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Abstract: Westudythelinearizedstabilityof n-vortex (n € Z) solutionsof themagnetic
Ginzlurg—Landauor AbelianHiggs)equationsWe prove thatthefundamentavortices
(n = £1) arestablefor all valuesof the coupling constant, andwe prove thatthe

higherdegreevortices(|n| > 2) arestablefor A < 1, andunstablefor A > 1. This
resolesalong-standingonjecturgsee eg, [JT]).

1. Introduction

In this paperwe determinghe stability of magnetigor AbelianHiggs)vortices.These
arecertaincritical pointsof theenegy functional

£, A) = %AZ{|vAw|2+<vxA>2+%<|w|2—1>2} @)
for thefields
A:R>>R?> and v :R?>—C.
HereV, = V — i A is the covariantgradient,and . > 0 is a coupling constantFor

avector A, V x A isthescalard1A» — 9»A1, andfor ascalaré, V x & is the vector
(—02€, 01&). Critical pointsof £(yr, A) satisfythe Ginzlurg—LandawGL) equations

A
—Aw+§<|w|2—1>w =0, )
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VXVXA+ImVay) =0, 3)

whereA, = V4 - Vy4.

Physically the functional £(y, A) gives the differencein free enegy betweenthe
superconductingnd normal statesnearthe transitiontemperaturen the Ginzkurg—
Landautheory A is thevectorpotential(V x A is theinducedmagnetidield), andy is
anorder parameter The modulusof v is interpretedasdescribingthe local densityof
superconductingooperpairsof electrons.

Thefunctional (¥, A) alsogives the enegy of a staticconfigurationin theYang-
Mills-Higgs classicalgaugetheoryon R?, with abeliangaugegroupU (1). In this case
A is a connectionon the principal U (1)- bundleR? x U (1), and is the Higgs field
(se€[JT] for details).

A centralfeatureof the functional £(y, A) (andthe GL equations)s its infinite-
dimensionasymmetrygroup.Specifically € (v, A) isinvariantunderU (1) gaugetrans-
formations

v ey, 4

A A+ Vy (5)

for ary smoothy : R2 — R. Inaddition,£(y, A) is invariantundercoordinateransla-
tions,andunderthe coordinateotationtransformation

Yx) =Yg AR - gA(gIN) (6)

forg € SO(2).
Finite enepy field configurationsatisfy

W — 1 & |x| > o0 @)

whichleadsto thedefinitionof thetopolagical degree deg(vr), of suchaconfiguration:
v : St Sl>
|x|=R

deg(y) = deg | —

F = vl
(R sufiiciently large). The degreeis relatedto the phenomenowf flux quantization In-
deedanapplicationof Stokes'theorenmshawvsthatafinite-enegy configuratiorsatisfies

1
deg(y) = o /RZ(V X A).

We study in particular “radially-symmetric”or “equivariant” fields of theform

an(r) .
my el

Y™ (x) = fu(re™, AW x)=n : (8)

where(r, 0) arepolarcoordinate®n R2, i1 = %(—xg, x1)!, n is aninteger, and
fn, an : [0’ OO) - R

It is easily checled that such configurationg(if they satisfy (7)) have degreen. The
existenceof critical pointsof this form is well-known (seeSect.2.1). They arecalled
n-vortices
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Our mainresultsconcernthe stability of thesen-vortex solutions.Let
L™ = HessE(y ™, A™)
bethelinearizedoperatorfor GL aroundthen-vortex, actingonthespace
X = L%(R?,C) @ L?(R?, R?).

The symmetrygroup of £(, A) gives rise to an infinite-dimensionalsubspaceof
ker(L™) c X (seeSect.3.2), which we denotehereby Zsym. We saythe n-vortex
is (linearly) stableif for somec > 0,

L(n)|Zl >C,

Sym

and unstableif L hasa negative eigevalue. The basicresult of this paperis the
following linearizedstability statement:

Theorem 1. 1. (Stability of fundamentabortices)
For all & > 0, the+1-vortex is stable

2. (Stability/ instability of higherdegreevortices)
For |n| > 2, then-vortexis

stable fori <1,
unstable for A > 1.

Theoreml isthebasicingredientin a proof of thenonlineardynamicalstability / insta-
bility of then-vortex for certaindynamicalversionsof the GL equationsTheseinclude
the GL gradientflow equationsandthe Abelian Higgs (Lorentz-irvariant) equations.
Thesedynamicalstability resultsareestablishedh a separatavork ([G2]). Otherwork
ondynamicsof magneticvorticesappearsn [DS,S,S2].

The statemenbf Theoreml wasconjecturedn [JT] on the basisof numericalob-
senations (see[JR]). Bogomolryi ([B]) gave an argumentfor instability of vortices
for A > 1, |n| > 2. Our resultrigorously establisheshis property The instability of
higherdegreevorticesfor sufficiently large A was establishedn [ABG]. The stability
of vorticesof Ginzlurg—Landauequationswithout magneticfield was studiedin [LL,
M, OS1].Thestability of “monopole”solutionsof anon-abeliargeneralizatiorof (2-3)
was studiedin [AD] (seealso[G1]).

The solutionsof (2)—(3) arewell-understoodn the caseof eritical coupling » = 1.
In this case the Bogomolnyimethod([B]) gives a pair of first-orderequationsvhose
solutionsare global minimizersof £(y, A) amongfields of fixed degree(and hence
solutionsof the GL equations)Taubes([T1,T2]) hasshawn that all solutionsof GL
with & = 1 aresolutionsof thesdfirst-orderequationsandthatfor agivendegreen, the
gauge-inequwialentsolutionsorma?2|n|-parametefamily. The2|n| parameterdescribe
thelocationsof the zerosof thescalarfield. Thisis discussedn moredetailin [JT] (see
also[BGP]) andSect.6. Weremarkthatfor A = 1, ann-vortex solution(8) corresponds
to thecasewhenall |n| zerosof the scalarfield lie atthe origin.

Theremainderof this paperis organizedasfollows. In Sect.2 we describan detail
variouspropertiesof the n-vortex. In particular we establishranimportantestimateon
the n-vortex profileswhich differentiatesbetweernthecases. < 1 andi > 1.In Sect.
3, we introducethe linearizedoperatoy fix the gaugeon the spaceof perturbations,
andidentify the zero-modeslueto symmetry-breakingSections4 through7 comprise
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a proof of Theoreml. A block-decompositiotior the linearizedoperatoris described
in Sect.4. This approactis similar to that usedto studythe stability of non-magnetic
vorticesin [OS1]and[G1]. In Sect5, we establisithepositivity of certainblocks(those
correspondingo the radially-symmetricvariationalproblem,andthosecontainingthe
translationalzero-modesj¥or all A, which completesthe stability proof for the +1-
vortices.The basictechniquesrethe characterizatiorf symmetry-breakingn terms
of zero-modeof the Hessian(or linearizedoperator),and a Perron-Frobeniusype
argument,basedon a versionof the maximumprinciple for systemgProposition6),
whichshawvsthatthetranslationakero-modesorrespondo the bottomof thespectrum
of thelinearizedoperatorA morecarefulanalysisis neededor |n| > 2. Thisrequires
usto review someaspect®f thecritical casgA = 1)in Sect.6. Thestability/ instability
prooffor |n| > 2iscompletedn Sect.7. We useanextensiorof Bogomolryi’ sinstability
argument,andanotherapplicationof the Perron-Frobeniutheory

2. Then-Vortex
In this sectionwe discusghe existence andpropertiespf n-vortex solutions.

2.1. \Vortex solutions. Theexistenceof solutionsof (GL) of theform (8) is well-known:

Theorem 2 (Vortex existence; [P,BC]). For everyinteger n, andeveryx > 0, thereis
a solution

a,(r) fl

W(")(x) — fn(r)emg A(n)(x) —n (9)

ofthevariationalequationg2)—(3).In particular, theradial functions( f,,, a,) minimize
theradial enegy functional

4
(which isthefull enegy functional(1) restrictedto fieldsof the form (8)) in theclass

00 N2 42 72
Sif”)(f, a) = %/0 {(f/)2+n2(l raz) f +n2(6;2) _l_&(fz_]_)z}rdr (10)

i
(fia:10,00) > R | 1— f e HYXrdr), 2 € 12 (rdr), & € L2(rdr)).
r r

Thefunctionsf,, a, are smoothandhavethefollowing properties(for n # 0):

1.0< f, <1 0<a, <1lon(0,0c0),

2. f),a, >0,

3. fu ~cr',a, ~dr? asr — 0 (¢ > 0andd > 0 are constants),
4.1— f,,1—a, - 0asr — oo, with an exponentialrate of decay

We call (v, A™) an n-vortex (centredat the origin).
It follows immediatelythatthe functions f,, anda,, satisfythe ODEs

_Arfn + Tfn + E(fn 1)fn =0 (ll)

and
’

d+ 820 g, =0 (12)
r

n
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Remarkl. The n-vortex is known to be the uniquesolution of (GL) of the form (8)
wheni > 2,2 [ABGI]. In the appendixwe shaw thatfor A > 212, any suchsolution

minimizesE™.
Remark2. Thefunctions f,, anda,, alsodependn A, but we suppresshis dependence
for easeof notation.Whenit will causeno confusionwe will alsodropthesubscript:.

Remark3. Thediscretesymmetryys — ¥, A — —A of (GL) interchangegy ™, A™)
and(y ™, ACM), Thus,we canassume: > 0.

2.2. Anestimateon thevortex profiles. Thefollowing inequality relatingthe exponen-
tially decayingqguantitiesf’ and1 — a, playsa crucialrole in the stability / instability
proof.

Proposition 1. We have

{ flr) > "4 py - for h<1 (13)
[l <=4 iy for A>1

Proof. Definee(r) = f'(r) — "= £ (r). The propertiedistedin Theorem2 imply
thate(r) — 0 asr — 0 andasr — oo. Usingthe ODEs((11)—(12))we canderive the
equation

(A, +@)e + %/ = 12 f2f,

where

a(r):W(l+%)+f2+#>O

andtheresultfollows from the maximumprinciple. O

3. The Linearized Operator

In this section,we introducethe linearizedoperator(or Hessianyaroundthe n-vortex,
andidentify its symmetryzero-modes.

3.1. Definitionof thelinearizedoperator. We work ontherealHilbert space
X = L2(R? C) @ L>(R?% R?)
with innerproduct

<(&,B),(n,C) >x= /Rz{Re(én) + B - C}.

We definethelinearizedoperatoy Ly, 4 (= theHessiarof £(, A)) at asolution(yr, A)
of (2)—(3)throughthe quadraticform

2

a
mg(lﬂ + €6 +68n, A+ €B+8C)|c=s=0 = ((n, C), Ly, a(§, B))x

for all (¢, B), (n, C), € X. Theresultis

. (g) [—Aa + 5112 —D)E + 592 +i[2Vay + ¢y V]- B
VA = RN — .
A\ B Im(VaW — PVAIE) + (—A + VY + |y?) - B
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3.2. Symmetrygein-modes.We identify the partof the kernelof the operator
L(n) = LI//(”),A(")
whichis dueto the symmetrygroup.

Proposition 2. We have

1.
w (ivy ™Y _
L < v, )=0 (14)
foranyy : R — R.
2.
aw(ﬂ)
forj=12

Proof. Weusethebasicresultthatthegeneratoof aone-parametegroupof symmetries
of £(yr, A), appliedto then-vortex, liesin thekernelof L™ . Thevectorin (14)is easily
seerto bethegeneratoof aone-parametdamily of gaugdransformationg4-5)applied
to the n-vortex. Similarly, the vectorin (15) is the generatoof coordinateranslations
appliedto then-vortex. 0O

Remarkd. Applying the generatoiof the coordinaterotationalsymmetry(6) to the n-
vortex givesusnothingnew. Thisis coveredby the gauge-symmetrgase.

We defineZsym to bethesubspacef X spannedy the L? zero-modeslescribedn
Proposition2. We recall that the n-vortex is called stableif thereis a constantc > 0
suchthat

L™, >e, (16)

Sym

andunstableif L™ hasanegative eigervalue.

3.3. Gauge fixing. In orderto remove the infinite dimensionalkernelof L™ arising
from gaugesymmetry we restrictthe classof perturbationsSpecifically we restrict
L™ to the spaceof thoseperturbations&, B) € X which are orthogonalto the .2
gaugezero-modeg14). Thatis,

iry™\ (EY\ _,
vy )\ B)/,
for all y. Integrationby partsgives the gaugecondition
Im(y™g) =V . B. 17)

As is donein [S], we considera modifiedquadraticorm L, definedby

<o, LWy >=<a, LMa > —I—/( ( 2
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for . Clearly, agreesvith onthesubspacef specifiedoythe
gaugecondition(17). This modificationhastheimportanteffect of shiftingtheessential
spectrunmaway from zero(see(26)).A straightforvardcomputatiorgives thefollowing

expressiorfor

O =)

To establishTheoreml, it sufficesto prove that 0 on the subspacef
orthogonato thetranslationakero-modeg15).

is a real-linearoperatoron . It is corvenientto identify 2 2 2 with
2 2 throughthecorrespondence

< ;) 12 (18)

andthento compl«ify thespace

NI
[iny

N
N

(19)
As aresult, is replacedby the complex-linearoperator
diag T
where
2 1 2 1 2
2° 1 ! z2 22 ! i 2 @ —
5 1 52 1 3
2 0
0 2
Herewe have usedthe notation
where 1 2 (andthesuperscript hasbeendroppedrom thecomplex function
obtainedfrom thevectorfield via (18)).
The component®f areboundedandit follows from standardesults([RSII])

that is aself-adjointoperatoron , with domain
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4. Block Decomposition

We write functionson 2 in polarcoordinatesPrecisely

2 2 4 2 2 1 4 (20)

2
where 4

Let 1 Aut 2 1 4 petherepresentatiowhoseactionis given by

where isacounterclockwiserotationin 2 throughtheangle . Itiseasilychecled

that the linearizedoperator commuteswith for ary 1. It follows
that leaves invariantthe eigenspacesf for ary Lie 1 .The
resultingblock decompositiorof , whichis describedn this section|s essentiato

ouranalysisin particular thetranslationakero-modegacHie within asinglesubspace
of this decomposition.

4.1. Thedecompositiorof . In whatfollows, we define,for corvenience,
1

Proposition 3. Thereis an orthogonaldecomposition

2 2 12 102
@ rad rad rad rad (21)
underwhich thelinearizedoperator aroundthevortex, , decomposeas

D

whee
(22)
with
1. 2 2 2 2
—diag 1 1 1 1
and
2 12 1 2
2 21 11 22 252 11 1 2
2 2 2
2 0
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Proof. Thedecompositior(21) of  follows from the usualFourier decompositiorof

2 1 andtherelation (20). An easycomputationshaws that preseresthe
spaceof vectorsof theform

1 1 (23)
andthatit actson suchvectorsvia (22).

It followsthat  is self-adjointon 2, 4.

It will alsobecornvenientto work with arotatedversionof theoperator

0
0
where
1100 1100
1 1100 11 100
51 0011 510011
00 1 1 0011
We have
(24)
where
= 2 5321 2 - 2 0
2 - 5 2,21 2 o 2
2 0 212 o
0 2 2, 12
4.2. Propertiesof
Proposition 4. We havethefollowing:
1.
(25)
2.
ess min 1 (26)
3. For land 2,
. 0 (27)

with no zeo-eigervalue
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Proof. Thefirst statements obvious. The secondstatementollows in a standardvay
from thefactthat

lim dag 111

To prove thethird statementywe compute

1
1 2

diag 1 21 1 21 1 3

whichis non-neative, with no zero-eigemaluefor 2, 1.

Remarks. In light of (25), we canassumdrom now on that 0. Thisdegenerag is
aresultof the compleification (19) of the spaceof perturbations.

4.3. Translationalzelo-modes.The gaugefixing (Sect.3.3) haseliminatedthe zero-
modesarisingfrom gaugesymmetry Thetranslationakero-modesemain.
Aswrittenin (15),thetranslationatero-mode#ail to satisfythegaugecondition(17).
Furtherthey donotliein 2. A straightforvardcomputatiorshavsthatif we adjustthe
vectorsin (15) by gaugezero-modegjiven by (14) with , 1 2, weobtain

() 0 )

where 1 10 and » 0 1. 1and ;> satisfy(17),andarezero-mode®f the
linearizedoperatorNotealsothat 1 decayexponentiallyas , andhencédlie
in

It is easilychecledthat 1 2 lie in the 1 blocksfor . After rotation
by ,wehave

where

5. Stability of the Fundamental Vortices

In this sectionwe prove thefirst partof Theoreml. Specifically we shav thatfor some

o ! for l,and ; ! . Inlight of thediscussion#n Sects3.3,
4.1,and4.3,thiswill establisithe stability of the 1-vortices.
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5.1. Non-n@ativityof , andradial minimization.
Proposition 5. 0 for all

Proof. Fromtheexpression24) we seethat  breaksup:

0 0 0 (28)
(akusingnotationslightly) where
0 0
with
2 ;32 1 2
()
and

An easycomputationshowvs that ¢ is preciselythe Hessianof the radial enegy,

Hess  (see(10)).Sincethe -vortex minimizes ,wehave ¢ 0. It remainsto
shav ¢ 0. Weestablisithestrongeresult, o 0. Notethat

0 o O

o )

Infact, ohasnozero-eigemalue.To seethis,we exploit someknown resultsaboutthe
kernelof ¢ at 1.In Sect.6, wewill shav thatat 1,thefull linearizedoperator
is the squareof afirst-orderdifferentialoperatoy : 1 . Theoperator
was analyzedn [S], whereit was shaovn to be Fredholmwith index 2 . Theoperator
0 o 11is restrictedto a particularinvariantsubspaceThus g is a Fredholm
operatorfrom its domainto ,Zad. Thekernelsof and  areknown precisely (see
[S] andSect.6) andit followsthat o hasindex zero.Now, g is arelatively compact
perturbatiorof o (duetothedecayof thefield components-see again [S]), andhence
o is alsoFredholmwith index zero.Finally, it is asimplematterto checkthat  has

trivial kernel.If
o) o

2 0

where

it follows that

andhencethat 0, andso 0. Therelation ¢ 0followsfrom this,andthefact
that ess O 1
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5.2. A maximunprinciple argument. Remaing the equalityin Proposition5 requires
morework. First, we establishan extensionof the maximumprincipleto systemgsee,
eg, [LM, PA] for relatedresults) We will usethis alsoin the proofthatthetranslational

zero-modas thegroundstateof , (Sect5.4).

Proposition 6. Let bea self-adjointoperator on 2 of theform

whee isa matrix-multiplicationopetator with smoothentries.Supposehat
0 andthatfor , Ofor all . Further, suppose isirreduciblein the

senseahatfor anysplitting of theset 1 into disjointsets 1 and », thereisan
1 anda 2 with Oforall . Finally, supposehat 2 with
0 component-wisend 0. Theneither

1. Oor

2. 0and 0.

Proof. We write with 0 component-wiseandcompute

0

Since and havedisjointsupportwe have

rhs Z 0

Thuswe have

1.0 .

2.0 for all

Since 0, thefirst of theseimplies 0 andhence . So if 0, then
0.If 0Oand 0, replace with in whatfollows.An applicationof the

strongmaximumprinciple (eg. [GT], Thm. 8.19)to eachcomponenbf theequation

now allows usto concludethat for each , either 0o 0. We know that
for some , 0. Looking backat the secondisted equationabore, andusingthe
irreducibility of , wethenseethat Ofor all . Finally, we caneasilyrule outthe

possibility 0 for some , by looking backat the equationsatisfiedby . Thuswe
have 0.

5.3. Positivityof ; . Now we applyProposition6toshav o 0. Thetrick hereis
to find afunction whichsatisfies g 0. Thisallows usto rule out the existenceof
a zero-eigewmector which would be positive by Proposition6. To obtainsucha , we
differentiatethe vortex with respecto the parameter . Specifically differentiationof
the Ginzhurg—Landawequationsvith respecto  resultsin

0 (29)
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where

and

We cannow establish

Proposition 7. For all , 0.
Proof. We have alreadyshown in the proof of Propositions,that ¢ 0and o O.
Hencedueto (28)and(26),it sufficesto shaw that 0 0 . Suppose o 0,
0. Propositioné thenimplies 0 (orelsetake ). Now
0 0 0 0

gives a contradiction.

Remarks. Proposition6 appliedto Eq. (29) alsogives 0. Thatis, the vortex pro-

files increasemonotonicallywith . This canbe usedto shav thatthe rescaledsortex

B ~ corvergesas to  0,where isthe(profileof) the

-vortex solutionof theordinaryGL equation: 2 2 0.
Thisresultwas establishedby differentmeansn [ABG].

2

5.4. Positivityof , *

Proposition 8. L owith non-dgeneate zeo-eigervaluegivenby

Proof Let 1 1 0, whichis aneigervalueby (26). Suppose , !

. Applying Proposition6 to ! (notethat ! satisfiesthe irreducibility
requirement)gives 0 (or 0). Further is non-dgenerateasif  were
degeneratewe would have two strictly positive eigenfunctionswhich are orthogonal,
animpossibility Now if 0, we have 0, whichis alsoimpossible Thus

isamultipleof ,and 0.

5.5. Completionof stability proof for 1. We arenow in a positionto complete
the proof of the first statemenbf Theoreml. By Proposition7, ! 0. By
Propositior8 and(26), ; ! 0. Finally, by (27), ! Ofor 2.

It follows from Proposition3 that 0 on the subspace®f orthogonalto
the translationakzero-modesBy the discussiorof Sect.3.3, this gives Theoreml for
1.

6. The Critical Case, 1

In orderto prove theremainderf Theoreml, we exploit someresultsfrom the 1
case.



270 S.Gustafson|. M. Sigal

6.1. Thefirst-oder equations. Following [B], we useanintegrationby partsto rewrite

theenepgy (1) as
1 2 1 2 2
zf . [ 2 1]
o 2 12} deg (30)
(recall, sincewe work in dimensiontwo, is ascalar)wheredeg  isthetopo-
logical degreeof , definedin theintroduction.We assumewithoutlossof generality

that 0. Clearly when 1, asolutionof thefirst-orderequations

0 (31)

- 1 0 (32)

minimizesthe enepgy within a fixed topologicalsector deg , andhencesolves
GL. Notethatwe have identifiedthevectorfield with acomple field asin (18).
The -vortices(9) aresolutionsof theseequationgwhen 1). Specifically

1
— -1 2
5 (33)
and
! (34)

In fact,it is shavnin [T2] thatfor 1, ary solutionof thevariationalequationsolves
thefirst- orderequationg31)-(32).

Beginningfrom expression(30) for theenepy, thevariationalequationgpreviously
written as(2)-(3)) canbewritten as

1 > 1 2
= 1 = 1 1 0 35
> 5 (39)
— 1
= 1 0 36
5 (36)
(here is theadjointof ).

6.2. First-oder linearizedopemator. We show thatthe linearizedoperatorat lis

the squareof thelinearizedoperatorfor thefirst-orderequations.
Linearizingthefirst-orderequationg31)—(32)abouta solution, (of thefirst-

orderequationsyesultsin the following equationdor the perturbation, :

0
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Now using , andaddingin the gaugecondition(17), we can
rewrite thisas

0 (37)

)

If we linearizethe full (secondorder)variationalequationgin the form (35)-(36))
around , we obtain

where

Nl
N
[EEN
NI
[ERN
N
[ERN
N
o

and

Proposition 9. When 1, thesdinearizedequationscanalsobewritten
0

Proof. Thisis asimplecomputatiorusingthefactthatthefirst-orderequation§31—-32)
hold.

This relationholdsalsoon the level of the blocks.A straightforvard computation
gives

where

6.3. Zero-modesfor 1. It was predictedin [W] (and proved rigorouslyin [S])
thatfor 1, the linearizedoperatoraroundary degree- solutionof thefirst-order
equationshasa2 -dimensionakernel(modulogaugetransformations)This kernel
arisesdbecauseheTaubessolutionsforma?2 -parametefamily, andall have thesame
enepy. The zero-eigemaluesareidentifiedin [B], andwe describethemhere.Let
betheuniquesolutionof

2 2
— 0
on 0 with

as 0
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and
0 &
for 12 . Thenit is easyto checkthatwhen 1,
0 (38)
where
We remarkthat
1

1

andit is easilyverifiedthatfor 1, 1 givesthetranslationakero-modes.

7. The (In)stability Proof for 2

Herewe completethe proof of Theoreml.
Theideais to decompose  into a sumof two terms,eachof which hasthesame

(translationalzero-modgfor 1l)as . Onetermis manifestlypositive, andthe
othersatisfiegestrictionsof Perron-Frobeniutheory
We bggin by modifying , anddefining,for ary ,

wherewe have defined
(39)

and denotesanoperatorcompositionBy (34), we have 1for 1.Wealso
set,for 1 ,

1

Now hasthefollowing properties:

1. isthetranslationakero-modet for all
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2. When 1, , 1 , givethe2  zero-modeg38) of the
linearizedoperator

These  werechoserin [B] ascandidate$or directionsof enegy decreas¢for

2) when 1. Intuitively, we think of asa perturbationthat tendsto breakthe
-vortex into separatevorticesof lower degree.

Now,  wasdesignedo have thefollowing properties:

1. when 1 (thisis clear).
2. Oforall and (thisiseasilychecled).

A straightforvard computatiorgives

(40)
where diagl1 0 0 0 and
2 2
with
2 2 2
3 > 1

By constructionwhen 1, thesecondermin the decompositior{40) musthave a

zero-modeorrespondingo theoriginaltranslationakero-modeln fact,onecaneasily
checkthat 1 0.

Proposition 10. For 2, 1 hasanon-dgeneante zeo-eigernvaluecorresponding
to ,and

1 O 1

1 O 1
on 2

rad

Proof We recallinequality(13), which impliesthat for 1, 1, andfor 1,
1. Theoperator 1 is of theform

1 1 2 firstorder  multiplication. (41)
Onecanshav that ; isboundedrom below (resp.above) for 1(resp. 1).We
stickwith thecase 1 for concretenesSuppose 1 with infspec 1
0. Applying themaximumprinciple (e.g.Propositioné for 1)to (41),we conclude
that 0.If 0, we have 0, a contradiction.Thus 0, andis
non-degeneratdy a similar agument.

We alsohave

Lemma 1. For 2, 1 IS non-ngativefor 1, non-positivefor 1,

andhasno zeo-eigervalue

Proof. Thisfollowsfrom theequation
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Completionof the proof of Theoem1. Supposeow 1.Since is manifestly

non-negative, and 1 for 2, we have 0 for 1 (with only the
translationaD-mode).Combinedwith (26) andPropositions and3, this gives stability
of the -vortex for 1.

Now suppose  1.By (40),Propositiorl0andLemmal, we havefor 2 ,

0
We remarkthat correspondso anelementof the un-compleified space , andso
hasnegative eigervaluesThisestablishetheinstability of the -vortex for 2,
1, andcompleteghe proof of Theoreml.

8. Appendix: Vortex Solutions are Radial Minimizers

Proposition 11. For 2 2, asolutionof Egs.(11)—(12)locally minimizes

Proof. It suficesthento shav ¢  Hess 0 (seeSect.5.1). We write ¢
0 0, Where
o diag
with 2 5 2 1 and
2 2 2
0 2 _12 2
We notethat 0 (oneof the GL equations)lt follows from thefactthat 0 and

a Perron-Frobeniugype argument(see[OS1]) that 0 with no zero-eigewalue. It
suficestoshav o 0. Clearly 0 0, and

22
det ¢ 2 4 221 2

is strictly positvefor 2 2.
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