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The Ginzburg–Landau equation III. Vortex dynamics
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Abstract. In this paper we study the time-dependentGinzburg–Landau equation of the
Schr̈odinger type in two dimensions. The initial conditions are chosento describeseveral
well-separatedvortices. Our task is to understandthe vortex structureof the corresponding
solutionsaswell ascorrectionsdueto radiation.To this endwe developthenonlinearadiabatic
theory. Using the methodsof effective actionandof geometricsolvability we deriveequations
for the vortex dynamicsandradiation.As an examplewe considerthe specialcaseof radiation
by two 1-vortices.
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1. Intr oduction

The nonlinearSchr̈odinger equationis one of the simplestequationswhich has particle-
like solutions—solitons,kinks and vortices—aswell as wave-like excitations. A general
solution, at least for large times, can be describedin terms of a collection of moving
localized structures—eachof which looks like a particle-like solution centredat some
point—interactingbetweenthemselvesas well as with wave excitations. This leads to
a rather complex dynamics. It is the goal of this paper to study this dynamicsfor the
nonlinearSchr̈odingerequation

i
∂ψ

∂t
= −1ψ + (|ψ |2 − 1)ψ (1.1)

on R
2
x ×R

1
t , where1 is theLaplacianin thespatialvariablex ∈ R

2 andfor eacht , ψ(·, t):
R

2 → C, andsatisfiesthe boundarycondition

|ψ(x, t)| → 1 as |x| → ∞. (1.2)

This equationis called the Gross–Pitaevskiequation. It comesup in condensedmatter
physicsandnonlinearoptics. The steadystateequationcorrespondingto equation(1.1) is
the celebratedGinzburg–Landauequation,

−1ψ + (|ψ |2 − 1)ψ = 0. (1.3)

It is subjectto the boundarycondition

|ψ | → 1 as |x| → ∞. (1.4)
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Let (r, θ) bethepolarcoordinatesof x. For eachintegern, thelatterequationhasa solution
of the form (modulotranslationsandrotations)

ψ (n)(x) = f (n)(r)einθ , (1.5)

wheref (n)(r) is a uniquefunction monotonicallyincreasingfrom 0 to 1 as r runs from 0
to ∞ (see,e.g. [BBH, H,OSa]). Suchsolutionsarecalledn-vortices.

In this paperwe study equation(1.1) with initial conditionswhich describeroughly
several,sayK, well-separatedvortices. A precisedefinition will be given later; for now
we just presentan exampleof suchan initial condition:

ψindep(x) =
K
∏

i=1

ψ (ni )(x − ai) (1.6)

with a ≡ mini 6=j |ai − aj | � 1. The goal of this paperis to understandthe dynamicsof
the vorticesdominatingthe solutionψ to equations(1.1) and (1.2). We show that in the
leadingorderin a−1 thedynamicsof vortexcentresis describedby theHamiltoniansystem

ȧ = J∇E(a), (1.7)

where a = (a1, . . . , aK), aj ∈ R
2, J is the block-diagonalmatrix with the blocks

1
πni

(

0 1
−1 0

)

, i = 1, . . . , K, and E(a) is the intervortex energy introducedin [OSb]

(seesection2). It is shownin [OSb] that

E(a) = 6Eni +H(a)+ O

(

1

a

)

, (1.8)

whereEn is the properenergy of the n-vortex (seesection2 for precisedefinitionsand a
sketchof the proof of (1.8)) andH(a) is the Kirchoff–OnsagerHamiltoniangiven by

H(a) = −π
∑

i 6=j
ninj ln |aij | (1.9)

with aij = ai − aj . Thus,in the leadingorderwe recoverthe Kirchoff–Onsagerlaw

ȧ = J∇H(a), (1.10)

which waspointedout in [O,CM, G] andderivedusingmultiple scaleexpansionin [N].
We arguethat in the next orderthe contributionis dueto the interactionof the vortices

with radiationproducedby thevortexmotion. Wegiveageneralestimateof thiscontribution
and then presentan explicit result in the specialcaseof two 1-vortices. The radiation
phenomenonin this contextseemsnot to havebeenobservedpreviously.

To derive (1.7) we developan approachwhich we call the nonlinearadiabatictheory.
It goes roughly as follows (cf [AH, Ma,Stu]). Let S(ψ) be the action functional for
equation(1.1):

S(ψ) =
∫ {

−
∫

1
2Im (ψ ˙̄ψ)d2x + Eren(ψ)

}

dt, (1.11)

whereEren(ψ) is the renormalizedGinzburg–Landaufunctional (seesection2). First we
find an approximateminimizer, ψa, of Eren(ψ) under the constraintthat the vortices are
fixed at positionsa1, . . . , ak, (a1, . . . , ak) = a. Next, we allow a to dependon time and
plug ψa(t) into (1.11). The resultingactionfunctional,

Seff(a) ≡ S(ψa), (1.12)
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describesthedynamicsof thevortexcentresin theleadingapproximation;it is equalmodulo
∫

O(ln a · a−2)dt to the actionfunctional

Svort(a) =
∫ {

−
π

2

k
∑

j=1

njaj ∧ ȧj − E(a)

}

dt, (1.13)

whosecritical pointssatisfyequation(1.7).
To go beyondthis theory we write ψ = ψa + α, whereα is supposedto be a small

fluctuationfield aroundψa and expandS(ψ) in α up to the secondorder. Critical points
of the resultingfunctionalsatisfy the systemof coupledequations

∂aSeff(a) = −∇aRe
∫

ᾱ∂ψ̄S(ψa) (1.14)

S ′′(ψa)α = −∂ψ̄S(ψa), (1.15)

where∂ϕ standsfor thevariationalderivativewith respectto ϕ andS ′′(ψ) is theHessianof S
atψ , bothdefinedin sections2 and4, respectively,andwherewe droppedthehigher-order
term ∇a

1
2Re

∫∫

ᾱS ′′(ψa)α. In section6 we demonstratethat provided a satisfies(1.7),
onecanperturbψa slightly in sucha way that equation(1.15) hasa solutionof the order
α = O(a−1), providedt 6 ap for somep > 0. To this endwe decomposethespaceR2 into
severalregionsdeterminedby the configurationsa andestimateequation(1.15)separately
in eachregion. We call this method,the methodof geometricsolvability.

Theanalysisof thepreviousparagraphcanbesummedup by showingthat thesolution
ψ of (1.1) and(1.2) for t 6 ap for somep > 0 for anappropriateinitial conditionis of the
form

ψ = ψa(t) + α, (1.16)

whereψa, an approximateminimizer of Eren, haszerosat a1, . . . , aK , a(t) satisfies(1.7),
andα (aswell as∇xα) is of orderO(a−1). Thenimplicit function theoremimplies thatψ
haszerosat the positions

a(t)+ O(a−1)

with the correspondingvorticities. Thus,equation(1.7) describesthe vortex dynamicsfor
time up to ap for somep > 0 to a ratherhigh precision.

We observethat equations(1.14)–(1.15)strippedof inessentialtermsread

ȧ = J∇H(a)+ 2∇a

∫

ϕ0χ̈

and

(∂2
t − 21x)χ = −4ϕ̈0

whereχ = phaseα − ϕ0 andϕ0(x) =
∑K
j=1 njθ(x − aj ), θ(x) = polar angleof x. These

equationsdescribemotion of interactingvortex centrescoupledto radiation.
Finally, the dynamicsof vorticesfor the heatequationwasrigorouslyderivedin [Lin]

and for the abelianHiggs model in the nearcritical regime, in [Stu] (seealso [AH, Ma,
Sh]). In what follows the time derivative ∂ψ

∂t
is often denotedas ψ̇ .
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2. Renormalized Ginzburg–Landau energy

Solutionsof equations(1.1) and (1.2) (or (1.3) and (1.4)) are classifiedby the total index
(winding number)of ψ , consideredasa vectorfield on R

2, at ∞, i.e.

degψ :=
1

2π

∫

|x|=R
d(argψ)

for R sufficiently large. We call this index (as opposedto local indicesof ψ considered
below,seeequation(2.8)) the degree (or total vorticity) of ψ .

It is a straightforwardobservationthat equation(1.3) is the equationfor critical points
of the following functional

E(ψ) = 1
2

∫

(|∇ψ |2 + 1
2(|ψ |2 − 1)2). (2.1)

Indeed,if we definethe variationalderivative,∂ψE(ψ), of E by

Re
∫

ξ∂ψE(ψ) =
∂

∂λ
E(ψλ)

∣

∣

∣

∣

λ=0

(2.2)

for any pathψλ s.t. ψ0 = ψ and ∂
∂λ
ψλ|λ=0 = ξ , thenthe l.h.s.of equation(1.1) is equalto

∂ψE(ψ) = ∂ψ̄E(ψ) for E(ψ) given in (2.1).
Equation(2.1) is the celebratedGinzburg–Landau(free) energy. However, there is a

problemwith it in our context. It is shownin [OSa] that if ψ is anarbitraryC1 vectorfield
on R

2 s.t. |ψ | → 1 as |x| → ∞ anddegψ 6= 0, thenE(ψ) = ∞.
We renormalizethe Ginzburg–Landauenergy functional as follows (see[OSa]). Let

χ(x) be a smoothreal function on R
2 s.t.

χ(x) =
{

1 for |x| > 2

0 for |x| 6 1.
(2.3)

Define

Eren(ψ) = 1
2

∫ (

|∇ψ |2 −
(degψ)2

r2
χ + F(|ψ |2)

)

d2x (2.4)

where

F(u) = 1
2(u− 1)2. (2.5)

We list herethe most importantpropertiesof Eren(ψ) (see[OSa] for the proofs):
(a) ∂ψ̄Eren(ψ) = −1ψ + F ′(|ψ |2)ψ ;
(b) givenn letMn = {ψ = f eiϕ |

∫

|x|>2
1
r2 |1−f 2| < ∞, f is continuousandf (0) = 0,

∫

|∇(ϕ − nθ)|r−1 < ∞ and
∫

|∇(ϕ − nθ)|2 < ∞}. ThenEren(ψ) < ∞ ∀ψ ∈ Mn.
(c) We havethe following boundfrom below

Eren(ψ) > EB(0,2)(ψ)+ 1
2

∫

|x|>2

(

|∇|ψ ||2 − 1
2|∇ϕ|4

)

d2x, (2.6)

whereϕ = argψ , andfor � ⊂ R
2,

E�(ψ) = 1
2

∫

�

(

|∇ψ |2 −
(degψ)2

r2
χ + F(|ψ |2)

)

d2x. (2.7)

It is known thatψ (n) are local minima for n = 0,±1 andaresaddlepoints for |n| > 2
(see[OSa,M1,LL]). Moreover,ψ (n) with n = 0,±1 are the only local minima of Eren(ψ)
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[M2, CK], while as far as saddlepoints are concernedone expectsthat there are other
solutionsbreakingthe rotationalsymmetry[OSc].

Consideronce-differentiablefunctionsψ : R
2 → C satisfying |ψ | → 1 as |x| → ∞.

Let a = (a1, . . . , am) and n = (n1, . . . , nm), whereaj ∈ R
2 and nj ∈ Z, j = 1, . . . , m.

c = (a,n) will be called the vortex configuration. We say that ψ has the vortex
configurationc andwrite confψ = c, if ψ haszeros(only) at a1, . . . , am with local indices
n1, . . . , nm, respectively,i.e.

∫

γj

d(argψ) = 2πnj (2.8)

for any contourγj containingaj , but not the otherzerosof ψ andfor j = 1, . . . , m. Now
we define

E(c) = inf{Eren(ψ) | confψ = c} (2.9)

(cf [BBH], for topologicalvariationalproblemssee[FS]). By property(c) above,E(c) >
−∞. We call E(c) the energy of the vortexconfigurationc. It will play a centralrole in
our analysis. Usually, n is fixed during our considerationsand we write E(a) for E(c),
c = (a,n).

In [OSb] we demonstratethe following asymptoticexpression

E(a) =
K

∑

i=1

Eni +H(a)+ O

(

1

a

)

, (2.10)

whereEn = Eren(ψ
(n)), the self-energy of the n-vortex, andH(a) is the function given in

(1.8).
We sketchherethe derivationof (2.10). For a completedemonstrationsee[OSb]. The

upperbound,E(c) 6 r.h.s.(2.10), is obtainedby choosingan appropriatetest function,ψ ,
confψ = c, andperforminga ratherdelicatemany-bodygeometricanalysisin orderto show
that Eren(ψ) = r.h.s. (2.10). Then the bounditself follows from the variational inequality
E(c) 6 Eren(ψ). The functionψ is describedby the relations

ψ = ψje
iϕ(j) + O

(

1

|x − aj | · a

)

, (2.11)

for |x − aj | � a and∀j , and

ψ = eiϕ0 + O(d(x,a)−2) (2.12)

for d(x,a) � 1. Hered(x,a) = mink |x − ak|, ψj (x) := ψ (nj )(x − aj ), and

ϕ(j) =
∑

k,k 6=j
ϕk and ϕ0 =

∑

k

ϕk (2.13)

with ϕj (x) := argψj (x) = njθ(x − aj ), whereθ(x) is the polar angleof x.
An example of a function ψ satisfying (2.11) and (2.12) is the field describing

independentvortices

ψind(x) =
K
∏

j=1

ψj (x).

To seethis oneusestheestimateψ (n)(x) = einθ(x)(1+O(|x|−2)). Anotherexampleis given
by a field describingpinnedvortices(e.g.solving equation(2.20)below),describedbelow.

The geometricanalysismentionedaboveconsistsof breakingup the integral in (2.4)
into a sum of the integralsover the disksDj = {x ∈ R

2 | |x − aj | 6 r0}, j = 1, . . . , K,
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with r0 = O(a) but � a and the integralover the restof the spaceD0 ≡ R
2\

⋃

j Dj , and
estimatingit separatelyin eachDj , j = 0, . . . , K, using(2.11)and(2.12).

In order to prove the lower bound, E(c) > r.h.s. (2.10), we introduce the energy
functional incorporatingdefectswhosepurposeis to pin the vorticesdown:

Eλ(ψ) = ER(ψ)+6 1
2λj

∫

δbj |ψ |2, (2.14)

whereλ = (λ1, . . . , λK), λj > 0, arecouplingconstantsof thedefectsandδbj > 0 aretheir
potentials,centredat pointsbj ∈ R

2. We takeδb to be either

δb =
1

2πr̄
δ(|x − b| − r̄), (2.15)

where r̄ = O(1), or a smoothversionof this, i.e. δb is a smoothfunction supportedin the
annulus

{x ∈ R
2|r̄ 6 |x − b| 6 r̄ + δ} (2.16)

for somesufficiently small δ andsatisfying
∫

δb = 1. (2.17)

The bj ’s arechosento be dependenton a andat the distanceO(1) from but very closeto
the aj ’s.

With thepotentialδb definedasaboveit is arguedin [OSb] thatEλ(ψ) hasa minimizer
amongfunctionswith the given vortex configuration(a,n), provided

λj > C|∇ajE(a)| (2.18)

for an appropriateconstantC = O(1). Taking λ = O(a−1) > constant|∇E(c)|, we obtain

E(c) > inf{Eλ(ψ)|confψ = c} − C · a−1. (2.19)

Now the minimizer, ψλ, of the variational problem on the r.h.s. satisfiesthe Euler–
Lagrangeequation

−1ψ + (|ψ |2 − 1)ψ = −6δbjψ. (2.20)

An elementarybut somewhatlengthy analysisof this equationshows that its solutions
satisfyestimates(2.11)and(2.12), i.e. are in the classconsideredbefore.Therefore

inf{Eλ(ψ)|confψ = c} = r.h.s.(2.10).

This relation togetherwith equation(2.19) implies the desiredlower bound; the latter in
turn togetherwith the upperboundmentionedaboveyields (2.10).

Oneof the resultsdescribedabovestatesthat if a field ψ0 satisfiesestimates(2.11)and
(2.12), then

Eren(ψ0) 6 E(a)+ O(a−1). (2.21)

We conjecture that the oppositeis also true: if ψ0 satisfiesinequality (2.21) (or a slightly
strongerinequality) thenψ0 satisfiesestimates(2.11)and(2.12).
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3. Nonlinear adiabatic theory

Considerequations(1.1) and(1.2) with initial conditionsψ |t=0 = ψ0 havinga givenvortex
configurationc0 = (a0,n) with a0 ≡ min |a0i − a0j | � 1 andof low energy:

Eren(ψ0) 6 E(a0)+ O(a−1
0 ). (3.1)

We can think aboutthe solutionsψ as determinedby two typesof motion: a fast motion
aroundvortex centres(with velocities∼ |∇ψ (ni )(x0)|, |x0| ≈ 1) anda slow motion of the
vortexcentresthemselves(with velocities|∇aiE(a)|). This suggeststheuseof anadiabatic
approximation.In this approximation,at the first stepthe vortex centresarefrozenandthe
lowest energy is found underthis restriction. This energy is, of course,a function of the
positionsof vortex centres.On the secondstep,this energy is usedas a Hamiltonianfor
the motion of the vortex centres.

Specifically, let ψa be a differentiable family (dependingon a) of approximate
minimizersof variationalproblem(2.9), s.t. ψa0 = ψ0. Their energy is

H1(a) = Eren(ψa). (3.2)

Usethis energy asthe Hamiltonianfor the vortex centres

ȧ(t) = −J∇H1(a(t)), (3.3)

whereJ is the samesymplecticmatrix as in (1.7), with the initial condition

a(0) = a0, (3.4)

thevortexconfigurationof theinitial condition,ψ0, for (1.1)and(1.2). Solveequations(3.3)
and(3.4) andform the adiabaticorbit

ψadiab= ψa(t). (3.5)

We will show below thatψadiab solvesequation(1.1) to the order O(a−2). Moreover,
we derivethe estimate

sup
x

|ψ(x, t)− ψadiab(x, t)| 6 Ca−1, (3.6)

provided t 6 ap for somep > 0. We argue also that this estimatecannotbe improved
beyondO(a−2). Indeed,the correctionto ψadiab, which is of the orderO

(

1
a2

)

describesthe
processof radiationby the systemof moving vorticesandthereforecannotbe incorporated
into ψadiab (seesection6).

Functions(3.5) are the main object of the adiabatictheory while the justification of
inequality(3.6) or a variantof it is its main goal.

Initially thereis unwelcomearbitrarinessin the constructionabove: the choiceof the
family ψa is not unique.However,aswith thevariationalprinciple,this arbitrarinessallows
us a certaindegreeof flexibility. Moreover,due to (2.10), at leastfor theψa’s satisfying
(2.11) and (2.12), differentE(ψa) differ by O(a−1) and thesedifferencesare absorbedby
radiativeexcitations(seesection4).

We point out that convenientchoice of the family ψa used in (3.2) is provided by
the minimizer for the energy functional (2.14) for pinnedvortices amongfunctionswith
confψ = c (see[OSb] for moredetails).

The origin of the nonlinearadiabatictheorycanbe gleanedas follows. The action for
equation(1.1) is

S(ψ) =
∫ (

− 1
2

∫

Imψ ˙̄ψ + Eren(ψ)

)

dt. (3.7)
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In order to find approximatestationary points of S(ψ) we first find an approximate
minimizer, ψa, of the potential part Eren(ψ) for the vortex centresfrozen at a (so that
∂ψ̄Eren(ψa) is very small, in fact O(a−2)). Thenwe allow a to be time dependentandplug
ψa(t) into the Lagrangianto obtainthe effective action

Seff(a) := S(ψa). (3.8)

The theorembelow showsthat modulo
∫

O
(

ȧ ln a
a

)

dt

Seff(a) =
∫ (

−
π

2
6nj ȧj ∧ aj +H1(a)

)

dt. (3.9)

Equation(3.3) is an equationfor stationarypointsof the actionon the r.h.s..

Theorem 3.1. Let ψ0 be a field satisfyingestimates(2.11) and (2.12) (so confψ0 = c,
c = (n,a)). ThenS(ψ0) = r.h.s. (3.9) modulo

∫

O
(

ȧ ln a
a

)

dt . Moreover,the latter error
canbepresentedasan explicit termof that order plusa term

∫

O
(

ȧ
a

)

dt .

A proof of this theoremis given in the appendix.
The nonlinearadiabatictheory is justified in sections4–6.

4. Effective action

In order to justify the nonlinearadiabatictheory we presentthe desiredsolution, ψ , as
ψ = ψa + α, whereα is a small fluctuationaroundthe field ψa. Expandingthe action
S(ψ) aroundψa, we find moduloO(α3) that

S(ψ) = S(ψa)+ Re
∫ ∫

ᾱ∂ψ̄S(ψa)+ 1
2Re

∫ ∫

ᾱS ′′(ψa)α. (4.1)

HereS ′′(ψa) is the Hessianof S or the linearizedoperatorof (1.1) computedat ψa; it is
definedby the relation

Re
∫ ∫

η̄S ′′(ψ)ξ =
∂2

∂λ∂µ
S(ψλµ)

∣

∣

∣

∣

λ=µ=0

,

whereψλµ = ψ + λξ + µη.
Ther.h.s.of (4.1) is a functionalof a(t) andα. Critical pointsof this functionalsatisfy

the equations(herewe drop the term ∇a
1
2Re

∫

ᾱS ′′(ψa)α)

∂aS(ψa) = −∇aRe
∫

ᾱ∂ψ̄S(ψa), (4.2)

S ′′(ψa)α = −∂ψ̄S(ψa). (4.3)

The couplingbetweenthesetwo equationsis weak. Indeed,we havethe following.

Proposition 4.1. If ψa satisfies(2.11)and(2.12)anda(t) obeysequation(1.10),then

∂ψ̄S(ψa) = O(a−2). (4.4)

Proof. First we remarkthat

∂ψ̄S(ψ) = −1ψ + (|ψ |2 − 1)ψ − iψ̇. (4.5)

Applying to the r.h.s.equations(2.11)and(2.12),we obtain

∂ψ̄S(ψa) = ieiϕ0(2∇ψj · ∇ϕ(j) + ϕ̇j )+ O(a−2). (4.6)
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Sinceψ̇j = −∇ψj · ȧj and,by equation(1.10), ȧj = 2∇ϕ(j)(aj ), and∇ψj = O(|x − aj |−1),
we concludethat

2∇ψj · ∇ϕ(j) + ψ̇j = 2∇ψj (x) · (∇ϕ(j)(x)− ∇ϕ(j)(aj )) = O(a−2). �

Thepropositionabovesuggestswe set,in the leadingorder,the r.h.s.of (4.2) and(4.3)
to zero. This resultsin equations(3.3) andα = 0. In the next approximationwe plug the
solutionto equations(3.3) and(3.4) into the r.h.s.of (4.3), solvethe resultingequationand
plug its solution togetherwith the mentionedsolution to (3.3) and (3.4) into the r.h.s. of
(4.2). The solutionof the resultingequationtogetherwith the solution to (4.3) mentioned
aboveyields the next approximationto a(t) andα, andso on.

Equations(4.2) and (4.3) suggestthat α = o(1). This conclusionis confirmedin the
next two sectionsby analysingmorecarefully equation(4.3).

Thenatureof thefluctuationfield α, in general,is rathercomplicated.For dist(x,a) �
a2, α is essentiallyadiabatic,while for dist(x,a) > O(a2), α is a radiationfield. Indeed,let
1S be thesumof the last two termson the r.h.s.of (4.1), theonly termscontainingα. For
dist(x,a) � a2, thetermsIm (ᾱ ·α̇) andϕ̇0|α|2 areof a higherorderthan,say,2ϕ̇0Re(ψ̄aα)

and thereforecan be droppedfrom 1S. Moreoverwe can drop the term Im
∫∫

d
dt (ψ̄aα),

which is constantunderthe variations.The resultingactiondoesnot containα̇. It leadsto
an elliptic equationfor α. This equationis studiedin the next sectionwhereit is argued
that it producesa uniquelocalizedsolutionof orderO(a−1).

Considernow the domainD = {x ∈ R
2|dist(x,a) � a}. Sincein D

|ψ0| = 1 + O(d(x,a)−2), (4.7)

it is convenientto incorporate|ψ0| − 1 into the fluctuationfield andconsiderfunctionsof
the form

ψ = ei(ϕ0+χ)(1 − ξ) (4.8)

with 0 < ξ < 1. Now we plug this expressioninto 1S(ψ) andomit the termsdepending
exclusivelyon ϕ0 andits derivatives,the term

∫ T

0

∫

D0
χ̇ which is constantundervariations

and the term
∫ T

0

∫

D
∇ϕ0 · ∇χ =

∫ T

0

∫

∂D

∂ϕ0

∂ν
χ determinedby boundaryconditions. As a

resultwe arrive at

1S = 1
2

∫ ∫

(−2ϕ̇0ξ − 2χ̇ξ + |∇χ |2 + 2ξ2), (4.9)

wherewe havealsodroppedthe termsϕ̇0ξ
2, and |∇ξ |2 comparedwith the term 2ξ2. The

variationwith respectto ξ leadsto the constraint

ξ = 1
2(ϕ̇0 + χ̇), (4.10)

which we use in order to excludeξ from (4.9). As a result we arrive at the following
correctionto the actionSeff(a) ≡ S(ψa)

1S(a, χ) =
∫ ∫

(− 1
2χ̇

2 + |∇χ |2 + 2ϕ̈0χ − ϕ̇2
0). (4.11)

The latter term is an actionfor a radiationfield χ andits couplingto the vortex dynamics.
Combining this term with the action Seff(a) and ignoring termsof the form 1S(a) with
higherordercorrectionsto Svort(a) ≡ r.h.s.(3.10)which leadto standardcorrectionsto the
vortex law, we arrive at the following variationalequations:

ȧ = J∇H1(a)+ 2
∫

∇aϕ0χ̈ (4.12)
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and

( 1
2∂

2
t −1x)χ = −2ϕ̈0. (4.13)

Thesearecoupledequationsfor motionof thevortexcentresandradiationproducedby this
motion. They are idealizationsof morepreciseequations(4.2) and(4.3).

5. Method of geometric solvability

In this sectionwe analyseour mainequationfor thefluctuationfield α—equation(4.3). We
presentanargumentthatα = O(a−1). Wesolvethisequationin thedomainsdist(x,a) 6 r0,
r1 6 dist(x,a) 6 R1 anddist(x,a) > R2, wherer1 < r2 � a � R2 < R1, separately.

First we write out the operatorS ′′(ψa) enteringthe l.h.s. of (4.3) explicitly

S ′′(ψa)α = −iα̇ −1α + (2|ψa|2 − 1)α + ψ2
a
ᾱ.

For simplicity we takeψa of the form ψa = f0eiϕ0, wheref0 = |ψa| and ϕ0, recall, is
definedin (2.13). Consequently,we look for α in the form

α = eiϕ0η.

Thenequation(4.3) reducesto the following equationfor η

−iη̇ + L(η) = F, (5.1)

whereF = e−iϕ0∂ψ̄S(ψa) andL is the operatorgiven by

L(η) := (−1+ φ0 − 2i∇ϕ0 · ∇)η + 2f 2
0 Reη

with φ0 = ϕ̇0 + |∇ϕ0|2 + f 2
0 − 1.

Our goal is to demonstratethat for a(t) satisfyingequation(3.3), ψa can be adjusted
by an O(a−2) term in sucha way that equation(5.1) hasa unique,modulozeromodesof
L, solution(for any appropriateinitial condition)satisfying

η = O(a−1),

providedt 6 ap for somep > 0. In this sectionwe considerthe first two domainswhile
the third oneis treatedin the next section.

(a)D′ ≡ {x ∈ R
2|dist(x,a) 6 r0}, r0 � a. Thepoint hereis that in this domainwe can

neglectthe term −iη̇. Indeed,the time differentiationis of the orderO(a−2) so we throw
−iη into the O(a−2)-error basket.Thenthe resultingequationis

L(η) = F. (5.2)

First we notethat the operatorL, aswell asthe operatorsthat follow, is self-adjointin
the inner-product

〈η, ξ〉 = Re
∫

η̄ξ. (5.3)

Next we find the (near) zero modesof L and show that we can arrangeby a small
adjustmentof theψa for the inhomogeneity,F , to be orthogonalto thosemodes.By the
nearzero modeswe understandeigenfunctionswith eigenvaluesof o(1) on thescaleof a−1.

Note thatD′ is the union of the disksDj centredat aj andof the radiusr0. We show
that in Dj , L is unitary equivalent,moduloO(a−2), to the linearizationoperator,

Lψj (α) = (−1+ 2|ψj |2 − 1)α + ψ2
j ᾱ, (5.4)

for the time-independentGinzburg–Landauequation,equation(1.3), aroundψj . Note that
apartfrom the trivial shift x → x − aj , the operatorsLψj are independentof a.
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Lemma 5.1. If a(t) satisfiesequation(3.3), thenin Dj

L = Lj + O(a−2), (5.5)

where theoperatorLj is definedby

Lj (η) := (−1+ |∇ϕj |2 + f 2
j − 1 − 2i∇ϕj · ∇)η + 2f 2

j Reη. (5.6)

(Notethat apart fromthe trivial shift, x → x − aj , theoperatorsLj are independentof a.)

Proof. Using that ȧj = O(a−1) we computein Dj

φ0 = |∇ϕj |2 + f 2
j − 1 + 2∇ϕj · ∇ϕ(j) + ϕ̇j + O(a−2).

Due to the relation ϕ̇j = −∇ϕj · ȧj , equation(3.3) and the estimate∇ϕj = O(|x − aj |−1),
we have

2∇ϕj · ∇ϕ(j) + ϕ̇j = O(a−2). (5.7)

The last two estimatesyield

φ0 = |∇ϕj |2 + f 2
j − 1 + O(a−2) (5.8)

in Dj , so (5.5) follows. �

The last lemma statesroughly that L is an O(a−2)-perturbationof the direct sum
⊕k

j=1Lj .
Now the operatorsLj areunitary equivalentto the operatorsLψj :

Lj (η) = e−iϕjLψj (e
iϕjη). (5.9)

It is shown in [OSa] that the only zero modes of the operatorLψj (this operator is
independentof a and thereforehas no near zero modes)are thosedue to the breaking
of the gaugesymmetry,α(j)0 = iψj , and the translationalsymmetryα(j)1 = ∂x1ψj and
α
(j)

2 = ∂x2ψj . Due to (5.9), the only zero modesof Lj are η(j)k = e−iϕjα
(j)

k , k = 0,1,2
(againLj hasno nearzeromodes).Sinceη(j)0 doesnot decayat ∞ andη(j)1 andη(j)2 are
‘essentiallyproportional’ (see[OSa] for details)it sufficesto consideronly η(j)1 .

Due to (5.5), the zero modesof Lj , j = 1, . . . , k, lead to nearzero modesof L with
eigenvaluesof orderO(a−2). Thesearetheonly (near)zeromodesof L. Denotethe (near)
zeromodesof L correspondingto η(j)1 by η(j). They are localizedessentiallyin Dj . Now
the solvability conditionsfor equation(5.2) read (rememberthat L is self-adjoint in the
inner-product〈ξ, η〉 = Re

∫

ξ̄ η)

Re
∫

η̄(j)F = 0, (5.10)

j = 1, . . . , K. SinceF = O(a−2) andηj = O(1), an O(a−2) changein the original, input
functionψa sufficesin orderto satisfythis equation.(Hereonecanuseanimplicit function
theoremin order to find sucha correction.)

To sum up, we identified explicitly the near zero modes of the operator L in
equation(5.2) and argued that by an O(a−2) perturbationof the input function ψa the
inhomogeneityF can be brought to be orthogonalto thosemodes. Moreover,L is an
O(a−2) perturbationof the direct sum,

⊕K
j=1Lj , of a-independentoperators.SinceLj are

unitarily equivalentto Lψj , their zeromodesareexplicitly known,theygive rise to thenear
zero modesof L. Moreover,Lj > 0 if nj = 1 (see[OSa]). SinceL is definedon the
unionof disks,Dj , of radiusr0, genericallythereis a gapof orderO(r−2

0 ) betweenthenear
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zeroeigenvaluesandthe restof the spectrumof L. As a resultequation(5.2) hasa unique
solution,η, orthogonalto η(1), . . . , η(K), andthis solution is at leastof the order

η = O

(

r2
0

a2

)

. (5.11)

We believethat a morecarefulanalysisbasedon considering,asin the next paragraph,the
equationsfor the real andimaginarypartsof η separatelyyields the estimate

η = O

(

1

a2

)

,

providedr0 6 a/(ln a)2.
(b) D′′ := {x ∈ R

2|r1 6 dist(x,a) 6 R1}, r1 � a � R1. This is a ‘transitional’
domain.Let η = η1 + iη2. In D′′, we cansolveequation(5.1) for η1 approximately:

η1 ≈
K

∑

j=1

∇ϕj (x) · (∇ϕ(j)(aj )− ∇ϕ(j)(x))+ O(a−4)+ O(a−2η2). (5.12)

Herethe leadingterm is of the orderO(a−2). Thuswe have

η1 = O(a−2). (5.13)

Now the equationfor η2 reads

(−1+ |∇ϕ0|2 + f 2
0 − 1 + ϕ̇0)η2 = η̇1 + 2∇ϕ0 · ∇η1 + ḟ0 + 2∇ϕ0 · ∇f0. (5.14)

Sincethe t-derivativeis of orderO(a−2) and the x-derivativein D′′, of orderO(r−1), we
concludethat the r.h.s. of (5.14) is of order O(r−2a−2). On the l.h.s. we haveas in the
proof of lemma5.1

|∇ϕ0|2 + f 2
0 − 1 + ϕ̇0 =

K
∑

j=1

(|∇ϕj |2 + f 2
j − 1)+

K
∑

j=1

(ϕ̇j + 2∇ϕj · ∇ϕ(j))+ O(a−4)

= 2
K

∑

j=1

∇ϕj (x) · (∇ϕ(j)(aj )− ∇ϕ(j)(x))+ O(r−4
1 ). (5.15)

The leadingterm on the r.h.s. is of the orderO(a−2) and is essentiallyhomogeneousin a
of degree−2. If we rescaleequation(5.14) asx → a2x, thenwe arrive at an equationof
the form

(−1+ V (x))ηrescaled
2 = O(r−2a−2) (5.16)

on a−1D′′, with thepotentialtermV essentiallyindependentof a. Theoperator−1+V (x)
on a−1D′′ hasa discretespectrumwith the gapsof orderO

(

a2

R2
1

)

. So for genericV (which

is fine with us since the input function ψa can be adjusted)this equationhas a unique
solutionof the orderO(R2

1a
−2r−2

1 ). Thuswe concludethat at least

η = O(R2
1a

−2r−2
1 ) in D′′. (5.17)
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6. Radiation

In this sectionwe considerequation(5.1) or the full equation,for the fluctuationfield η in
the domainD′′′ := {x ∈ R

2|dist(x,a) > R2}, R1 > R2 � a, i.e. in the domainwherewe
expectradiationto take place. This radiationis causedby moving vorticesas was briefly
pointedout in section4.

We could start with equation(4.3) or (5.1) but insteadwe derive relevantequations
from scratch,reproducingthe conclusionarrived at the end of section4. The discussion
in section4 showsthat the phaseof ψ dominatesat large distancesso we derive first an
equationfor it. Let f = |ψ | andϕ = argψ so thatψ = f eiϕ . Thenequation(1.1) implies
the following equationsfor f andϕ

−ϕ̇ = −
1f

f
+ |∇ϕ|2 + f 2 − 1 (6.1)

and

ḟ = −1ϕf − 2∇ϕ · ∇f. (6.2)

Solving the first of theseequationsfor f 2 as

f 2 = 1 − |∇ϕ|2 − ϕ̇ +
1

f
1f (6.3)

andsubstitutingthe result into the secondequation,we find

ϕ̈ − 21ϕ = F, (6.4)

where

F = −2∇ϕ · ∇
(

|∇ϕ|2 +
∂ϕ

∂t
−

1

f
1f

)

− 2(1 − f 2)1ϕ −
∂

∂t

(

|∇ϕ|2 −
1

f
1f

)

. (6.5)

We solveequation(6.4) by perturbationtheory. We look for ϕ in the form

ϕ = ϕ0 + χ, where,recall,ϕ0 =
∑

j

njθ(x − aj (t)) (6.6)

with θ(x), the polar angle of x ∈ R
2, and a(t), the solution to (1.10) with the initial

conditiona(0) givenby thevortexconfigurationof the initial conditionfor theSchr̈odinger
equation(1.1) (seeequation(3.4)). Since1ϕ0 = 0, we have

χ̈ − 21χ = −ϕ̈0 + F. (6.7)

To estimateF we plug in ϕ0 for ϕ andf0 for f into the r.h.s.of (6.5) to obtain

F = O(r−3a−1). (6.8)

On the otherhand,we compute

ϕ̈0 =
K

∑

j=1

nj
(x − aj ) ∧ äj

|x − aj |2
+ O(r−2a−2) =

K
∑

j=1

nj
x ∧ äj
|x|2

+ O(r−2a−2). (6.9)

In passingto the last term on the r.h.s. we haveused|x| � |aj |∀j . Since the centreof
vorticity, 6njaj , is conservedin our approximation,we have6nj äj = 0 andtherefore

ϕ̈0 = O(r−2a−2). (6.10)

ThusF canbe droppedfrom equation(6.7) andwe arrive at

χ̈ − 21χ = −ϕ̈0 (6.11)



1290 Yu N Ovchinnikovand I M Sigal

with zeroinitial conditions.Note that this equationalsofollows from varying action(4.11)
with respectto the field χ .

We ignorethe boundaryconditionssincethey contributehigher-ordertermsin a−1.
We claim now that with τ = t/R2

1

χ = O

(

(ln τ)2

a2

)

. (6.12)

Indeed,rescalingequation(6.11)asx → y = x√
2R1

and t → τ = t

R2
1

andapplyingGreen’s

function methodto the resultingequation,we find

χ resc = −G ∗ h, (6.13)

whereχ resc and ϕ̈resc
0 denotesχ and ϕ̈0 rescaledas indicated,h = R2

1ϕ̈
resc
0 , ∗ denotesthe

convolutionin y andτ , andG solvesthe equation
(

∂2

∂τ 2
−1

)

G = δ(τ )δ(y)

with the causalityconditionthatG = 0 for τ < 0. It canbe found explicitly:

G(τ, y) =
χτ>ρ

2π
√

τ 2 − ρ2
, (6.14)

whereρ = |y| andχτ>0 = 1 if τ > 0 and= 0 if τ < 0. Sinceh = O(a−2ρ−2), we estimate

|χ resc| 6 Ca−2
∫ ∫ ∫

|1y|6s,|y ′|>1
06s6τ

d2y ′ds

|y ′|2
√

s2 − |1y|2
, (6.15)

where1y := y − y ′.
First we let ρ > 2τ . In this case

|y ′| > |y| − |1y| > 1
2ρ.

So the triple integralon the r.h.s.,which we denoteby I , is estimatedas

I 6
4

ρ2

∫ ∫

|z|6τ

d2z

∫ τ

|z|

ds
√

s2 − |z|2
6

8
√
τ

ρ2

∫ ∫

|z|6τ

d2z
√

|z|
6 constant. (6.16)

Herewe madethe changeof the variableof integrationasy ′ → z = y − y ′ = 1y.
Now we let ρ 6 2τ . We decomposethe triple integral I into the sum of the three

integrals,I1, I2 and I3, definedby the following additional restrictionson the domainof
integration:

s 6 1; s > 1, |1y| 6 1
2s and |1y| > 1

2s > 1
2,

respectively.Since|y ′| 6 |y| + |1y| 6 3τ , the first integral is estimatedas

I1 6

∫ ∫

16|y ′|63τ

d2y ′

|y ′|2

∫ 1

|1y|

ds
√

s2 − |1y|2
6 constant. (6.17)

For the secondintegralwe obtain inequality

I2 6 2
∫ τ

1

ds

s

∫

16|y ′|63τ

d2y ′

|y ′|2
6 constant·(ln τ)2. (6.18)
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Finally, the third integral is estimatedasfollows

I3 6

∫

16|y ′|63τ

d2y ′

|y ′|2

∫ 2|1y|

|1y|

ds
√

s2 − |1y|2
6 constantln τ. (6.19)

Collectingestimates(6.17)–(6.19)we arrive at the inequality

I 6 constant·(ln τ)2. (6.20)

This togetherwith (6.16) showsthat estimate(6.20) alwaysholds,which, in turn, together
with (6.15) implies that

|χ resc| 6 constant·a−2 · (ln τ)2.
Thus(6.12) follows.

On the otherhand,equations(6.3) and(6.6) imply that

1 − f 2 = O(R−2
2 ) � |χ |, (6.21)

which justifiesour ideathat the phaseplaysa dominantrole in the radiationprocess.
By thedefinitionof η (seethebeginningof section5), η = f e−iχ −f0. Henceestimates

(6.12)and(6.21) imply that for t 6 ap for somep > 0

η = O(a−2(ln a)2) in D′′′. (6.22)

Combiningestimates(5.12), (5.18) and (6.22) and settingr0, r1 �
√
R1 andR1, R2 � a,

we arrive at the estimate

η = O(a−1), (6.23)

which, due to the relationψ − ψadiab = eiϕ0η, implies (3.6), provided t 6 ap for some
p > 0.

7. Solitary wave

Equation(6.4) (or equations(6.1) and (6.2)) has, in a leadingorder in 1
a
, also a solitary

wavesolution. Indeed,retainingin (6.5) only leadingterms,we obtain
(

∂2

∂t2
− 21

)

ϕ = −2
∂

∂t
|∇ϕ|2 − 2

∂ϕ

∂t
1ϕ −

1

2

∂2

∂t2
1ϕ. (7.1)

This equationhasa solutionof the form ϕ(x1 − vt), whereα(z) = ∂ϕ

∂z
satisfiestheequation

(v2 − 2)α = 3vα2 −
v2

2
α′′. (7.2)

Thisequationwith theboundaryconditionsα → 0 asz → ±∞ is equivalentto theequation

(v2 − 2)α2 − 2vα3 +
v2

2
(α′)2 = 0, (7.3)

whosesolution is

α = −
A

cosh2 βz
, (7.4)

where

β2 =
2 − v2

2v2
and A =

2 − v2

2v
. (7.5)

Equations(7.1) and(7.3) arevalid only for

0<
√

2 − v � 1.
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8. Radiation by two 1-vortices

The purposeof this section is twofold. On one hand we describethe radiation and its
effect on the vortex motion explicitly in the simplestcaseof two 1-vortices.On the other
hand, it is the first step in understandingthe large time vortex dynamicsin R

2. Indeed,
aswe arguedin the previoussectionmoving vortices,in general,radiate.As a result they
losetheir energy so that vorticesof samesign moveapartfrom eachother,while thoseof
oppositesignsmove closer(and eventuallycollapseonto eachother). So the questionis
how the dynamicslooks asymptoticallyand the naturalguessis that it is a superposition
of simple motionsof well-separatedvortices, the simplestof which is consideredin this
section.

In this sectionwe describethe resultsand someof the ideasof their derivation. The
detailsaswell asa treatmentof the dynamicsof the vortex–antivortexsystemaregiven in
the companionpaper[OSe].

We considerequation(1.1) with an initial conditionψ0 describingtwo 1-vorticesat the
distance2a � 1 from oneanother.(Notethatwe changedherethedefinitionof a compared
with the previoussections:a → a

2 .) Then in the adiabaticapproximation,equation(1.10),
thevorticesrotatearoundtheir ‘centreof vorticity’, 1

2(1 · a1 + 1 · a2) = 1
2(a1 + a2), with the

frequency

ω =
1

a2
. (8.1)

Sincethe centreof vorticity is conservedunderthe evolution(1.7),
∑

njaj (t) = constant, (8.2)

we can place it into the origin, so that a1 = ±a2 and can be written, modulo a constant
phaseshift dueto the initial conditions,as

a1,2 = ±a(cosωt, sinωt). (8.3)

Next we considerthe equationfor the radiation,equation(6.11). Using (8.3) anddefinition
(6.8) of ϕ0, we obtain

ϕ̇0 = 2a2ω
a2 − r2 cos2(θ − ωt)

a4 + r4 − 2r2a2 cos2(θ − ωt)
. (8.4)

Thus the phaseχ satisfieswaveequation(6.11) with a sourcein the r.h.s.which depends
on r, a, θ and t , only in the combinationsa

2

r2 andcos2(θ − ωt) andis a periodicandeven
function of the secondvariable. Sucha sourcegeneratesa wavewhich for r � 1 hasthe
form (see[OSe])

χ = −
(πω)1/2ωa2

23/4r1/2
cos

[√
2ω(r −

√
2t)+ 2θ −

π

4

]

(8.5)

plus higherharmonics,with the nth harmonicbeingof the orderO
(√

ω
2 (ωa)

2n
)

. Thenthe
energy-conservationlaw implies that the distance,2a, betweenvorticesmust increasein
time.

In order to find the dependenceof a = a(t) on t we computethe average〈Sψ 〉 of the
energy flux density,

Sψ = −Re(ψ̇∇ψ̄) = −χ̇∇χ (8.6)

over the period, π
ω

, of the adiabaticmotion of the vortices.Using (8.5), we find

〈Sψ 〉 =
π

2a6

x

|x|2
. (8.7)
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Thenthe energy conservationlaw

∂

∂t

∫

�

e(ψ) =
∫

∂�

Sψ , (8.8)

wheree(ψ) = 1
2|∇ψ |2 + 1

4(|ψ |2 − 1)2, the energy density,implies that

da

dt
=

π

2a5
. (8.9)

Integratingthis equationwe find

a(t)6 = a(0)6 + 3π(t − t0), (8.10)

i.e. a(t) growswith time as(3πt)
1
6 . See[OSe] for moredetails.
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Appendix. Proof of theorem 3.1

Althoughonecananalyse
∫

Im (ψ0
˙̄ψ0) usingestimates(2.11)and(2.12)directly it is simpler

to use the polar representationfor ψ0. Let f = |ψ0| and ϕ = argψ0 so that ψ = f eiϕ .
Then

−
∫

Im (ψ0
˙̄ψ0) = 1

2

∫

f 2ϕ̇ = 1
2

∫

ϕ̇ − 1
2

∫

(1 − f 2)ϕ̇. (A.1)

Here
∫

ϕ̇ is understoodas limR→∞
∫

|x|6R ϕ̇. Proceedingaswith the estimationof E(a) in
[OSb] (by decomposingthe integraloverdisks,Dj , of the radii r0 aroundtheaj ’s andover
the restandusing(2.11) in Dj and(2.12), in R

2\
⋃

j Dj ), we obtain

1

2

∫

(1 − f 2)ϕ̇ = −π
∑

j 6=k
nkn

2
j ȧjk ∧

ajk

|ajk|2
ln |ajk| +

∑

O

(

ȧj

a

)

, (A.2)

whereajk = aj − ak anda ∧ b = a1b2 − a2b1.
In the first term on the r.h.s. of (A.1), we replaceϕ̇ by ϕ̇0 since

∫

d
dt (ϕ − ϕ0) does

not changeundervariations. Then writing ϕ̇0 = −6∇ϕj · ȧj and choosingin the integral
∫

∇ϕj · ȧj · d2x the x1-axis alongaj , we compute

1

2

∫

|x|6R
ϕ̇0 =

∑

j

nj

2|aj |
ȧj ∧ aj

∫ R

0
I (r)r dr, (A.3)

whereI (r) =
∫ 2π

0
r cosθ−|aj |

r2+a2
j −2r|aj | cosθ

dθ . Next, we find

I (r) = −
1

2i|aj |







2πi +
r2 − a2

j

|aj |r

∮

dz
(

z− r
|aj |

) (

z− |aj |
r

)







=







0 if r > |aj |

−
2π

|aj |
if r < |aj |.

(A.4)
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The last two relationsyield

1

2

∫

ϕ̇0 = −
π

2

∑

j

nj ȧj ∧ aj . (A.5)

Combiningthis with equations(A.1) and(A.2) andtaking theR → ∞ limit, we arrive at

−
∫

Im (ψ0
˙̄ψ0) = −

π

2

∑

j

nj ȧj ∧ aj , (A.6)

modulo
∑

j 6=k O
(

ln |ajk |
|ajk | ȧjk

)

. This togetherwith the relationEren(ψ0) = H1(a) yields

S(ψ0) =
∫

(

−
π

2
6nj ȧj ∧ aj +H1(a)

)

dt. (A.7)
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