp

form of weight k.

∆(z) :=
∞∑
n=1

τ(n)qn

is a cusp form of weight 12. For k ≥ 4, k even,

the Eisenstein series

Ek(z) =
1

2ζ(k)

∑
(m,n) 6=(0,0)

1

(mz + n)k

is a modular form of weight k.

Mk and Sk are both finite dimensional vector

spaces.
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Hecke Operators

For

f(z) =
∞∑
n=1

cn(f)qn, q = e2πiz,

define, for every n ≥ 1,

Tn(f(z)) :=
∞∑

m=1

 ∑
d|(m,n)

dk−1cmn
d2

 qm.

• TmTn = Tmn, (m,n) = 1.

• TpnTp = pk−1Tpn−1 + Tpn+1

For example, S12 is one-dimensional and gen-
erated by ∆(z).

Tp(∆(z)) = τ(p)∆(z).



6

Consider the space S24. The functions

∆E2
6 = q−1032q2+245196q3+10965568q4 · · ·

and

∆2 = q2 − 48q3 + 1080q4 + · · ·

form a basis of S24. The matrix of T2 is(
−1032 1

18289152 2112

)
.

The characteristic polynomial of this matrix is

λ2 − 1080λ− 20468736.

The eigenvalues a2,1 and a2,2 are

540 + 12
√

144169 and 540− 12
√

144169.

|a2,i| < 2 · 2
23
2 .
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Let ap,i denote the eigenvalues of Tp on Sk.

Ramanujan- Petersson conjecture states that

|ap,i| ≤ 2p
k−1

2 .

This was proved by Deligne in 1974. Define

the normalized Hecke operator

T ′p =
Tp

p(k−1)/2
.

The eigenvalues of T ′p lie in [−2,2]. Serre fixes

a prime p and considers the sequence of spaces

S12, S14, S16, · · · .

How are the eigenvalues of T ′p distributed in

[−2,2] as the spaces vary?
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More generally, we need to consider

Γ0(N) =

{(
a b
c d

)
∈ SL2(Z) : N |c

}
,

where N is a positive integer.

A cusp form of weight k and level N is a map

f : H→ C such that

(1) f is holomorphic on H,

(2) f(γz) = (cz + d)kf(z) for all γ ∈ Γ0(N).

(3) f “vanishes at the cusps.”

For example, if f(z) ∈ Sk, then f(Nz) ∈ S(N, k).
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Let p be a prime not dividing N. Then, the

eigenvalues of Tp(N, k) lie in the interval

[−2p
k−1

2 ,2p
k−1

2 ].

Thus, the family of eigenvalues of the normal-

ized p-th Hecke operator

T ′p(N, k) =
Tp(N, k)

p(k−1)/2

lie in the interval [−2,2]. How are the eigen-

values of T ′p(N, k) distributed as we vary N and

k? For any closed interval [α, β] contained in

[−2,2],

D(p, [α, β]) = #{ Eigenvalues of T ′p lying in [α, β].}.
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Serre’s Equidistribution Theorem

Let Nλ, kλ be positive integers such that kλ is

even, Nλ+kλ →∞ and p is a prime not dividing

Nλ. We denote the dimension of S(Nλ, kλ) as

rλ.

Then, as Nλ+kλ →∞, for every [α, β] ⊆ [−2,2],

D(p, [α, β])

rλ
∼
∫ β
α
µp

where

µp =
2(p+ 1)

π

(
1− x2

4

)1/2

(p1/2 + p−1/2)2 − x2
dx.



11

dim S(N, k) ∼ ψ(N)
k − 1

12
as N + k →∞ where

ψ(N) = N
∏
p|N

(
1 +

1

p

)
.

Theorem 1 :

For any interval [α, β] ⊆ [−2,2],

D(p, [α, β]) = ψ(N)
k − 1

12

∫ β
α
µp

+ O

(
ψ(N)k log p

log(kN)

)
.
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If we choose α = β, then(∫ β
α
µp

)
= 0.

For a fixed a lying in [−2,2], let D(p, a) denote

the number of eigenvalues of T ′p(N, k) equal to

a.

Corollary

For a ∈ [−2,2],

D(p, a) = O

(
kψ(N) log p

log(kN)

)
.
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Let us denote the dimension of S(N, k) as r.
For 1 ≤ i ≤ r, let ap,i denote the i-th eigenvalue
of Tp(N, k). Then, for a positive integer N and
a fixed prime p not dividing N,

Theorem 2 :

#{i : 1 ≤ i ≤ r,
ap,i

p
k−1

2

= α}

≤ 289

(
(k − 1)ψ(N)

log p

log(kN)

)
.

Theorem 3

#{i : 1 ≤ i ≤ r, ap,i ∈ Z}

≤ 289
(

4p
k−1

2 + 1
)(

(k − 1)ψ(N)
log p

log(kN)

)
.
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Theorem 4

Let d be a positive integer and Kp,i = Q(ap,i)

for every 1 ≤ i ≤ r. Then

#{i : 1 ≤ i ≤ r, [Kp,i : Q] = d}

≤ 289Cd

(
(k − 1)ψ(N)

log p

log(kN)

)
,

where

Cd = d
d∏

i=1

(
2
(d
i

) (
2p

k−1
2

)i
+ 1

)
.
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Theorem 5

For odd N, there is an effectively computable

constant Bd such that if J0(N) is isogenous

to a product of simple abelian varieties with

dimensions less than or equal to d, then N ≤
Bd.


