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Abstract

We prove the asymptotic completeness for short-range quantum-mechanical
systems consisting of an arbitrary number of particles.

Intreduction

Since the birth of quantum mechanics more than 60 years ago, most of the
effort in understanding its mathematical structure was directed into two areas:
stability of matter and scattering theory. It was already realized by the founders
that the unique features of quantum mechanics, such as the uncertainty and
Pauli principles, should account for the stability of quantum systems. The
mathematical formulation and solution of the problem (the implosion part) was
given in a few powerful strokes ([DL], [LT]; see also [Fe]; the explosion part of
the problem was recently successfully attacked in [R], [Sig2, 4], [BL], [Liebl, 2],

* Supparted by NSF No. DMS-8507040.
FWeizmann Fellow of Mathematics and Physics.
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[LSST]). On the other hand, the scattering theory went through a long and
painful period of partial solutions. It took more than 25 years of involved and
miraculous resolvent estimates (see [Sig3] for a review; here we mention only the
pioneering works [P], [I], [KK] on the one-body problem and [F] on the
three-body problem) before the dominant role of the classical behavior in
one-body scattering was realized ((E1]). It took almost 10 more years to begin to
unravel the unique feature of the many-body scattering, the interplay between
the classical behavior of the centers-of-mass of clusters participating in scattering
and the purely quantum (stable) motion within these clusters. The progress
reported in the present work came about when the authors recognized that in
some regions of the phase-space the quantum phenomena take over and for some
arbitrary remote time intervals there exist probabilities, bounded away from 0,
for the system to move into certain classically forbidden regions. As a result the
uniform estimates suggested by the classical considerations break down and
should be replaced by some sort of time average estimates. (Note that estimates
of time averages are an integral part of the Enss approach [E1-6], [SKM], [K].}

We now describe the N-body scattering problem and the main ingredients
of our approach. Consider an N-body system in the center-of-mass frame and let
H be its self-adjoint Schrodinger operator (or Hamiltonian; see the next section
for the definitions). The scattering theory studies large time behavior of the
orbits ¢ "%, for the states (= vectors) y orthogonal to the bound states
(= eigenfunctions of H).

One expects that the probability that at time ¢ the system is not broken into
independently moving, stable subsystems vanishes as t > + co. Cast in precise
mathematical terms this problem is called asymptotic completeness.

In this paper we prove asymptotic completeness for short-range systems
with an arbitrary number of particles (see announcement in [SigSofl]). Previ-
ously, asymptotic completeness was established for short-range systems with
generic potentials ([F], [GM], [T], [How], [H], [HP], [Y] (3 particles), [H], [HP]
(4 particles), [Sigl,3,5] (N particles). Note also pioneering works [He] on
single-channel systems, [L1, 2] on repulsive potentials and [IO] on weak poten-
tials which first utilized in the N-body situation important ideas of [Kal, 2]). For
explicitly defined classes of potentials it was shown for three-body short-range
([LS], [E2-6], see also [M2,3], [MS], [SKM], [K]) and some long-range ([E6])
systems. There are also partial results for N-body systems due to [MS], [K]. A
brief review of the papers up to 1983 can be found in [Sig3). There are two basic
ingredients to our approach: phasespace analysis and propagation estimates.
The phase-space analysis was introduced into the scattering theory in [E1] (see
[AH], [(HS] for earlier ideas). Its main idea is to localize the Schrddinger states,
¥, = e 4, in the phasespace and to use different estimates in different
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phase-space regions. We realize this program by constructing a phase-
space partition of unity {j (x, p)} (here a runs through all break-ups and
p = — igrad,), whose members are supported (in the sense made precise in
Section 3) in phase-space regions which characterize different channels. More-
over, the boundaries of these regions lie in the classically forbidden (non-propa-
gation) set. The next step is to introduce the modified wave operators,
WE=5— lim e (x, ple
t— + oo

Such operators for configuration space partitions of unity were introduced and
applied to study of asymptotic completeness in [DS]. (This work, however, did
not have the notion of a propagation set which is essential for the geometric
decoupling of channels.) Then the existence of these operators is equivalent to
the statement of asymptotic completeness. To prove the existence of W,* we
use, via the Cook-Kato argument, the second ingredient of our approach: the
propagation estimates. These estimates pinpoint the phase-space behavior of the
Schrddinger state .. They express the intuitive picture that after the collision a
system in question disintegrates into a number of stable clusters whose centers-
of-mass follow the classical trajectories x = v |k|%¢, where k is the classical
momenturn and |k|%, the kinetic energy function (actually, we prove only
x|| v |k|? but the more precise statement x = ¥ |k|?¢ follows from our estimates
{[SigSof2, 3])). Again, we emphasize that we establish this picture for a certain
time averaging and it probably breaks down if uniform (in time) estimates on
decay of probabilities outside of the propagation region are required.

To prove the propagation estimates we study the evolution of certain
operators (observables) characterizing the scattering process. This in turn is
reduced to (local) positivity estimates of the commutators of H with these
operators, restricted to energy intervals (energy shells). Our basic tool here is
certain channel expansions of basic commutators. The positivity estimates of the
commutators of H with A = l(x - p + p - x) and with related operators were
studied in [P], [Ka2], [L1-7] and developed into a powerful tool by Mourre
(M1, 2]; see also [PSS], [FHI, 2]). The culminating point of this development is
the Mourre estimate and one of our main expansions can be considered as a
further refinement of this estimate. Note that the positivity estimates for commu-
tators of a pseudo-differential operator of interest with suitable pseudo-differen-
tial operators were used in PDE by [H6] to prove the celebrated theorem on
propagation of singularities. The latter problem is, in some sense, dual to the
scattering problem: In scattering theory one studies the propagation of singulari-
ties in the Fourier (cotangent) space (i.e., the asymptotic behavior in the original,
configuration space).
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The distinguishing feature of many-body systems, compared to 2-body ones,
is in the geometry of their potentials. The potential V(x) of a many-body system
does not vanish as |x| = oo along certain planes X, where ¢ labels different
break-ups of the system in question into subsystems. Such a potential is not
A-compact and, in general, changes the spectrum of — A qualitatively. In this
language the statement of asymptotic completeness expresses the fact that as
t = + o0, e *#'Yy approaches a superposition of waves propagating freely (classi-
cally) along the planes X, while committed to a bounded (quantum) motion in
the perpendicular directions. The connection between the geometry of a many-
body potential and spectral properties of the corresponding Schradinger operator
has been studied intensively in recent years (see e.g., [Z], [SS], [E2], [DHSV],
[Sim], [Sig2]). The geometric methods developed in these papers play an
important role in our work as well.

Finally, we mention some of the conventions we use. F(A € Q), where A is
a self-adjoint operator and @, an interval in R of non-zero length, stands for
f(A), where f is a smoothed characteristic function of €. Construction of f{A)
will be specified in every case separately.

For an interval A and the Schridinger operator H we use also the notation
Fy(H) with Fy(s) a smooth function, 0 < F(s) < 1, F(s) =1 for s € A and
= 0for s & (inf A — §,supA + §) with § = &|A|.

P4(A) stands for the spectral projection for a self-adjoint operator A.

D(A) = domain of A, R(A) = range of A.

Let A and B be two closed operators on . We say that B is A-bounded
it D(B) > D{A). We say that B is A-compact if it is A-bounded and, consid-
ered as an operator from D(A), equipped with the graph norm, to 37, is
compact.

Ls2

(x) = (L + |x*) 7,
B = O(|x| ~*) means that the (x)#B{x}*"# are bounded
for any 8 € [0, max(a,2)],
B, = O(|x| ~*) means that (H + i) " 'B, and B (H + i)~ " are O(jx| %),
B, = Oy{|x| ~*) means that (H + i) 'B,(H + i) " is O{|x| ),
A = Bmeansthat A = B + Of|x| 17,
A = B meansthat A = B + O,{|x| 7} 7%},

A = B means that ||[A — B|| < e,
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and similarly for the inequalities. For instance,
A > B means that there exists C, ||C|| < esuchthat A > B+ C.
Acknowledgement. The authors are grateful to W. Hunziker and B. Simon

for useful discussions. The research on this project began when both authors
were at the Weizmann Institute.

1. Hamiltonians

Consider an N-body system in the physical space R*. The configuration
space in the center-of-mass frame is ([SS])

(1.1) X = {x € RN Lmx, =0

with the inner product

(1.2) (t.y) =2 mx; -y

Here m, > ( are masses of the particles in question. The Schridinger operator of
such a system is

(1.3) H=—A+ V(x) on L¥X).
Here A is the Laplacian on X and
{1.4) V() = YV, (x,— x,

where (ij) runs through all the pairs satisfying i < j. We assume that the
potentials V,; are real and obey: V, Ay) are A -compact.

It is shown in [Com] (see alsa [RSII], [Sig3]) that under the conditions
above the Kato theorem applies and H is self-adjoint on D(H) = D(A).
Moreover, by a simple application of the Holder and Young inequalities [RSII]
and by a standard approximation argument (see [RSII], [Sig3]) one shows that if

I
where r > 2

£

V,; € L(R") + (L=(R*))

and the subscript ¢ indicates that the L™-component can be taken arbitrarily
small, then V,; is Laplacian compact.

Now we describe the decomposed systems. Denote by a, b, ..., partitions
of the set {1,..., N} into non-empty disjoint subsets, called clusters. The
relation b C @ means that b is a refinement of a. Then a,, is the partition into
N clusters (1),...,(N). Usually, we assume that partitions have at least two
clusters. #(a) denotes the number of clusters in a. We also identify pairs
I = (ij) with partitions on N — 1 clusters: (if) © {(ij)(1}...()...(§)..-(N)}.



40 I. M. SIGAL AND A. SOFFER

We define the intercluster interaction for a partition a as
(1.5) I, = sum of all potentials linking different clusters in a.
For each ¢ we introduce the truncated Hamiltonian:
(1.8) H,=H-1,
These operators are clearly self-adjoint. They describe the mation of the original
system broken into non-interacting clusters of particles. _
Our method is based on the localization of operators in the phase-space

%= X x X'. Here and henceforth, the prime stands for taking the dual of the
space in question. The dual (momentum) space X’ is identified with

X' = (ke R YTk, =0

which has the inner product

1
k,u)=) —k, u,.
( u) z Qmi i u’l
Thus |k|* is the symbol of — A and — A = |p|® with p = — i grad,. We use
extensively the natural bilinear form on X X X

(2, kY =X x, - k,.
2. Asymptotic completeness

In this section we cast the intuitive notion of asymptotic completeness into
precise mathematical terms and discuss different aspects of this notion. To this
end we need the notion of channel. The channel is a scenario according to which
the scattering process develops. Different scenarios are labeled by an asymptotic
state of the system in question at ¢ = — o0 or ¢t = +o0. Thus a channel is
described by a pair: & = (a, m), where a is a decomposition of the system into
subsystems and m specifies a stable motion within each subsystem of this
decomposition.

We proceed to the formal definitions. For each cluster decomposition a,
define the configuration space of the relative motion of the clusters in a:
X, ={x€ X|x,=x, if { and j belong to same cluster of a} and the configura-
tion space of the internal motion within those clusters:

X“={x€X Y mx, =0 forallCEa}.

ieC

Clearly, X, and X? are orthogonal in inner product (1.2) and they span X:
X=X*e X,
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Given generic vectors x € X and k € X', their projections on X4, X, and X
will be denoted by x% x, and k_,, respectively. Accordingly, the momentum
canonijcally conjugate to x, and corresponding to k, will be denoted by p,,.

If i and j belong to some cluster of a, then x;, — x ; € X°. This elementary
fact yields the following decomposition [SS]:

(2.1) H =H'@l+1&T, onL¥X)=LYX")&LYX,)

Here H? is the Hamiltonian of the non-interacting a-clusters with their centers-
of-mass fixed at the origin, acting on LA(X?), and T, = |p,|% the kinetic energy
of the center-of-mass motion of those clusters.

The eigenvalues of H?, whenever they exist, will be denoted by ¢,, where
a = (a, m) with m, the number of the eigenvalue in question counting the
multiplicities. For a = a,,;,, we set ¢, = (. The pairs a are in a one-to-one
correspondence with the channels of H and will be used to label the latter. The
set {¢e,, channels &} is called the threshold set of H and ¢, ’s are called the
thresholds of H. (For more details see [Sig3].)

For a channel a we define

{a) The channel Hilbert space

#, = L¥(X,);
{b) The channel Hamiltonian
H, =¢, + T, actingon 5,
(we denote by the same symbol also the natural extension of this operator to the
entire L¥(X)):
(¢) The channel identification operator

Li o, = LX) Ju=y*@u

where * is the eigenfunction of H? corresponding to ¢,.

We say that the many-body system in question is short-range if the pair
potentials V,,(y) vanish at oo faster than |y| =" (the precise definition will be
given in the next section). We say that the shortrange many-body system is
asymptotically complete if for any € L*( X) orthogonal to all eigenfunctions of
H and for any & > (' there exist a finite subset, a, of channels and for each «
from this subset, vectors u € 5, such that

(2.2) lim

t— 4+ oo

—iH — LMt
ey — 3 Je Mtul,

LE=F"

= E.

To establish a connection with the standard definition of asymptotic com-
pleteness we recall that the channel wave operators @ are defined as

e i iHLY ,—iH,t
Qf =5 lim "] e

t— too
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on J,, whenever these limits exist. Under the assumptions on potentials used in
this paper, these strong limits do exist (see [Hul,2], [RSII], [Sig3]). The
existence of QF implies that they intertwine H and H,: e *'Qt = Qo tH
and that their ranges are orthogonal:

RanQ7 L RanQjf fora # 8.
The channel wave operators are said to be complete if
D Ran 2, = Ran(l — P),
where P is the eigenprojection of H corresponding to point spectrum. Usually,
the system is said to be asymptotically complete if its channel wave operators are

complete (see e.g., [Hul], [RSIII], [Sig3]). This definition is equivalent to ours as
shown in:

PropaosiTion 2.1. Assume the channel wave operators exist. Then the
short-range many-body system is asymptotically complete if and only if its
channel wave operators are complete.

Proof. Assume the channel wave operators are complete. Then any
orthoganal to the eigenfunctions of H can be written as

Y=Yy withy* € Ran Q2.
Let ¢ = Quf. Then
He_dﬂl,[!_ z;e iHt tH_”HL' ZetHrfe iHt +H_)0

which shows that the system is asymptotically complete.

Now assume that the system is asymptotically complete. Let i € Ran
(1 — P). Then for any ¢ > O there exist u«f, such that lim,_ , |le”*#% —
YIe Hu2 || < e This implies

[ - Earur |
Since @ Ran 2F is closed, we have y € @ Ran }. |

= E

Our next goal is to reduce the statement of asymptotic completeness to a
certain “geometric” statement which does not involve the dynamical notion of
bound state (for subsystems). We say that a short-range many-body system
described by H is asymptotically clustering at an energy E, if there exists an
intexval A around E such that for any ¢ € Ran P(H), orthogonal to the
eigenfunctions of H there exist vectors ¢ F . € L} X) such that

(2.3) "e““‘nb — Yoty x H -0 ast— +w.
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In other words the asymptotic clustering describes the fact that as ¢ — + oo,
the system breaks down into independently moving subsystems. However, it
does not say anything about whether the resulting subsystems are stable or not.
Nevertheless, we expect that these subsystems which are not stable split further
into smaller fragments and so on till only stable clusters remain.

Henceforth, the channels corresponding to a cluster decompoasition ¢ will be
called, sometimes, a-channels.

ProposiTion 2.2. Suppose the system in question and all of its subsystems
are asymptotically clustering for all non-threshold energies. Then it is asymptoti-
cally complete.

Proof. Let { be orthogonal to the eigenfunctions of H. Given ¢, we can
find a compact interval A avoiding all the thresholds of H and such that

(2.4) ¥ — Bl < &

Let ¢ = P,y For any E € A, the system is clustering. By the compactness
argument there exists a finite number of intervals A, with centers at E,, covering
A, and having the clustering property. Write

¢ =2 ¢ withg € Ran B, ,

orthogonal to the eigenfunctions of H. By the above there exist ¢f, with the
property

H Tty — Y e Hipt, H -0 ast—> to0.
This yields
(25) He—iHr(p _ ze it +|| -0
with ¢ = L,9F,. Let now P, =% P, be the eigenprojection of H* ® 1
corresponding to its paint spectrum. Let v,b“ be the corresponding bound states.
Define xf = (y% ¢*) and ¢F = (1 — P,)gS. With these notions and taking
into account that

¢ Htp = o ttp and Pt =T xi,
(2.4) and (2.5) imply
Q_EHEI,D _ Z fae—iﬂacxat _ ze_iH“tl}/ai

a-chan

lim
t— + e

Since ¥ as functions of x® are orthogonal to the eigenfunctions of H® and
since the asymptotic clustering is assumed for all subsystems and therefore for all
H¢ we can apply the above analysis to each e iyt — o= ht(p~ it 1)
Collecting into ©} all the x I 's coming from different a’s we arrive at (2.2). O
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Discussion 2.3. The statement of asymptotic clustering does not require
any information about the point spectrum of the subsystems. In some sense it is
a geometrical statement. We explain this point in more detail in Section 4. The
asymptotic clustering is the statement we prove in what follows.

3. Besults and strategy of proof

In this section we formulate our main result and outline its proof. We begin
with the assumptions on potentials which we use in this work.

(A) V (y) are A ~compact;

(B) (y)”aIVQVa-;(y” are A -bounded for some ¢ > 0;

(C) |y|2m Vl.j(y) are Ay—bounded;

(D) Vt.j.(y)<y)“ are A -bounded.

By a short-range system we understand a system obeying (A)—(C) and (D)
with p > 1.

The main result of this paper is:

TrroREM 3.1. Assume an N-body system is described by potentials obeying
conditions (A)~(D) with u > 1. Then asymptotic completeness holds for this
system.

The proof of Theorem 3.1 is given in Sections 4-9. Conditions {B) and (C)
can be relaxed if we use more delicate methods of controlling various commuta-
tors of H. Condition (D) can be also relaxed if we exercise more care in our
estimation. Since our priority in this work is presentation of the method, we use
conditions more restrictive than necessary.

The feature which distinguishes an N-body Schrodinger operator from a
2-body one, creating a different level of complexity, is that in the many-body
case, the potential V(x) does not vanish as |x| — o along the planes X, where
a runs through all the partitions. Note that operators of the form — A + V(x)
with V(x) vanishing at co except for a certain system of planes, were first studied
in [Ag]. Results of this paper can be generalized to such operators.

Strategy of the proof. We derive asymptotic completeness from two state-
ments which summarize two basic ingredients of our approach: decoupling of
channels and propagation estimates. The decoupling is realized by construction
of an appropriate partition of unity on the phasespace (Section 5) and the
propagation {or more precisely, non-propagation) estimates are proven by using
positivity of commutators of H with appropriate observables. This positivity tells
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that the expectations of these observables along Schrédinger states increase
(Sections 7-8). '
A prominent role in our analysis is played by the operator

y=3{&-p+p-3),
where % should be understood as

£ =ux/(xy with(x) =yl + |x|>.

TueoreM 3.2. The operator v is self-adjoint on its natural domain and the
sets (X} and D(|p|") (any n = 1,2,...) are cores of v.

Proof. The vector field o(x) = x/(x) is bounded and has bounded deriva-
tives to any order. Hence it generates the global flow ¢,(x) which is bounded
and has derivatives in x to any order. Define the one-parameter family of unitary
operators

U(e) f_’ \/Efﬂfpﬁs
where [, is the Jacobian of the transformation x — @(x). Since @, is a flow,
J, is strictly positive. Clearly, for any &, U(f) maps D(|p|") into D(|p|")
(n=1,2,...) and #(X) into F(X). However, as a standard computation
shows, v is the generator of U(f). Hence v is self-adjoint and D(|p|") and
F(X) are cores of vy. O

Now we introduce a class of operators which appears naturally in our
analysis. Those are operators of the form

(3.1) J= Y i) f(p)ely),
where the sum is finite, all functions are smooth and bounded and, in addition,

the j, obey the estimate |2°f,(x}| < C{x) ~!* for all a. Such operators will be
called the phasespace operators. The function

(32) jx k) = Ljlx) fik)o (& - k)
will be called the symbol of the operator J. We say also that the phase-space
operator, [, is supported in the phase-space region (which is denoted by
f-supp J)supp j.

Fix energy E € R. A channel a is said to be open if E — ¢, > 0. This

condition is suggested by the law of conservation of energy applied to the
channel a:

(33) E = £ + ’ |pa|2

(14

total energy  internal energy kinetic energy of
of stable clusters c-of-m motion of clusters
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Thus E — ¢, is the kinetic energy available to the clusters of . For an open
channel ¢, introduce k, = JE — ¢, . Furthermore, let 2; = { +«,: all open al.

Below we use the symbol u|/o to signify that the vectors u and o are
parallel (multiples of each other). Recall also that channels corresponding to
cluster decomposition a are called a-channels. Given E, define the set

(3.4) PS, = PS; U PS; ,
where
PSF = U {(x,k) e Fx*= 0,2 # 0Vc 2 a, 2] + V[k,|%
(3.5) open «
k,|* € B .

The sets PSF describe different possibilities of outgoing /incoming free motion
of non-interacting stable clusters of the total energy E. This free motion develops
along classical trajectories: the coordinates and momenta of the cluster centers-
of-mass are parallel or antiparallel depending on whether the clusters are
outgoing or incoming. The restriction on the kinetic energy of this free classical
motion stems from the energy conservation law and the fact that the stable
internal motion of the clusters is described by bound state of their internal
Hamiltonian and, consequently, the energy of the intermal motion is given by the
corresponding eigenvalue. This mixture of classical and quantum-mechanical
pictures is the unique feature of the many-body scattering theory. The next
theorem shows that asymptotically the quantum evolution , = e~ *#% with
having the energy near E becomes localized in the phase-space region PS £
Given E, we say that a subset of the phase space =X X X’ is a
propagation set at the energy E if for any phase-space operator | supported
outside of the set in question there is a small interval A around E such that

(3.6) [

— o)

2

I

e~y dt < Clly|?

1
J(x)

for any { € Ran P,(H) and with C < o and independent of .

Remark 3.3. This definition is equivalent to one in which the phase-space
operators are replaced by more general pseudodifferential operators. However,
since, as was mentioned above, the phase-space operatars arise naturally in our
approach we restrict our definitions to such operators.

Much more importantly, we can refine the definition of the propagation set
by breaking it into two pieces each defined through one of the inequalities

1 2

dt < C||y|>.
Im t il

e—thlP

(3.7) + foiw
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Respectively, PS; (resp. PSg) is a candidate for the future (resp. past) propa-
gation set. The further refinement of the notion of the propagation set would be
to introduce the coefficient of proportionality in the relation x| + ¥ [k,|* —
time. These notions and their ramifications will be discussed elsewhere ([SigSof3]).

In what follows, the energy E is assumed to be inside of the continuous
spectrum of H; i.e., E > min{¢, |#(a(a)) > 1}.

. First we show that under conditions (A)—(C) (note: condition (D) is not
required ) and for E, away from the thresholds and eigenvalues of H, PSy is the
propagation set at the energy E.

This statement is proved in Sections 7-8. Here we explain some of the
ingredients of this proof.

To prove inequalities of sort (3.7) we will estimate from below commutators
of certain observables with H. To connect these estimates with the time-depen-
dent propagation estimates we use an elementary lemma:

Lemms 3.4. Let for some fixed A and an H"-bounded operator F, the .
estimate

(38)  BilH,FlB > J— J— E ‘“J_ F P,
hold for some self-adjoint, bounded operators F,, satisfying
2

(3.9) [ dt < IS ix 1,

— o

1
F——
Ty ¥

for all € Ran P, and with C, finite and independent of . Then

(3.10) [ dt < Gyl

— o0

1
i

for all ¢ € Ran P, and with C, finite and independent of {.

Proof. Inequality {3.8) implies

[ Grﬂq

For the first integral on the right-hand side, we have

el 1|
dt“f (,, i[H, Fy,) dt + ZITHEW%

[ it Flodi= [T ¢y, Py d
_T t1 ? £ —Tdt b3 !
= <‘PT» F¢’T) —{¥_7, F1P~T>'
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Let @ be a Cg° function, equal to 1 on A. Then ¢ = @(H)¢ . Using that
Fo(H) is bounded, we obtain '

|<¢' + T F\i’ ¢T>| = C||11[/||2
This implies
2

dt < Cyll¥|*.

T i

e,
1) ()

Since the left-hand side is monotonically increasing as T — o0 and uniformly

bounded from above, it converges as T — o« and is bounded from above by the
same bound. 0

Ey

Remark 3.5. An example of an F, i = 1, is O({x) ") for any £ > 0. A
result of Mourre [M1] (three particles) and Perry-Sigal-Simon [PSS] (the general
case (see also (SigSof2] for a different proof)) implies that (x) ~'/27¢ ¢ > 0, is
locally H-smooth for any compact interval A when it avoids the thresholds and
eigenvalues of H; i.e.,

Jikxy ey P de < cpy)®

with C < oo independent of ¢ and for all 4 € Ran P,(H).

The lemma reduces the proof of propagation estimates to estimating from
below the commutators of H with appropriate bounded operators which we call
the propagation observables. We distinguish two principal cases:

(a) y ¢ Ly This case we call the non-threshold case.

(b) y € L. This case we call the threshold case.

The propagation observables used in these cases are entirely different.

Now we proceed to the second ingredient of our approach. We use the

following standard notation:

x|, = min{|x; — x,||i and j belong to different clusters of a}.

This is the infercluster distance in the decomposition . We mention separately
that F(|x|, > 8|x|) stands for a smoothed characteristic function of the region in
which |x|, > 8|x|. It can be defined, for instance, as I1,_,F(|x!|/[x| > ).
Here a pair ! is identified with the partition containing N — I clusters, one of
which is { itself and «! = x, — x; for I = (if).

II. On the next step we show that for any non-threshold energy E, there are
phase-space operators §, ,(x, p), forming a partition of unity:

(3.11) Yiae(x,p) =1+ 0(x 7},
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(which we call a phase-space partition of unity) with the following properties:

(i) j. & depend on p® only through v, (3.12)
(ii)  j, p are supported in { > Bl

for some § > 0, (3.13)
(ii)) Vi, p= (%) + OllxI 77) (3.14)

where v j(x, k) = v, I(x, k, 5)|,_; , with I defined using the right-hand side
of (3.2) and the j, are phase-space operators supported away from PS,.

Relation (3.13) shows that j,  are supported in the region where the
clusters move away from each other and relation (3.14) shows that the
“boundary”, f — supp(Vj, g), of j, g lives in the region where no propagation
takes place in x.

III. Derivation of asymptotic completeness (Theorem 3.1). First we intro-
duce the Deift-Simon wave operators for given E and sufficiently small A D E:

(3.15) Wt = s — lime*fj, (x, ple ¥,

it the limits exist on Ran Py(H). (Deift and Simon [DS] introduced such
operators for a partition of unity depending only on x.)

Lemma 3.6 (DEIFT-STMON ARGUMENT). If the limits (3.15) exist on Ran P,,
then the system is asymptotically clustering at the energy E.

Proof. Let { be orthogonal to the bound state subspace of H. Write

e—iH:lP ZJa £ LH.t“b ze iH, c a,Hz ~1H34’

where we have omitted the term O(|x| ~')e ™% which tends to 0 by [PSS].
Introducing ¢F = W, 5 we rewrite this as

(3.16) e~y = Yelgr + RE(t),
where
R¥(t) = Lom el ey, pom = 2]y,
Since the W *; exist, we have
|[R=(t)| - 0 ast— +oo.
Hence the system is asymptotically clustering. .

Before proceeding to the next step we mention the following property of
the symbol O(|x| ~):
For any function f with C§° derivatives,

(3.17) Ofjx| ~*}f(B) = O(|x| ~*) = AAB)O(|x| ~*).
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Here B stands for one of the operators H,, p,, v, and x (with arbitrary a).
These relations follow from Lemma A.4(ii).

In our proof of asymptotic completeness we do not use the entire result of
statement I but only the following part of it:

(E) Let E be a fixed energy away from the thresholds and eigenvalues of
H. Then there is a small interval A around E such that the following estimate

holds:
f o0

— o)

a

dt < C|l¢|I*

1 ,
e
with C < oo and independent of ¢. Here the j, are the phase-space operators
appearing on the right-hand side of (3.14) (which are supported away from PS;).

ProposiTion 3.7. Let (A)—~(E), with u > 1, hold. Let the energy E be
away from the thresholds and eigenvalues of H. Then the Deift-Simon wave
operators W, %, exist on Ran P, provided A is a sufficiently small interval
around E and disjoint from the thresholds and eigenvalues of H.

Proof. Omit the subindex E from the partition of unity. Let
Wa(t) — eiHafja(x‘ p)e—iﬂ't‘
By the Fundamental Theorem of Caleulus

(3.18) W,(t) = j, + i [ e (H,j, — j,H)e " ds.
(4
We have
(319) H }a [Hai‘ }a ja‘[a‘
Due to property (3.13) of j,, COIldlthI‘l (D) on the potentials and (3.19},
(3.20) fl {H + 1) = O(x|™*}.

(This is the only place where condition (D) is used!)
Now we analyze [H,, j,]. Pick n such that H + n > 1. We use that

i
[mJJ=—U%+ML{+MLhm+nI

We compute
1
H, +

il

10| = o)

H,+n

1
- (2 Vix) - 8j(x)

L] a
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If j obeys |2%j(x)| < C{x) " for all a, then
|Vl <ecdx)™' and |Aj| < e{x) 2

Finally, equation {A.39) with A = y and B = 1/(H, + n) and estimate (A.46)
yield

+ O{]x| 7?).

H0+n’f(}’)l =f(¥)lHa PR
Using (for details see (A.42a), (A.48)) the fact that

it s o)
where
et

1 |

_Yﬁ

2 B =i +
(3 1) 47! H,+n Ha+n’

we see that simple estimates of commutators involving {(x)~* (eg,
[{x) 77, f'(v)]; see Lemma A.4ii) and relation (3.17) yield

(3.21a)

1 1 1 s
[H T n f(]’)] J(T)B‘if (Y)‘W +O(|7C| )

Collecting these estimates, using that, due to (i), H, commutes with the
p-factors in the expression for j,  and writing the operators §, of (3.14) (do not
confuse them with j, =j, ;) as j, = (j¥.j.. i=1,...,4 + O(x] "), we

obtain

1

1
(322) i[Hai ja] = (Ha + n){ﬁ Zj;j iBija,a'. ﬁ
O(|x|‘2)}(Ha +n),

where B; are bounded operators, and j, , are phase-space operators supported
away from PS;. Let g € Ran P\(H), f< Ran P,(H,) with &’ > A. Consider
([H,. j,l&, f). Using equation (3.22), and denoting g, = (H + n)g and f; =
(H, + n)f, we obtain

1 1
(323) I([Ha‘}a]gsf>|£CZ( ja,i \/<— }al‘/—
L,
(xy || ¢y T |
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Collecting (3.20) and (3.22) and using {3.19) we obtain

[(Haj, — jH)g. )] < CL

1 1
fa,iﬁgﬁ' fa,t' ﬁf&'a

¥ "(x) — minje /2, L)gH H" (x) —min{u /2, L)an H) ‘

Let A’ be slightly larger than A so that A\ A is open. Let Y € Ran Py H)
and u € Ran P, (H,). We have

(3.24) fo”'|<(Hafa — j HYe oy, e~ ey [ ds

¢ I s
t
< C i g~ Hs ds
1:2](; }a‘x <x> ‘le ]
1] I Lo
£
X i “tHasy | ds
Z-[(; }d‘t <x> e f‘l"3 ]

L/2

R N A R

where a = min(l, p./2). Now due to condition (E) the first product on the right
side of (3.24) is bounded by const||{||[|¢||, provided A and A’ are sufficiently
small. Furthermore, the Perry-Sigal-Simon result ([PSS]; see also [SifSof2]) im-
plies that (x) > with a > { is locally H- (and therefore also H ) smooth (4’
avoids the thresholds and eigenvalues of H and, consequently, also of H,). (This
is the only place where the condition ¢ > 1 is used!) Hence the second product
on the right side of (3.24) is bounded by the same const||4|| || «||. This proves the
estimate:

le] H —iffs —if,s
(3.95) fOH(Haja—;aH)e Hsy o™ Houy | ds < const|ly|||ul

for all ¥ € Ran P,(H) and « € Ran Py (H,). Hence the integral on the right
side of (3.18), multiplied from the left by P,(H,), converges strongly on
Ran P,( H), which proves that s — lim, _, , P (H )W, () exists on Ran F,(H).

Finally, we show that x(H,)W, (t} > 0 as [t| = oo for any smooth
x(s) supported away from A. Using that x(H)P,(H) =0 we obtain
x(H )W, (£)P,(H) = ¢*f-'Ke~*H'P,( H), where

K= {j.(x, p)(x(H,) = x(H)) + [x(H,)}, j.(x, p)]} o (H)
(with @(s) € C3° and equal to 1 on A’). Now note that, Lemma A.4(ii) and
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A.5(i) and the fact that j(x, p) is a phasespace operator yield

[x(H,), j.(x,p)] = Oix| 7*).

This implies that [x(H,), j,]e(H) is compact. Furthermore, equation (3.13) and
the standard result

{(x(H,) - x(H))F(x|, > 8|x|) is compact

(see e.g., [PSS] and Section 4) imply that (x(H,) — x(H)) j.(x, p) is compact.
Hence the operator K is compact. Since, by [PSS], H is absolutely continuocus
and since A avoids the eigenvalues of H, Ke "#'P,(H) 5 0 as |¢{| = oo and
therefore the desired result follows. This proves the existence of s —
lim, , ,  W,(t) on Ran F,(H). O

Lemma 3.6 and Proposition 3.7 imply that the system is asymptotically
clustering for any energy E, away from the thresholds and eigenvalues of H,
provided (A)—(E} and statement II hold. Since this result applies to any number
of particles, it implies, due to Proposition 2.2, that the system in question is
asymptotically complete with the proviso above. 0O

4. Geometry of N-body systems

The geometry of the N-body potential V(%) = LV, (x; — x,) is determined
by the system of planes X,, where a runs through all cluster decompositions.

These are exactly the planes along which V(x) does not vanish. The main
property of these planes is the relation

(4.1) X,NnX,=X,,,-

This relation follows directly from the definition of X,. Note that X, = {0}.

Our first exercise in the N-body geometry is to prove the existence of a
partition of unity {4 (x)} on the configuration space X (here a runs through all
non-trivial cluster decompositions) which describes geometrically different break-
ups of the system.

TueoreM 4.1. There exists a partition of unity { (x)} with the following
properties:

(i) The §, are smooth, 0 < ¢, < 1, homogeneous, degree 0 for |x| = 1
and are normalized as T (x)* = 1, :

(i) supp ¥, C {|x|, = 8[x|} for some & > 0.

The second property shows that each ¢, lives in the region where the
clusters in @ move away from each other with the mutual distances proportional
to the distance to the origin.
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There are many ways to prove this theorem. A simple analysis of the unit
sphere S in X and its intersection with the interaction planes X, provides one
such proof. Roughly speaking we will define ¢, so that

supp1LaCanhd(Xa)\\\[lJ nbhd(X,)].

d2a

Due to (4.1) the domains on the right side of these relations cover X so that a
partition of unity with this property exists.

Proof. Let &, be small, positive numbers obeying

(4.2) ——¢, for #(f) > #(a),

20

where the number a > 1, depending only on the masses (and the number of
particles), is chosen so that

(4.3) lxf] < afjz®] + |x®|) with f=aUb.

We also set up
1,5

€0 = 10tan,
Define the open homogeneous sets
B(X,) = {x € X||z°| < g[x|}.
Then equations (4.2) and (4.3) imply
(4.4) B.(X,) N B,(X,) € By, (X;) with f=aUb,
provided f# a,b. Here the right-hand side is empty if #(f) = 1. This for
instance is always the case, if #(a) = #(b) = 2 and a # b. Equation (4.4) will

play an important role in our construction.
Equation (4.1) implies

{4.5) Xx= U |x, Ux%

a#a b2e

max

Thus the open {conical) sets
(46) Fa,s = B(lO/g)ed(Xa) U B(l/ﬂ]gh(xb)ﬁ
bJa

where & stands for the multi-index with components ¢ »» form an open covering
of X.

LEMMa. 4.2. There is a number § > 0 such that
(4.7) T,.C {x&X|sl, > 8z},
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Proof. Let a pair I ¢ a. Let b = a U l. Then b 3 a. Due to equation (4.4),
Bsf(Xl) N Bea(Xa) < B(l,’&)gb(xb)'
Since b 2 a, we have that
I, .0 B(X,) € [B(X}) N B(X,)]\Byf{Xs) = 2.
In other words

T,.c (xeX|xl > g},

£

Since this is true for all [ ¢ a, (4.7) follows with § = min;, ,&. G

Now, let {¢,} be a smooth partition of unity on X with respect to the
covering (4.6); i.e.,

0<d,(x) <1, Ty,(x)" =1

and
{4.8) supp ¥, < I, .-
Due to Lemma 4.2, (i) holds. Since [, , are homogeneous sets, ¢, can be
chasen to be homogeneous degree 0 for |x| > 1. Hence they obey also (i). 4O
It is convenient to regroup the partition of unity { ¢} as follows:
172
(4.9) @, = l 3 v,bi} for each two-cluster a.
bca

The new cut-off functions @, are smooth, non-negative and satisfy

(4.10) Y o) =1

2-cluster a

and
{4.11) supp ¢, C {x € X|x{, > 8|x|} for some § > 0.

Now we list the basic properties of the introduced partitions of unity (the
proof can be found in [PSS]},

(412) Iaq'ja = Ol(|xl _'u-)
and for any smooth function g with a compact support
(4.13) (g(H) — g(H,)}p, = O(x| 7*)

and is compact, where the power u is the same as in Condition (D).
Finally, we mention that a similar partition of unity { ¢3(x°), b C a} exists
for each configuration space X%

(4.14) Y ep(xe)’ =L

bca
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With a suitable adjustment, it has the same propesties as the partition { ¢,}. For
instance,

supp ¢f C {x% € X°[|x%, > §|x?|},
I@5 = Of|x®| ~#),
ete.

5. Phase-space partition of unity

To decouple (geometrically) different channels we use a phase-space parti-
tion of unity whase members are supported on different channels with the
x-boundary located in the non-propagation set. In this section we construct such
a partition.

Henceforth, E is a fixed energy away from the thresholds and eigenvalues of
H and the positive numbers £, are the same as those defined in Section 4 (see
equations (4.2) and (4.3)). We also use, without special mentioning, other
definitions from Section 4. We will also use the notation

k, =Vl — e’k forx € 3,

£

We use the following cut-off functions:

1 dist(s, 2°) > 2e

(5.1a) F{se @)= {0 dist(s, @) = 2

if |2 > 0and |2¢ > 0, and

I dist(s, Q) <«
5.1b F(se Q)=
(5-1) s <) {o dist(s, Q) > 2
if 121 =0, and
(5.1c) F(s€Q)=1-F(se )

if {Q2°] = 0. Here @ C R (usually, an interval), £¢= R\ £ and the relation
s & §} is treated as s € {°. Besides, the F, are assumed smooth, 0 < F, < 1 and
for 2 a semi-finite interval,

F!(s € Q) = const for dist(s, d2) < e.

In particular, the F, can be adjusted in such a way as to satisfy for €, a
semi-finite interval,

(5.2) F/(s € Q) = const - F(s € 4Q).
Henceforth we will use the notation
x x
.o 2 and r=<a>.

C (x) *(x)
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Next we define our basic cut-off functions on the phase-space:
(532)  j, [x, k) = E(r* < g)[1 = F(r*> 3e,)F o (k| = «, )]
if #(a) < N and
(5.3b} }ra’x(x, k)= I_IF%(r! > £a)
alif
if #(a) = N. Here, recall, I denotes a pair of indices and x'=«, — x; for

I = (ij). (Remember, also, that [ is identified with an (N — 1)-cluster decom-
position.) We define

#(a)—1
G4 hmR =ik T (1= T fuxk).
n=2 #bhy=n
where [T#(%)~3(...) = 1 for #(a) = 2.
Henceforth we willl use an abbreviated notation for subsets of the phase-
space = X X X', displaying only inequalities defining these subsets. Denote
Q,.= U {lfb — ag,| < g, Ik, = K, | > ﬁ;} for #(a) < N

boa
a:=%,1

and
Q, . =UQ,, for#a)=N.
l.

We will show later (though it is not used directly in our analysis) that the
intersection of this set with {|% - k — k| < g,} lies outside of PS;. We have:

Tueorem 5.1. (i) j, [(x, k) is homogeneous of degree 0 in x for |x| = 1
and independent of k°,

(i) Xj, dx, k) =1,

(iil) supp §, . € {1x], > &|x|} for some § > 0,

(iv) SUPP(V.ofo, ) € Dy o

Proof. (i) The homogeneity in x follows readily from the definitions (5.4),
(5.3). The fact that j, (x, k) is independent of k* follows from:

LEMMA 5.2. The terms with b D a can be dropped from the right-hand side
of (5.4).

Proof. Our geometric analysis is based on the relations

(55) Bea(xa) a Beb(Xb) « B(l,’S)E;(Xf)
with f=a U b, and provided f# a, b,
(56) Bef(Xf) = U Fd.',s;

dof
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i.e., the sets on the right-hand side form an open (homogeneous) covering of the
set on the left-hand side, and

(5.7) B(X)NT,um=92 ifaub+a,b.

Equation (5.5) follows from equations (4.2) and (4.3). It was already used in
Section 4 (see equation (4.4)). Equation (5.6) follows from the definition (4.6) of
I, . Equation (5.7) follows from equations (5.5) and (4.6) (e.g. the latter implies

that
(5.8) Ty sz N Buyge (X)) = @ for f2 b)),

Note also that equations (5.5) and (5.6) are homogeneous in the ¢,’s in the sense
that they hold if all ¢, are replaced by ae, with & > 0. Equations (5.5) and (5.6)
(the latter with £, - }&, and ¢ — Je¢) imply that
(59) Bea(Xd) a B.eb(Xb) = U Fd,(ﬂ,/.'])s’

dDallh
provided @ U b + a, b. The latter is the case if #(b) < #(a)and b 2 a. Due to
Definition (5.3),

(5.10) fa 2. k)Y =1 onT, ., for #(d) <N - 1.

Mareover, due to equation (5.7),

(5.11) fo{x,k)=0 on Ly omeifc+d, #c)=#(d).

Therefore

{5.12) 1 - Y f;‘_c(x, k)] =0 on Ty .4,
#(c)=#(d)

This relation together with equation (5.9) and the fact that [y .= (0} for
#(d) = 1 yields

) #(b)—1 ~
618 e Rieb I {1- T f k) =0
n= #(c)=n
if a U b # a, b, which proves the lemma. O
(i) We begin with:
LEMMA 3.3
N -
(5.14) It- % jeb)-o
n=2 #by=n

Proof. Due to Definition (5.3),

supp(l - j, ) © JB, (%),
all I
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Hence equation (5.7) and the inequalities on the ¢,’s imply

SUPP[I - jamm,x) < U rd,(l,’2)£‘
#dy=N-—1
This together with equation (5.12) implies

(-

n=2

)y j'c‘,c(r, k)] =0 on supp(1 - fram‘*)' -

#He)=n

Now we derive (i) from Lemma 5.3. Expanding the praduct, we find

N -
0= TT(1- 2.
N-1 3 Nl )
= T1(1- Sa) = don IL(1~ 24, )
N-2

= = ]'_ Zjd,x‘
This implies (ii).
(iii) Equation (5.12) yields

5

(5.15) [Tlr- ¥ ]:,K(x,k)]=0 on Ty g m i #(b) < 5.

n=2 #e)=n

Next we use a more detailed version of (5.6):

(5.16) B(X,) =T, UT, 0.

ba

The last two equations imply

#(a)-1
617 gk =R ] (1= Y k)

#)=n
where F(I, ,) is an appropriate smooth function living in I, ,. The latter
equation yields: supp §, . C I, , which, due to (4.7), implies (iii).
(iv) As in Lemma 5.3 we show that
N-1
Vo) x [I{1= T fdem) =0
=2 #Hbyi=n

for #(a) = N. Hence it suffices to consider vrfa, Ax, k) with #(a) < N. We
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differentiate
Vo k) = {Fi(r? < e,)[1 = F(r* > Y&, )F (K, | = «, )]

= F(r® < e )E(r" > de, ) F (k| = &, )}, (r?).
Using equations (5.1¢) and (5.2) and using that
F.(r*>%e,) =1 onsupp F/r*<e,)

£
F(r*<eg,) =1 onsuppF (r* > ke ),
we obtain

(5.18)  ¥.f,.(x, k) = const[F, (r* = &, ) F {1k, | # , )

+F,(r = L&, )F (k1 =, |0, (7%).
This relation together with Definition (5.3) yields (iv). O

Now we quantize the partition of unity §, (x, k) defined above. Using the
standard procedure of pseudodifferential calculus we define I, , = j, (x, p) by
the formula

I

(5.19) fo (P )Y = Wf}'a,x(r, k)§(k)e = dx,

where 1 is the Fourier transform of {$ and n = p(N — 1), the dimension of X.

Turorem 5.4. The operators j, (x, p) form a partition of unity on LY X ):
(5.20) Liadxip) =1+ Oz "),

Moreover, they have the following properties:
()  j, [x,p) are phase-space operators independent of v and p°,
() f, (%, p) are supported in {|x|, > 8lx|} for some § > 0,
(i) V.j, Jx, p) are supported in 2, .

Proof. (i)-(iii) follow readily from the definition of j, (x, p) (equations
(5.3), (5.4} and (5.19)) and Theorem 5.1. (Recall that the support, or fsupport,
of j, [(x,p) is defined as the phasespace support of its symbal j, (x, k).) Now
- we prove equation (3.20). Denote by j/ (x, p) the pseudodifferential operatars
obtained from the symbols j, (x, k) by the direct substitution of Fﬁ( B, = «,)
inta (5.3) instead of F \/’e_o(|ka1 = «, ) and then using the resulting operators in
equation (5.4). Going through the proof of Theorem 5.1(ii) but with the
operators instead of the symbols we find that

Yijidx,p) =1+ 0(1x|7"),
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where the term O(|x] ') results from commuting the functions of 2 through
functions of |p,|, b2 a. Since j, (x,p) is obtained from j; (x,p) by a
rearrangement of the r% and |p,|factors, we have

fo.lx,p) = j; x,p) + Ol 7).
The last twa equations yield (5.20). ]

Now we construct a phase-space partition of unity { j, ¢} which decouples
the channels. Let {{,} be a partition of unity on the configuration space as
constructed in Section 4 but with the usual normalization: Ly (x) = L. Recall
that ¢, are homogeneous functions, degree 0, for |x| > 1 with

supp ¥, C {|x|, > 8|x|} for some § > 0.

Let ¥, be a finite subset of T such that the intervals {|s — k| < g,) with
k € 2, cover T, while the boundaries of these intervals lie outside of . (If
necessary, &, can be adjusted a little.) Such a set exists since there is only a finite
number of generations of thresholds (which can be labeled by #(a) = k). Let

[F(y & 2¢), F(y = k), k € 2;} be a partition of unity with the properties
{5.21) F(s¢ Z;)and F'(s = «) are supported away from 2,

and
F(s = ) are supported in {|s — x| < &, }.
We define
(592 o (5 p) = $a()F(r € S0) + X fu (2, p)E(y = &),

reX,

where {j, (x,p)} is the partition of unity defined above. Clearly {j, ;} is a
partition of unity on the phase-space:

(5.23) Yiaelx.p) =X+ O(x[7").

For symbols j(x, k) = ¢(x, k, # - k) (with the obvious meaning for ¢) we
use the notation

(524) Vj(x, k] = v(x,x)¢(xa k, S)|s=i-1c'

TueEoREM 5.5. A phasespace partition of wunity constructed above
(equation (5.22)) has the following properties

(i) j, g depend on p® only through v,

(ii) j, g are supported in {|x|, > §|x|},

(i) Vi, &= (x) "', + Ollx| %),
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where |, are phase-space operators supported in
(5.25) {dist(2 -k, 2p) 2 8,} U (@, ., n{12-k—«| <g})

kel

where 8, is a fixed number.

Proof. (i) and (ii) follow readily from the definition of . e{x, p) and
Theorem 5.4. (iii) follows from Theorem 5.5 and equation (5.21). In fact, §, is
the distance between the sets = and supp F(s & Zples, supp F'(s = ). O

In fact, the proof of Theorem 3.1 allows us to make a more precise
statement. Let Vj, p(x,p) be the phase-space operator with the symbol
T j. (%, k) (see equation (5.24)).

THEOREM 5.6.

(5.26) Vja,E(xa p) = ZTbjb,ac,a(xJ p)(x) ™'+ ToFao(Y & 2g),

where the sum extends over all b, b 2 a, #(b) <N and « = 3,1;T,, T, are
v-independent phase-space operators and

(527) jb,x,a(x‘! p) = F(Fb,e)Fﬁ(fb = aeb)Fﬁ(lﬂbl * Ka.cb) X F(Y = K)
with F(T,, ,) a smooth function supported in T

Proof. The statement follows from the definition (5.22), (5.7) of j, .(x, p),
equation (5.18) and an equation similar to (5.17). The latter allows us to insert

E(T, ). O

For the sake of interpretation we show that ¥j, . lives away from the
propagation set. Define

Q. ={2-k=x,r"=¢ |k,| #x,) NT

L3 4,87 -

Lemma 5.7. If E is away from the thresholds of H, then @, N PS; = &.

Proof. Denote
PSE = (x% =0, x|V |k, |2 [k,| = x}.

We cansider four cases:

i) Q NPSt= ¢ forall b2 a.
Indeed, v = ¢ implies that x” # 0 for any b 2 a.

i) Q.M PSE= @ forall f: x,; # x.
Indeed, on PSE, % - k = &, - k,, since x* = 0. Furthermore, %, - k, = |k,| since
x,[[W7 [ky|% Since |k,| = x4, we conclude that £ - k = Kz on PSE.
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iy @, N PSE= o for all bCa, k4=« Indeed, we have on PSE for
b Ca,
14 &
R k3|

Cxl k]

which implies

Ik, = k1P — (kg = [kylY1 — (#2)".

Thus [k | = &gyl — (r“)2 on PSZ for b C a. On the other hand [k, | #
ky1 = (r?)* on Q..

iv) @ N PSk= @ forall b 2aand b ¢ a.
Indeed, let f=aUb. On one hand, due to equation (4.4), @, N PSpC
B(l/s}ef( X;). The latter set is non-empty only if #(f) > 1. In the latter case,
By g, N L, = @ and therefore B, ), N 2, = &, so the result fallows. 0

6. Expansion in channels

In this section we describe the structure of the commutator i[H, A]
localized near a fixed energy E. This will reveal the entire channel composition
of the N-body system in question. The result of this section is one of the basic
ingredients in the proof of the propagation estimates.

We begin by introducing necessary notation and definitions. We fix a
labelling of eigenvalues ¢, ; of H Let P* = 1P be the projections on the pure
point spectrum subspaces for H®. Here P is the projection on a finite dimen-
sional eigenspace of H® corresponding to the eigenvalue &, . In particular, for
a = a,,,, the Icluster partition, P = LP, (we remove the label a for #(a) = 1).
We use the following notation:

P¥= ¥ P, PV=1-PY and P =1- L P,
iz N all j
and
FYN = F,p".

Recall, H? is the Hamiltonian of the decomposed system (i.e., non-inter-
acting clusters) with the center-of-mass of each cluster in ¢ fixed at the origin. All
the quantities pertaining to H* will be distinguished by the superindex a.
Sometimes we consider these quantities on the entire space L*X) without a
change of notation. Introduce

PV=1-PY with PY=P*"e 1,
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the extension of the corresponding operatars from L*(X?) to the entire L3(X).
We review same notation concerning the channels a.
a(a) = the cluster decomposition corresponding to a:
#(a) = the number of clusters, #(a), in a(a);
m(a) = the order number of the eigenvalue +e¢, of H** associated with this
channel:

P, = the projection on the channel bound state (P, = 1 for the free channel);

p, = the chanpel momentum: p, = p, for a = a(a);

T, = the channel kinetic energy: T, = T, = |p, |® for a = a(e).

Y, = the channel y-operator: v, = vy, for a = a(a) where v,

= 3(%, P T 1, %))
The strings are tuples of the form

1l

1l

S =(ag, as,-.., 4, @),

where #(a,) = i, a; D a,,, and a(a) = g,. We let o(5) = a.

After this lengthy review of notations we can proceed to the main result of
this section: channel expansion of the commutator i[ H, A].

The result below, though somewhat different in spirit, is closely related to
the Mourre estimate (|[M1], [PSS], [FH2]).

Tueorem 6.1. For any ¢ > 0, § > 0 and a compact region I, there are
8 > 0, N\, N,,... and functions F, with 0 < F, <1, supp F, € (- 8/2,8/2)
such that for any A C I with |A| < §, and any N = N,, the following estimate
holds:

(6.1) FYMi[H AJENS BN Y k%, o |EY
mia) = Ny oy
E—g, 20
and
a
(6-2) (FaN) =FAN Z b, FAN
m(oc)sN,,w’
E—eg, =0

where E = inf A + 8, «, is defined for this E, the sums extend over all open

channels with m{a) < N, ,, and

(63) ¢'a,E = Z jSPaF(|Ya| < Ka + S)Fq(lp\ql - KQ)F(|Ya| < Ky + S)Po:js*
a5 =w

with F(s <k, +8) =0 fors >, + 28 and =1 fors <«,+ 28 and j; are

bounded operators defined by

(6.4) fs = P PL2@lPN o qioiP, for § = (ay,..., a4, @),

a;"a
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where { @} | are configuration space partitions of unity on X° defined in
Section 4.

Remark 6.2. The bounded operators j; form a pattition of unity on L*(X):
(6.5) Yisi¢ = L.

To prove this relation we note first the following recursive relation, which we
state, for the notation’s sake, only for the Jast step k = 2:

©,, P, if S =(a,,a)
is =

(6.6 —
(6.6) %Zpafz if § = (a,,8S,)

where S, = (a,,..., a,,a) and j§' are the “Ith tail” of (6.4).
Naw we prove (6.5). We use the induction in the string length k (we do
only the last step k = 2). Using (6.6), we obtain

¥ jsid = z%z( L ne, Sek{Tili) R

a(a)=ay
o) EN#(«]

Using that
> P,=PY% and E: (ig)" =1

ala)=a,
mia) = N,

(the latter is the induction assumption}, we obtain

Yisid = Yo, Ple, + Yo, Phe, = Ll ) =1

22

Remark 6.3. If E is such that all the channels are closed then a result
stronger than the one stated in the theorem holds:

FNi[H, A]EY = 0 for all N sufficiently large.

Indeed, in this case FM(H) = 0, since A is away from the continuum of H
and all the discrete eigenvalues of H, except for those in a small neighborhood of
inf a__( H) (and therefore away from A), are subtracted.

e3%5,

Proof. We conduct the proof by induction in decompositions a. We first
prove the theorem with F([y,| < k, + 8) replaced by 1 in the definition of the
¢, g In the next step we prove the localization lemma that allows one to insert
F(ly,} < x, + 8) on both sides of F(|p,| — ,), to complete the proof of the
theorem. For a = a,,, the statement is trivial. Because of the notation, we
demonstrate only the last step of the induction process. Assume the statement of
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Theorem 6.1 holds for any H¢ with #{a) = 2 and show it for H. The induction
hypothesis:

Given ¢, & and a compact interval I there exist 8,, and N, N;, ... and functions
F, with0 < F, <1, supp F, € (— 8/2,8/2) such that for any N > N, and for
any A, C I with |A|| <4,

(6.7)  FgNi[H®, Al RS
E ] &
ze\aL’N( Y 2l Y j;PaFd(1p:|_Ka](]S)*}FAIIN
H%chan. H%chan.

and
(6.8) (Fe )" 2 e (L jer,Ffipe) — «,)(j2)* ) Eaw

with the quantities pertaining to H* distinguished by the super index a and the
sums over H%channels (i.e. the channels of the Hamiltonian H?) restricted by
m(a) < N, and «, defined for the energy E from the middle of the interval
A,. Pick an arbitrary compact subset I C R and fix it. Let A C I, arbitrary
otherwise.

Denote

(6.9) B, y=Flri[H, AEY

The IMS localization formula ([Sigl], [CFKS]) yields

(6.10) Biw= Y FlilH, Alg R+ O(x %),

2-cluster
where { @} is a configuration space partition of unity:
2
(6.11) L (ef0) =1,
2cluster

defined at the end of Section 4. Next, property (4.12} of the cut-off functions ¢,
and the equation

(6.12) [A,Ia] =x-vI,

yiéld

(6.13) v, [H, Ale, = 9, [H,, Alg, + O(|x|7'7%).
Applying this relation to equation (6.10) we obtain

(6.14) Byv= X FlpilH, Ale,FY + O(x7*7*),

2-clusters

where we have used that F¥ = FVF, for some fixed compact interval € o A
and that F,O(|x| —1—9) = O(jx| ~1-9).
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Now, since FEN 5 0 as |A| » 0 and N = o0 and O(1z|~'~%) is H-com-
pact, we have: FO = FYFO — 0. Here £ D A is fixed and compact and O
stands for the operator O(]x] ~!7%). Since I is compact, we can find §; and N/
so that ||FYOEY|| <& for any A’ C I (or a small neighborhood of I, if
necessary) with |A’| < 8’ and N’ > N/. Multiplying (6.14} from both sides by
FY’, using the above inequality, we obtain, after dropping the primes in A’ and
N’ the equation:

(6.15) By n= Y ElpilH, Alg,FY

2-cluster

foranyA C I, |A] < 8§ and N > N/,

LemMa 6.4. For any ¢, 8,, and a compact set I C R there exist 8§’ and Ny’
{independent of 8,) such that

(6.16) I1Fap, — Fi'w, Fy (Ho Il < ¢

forany N = N/ and any A C T with |A| < 8} and some A| D A with |A|| < &,
Proof. Henceforth, all intervals are open and A C A" means A C A’. Recall

that for an interval A and number a < & 1A[, A* = (inf A — a,sup A + a).

Fix E € I. Pick an open interval A_ around E with |Ag| < §,. Let
a = }|A| and A% C A so that

F(H) = F&(H)FAE(H)‘
Then for each Ap
Ay N, = Flp,(1 - FﬂE(Ha))
= FY[F, (H)g, — ¢,F(H,)] >0 as]A| > 0and N - oo
since FY > 0 as |A| — 0and N — oo and the aperator in square parentheses is

compact. Hence for any & > 0 and small & (& < {;8,) there are Ny and &g
such that

(6.17) 1|As n.adl <& forany N> Ny and A* C Ay with [4] <8,.
Since { A, E € I} covers I and since I is compact there is a finite subcovering
{A,} of I. Rearrange {4,}, if necessary, so that A, N A, # 0. Due to (6.17)
(6.18)  llAs wall <& forany N> N/ and A* C A, with |A%] < §,
where 8, = 8, for i: A, = Ag. Take 8; = %min(8,,supA, —infA,, ). Take
now any A* C I with |A%| < §4”. Due to the choice of §;’, A* is entirely in one

of the A's, say A. Let A} = A, Thus (6.18) yields ||A; y all <& for any
N = N/, which is the desired result. i
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Applying Lemma 6.4 to equation (6.15) we obtain:
For any &, 8, > 0 and compact interval I there are 8, (= min(§, §)) and
N| (= max(Ny, N/")} such that

BA,N = Z Fz\N aFAl(Ha)i[Hw AIFBI(Ha)anFAN
2¢luster

for any & < I with |[A} < §, and any N > N, and some A| D A with |A [ < §,.
Take this §, the same as in the induction statement. Now, using the equation

(6.19) H=H'@l+1&T,
and its consequence
i[H, Al =i[H*, A%] ¢ 1 + 1 ® 2T,
(here we have used that i[T,, A] = 2T,) and introducing the notation C% =
i H?, A%], we obtain
(6.20) By y = Ff():%Fa“l,Ta(C“ + 9T, Fe 1, ) EY
where F_, stands for Fy(H,) (cf. equation (6.19)).

LemMma 6.5. Given €, N, and compact I, there is 8, so that forany A, C 1
with |A] < 8,,

(6.21) FPCoFR = B2 MO S,
Proof. In the proof we drop the superindex a. Write
(6.22) F,CF, = F*CE + P™F, CF, P™
+P™F, CF, P% + P™F, CF, P
and estimate the last three terms.

Let Py = £, v P} Since PMC is compact and since PY, = Oas N — oo,
for any £ we can choose N such that

(PMCPY| < e

tail

Fix this N. Next, we choose

8, <1 min |e — g
3= 3 i jeN+1 i
el-%ﬁe;-

Then for any A| with |A|| <8, and [supp F, | < [5[A,],
(6.23) Fy(e)F,(e,) =0 fore # gt j<N+1
and

PNQ'NF‘,_\L(H)FQ[(E}.) =0 foranyj < N,,
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where
PN = Y P;.
NzjzN+1
This gives
(6.24) Fy, PMCPMF, = Y P,CPMF, F,(+¢;) = 0.
j=N;

Hence

F, PNﬂcPt’:ﬁF =F, PN CPmlF <.
Furthermore

FﬂlPNZCPNQ‘Fﬂl = E FALPECPJF'&]\

i, =N,

Now

PECPI- =0 forg =g by the Virial theorem (see e.g., [PSS], [CFKS])
and
F, P.CP.F, = PCPF, (¢,)F, (e,) = 0
for i, j < N and ¢, # ¢; by (6.23). Hence
(6.25) F, PYCPYF, = 0.

Finally, since for sufficiently large but bounded @ c R, P¥ = PNMF, and since
FoC is bounded, PYC is compact. Since, in addition, PoF, > 0as |4} -0,
we have that for any ¢ and any E € I there is an interval A, around E so that

|PMCP™F, || <e.

By a similar but simpler compactness argument than in the one in the proof of
Lemma 3.4, this implies that there is 8, so that

[[PY2CPe"F, || < & forany A’ C I with |A"] < 28;.
Equations (6.24)—(6.25) imply
F, CF, = F:CF}
for any & < I with 4’| < 2§,. This yields (6.21). i
Lemma 6.5 implies that for any ¢ and N, there is §; such that

(6.26) F 1 C°FS ¢ = Fai’—N%aCaFAal'—Nﬁ
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for any A, € I and |4,| < §,. To demonstrate this we write the left side as a
fiber integral with respect to T,

&
a Af e
f Fﬂ‘l_|ka[2C Fa1~|fra|’=

observe that, since H_ is bounded from below, the integral ranges over a
compact region and then apply Lemma 6.5.

Applying (6.26) to (6.20) we obtain that for any e, 8, and N, there are
8y, 85 such that
(6.27) By n = )y FaN‘Pa[Faﬁ'—NiCaFa‘i’}%a + 2T0(Fﬂd—fa)2] o F

#{a)=2

for any A C I with |A} < 3§, andsome A, A C A, C I, with |A|] < min(8§,, §,).
Take now

8, = min{38,, 8,, §2/100)

and assume |A]| < §,.
Consider the last term in equation (6.27):

(6.25) (B o) = (B )P+ (g )
We expand
(F:L—TL)QPGINQ = Z FJSL(Ea,j + Ta)Pja
FES
= z FQL(Ea + ]pa|2)Pcr
afa)=a
mf{a) =N,

(recall that T, = |p,|?). Note that
Fﬁl(ea + |p.f2) =0 ifsupA, — ¢, <O.
Furthermore,
T F (e, + T,) = (inf A, —¢,)F, (e, + T,)
Since E = infA + 8, |A|] <8, <8 and A C A}, we have that
E>supA, and E - 8§ <infd,
Hence
Fy(ea+ Ip,f?) =0 ifE—¢ <0
and
Ty (ea + 19,%) = (E — 2, = 8,)F, (e, + 1p./7)
= (k% = 8,)F (e, + Ipa]?)-
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Define

F(s) = Fy(e. + ip.l?)

for a« with #(a) = 2 and E — ¢, > 0. Then

Filko = ko) = Fy (e + [k, 0?)
and
& 6
2’ E)'
The first relation is obvious. We show the latter relation. Since [A,| < 8§, and
since E € A, we have that

A C(E—-38,E+38,).

(*) suppFaC(—

Since k2 = E — ¢, (provided E > ¢ ) we have
(%) SUPpFaC[5|(5+Ka)2_"ie(_31:31)}-

Considering separately the cases |x,| < /3,/2 and |x,| > /8,/2, one
finds easily that the right side of ( * *) is contained in the interval ( — 4ﬁ . 4@ ).
Since § < 82/100, (*) follows.

As a result we have

(6.29) (Fe_p)Po™ = ¥ Elp.l - )P,

dl{aj=a

mio)= Ny
Combining (6.28) and (6.29) and substituting the result into (6.27) we obtain
(630) BA,N = Z FﬂNzxa(pa(a)PaFa(lpa] - Ka)(pa(a)FAN + KA,N

#(a)=2

m{a) =N,
where
(631) K,y= 2 FaN a[FG ¥ 1 COF % NQ + Q'T(Ff—N% ](paFﬂ

#ay=
Now we use the induction hypothesis (6.7) and (6.8) in order to estimate (6.31).
First, we represent F*™ C*F%3 and T,(F{’% ) as fiber integrals

[REe s sCoEe 2 o dk, and [k, (Fak ) dk,

and then apply (6.7) and (6.8), respectively, to the integrands. This amounts, in
fact, to replacing E in (6.7) and (6.8) by E — |k_|% Since 2E — |k |2 —¢&,), >
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k2 — 21k ,|?, the result is
(6.32)  FOM(Co+ 2T, FeM > FoMN ¥ 2620 p (FON%

H°chan,

b—g, =0
where
(6.33) $op-r,= X jERElp.l — x,)je*.

@

aS)=a
This inequality and the refations |p2|*> + T, = {p,|> and
{@|a open for E — |k,[*} < {a|a open for E}
yield
(6-34) KA, N2 FAN E Z Q"fi%Fai—raﬁaNE‘sﬁ, E—TGFAGL—Tﬂ)aFﬂN'
#(a)=2 Hchan.
Now using Lemma 6.4 to remove F _. = F\(H,) back to F,", we obtain
(6.35) LW > F;\N( > 2"‘i‘£«, E)FAN1
#(2)=3

where

‘i}a,E = Z anPaM(éﬁ,E—Ta)?aNz‘pa'
#(a)=2
azala)

Due to equations (6.6) and (6.33), the latter expression can be rewritten as

(6.36) See= L jsPuFlIpe] = i
a(S)y=w

Together with (6.30) and (6.6) this yields

(6.37) By > FaN(EQ"i&a.E)FaN-

Next we need the Localization Lemma:

Lemma 6.6. Let F, i = 1,2, be smooth functions such that supp F, € (—

8/2,8/2) and supp F, C [38, c0). Then
(6.38) Flpsl — #)Fy(£v, — «) = Ofjx| 71).

Proof. In the proof we omit the subindex a. Pick F, so that
supp Fy; C (— (2/3)8,(2/3)8) and F, = 1 on supp F,. Denote g = F(|p| — «),
Fi(p) = F(|p| — ) and Fyy) = Fy(+y — «). The operator Y, = 8Yg is sym-
metric and bounded:

(% pgu, gu)| < [Ipgullligull < (x + 28)i|gul®,
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where we have used that

N&f1 < [IF1l-

This shows that
tgyvg <« + 28,
Now observe that

Fl(p)Fp.(Y) = Fl(p)(FQ(Y) - Fg(Yg))-
Using the Fourier representation
Fly) = fﬁg(s)e“f‘ds

and using a continuity argument in order to extend the following result from
Z(R)-functions to smooth bounded functions F, with C;° derivative, we obtain

Fy) = B(r,) = [ By(s)(e™ - ") ds

— &0
+ an n ) 5 ) ‘
=~ if dng(S)e”"f due™™(y — gygle™.
o A
This implies
. o« o $ . _ . )
Fl(P)Fg(Y) = - tf dSFQ(s)f duFl(p)gW(S u)(Y — gyg)etr
Cw A

We commute Fi(p) on the right side of this expression through e*“~*). The
result is

(6-39) Fl(ﬂ)Fz(Y) = B, + B,,
where
B, =- if dsﬁg(é)f du[F/(p), e 9 |(y — gyg)e'"
— 4]
and

faa] ~ 5 ) 3
By=if dsyfs) [ due O F(p)y(l - g)e
— o0

Next we show that

(6.40) (Fi(p). 7] = O(xi ).
Using that
(6.41) (Fi(p) 1] = z[nfq(p), e Rl

and using Lemma A.4(ii), we obtain {6.40).
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Now the relation
(6.42) [Fi(p). e7] == i [ F(p), y]e™ s,
i

equations (6.40) and (A.11) of the appendix imply that

(6.43) [Ey(p). et} = Ofjx| ~'¢%).

Equations {6.40) and (6.43) together with the relations
F(p{l-g)=0

and

o ~
f [Fo(s)||s]"ds < eo forn=1,2,3,
=]

imply
B,=O(x17Y), i=12 O
Since supp F, C (~8/2,8/2) and F(s <x, +8)=0for s > x, + 5/48
by the definition, Lemma 6.6 implies
Fllp.l = k2) = F(v.l < &, + 8)F,(p,] — & )F(|va] < x, +8) + O(|x| 7).
This gives (see equations (6.3) and (6.36) for the definition)

(6.44) R

where K is_a compact operator. L o

_ Take §, < §, and N, < N, so that |[FYKFY|| <& for any N > N, and
|A| < 8,. Multiplying (6.37) from both sides by F4&' and absorbing & into the ¢,
we obtain, after dropping the bars aver §,, A, N, and N, the desired result (6.1).

Now we prove (6.2). The proof is similar to the proof of (6.1) but simpler; it
uses only Lemma 6.4:

(FAN]gz E FANQPEF.&N
#{a)=2

= Z FAN a_FﬂN(Ha)g(pa_FAN
#ay=2

= Z FﬁN(paPa‘Fa(]pa| - xq)Pa aFﬂN

#ay=2
mlay=2

— Z FﬁN a?a‘NaFal(Ha)ﬂﬁa'NZ(paF.gN‘
#(a)=2

Applying the induction hypothesis (6.8) to the last term and using expression
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(6.6) for js we obtain
2 -
(6.45) (FY) = FaN(Z%,E)FAN-
Using (6.44) and the analysis following it again, we arrive at (6.2). O

CoroLLARY 6.7. Under the condition of Theorem 6.1 and with the same
notation,

(6.46) FNMi[H, AlFP = EY Y (2«2 — )¢, FY
mia) < Ny oy
a-open
and
(6.47) (Y200 L ¢ R
mia) < Ny
&-Open
Proof. Take A’ C A and N’ > N so that
Fﬂy’FﬁN= Fﬁ(’-
Multiply (6.1) by F.)’, and use the channel expansion formula 6.2 for
E(FA{V']Q.
The result, after dropping the * — s over A and N is equation (6.46). Similarly,
we obtain (6.47). O

7. Propagation estimates L. Non-threshold case

In this section we prove the propagation estimates for the region of the
phase space which is, essentially, {{x, k)|X - k & Z;}.

TueoreM 7.1. Let E be a fixed energy which is not a threshold or an
eigenvalue of H. Then for any smooth bounded function F(s) supported away
from = there is a small interval A around E such that

(7.1) / ”

— 0

a
dt < c[[§ll?

1
F(y) =1
()
for any ¢ € Ran P, and , = e™ % with ¢ (< «0) independent of .
According to our general convention F(s > s,) is a smooth non-negative
function, < 1 and satisfies

1 fors>s,+ 8

Fls 2 55) = 0 fors <s,— 8.
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with &, specified in an appropriate place. According to our general strategy we
connect, using Lemma 3.4, propagation estimates with estimates from helow of
commutators of H with certain observables. In particular, the proof of Theorem
7.1 will be based on the following:

ProrosiTioN 7.2. Let E be away from the thresholds and eigenvalues of H
and let v, & Xg, |v,| < maxk,. Then there is a small interval around E such
that the estimate

1 1
7.2 Fi[H, F F, 5 0F,——F'(y 2 v,)——F,,
(7.2) 51[ 3 (YzYO)] A = AW (y ‘YO)@ A
holds for some 8 > 0 and for any F(s > v,) with derivative F'(s > v,) = 0,
supported in [y, — 8,, v, + 8,] with

1

8 < — ————dist {y,, ).
T 1010 + vy (Y0 2£)

Proof. Take A’ slightly larger than A so that
F,F, = F,

and fix it. It is proven in the appendix (Corollary A.8) that for such A and A’ and
for any bounded smooth function f with a C* derivative,

(7.3) FailH, f(¥)1Fy = B f ()" Fyil B, Y1 Fu /(v ) Fy + O(1%] %),

Note also that a similar relation holds if H and y are replaced by H, and v,.
Next we use

1 I

7.4 ' = —(i ) p— -2
(7.4) 1[H='Y] W(I[H,A] Y )m +O(|x| )

Note that the last two estimates show that the commutator of any two
factors in the first term on the right side of (7.3) is O(|x| ~2) so that the order in
which they stand is, in fact, inessential. We will estimate the first term on the
righthand side of (7.4). This estimate is based on the channel expansion result
proved in Section 6 (Theorem 6.1). Roughly speaking, we show that f{(y)i[H, v]
is positive on each channel separately.

Equations (7.3) and (7.4) and relation (3.17) imply

(7.5) FEi[H, F(y > vo)| F

. 12 a I 12
= F,F'(y 2 vy) " Fy J—( i[H, Al —v )WFNF'(Y > v,) " Fy-
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Next, using the relations

1
_ x| 372
(7.6) Ey, J{x—)‘ O(|x| )
and

(7.7) [F’(v > o), 7&7} = Of|x| %),

which follow from Lemma A.3(ii) we move 1/ /(x) outside of F'(y = v,)'/*
After that, we estimate the y2term. First, we observe that, due to Lemma A.4(i),

(7.8) [F(y = v)"% F] = O(1x 7).

Next we use the localization of F'(y > yo)l” 2 and the spectral thearem to
deduce

(7.9) V(v 2 1) < (g + &) F(y 2 %) "
with & = 4|y,|6,. The last two relations yield
- F'y=> 'YO)VQFNYEFA'F’(Y = 'Yo)lx2
>~ F'(y 2 v) "F(vq + e) Fu P (v 2 7o)

Taking this into account we arrive at

F,i[H, F] VE(i[H, Al — 298 — 26) Fy(F7)'* F,.

1 1
: y(x) y{x)
where we have used the obvious abbreviations. Applying to this inequality
expansions (6.1) and (6.2), with € as given above, we arrive at

(7.10)  EilH,FlF, )'/2F,,

>2FL\J_(F

T (k218 - 2e)o,Fu(F)
6]

1
a-gpen * ¢ ¥ <x>

(7.11) ¢, = Y jsPoF(v,] < 5, + 8YF,(Ip,] = x, JF(|7al < &, + 8} g
a(S)=e

F

Here & is a given small number (see Theorem 6.1) and
(7.12) Fls<k,+8) =0 fors>«,+ 3/28.
We pick § = 108,.
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LemMma 7.3. Assume f is smooth and

(7.13) supp f € {s|ls — vol < 8}
with & as given in Theorem 6.1 (see equation (7.12)). Then for any ¢,

(7.14) fy)o, = O(|x| ™)  for a such that |y,| > x, + 28.
Here O(|x| =1} depends on «,.

Proof. We prove first the following relation: For f as above and any ¢,
(7.15) AV)is = jsfra) + Of1xl ),

where a(S) = « and O(|x| ') depends on &,.
Ta prove (7.15) we analyse the commutators of f(y) with the operators
¢3(x?) and P} out of which jg is built. Lemma A.3(%i) yields

(7.16) [A(v), @5(x)] = O(lx| ).

Next, using the same argument as in the proof of Lemma A.9(ii) we obtain that
for any &,

(7.17) PrO(x| 1) = O(x| ).
Now, Lemma A.9(iii) yields that for any &,
(7.18) [BY, f(v)] = O(x1 7).

Define jg by js = jsP,. Due to equation (6.4), js is a finite sum of terms
each of which is product of some ¢} and P,. Then equations (7.16)~(7.18) show
that for any ¢,,

(7.19) [£(v), §s] = O(1=1 7).
Finally, Lemma A.6(ii) implies that for any &,
(7.20) )P, = P.f(y,) + O(lx[ ).

The last twa equations imply the desired result.

Now to deduce (7.14} we recall the definition of ¢, note that jsP, = j, for
&(S) = a. Using (7.15), pull f(y) through j; inside of ¢, next to F(|y,| <
&, + 8). The latter cut-off function satisfies

Fls<k,+38)=0 fors=«, +3/28
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and therefore, due to (7.13),

O (el <5, +8) =0
and we arrive at (7.14). O
Let x(£) be the number of terms on the right-hand side of (7.10). Take

g, < e[10k(e)max «2] "L Pull F(y = y,) satistying (7.13) out of F'(y = y4)"*
(i.e. F, = 1 on supp F'} and use equation (7.14} to obtain

(721) " (F)°F, ¥ (k2 - v3 — 2e), By (F7)7

& open
12 ,
> (F )l/ F,. Z (Kz — 702 - 2£)¢aFav(F )1/2
ol <t 28
£ L1 L2 _
S PEE) + 00

Now we use that y, & Z;. Since § < f5dist(y,, =g), we have

(7.22) Yol < K, + 28 & [y] < x,.

Since ¢ < 56, where

(7.23) f = min (x2— ),
Kc-}lTOI

we have that the first term on the right-hand side of (7.21) is greater than or
equal to

(7.24) 20(F)°F, L ¢ Bu(F)7

a: i<,

Now using (7.14) again we restore the summation on the right side of (7.24)
to over all open a:

E
—(F) B

has. of (7.24) = —
r.h.s. of (7.24) 10

2
+ EH(F’)WFA: Y 6. Eu(F)" + 0x 7).
& open

Folding back the sum on the right by using (6.47):

Fy ¥ ¢ F 2 (1—e)F2

@ apen
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and remembering that ¢ < 8 /10, we obtain finally

(7.25) (F)Fe Y (k2 — ¢ — 26) ¢, Fy (F7)

¥

d
3 (FVAEN(E) + 0= ™)

Combining this inequality with (7.10) and pulling (F,.)? through (F*)"/? and
absorbing it into one of the F,, we arrive at (7.2). m]

Proof of Theorem 7.1. We observe that Fy(y = v) = [F'(y = v,)]"* is, in
fact, an arbitrary positive function supported in a small but fixed neighborhood
of v,. Hence, inequality (7.2) implies, by Lemma 3.4, the statement of Theorem
7.1 with an additional restriction that f(y) have compact support.

It remains to prove (7.1) for a bounded smooth function supported in a
neighborhood of infinity. Let M > max_«, and let F(s > M) be supported
away from [max «, o). Consider the observable

(7.26) o =—yF(y = M).
This observable is not bounded, but H-bounded.

ProposiTioN 7.5. Let E be away from the thresholds and eigenvalues of H.
Then there is a small interval A around E such that

(7.27) Fyi[H, ¢]F, 3 8F, E,.

1
P T

Proof. We follow the proof of Proposition 7.2 with the following simplifica-
tions:

Instead of subtle channel analysis of i[ H, A] (befare equations (7.21)—(7.25))
we use its following simple consequence:

F.i[H, A]F, < (2 max k2 + eg)Ff,

where £, depends on |A’|.
Equation (7.14) and the channel expansion for F,, imply

€ 1
F'(y 2 M)Fy = O(|x| ™)

Taking these into account we obtain the desired inequality. O
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This proposition together with Lemma 3.4 and Remark 3.5 imply that
2

o 1
Fly 2 M)—1,| dt < cll4|®
I. [xy *
for all ¢ € Ran P,, which completes the proof of Theorem 7.1. a

8. Propagation estimates II, Threshold case

In this section we prove the propagation estimates for, essentially, the
phase-space region
(8.1) {((x, k)12 ke Z ) Nn({F\PS),
where E is away from the thresholds and eigenvalues of H. We begin with more
special estimates which, however, suffice for our proof of asymptotic complete-
ness. Below we use definitions and notation of Sections 4 and 5.

We use the cut-off functions defined in Section 5: equations (5.1), (5.2).
Besides, we use the natation F(s = ), «k € 2, and F(s & Z;) for generic C*,
bounded cut-off functions satisfying (5.21). Thus, in particular,

(8.2) F'ls=A)=F(s¢3,).

We will also use the following notation:

v ME gt F) withi = o
x
o= A bt e, k) wikE =
All these y-operators are related as
iln — 1)
(8.3) Y= ¥4+ y,r, — i?.(x) .

Recall some definitions from Section 4:
(8.4) I, = {r“< Be , 17> 1g, forallbga}

with ¢, satistying (4.2):

(8.5) £, <

. 20%‘&25 for #(a) > #(b).

(We drop here the subindex & = (¢,) in I',.) Note here two special cases
(8.6) T,={r* < ¥e,} for#(a) =2,
(8.7} I, = {r'> }e all pairs l} for #(a) = N.
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Recall that F(I,) denotes a smooth function supported in T, (see Section 5).
Recall also that i

(8.8) £ = 5[]

Introduce the operators
(89) I, 5., = F(L)E,(r" = e)Follpa] # k )F(y = «} fora # a,.
These operators do not cover the entire region (8.1) in the sense that

(8.10) U f-supl, .. (81).

kel a,ex0
However, they suffice for the proof of asymptotic completeness. We will consider
more general operators which cover (8.1) at the end of this section. The main
result of this section is:

THEOREM 8.1. Let E be away from the thresholds and eigenvalues of H.
Let I, ¢, be an operator defined in (8.9). Then, there exists a small interval A
around E such that

(8.11) N

- a0

2

1
== dt < Clly|*

]a,E,e m "Pt

for all ¢ € Ran P, and with C independent of .

Recall that Lemma 3.4 reduces the proof of propagation estimates of the
form (8.11) to estimates from below of i times commutators of H with suitable
propagation observables, restricted to an energy shell. In this section we use
propagation ohservables of the form

(8.12) ¢ = jlx}f(p,)e(v.)e(v)s

where all the functions are real, smooth and bounded. Besides, j is homogeneous
degree 0 for x| = 1 and
supp j C {x € X||x|, > 8]«| and [x,] > 8|x|} for some & > O,
f and ¢ have compact supports,
g’ has a compact support.
The extra factor—g(y,)—these operators contain, is needed in order to control
i[H, j]. The factors on the right side of (8.12) commute modulo O(|x|~!). This
fact follows from Lemma A.4 and the relation

%]

(8.13) (x)(xa)‘lF( > 6) is bounded

||

(this relation is needed only for the commutators of g(v,) with f{p,)). This
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implies, for instance, that ]
¢ = Re ¢ + Of|z| 1),
where Re ¢ = L(¢ + ¢*) is a self-adjoint operator. Here we use also relation
(3.17):
AB)O(|x| 7*) = Of|x|~*) = O(|x| ') £(B),

where B stands for one of the operators H , |p,|, v, (with arbitrary a).
Moreover, since different factors on the right side of (8.12) are positive
operators, whase square roots commute modulo O(|x| 1), we have

{(8.14) ¢ = pasitive oper. + O(|x| 7}).

Indeed, the difference hetween a symmetrized expression,

(8.15)  ¢"™ =19, where ¢, = j(x) " fp,)" g (v,)" "o (y)"

and ¢ is O(|x| ~1).

The philosophy of the analysis presented below hinges on the fact that
terms of higher orders in |x| 7! can be dropped. They lead to contributions into
the time integrals which are convergent by a result of [PSS] (see Remark 3.5).
This allows us to treat factors on the right side of (8.12) as commuting, reducing
our analysis, essentially, to classical phase-space estimates. We give justification
of such estimates in an example considered below. The argument presented
below is typical and ecan be easily adapted to other cases treated later.

Consider, for instance, the operator

¢ = F, (v, 2 p)F g (1p,| = A)

with some fixed numbers A > g > Q. Our task is to estimate the commutator
i[p2, ¢]. Lemma 8.4 below yields

(+)

- _ L p a_ o2 _ L -3
i[p}. 9] = 27 Bl 2 vl = ) E gllm = My Ol

Obhserve
(+ %) p; —vi 28 onf—supp(F (v, > p)F(lp,] = 7)),
where 8§ = (A — 2Jz¥)2 — (p + 2¢4)%
We claim that
(%% %)
i[p2, 0] 2 20F(v, 2 W F g (p,) = ) + 0121 ~2) + O(jxl |z, ~*)
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Here, as in all such estimates below, ¢ = F, F Jm and FF o are identified with
their real (self-adjoint) parts. To justify (* *) we proceed as follows. Due to
Lemma A.5(ii) and equation (3.17), we get

Fo(v, 2 s)pdF lp,) = X)
= (F2) " *p2F g pa) = M)(EL)* + Of1x,1 7).

Using the Fourier transform (i.e. the spectral theorem for |p,|), we obtain

PaF (lpal = A) = (A - 2f) (ol = A).
Furthermore, Lemma A.5(ii) and equation (3.17) y1eId

(Feg)l/iF\/ez(Fe:])lxg— Feon-"_ + O(|xa|_1)'

The last three estimates imply

> (A - 2f)FF + Oz, 71,

where, remember, both 51des should be understood in terms of their self-adjoint
realizations. Similarly

Fo(v, > w2 gllpal = M) = (F ) EH(F )7 + O(1x, ™)

< (1 + 260) () FL(F ) + Of1x, 1)
— (4 9L+ O, 7).

The last two equations together with (*) yield (* * %),

In what follows we proceed from estimates of type (* *) to estimates of
type (* * =) (i.e. replacing simple polynomials of r2 r,, v,, v, p> standing next
to operators of type (8.12} by their minima on the phasespace supports of the
latter operators) without giving a justification. The latter is always a variant of
the argument presented above.

Remark 8.2. If the potentials are twice continuously differentiable, then the
commutators of H with the first three factors in {8.12) can be computed
classically, using the Poisson bracket of appropriately defined symbols. However,
since we assume that the derivatives of the potentials are H-bounded, we stick to
operator (i.e., quantum) estimates (see, however, [SigSof1]).

Finally in our computations we encounter terms of the form

(H + i) F(y ¢ 32;)(bndd opr) F(y & Z;)

1 1
ol T H )
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These terms are treated by a combination of Theorem 7.1 and Lemma 3.4.
Hence we introduce the following equivalence relation:

I
(816) A2B ifA—-B=0,(x| ') +(H+i)=—

(x)
x F(y & 2)(H-bndd opr) F(y & E)%(H + i)

and similarly for inequalities.

Proof of Theorem 8.1. In what follows E is a fixed number away from the
thresholds and eigenvalues of H and we fix « € 2. To fix ideas we assume
& > Q. We suppress the subindex E from our notation. Qur task is to estimate
i[H, ¢] for certain operators ¢ of the form (8.12). We begin with some technical
statements.

Using the equation

(H,F| = (H+ i)[F,(H+ i) '[(H + )

and equation (3.21a) (with n replaced by i), we obtain

(8.17) [H,F(y=«)] = (H + i)

1
Hy = V2BF (v = k)2
WF(Y ) BF ('Y )
x%(H+£)+OQ(|x|‘9),

where B is a bounded aperator. By equation (8.2),

(8.18) Fiy=x)"" = F(y & ).
Hence
(8.19) [H, F(y = x)| £0.

We will use the following estimate proved in the appendix (Lemma A.6):
Assume ¥, (y) = Oy(ly] =) and TV, (y) = Oy(ly| ~*~*); then

[ A(p}). L] F(lxl, > 8|x]) = O{jx| ~17%),

[ Ao}, LIF(x], > 8lx|) = Oy{x| *7%)

for any Cg° function f, and any bounded function f, having a Cj° derivative.

Thus to compute the commutators of H with the first three factors on the
right side of (8.12) it suffices to compute the commutators of H,, and therefore
just of p?, with these factars.

(8.20)
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LEMMma 8.3.

(8.21) i[p% f(r*)] = ﬁf (r*)(v® — yr%)

for any smooth bounded function with bounded derivatives.

Proof. Compute

(8.22) i[p%, f(r*)] = 2p - VA(+7) — Af(r?)
Now
(8.23) Af(re) = O{|x| ?)
and
(524 1) = | 5 = nes | o 100

/ VR TGS T e
The last three relations imply (8.21}. O

Lenmma 8.4.
1

(8.25) i[p2, Av,)| = 2Ef’(va)(1ﬂ3 — )+ Oyf|x %)

with the same restrictions on f as in Lemma 8.3.

Proof. This expression follows from the equation

i[p2, Av,)] = i[p2. v,] £ (v) W + Oy(|x| %),

which is a special case of equations (A.45), {A.46) and the equation

1

t[pas‘}’a]—2(pa—7a)< > O

To demonstrate our main ideas we consider first the case of two-cluster
decompositions a. The only difference between this case and the general one is
that for a 2-cluster a,

{x%)
(%)
i.e. small intracluster distance implies that the clusters are well-separated. This is,
in general, not true for k-cluster a’s with k > 3. As a result we will have to insert
in the latter case some extra geometric cut-off functions.

Now we proceed directly to estimates of basic commutators. We will use the
induction in cluster decompositions: k-cluster decompositions — (k — 1)-cluster

(8.26)

< ¢ forsuff. small ¢ > 0 = |x[, > 8|x| for some § > 0,
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decompositions. We consider separately the regions {y, > V1 — ek}, (v, <
/1 — e2«) and {y, = /1 — £’«}. Below we handle subindices liberally, drop-
ping sometimes those which are not needed.

1) We introduce the observables

¢ = F, (12 < e)F, (17, 2 u.}F olp,| = AM)F(y = «),
where . < V1 — ¢k < u, and p, # A. Define the cut-off operator

(827)  ¢P = F (r*=€)F,(kv, 2 1, )F g(Ip.l = M)F(y = «).

LeEmma 8.5.

T 1
(8.28) i[H,¢0,] > —— 80,
' (xy 07 (%)

for some 8 > Q0 andi = 1,2.

Proof. To fix the ideas we consider only the case i = 1 (the plus sign}. The
other case is treated in exactly the same way. We drop all the indices at the F,
¢, ¢ and [T

By equations (8.20) and (8.26), we have

(8.29) [1,. 6] = Oullx|~*7¢).
Hence
(8.30) [H, 9] = [H,, ¢].

To compute the commutators of H, with the first two factors in ¢ we use the
relations:

(8.31) [H,, f(x)] = [p* f(2)]
and
(8.32) [H,, f(v,)] = [p2, fv.)],

and Lemmas 8.3 and 8.4. To compute the commutator with the last factor in ¢
we use {8.19). The result is (observe that F(s < 2} < 0)

(8:33) i[H, o] > %x)[(— F')(roy — y*)FF + FF'(p? — y2)FFF] W%

First we analyze the first term on the right. We use the equation
i(n — 1)

8. — oyt oy, b
(8.34) y =1yt 1y, o)



88 I. M. SIGAL AND A. SOFFER

Using that 7, = {1 — (r¢)*, we obtain

J1 = (r2)? iln—1
(8.35) rfy —y"= mfg ) (va— L= (ro)'y) + *(ﬂxa))-

On the phase-space support of the operator

(8.36) F(r° < €)F, (v, > 0)F(y = €)F(Ip,| = A),
we compute

f1 — ¢?

(8.37) rly - ¥tz -

(p—x,)=40
since g, << ¢ Thus, by the argument given at the beginning of this section
(before Remark 8.2},

(— F'}r%y — y*)FF = 8(— F')FF

{remember also our agreement about the symmetrization}.
Next if A < g, then by Lemma 6.6,

(8.38) (v, 2 p)F gllp,| = A) = O(jx| 1),

£

provided e, < L(u — A). If X > g, then we have
(8.39) F.(v, = p)(pl — vJ)Fgllp,l = 1) = (X — p2)(F'F) + Ojz| ),

provided &, < (A — p*)/80. (Here we have used again the argument presented
before Remark 8.2 and identified the operators on both sides with their sym-
metized expressions.) The last relation implies:

(8.40) The second term on the right side of (8.33)
1 1 1
> —(A ~ p?) (FF'FF) :
2 %) y(x)

These estimates together give

A 1 1
i|H, > — §——F'FFF )
(Hool> =0 ms )

This inequality together with the inequality

(8.41)

(8.42) C(— F'FFF) 2 ¢ + O{x| %)
yield (8.28). O
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2} We introduce the observable
{(8.43)
69, = F(r" < e)F (v, > w)Fc(in,) = NF(y = x) with &, < <A,
and the cut-off operator
(8.44) ‘gﬁ?)a = Fea("a = El)FEO(Ya - N)vaa—o(|?%| = N)F(y = «);
then

(8.45) C(— FF'FF) 3 C§®.
Lemma 8.6.
(8.46) i|H, ¢ S i[g{,@ - c&(l)]ﬂl_
y{x) y{x)

for some 8 > 0.

Proof. Equations (8.29)—(8.32) hold in this case as well. Thus as in the
derivation of equation (8.33) we abtain
I 1
o FF| o

By (8.45), the second term on the right-hand side 3 8(1/ /(x))¢®(1/ f(x)),

while the first term >

(8.47) i[H,6®] 2 [F/(y® — ey)FFF + FF'(p? - v2)

1
(48— R = 0)F v Wl = NGy =) 7

o 1 (5(” 1

Ty T
where we have used that the second cut-oft function enforces
(8.49) Y, 2 gy > mx—aﬂ.
Note also that on f — supp vae_o(lpa| =A)

(8.50) Ip,l > (L + 2¢,)y1 — el k.

The mentioned inequalities imply (8.46). a

Now we finish the proof of Theorem 8.1. First by the property discussed at
the beginning of this section (see equations (8.14) and {(8.15)) we rewrite our
phase-space operators as

(8.51) (3 = ACKAL, + O(x7Y)
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and

(852) ]a,E,a= GG*,E,EGG|E.€+ C)(|x|_l)1

where .

(8.53) AGY = F, (r* = o) "F,(xv, 2 0)F(vy = «)"F il = V),

etc. Then Lemmas 8.5 and 3.4 (see also Remark 3.5) imply (we drop temporarﬂy
some of the subindices)

A

(8.54) f dt < Cll¢|%

J— 2
Lemmas 8.6 and 3.4 imply
2

2
{(8.55) f A@)—\pt dt < Cl|¢||* + cfom‘ H

§o—— Y
V(x W(xy
for all ¢ € Ran P,, where A is chosen so that the contribution of the last twao

terms in (8.16) is finite. Substituting (8.54) with i = 1 into the secand term on
the r.h.s. of (8.55) yields

A®

(8.56) f dt < C|[Y|1? fori = 1,2,3.

]/— lpt
Now we connect [, 5, with ¢ Let {x,(y,)} be a partition of unity
(Exi(v,) = 1) with the members

Xl,z(Ya) = F(L,/p)ao(i'?’a 2tk + %30] and Xa(Ya) = Fea('?’a = Ks)

(tbe participating cut-off functions must be, of course, appropriately adjusted).
Next, let M = 2max(sup,_4|x,|} + 1. We choose a finite number of

A€ {7\ €0, M+ 1]\ -« > g/?o}
so that with appropriately adjusted cut-off functions
o # k) = L Fu(pal = X} + Flp,l = M),
Then
Jog,. = F(T,) ZF (r* = &)Xl ) Fo iy s (95l = A)F(y = €)Y,
By Lemma 6.6,
Xs(Ya) (L) eo(lpal = )\f) = O(|x| —l) if A, < Kk, + k/%-
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Hence for k = 3 the sum in i can be restricted, modulo O(|x| ~!), to the terms
with A, > «, + 2/e,. Hence

(857) L. EF(T ¢0, + L g Fllpal > 1) + Oz 7Y

with o, = k, £ 3¢, for k = 1,2 and p = «, for k = 3 and with trivial renormal-
ization of the subindices in the definition of qb()f‘,)e (eg. F Je_a(lpa| = A) should be
replaced by F,, ,,, \/E;(I?J(J = A), etc). Next, since M > 2max (Supg - a|x,])} + L,
we have that

(8.58) F(T,)F(lp,| = M)E(H) = O(|x|™*)
by equation (4.7) and the relation
F(lxl, > 8|x|)(g(H) — g(H,)) = O(1x| *),

valid for any C;° function g. Here p is the same as in condition (D). This
together with a result of [PSS] gives

(8.59) dt < C||¢I®

F(L)F(p,| = M)%%

for any ¢ € Ran F,( H). Estimates (8.56)—(8.59) and a result of [PSS] yield
2

(8.60) fm G dt < C||y||%
0

1
qa ,‘Ibt
V{x)
Now we consider [, ; , with cluster decompositions @ having more than 2
clusters. In this case we introduce operators needed to assure a proper lacaliza-

tion of our observables in the configuration space (inside of I)). They are
constructed so as to facilitate our inductive proof. Define for #(a) > 3

(8.61)

Y, (x,p) = bl;[aF (7% > e, |1 — F(r, < %o, ) Fac(lpy) = K i0ye,)|
and
Xz, p) = Y,(x, p)F plpal = NF(y = x).
Since
(8.62) F(r*> 4e) =1 onl,, agbh,

we obtain that

Y(x,p)=1 on l,,agh
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and therefore
{8.63) f-“(Fa)qu(r‘I <e )Y, (x,p) = F(T,) + O(x| ™) forall n> 0.
An easy consequence of this relation is:

LrmMma 8.7, For any g, < ¢, and sufficiently small,
(8.64) F(r <g)Y,(x,p)(L - F(x|, > 8|x]}} = O(jx| ')
for some fixed § > 0.

Proof. The relation follows from equations (8.62) and (4.7) and Lemma A5

used for estimating commutators of functions of x, p and v. a

LEmMa 8.8.

A C 1
(8.65) i[Hu X022 = = L lpa|7—-
14 a, <x> bja‘azé‘l% b,E, b <x>

Proof. Since V, = V — [, commutes with Y, we have
(8.66) i[H,,v,] =i[pY,].
By equations (8.22) and (8.23) we have
(8.67) ifp®, Y, =2p vy,

Compute the derivative of each factor in (8.61). In order to simplify the notation
we abuse it first by setting (contrary to the letter of our convention (5.1¢) but not
to its spirit)

F@(Iml = "(1/10)%) = Fﬁ('”b' + "‘(1/5)%)'
Observing that

on(fb < éeb) =1 onsupp F%(r‘lj > l—lcab]’,

and using (5.1} and (5.2), we abtain
(8.68) p - Vx[FeO(’"b > Ilafb)(l - on("b < %%)Fﬁﬂpb! = K(l/lﬂ)za)]]

= (v v?) B OE[r?=as)Fg(ipal # ko, )(x) oonst.

The latter relation implies
(8.69)
p-vY = Y (]:b - yrb)ZbFaa(rb = aeb)Fﬁ(|pb| #* xasb)Yb(x)_l,
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where Z, are phase-space operators. Next we use that
I{n—-1)} 1
oxy 1 r?’

Y=y —vr -
that (r?)~" is bounded on supp F, (r® = ¢) and that v, = &, - p, + O(]x| 7).
Commuting p, toward F(|p,| =A) and ¥y toward F(y = x) and bounding
them with the help of the spectral theorem, and using equation (8.63), we obtain

1
(8.70) F(y = «}p - V.Y Frllp,l =) 2~ o — L fa,s,mﬁ

b:a
a=L L

(remember our agreement about the symmetrization).
Finally using equations (8.67)—(8.70), using that H, commutes with |p,|
and taking into account equation (8.19) we arrive at (8.65). ]

For ease of notation we write, in what follows, the sum on the right-hand
side of (8.66) as L, J2, ignoring the summation over @ and omitting the
subindices E and &,

Now, in the case #{a) > 3 we use the observables

$ = ¢y, and P = 64,
Taking into account Lemma 8.8 we obtain exactly as in Lemma 8.5 and 8.6
(remember that #(a) > 3)

A

i[H, ¢,

1 -
By% — 8, .CPH, — C Y f)
W@( A TR S iy
for k =1,2,3 and some 8 > 0. Proceeding exactly as above (see equations
(8.54)~(8.60)), we obtain for A, = A(*‘)Yalf’ﬂ,

(8.71) f H dt+ fom G

s+ [0

ble

4

1
T

I
G—
Yy ¥

This inequality applied successively and combined with (8.60) gives

2
(8.72) e dt < Cjy|”
a

: ¥
RO
for all @ and all ¥ & Ran F,. Since the operators G, ; , are exactly of the same
form as J, ; , this completes the proof of Theorem 8.1. QO
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CoroLLary 8.9. If E is away from the thresholds and eigenvalues of H,

then
2

@ 1
(8.73) A==y, || dt < ClI¢I?
b
forall a,i and ¢ € Ran P,.
Proof. This estimate follows from (8.71) and (8.72). a

Discussion 8.10. This carollary together with the estimate of Theorem 8.1
for a = a,, implies the (non)-propagation estimates for entire #\ PS; as was
stated in Section 3. We omit here the geometric analysis leading to this
conclusion, but just mention that the missing region of %\ PS; is covered by
the following operators:

(8.74) F(T,)F(lp,] = M) with M > max|«,|
~and
(5.75) F(L)E, (v, > ) ollpy) <0) forp >\

for @ # a,,,. We have the propagation estimates for these operators due to
(8.58) which is valid for A sufficiently small interval around E (so that M >
max  (supg o 2|%,|)) (see (8.59)), and due to the fact that

(8.75) = O(|x| 71).

The latter relation holds by the localization Lemma 6.6. Similarly, the case
r® ~ ¢ = () is treated as case (3) for A > « and by the above geometric analysis
for A < &.

9. Proof of asymptotic completeness

Consider an N-body system with pair potentials satisfying conditions
(A)—(D) with u > 1 (see Section 3). First turn to the phase-space geometry of
such a system. Theorems 5.5 and 5.6 provide a partition of unity with required
properties (3.11)—(3.13). (Property (3.14)<iii) also halds as follows from Lemma
5.7. However, we do not use this fact.) No conditions on the potentials are
required here. Moreover, Theorems 5.5 and 5.6 and Theorems 7.1 and 8.1 imply
that condition (E), formulated in the paragraph preceding Proposition 3.7 holds,
provided conditions (A)—(C) are satisfied (note condition (D) is not required).
(Condition (E) shows that the constructed partition does decouple the channels.)
Hence the statement of Proposition 3.7 is valid under conditions (A)—(D) with
¢ > 1 only. This together with Lemma 3.6 shows that the system in question is
asymptotically clustering at any non-threshold energy E from the continuous
spectrum of H. Then by Praposition 2.2 this N-body system is asymptotically
complete. m
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Appendix

In this appendix we prove various estimates related to commutators of
functions of self-adjoint operators. We use the following class of functions:

f is a bounded and smooth function on R whose
{distributional} Fourier transform f obeys

(A.1) fmu%ﬂmw¢<um with n = 1,2,3.

In the main text the estimates derived in this appendix are used only for
bounded smooth functions f with C5° derivatives.

To estimate the commutators of f(A), where A is a self-adjoint operator,
with different operators we use the representation

(a2) f(4) = [~ fis)ettds

Clearly, this representation is valid for functions f with L' Fourier transforms f
To apply this representation we assume first that f belongs to the Schwartz class
S(R) and then extend the obtained results to the class defined in (A.1) (clearly,
F(R) is dense in N3_ LY(R, |s|" ds)).

Lemma A.l. Let A and B be self-adjoint operators and let B be, in addition,
bounded. Let f obey (A.l). Then

(4.3) (B, f(a)] = if” dsfis) [ duee 4[4, Bew.

o0

Equation (A.3) can be first defined in the sense of a quadratic form on
D(A) x D(A).

Proof. Using the representation (A.2) we obtain

(B, £(a) = [~ dsf(s)[B, e

= fm dsf(s)e' 4 (e **Be'* — B).
Finally using that
(A.4) o~ *#BeisA — B = ij:e“‘“"‘[A, Ble*iet du
we arrive at (A.3). O
Lemma A2, Let f obey (A1) but only forn = 1,2. Then

(A.5) [F(v),(n+ H) '] = O] ).
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Proof. We use the representation (A.3) with A=y and B=(n + H) ..
Clearly

(A.6) [v.(n + H)™] = 0(217).
Hence it remains to show that

(A7) l1xletr(x) =4 < ele].

To demonstrate this we use the equations

(A.8) e, () 1] = (=) (), () !
and

(4.9) [¢x), e] = i [ [(x), Cle ds,

valid for any self-adjoint operator C. Since
[(x), v is bounded,
the last two relations with C = y give
(A.10) [¢xd[e, (x> ~Hexy | < el

The latter relation implies (A.7).
Now we are ready to complete the proof. Indeed, {(A.7) shows that

(A.11) fe‘(‘_”"’O(|x|“l)e"”"'du=SQO(|x|_1)
0
which implies (A.5). m}

Remark A.3. In fact, the proof of this lemma implies a more general result.
Let fobey (A.1} with n = 1,2, and let a bounded operator B satisfy

[B,v] = O(jx[*).
Then
[B, f(v)] = O(1x| ).

Indeed, this follows directly from the proof of Lemma (A.2) with equation (A.6)
replaced by

[B,y] = Oz 7).
Equation (A.11) will often be used in our estimates. We will also need its
following generalization:

5
(A.12) foe"(’_“)"O(|x| “Nelr dy = sHATDO(|x| %)

for a > 0. To prove (A.12) we use the equations obtained from (A.8) and (A.9)
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by replacing {x) by {x)? and using that

(A.13) [¢x}°, v] is bounded for ¢ < 1.
This gives immediately

(A.14) [xyele, (xy = l(x)|| < elel

for 0 < 1. If a < 1, then this estimate with o = a yields (A.12). If & > I, then
we pull {x} ~* through ¢'"* in pieces. This proves (A.12).

LemMa A 4. Let f obey (A.1). Consider a class of bounded differentiable
functions j obeying

(A.15) [Vily)] < e{y) ™
(iy  If j(x?) obeys (A.15), then

(A.16) [£(x), j(x)] = O(1x ~*).
(i)  If j(x) obeys (A.15), then

(4.17) [A(4), i(x)] = O(x| %)

for A =y, pk H,

(iii) If ¢ € C and the derivatives of j(x) up to the order k are O(|x| ™),
then
(A.18) v ely), j)y™ = O« )

for any n and m satisfying n + m < k.

Proof. (i) First we observe that
(A.19) [y, j(x*)] = Olx| 7).

This follows from the computations
[23 [+3

(%) ) [pa’j] + [pa:j] : <x>

[v. i(x*)] =
and
[p°,j] = —ivj
and estimate (A.15). Now representing [ f(y), j(x?)] according to (A.3) (with
A =y and B = j(x?)) and using (A.19} and (A.11) we arrive at (A.16).

(i) Consider first A = y,. We use equation (A.3) with B = j(x) and
A = vy,. Observing that

(+) [i(x}. vol = O(x =),
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and using (A.11) (with v replaced by y,) we conclude that

(A.20) [Av,), j(x)] = O(x| 7).

The case A = pZ, H, is slightly more complicated. Let n be sufficiently
large so that A + n > 1 (remember that A is bounded from below). We
introduce the function

o(t) = f(% — n) ifee [0,(u+n)"]

(A.21)
0 ift & (—e(u+n)" +e),

where p = inf o{ A). Besides we assume that ¢ is smooth. Clearly such a
function is well-defined and it satisfies

1
qJ(SJrn) = f(s) forp<s < co.

Hence

(A.22) f(A) = @(B), where B=(A +n) ",

Now we use again (A.3) but in the form
(A.23)  [AA),jx)] = *’f_ ds@(s)foem_u)s[}.(xk Ble'“® du.

Since j{x) is homogeneous degree 0 for |x| > 1, we have that

(A.24) {i(x), B] = O(|x| ™).
Next we claim that
(A.25) [1xlePXx) ~H| < <]l

Indeed, since [{(x), B] is bounded for B = (p2 + n) "L, (H, + n)~!, equations
(A.8) and (A.9) (with C = B} yield (A.25).

Now equations (A.23)—(A.25) imply (A.17).

(iii) This relation follows from (ii) with A = y and the estimate

ad}(j(x)) = (8- v)"j(x) = O(x| ™),

where ad (j) = i[v, j]. This estimate holds provided that the n-th order deriva-
tives of j(x) are O(|x| ~*). a

Before proceeding we derive a general formula we will use later. Let f; and
f, be functions obeying (A.1) and let A, and A, be self-adjoint operators such
that [A,, A,] is densely defined and there is a dense set © such that ¢'4fig'4s
maps $ into the quadratic form domain of [A, A;]. Then the following
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equation holds
faa] [+ " ~
(A.26) [A(A), f(A)] == [ ds [ drfils)fr)
— & — &0
Xf dﬂf dqei-mhigit-DAsi[ A | A, ]eltheeivh
0 0

in the form sense on £.
Indeed, using representation (A.2) we derive

[FCAD B = [ [ s hln)lens, ebe] dsdr.

—oat —oa

Next, observing that
4 . s * - . . .
[eas)\l, earﬂﬁ] - _ tf dpf dqez(s—p)ALe:(r—q);\z b [Al’ Az]eaqaﬁeapzﬁl,
0 0
where the righthand side is understood as a quadratic form on §, we obtain
(A.26).
LEMMA A.5. Let fand g obey (A.1) and A = p2, H,. Then

(i) [g(v), fAA)] = O{lx| '},
(ii) (8(v.), AAY] = Ofx,| "),
(iii) [g(v,). fv)] = O(x7").

Proof. (i) Let B=(A + n)~!, where n is such that A +n > 1 Let
@(B) = f(A), where ¢ is defined in (A.21). First we observe that

(A.27) [B, f(¥)] = O{|x| ")

by Lemma A.2. This estimate, representation (A.3) (with A = B, B = f(y) and
f = @) and estimates (A.11) imply (i).

(ii) The proof of this case is exactly the same as that of (i).

(iii) In this case we take a different route. Using equation (A.3) we derive

(a.28)  [o(v).8(v.)] = f:dtqﬁ(t)f;dse‘*““)i[%g(va)]e”‘-

Now we estimate the commutator inside of the integral. Using that
y=ry, + v+ O(x| %)
and

[, @(v)] e = [, @(¥a) va] + Ox] ") = O(x| 1),

we derive

(A.29) (v, 8(v.)] = [ gly )] v* + O(x[ 74).
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Representing now

. 1 t, +O( _1)
Eaarl Bt 2 [x]

and using that

1
[re, e(ra)] 5 = [(x) 7% g (v)l<x) = Of1x1 1),
by Lemma A.4(ii}, we obtain

[7% (¥, )] v* = OxI ")y + O(x| 7).
Together with (A.29) this gives

(A.30) [v, g(v,)] = O(x| ")y + O(jx| 7).
Plugging this into equation (A.28) we find

[o(v). g(v,) =1, + L,
where
w t
I, = ded(e) | dse @ 20(|x| ~V)ei
- asn [ (1x17")
and
& ¢
I, = de ¢t} | dsetIvO{[x| ~}e'r.
o= [ _deeln | (1x1")
By equation (A.11) we have
I = O(x| ™).
Next, observing that

[« a] d t
—_ . ; »~ _ iye —iys — LY . ivs
I, 1f_mdtqp(t)dte j;dse Ox| e

and integrating by parts we obtain

o t . . «“ ;

I, = z‘f dt(f)’(t)f dse™ = I0(|x| "1 )efr + if dt ¢(t)O(|x| ~*)e't.

— oo 4] —oa

Again, by equation (A.11),
I, = Ofjx| 7).

Hence, (iii) holds. a

o LEMMa A.6. Assume V() = O(ly| ™) and vV (y) = Oly] 7%,
en

(A.31) [Alv)s L] F(x(, > 81x]) = Oy(jx| 172},
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for any £, obeying (A.1) and
(A.32) [£(p2), L] F(x|, = 8]x) = O(jx| "+ %)
for every G function f;.
Proof. Let F, = F(|x|, > 8|x|)(1 + p*)~". For A = v, we compute
(A.33) [AA). LIE, = [f(A), LF,] - L[f(4), E,].
Consider first the second term on the right-hand side. Pick §* so small that
Fllx|, > 8|x|}F(x|, > 8|x|) = F(lx[, > 8|x()-
By Lemma A.4, it is easy to show that
fIA)E(x|, > 81x|) = F(lx|, > 8"|x[} f(A)F(|x|, > 8]x]) + O(jx| 7*).
The last twa relations imply
LIf(A), F| = LF(x|,> 8'x))[f(A), F.] + (p* + 1)O(1x| 7?).
Since V, (y) = O(|y| "), we have that
(A.34) LF{|x|, > &|x]) = O\(x| %)

by the definition of |x|,. Next,-using Lemma A.2 and Lemma A.4(ii), one shows
readily that [ f( A), F,] = O(|x| ). This together with (A.34) yields

(A.35) LIf(A),E] = (p*>+1)O(x] " 7¢).

Consider now the first term on the right side of (A.32). Using that
vV,y) = O(]y| ~'7%) by the assumptions, and a simple computation, we
obtain

{A.36) [A,LF,] = O(x| ~'7).

T TaTa

* tata

and using (A.36) and (A.11), we arrive at

(A.37) [F(A), LF,] = O{x| 7' 7).
This estimate together with (A.34) and (A.32) implies
(A.38) [A(A), L]F, = (p* + 1)O(|x| ~'7¢),

which yields (A.31).
To prove (A.32) we take f,(p3) = @(1/p: + 1) with ¢ defined in (A.21).

Proceeding as above but with F, replaced by F = F(|x|, > §|x|) and observing
that

Representing the commutator { f{ A), I F,] according to (A.3) (with B — I F )

[(#2 + 1) LF] = 01 1)
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and
Ll ef(e} + 1)) F] = 0= 71),

we arrive at (A.32). a

Lemma A7. Let A and B be two self-adjoint operators and let B, in
addition, be bounded. Let f obey (A.1). Then

(A.39) [B, f{A)] = £(A)[B, Al + R,

where

A .40 R=-—i ” ds fi sdu ud e'CTPIA A [ A, B]]e'PA.

(A.40) if dsfls) [ du [ dpe’ (A, (A, B]]e

These equations are understood in the form sense with the form domains D( A%).

Proof. Using equation (A.3), we obtain
[B, f(A)] = ifm dsf(s)e*s[ A, B|

— 00

+f_mm dsf(s)e""“i[:du(e”w"[B, Ale™* — [B, Al).

Representing the expression in parentheses as an integral of its derivative we
arrive at (A.37). O

LemMa A8. Let f obey (A.1). Then
(A.41) [H, A1) = £ H ] + Of1272).

Proof. Choose n sa that H + n > 1 and compute

(5.42) [H, f(y)] == (H + )[(H + n) 7", A¥)](H + n).

Applying equation (A.37) with A =y and B = (H + n)~! to the commutator
on the right side of this expression and observing that

(Ad2a)  ~[(H+n)"y] = (H+n) ' [HAy)H+n)"
and that
(A43)  (H+n)f(y)(H+n)"" = f(y) + (H+n)O(x| "),
by Lemma A.2, we abtain
(A.44)
(B, fy)] = £ (7)[H, v] + (H+ n)R(H + n) + (H + 2)0(x| ") [H, ]
where the remainder R is given by (A.40) with A =y and B =(H + n)" L.
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Since, by (7.4),
[H,y] = Ol(|x| _1)’

we have that

(A.45) (H+ n)O(x| ~1)[H, v] = O,{|x[ ®).
Thus it suffices to show that
{A.46) R= O(|x| ‘2].

To this end it suffices to demonstrate (see (A.12)) that
(A47) [v, [y, HI)(n + H)™" = O(2| ~*}.

This is just a straightforward computation. For instance
2
(A48) —i[y, H] = ()" (2p* -« 9V(x)) + (x) 7P X filx)y
i=0

with some functions f, obeying |D*f(x)| < ¢ {x) ~***7, and so forth. (This
expression is so involved partly due to the fact that we use {(x) and not |x|.)
Thus (A.41) results. o

CoroLLary A9. Let fand (f')'/? satisfy (A1) and f' > 0. Then
(A49) Fy[H, f(v)]Ey = Eof (1) Fu [ H, v F f /() 7F, + O(|x| %),
where N is larger than A so that F,\F, = F,.

Proof. We begin with an auxiliary estimate. We claim that

(A.50) [cp(v), [H i - YH = O{|x| %),

provided @ obeys (A.1). This follows from equation (3.21) and Remark (A.3).

Now we are ready for the derivation of (A.47). Write in equation (A.39),
Fi(y) = [£1(¥)?]* and commute f'(y)"/* through {H, v] to the other side of
the latter. By equation (A.48) with ¢ = ( £’)'/? this yields

(A.51)

[H, f(y)] == (H+n)f(y)"”

o nav}f’(v)lﬂ(H +n) + Oyflx| 72).

Take now A’ slightly larger than A so that
F.F, = F,.
Sandwich (A.51) by F, on both sides and pull one F,, out of each F, on the
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right-hand side and commute it through f'(y)'/? using that, by Lemma A.5(i),
(A.52) [ B, £ = O(1x171).

Since this commutator is multiplied by

(A.53) {Hi - v] = Ol '),

it contributes O(|x| ~?) to the resulting expression. It remains to ohserve that
[(1/H + n),y]=—(1/H+ n)[H,y)(L/H + n) and to pull the (H + n)~'s
through F’(y)'/?’s to cancel them against the (H + n)’s. The result is (A.49). O

Finally, we proceed to:

Lemma A10. Let f obey (A1)
(i) If the bound state ¢, v{* € {x*) T"L¥ X®), then

(A.54) f(Y)P, — P A(v,) = Olx| ™).
(i) If no fall off at oo for ¢* is assumed, then
(4.55) FY)B, = Pf(v,) = O(x1 ),

where e is arbitrary and O(|x| ~') depends on e.
(iii) Statements (i) and (i) still hold after v, in (A.52) and (A.53) is
replaced by v.

Proof. (i) We have

(A.56) Yy =12y + 1y, + Ox| ")
Using that y, commutes with P and that

(A57) r*y°F, = Of|x| "),

we obtain

(A.58) (v = va) P = O(x[ ") + Qu¥es
where

(A.59) 0, =(~1+1,)E,

Next we use

fy) = flv,) = fm de(S)fosdpe"”"(v ~ Yale'm TP,

— 0

which together with (A.56) and the estimate
(A.60) lx"e*®(x) || < clt] with B = v, 7,
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which is an obvious variant of (A.7) (see also (A.12)-(A.14)}, implies that it
~suffices to estimate

f f(s)f dpeivnoa.yaein(s—r).
— o0 4]

Observing that ye'**~*) = — id/dse’*~*) and integrating by parts we
convert this term into

£ ~ 5 ) 3

Q.+ [ dsf(s) [ dperQ e

— o0 a

which is O(|x| ~") due to (A.58) and
il P = Ofx| "
Qa - l + 7 a (|x| )'

i®

(ii) Let xp be a smooth cutoff function of x* obeying: x5 =1 for
{x*y < R and x5 = 0 for (x*) > 2R. Let ¥z = 1l — x, and retain the same
symhols for the operators of multiplication by x, and Xz We derive as in (i):

FV)Pxn — Poxaf(va) = Oallx| '),

where the dependence of the error term on R is exhibited explicitly (in fact, it
behaves as R /|x|). This yields

f(Y)Pa = Paf(?o:) + AH + OR(|x| _1)’
where A, = — P,xaf(v,} + Ay)P x g Clearly
IARIl < ellPxall = £(R),

where e(R) —» 0as R — o.

(iii) We use expression (A.3) with A = y and B = P, and equation (A.54)
to compute the commutator on the right side of (A.3):

[‘Y’ Pﬂ] = [ra‘ya’ Pﬁ’] + [rﬁ’ - 1’ Pﬁ’] .Y& + O(|x| _1)

After this we proceed as in (i) and (ii). a

Remark A.11. The idea of cutting bound states at infinity in order to avoid
the question of fall-off properties of the threshold bound states comes from
[E5, 6] (we are grateful to V. Enss for pointing out this idea to us. The idea of
approximating bound states by fast decaying functions was also used in a similar

context, the many-body scattering theory in [Sig2, 3], and dates back to earlier
works of the first author (I.M.S.)).

UniversiTY OF CALIFORNIA, [RVINE
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA



106

(AG]
[AH]
(BL]
(Com]
([CFK$]

(DL]

I. M. SIGAL AND A. 8OFFER

REFERENCES

S. Acmon, Lectures an Exponential Decay of Solutions of Second-Order Elliptic
Equations, Math. Notes, Princeton Univ. Press, 1952.
H. Arax1 and R. Haag, Cailision cross section in terms of local observables, CMP 4
(1967), 77-91.
R. Bencuria and E. Lier, Praof of the stability of highly negative ions in the absence of
the Pauli principle, Phys. Rev. Lett. 50 ¢(1983), 1771.
J- M. Comees, Relatively compact interactions in many particle systems, Comm. Math.
Phys. 12 (1969), 283. _
H. Cycon, R. Froese, W. Kirsci and B. Smon, Lectures on the Schrodinger Equation
(to appear).
F. Dvyson and A. Lenarp, Stability of matter 1,11, [. Math. Phys. § (1967), 423-434; 9
(1968), 698-711.
P. Derrr, W. Hunvzikes, B. Simon and E. Vock, Pointwise bounds on eigenfunctions
and wave packets in N-body quantum systems, Comm. Math. Phys. 64 (1978), 1-34.
P. Derrr and B. Simon, A time-dependent approach to the completeness of multipar-
ticle quantum systems, Comm. Pure Appl. Math. 30 (1977), 573-583.
V. Enss, A note on Hunziker’s theorem, Comm. Math. Phys. 52 (1977), 233-238.
, Asymptotic completeness for quantum mechanical scattering 1. Shart range
potentials, Comm. Math. Phys. 61 (1978), 285-291.
, Prapagation properties of quantum scattering states, |. Funct. Anal. 52
(1983), 219-268.
,in: Differential Equations. I. W. Knowles and R. T. Lewis, ed., North Holland
Math. Studies 92 (1984), 173-204.

. Topics in scattering theory for multiparticle quantum mechanics, a progress
report, Physica 124 A (1984), 269-299.
, in Prac. Coma summer school on the Schriadinger equation, Coma, 1984 (to
be published).
L. ID. FappeEv, Mathematical aspects of the three-hady problem in the quantum theory
of scattering, Istael pragram for scientific translations, Jerusalem (1965).
P. FepERBUSH, A new approach to the stability of matter problem, I, I, J. Math. Phys.
16 (1975) 347-351; 706-709.
R. Froese and 1. Herest, Exponential hounds and ahsence of pasitive eigenvalues of
N-body Schradinger operatars, Comm. Math. Phys. 87 (1982), 429447

. A new proof of the Mourre estimate, Duke Math. [. 44 (1982), 1975.
]. Ginisre, in Schridinger Equation, W. Thirring and P. Urban, Eds., Springer-Verlag,
1977.
J. Givsre and M. Mourin (Commescure), Hilbert space approach to the quantum
mechanjcal three hody problem, Ann. Inst. H. Poincaré, 21 (1974), 97145,
G. Hacepomn, Asymptotic completeness far classes of two, three and four particle
Schrédinger operators, Trans. AMS 258 ¢(1980), 1-75.
G. Haceporn and P. PErmy, Asymptotic completeness for certain three bady Schro-
dinger operators, Comm. Pure Appl. Math. 36 (1943), 213-233.
R. Hasc and |. A. Swieca, When does a quantum field theory describe particles?,
Comm. Math. Phys. 1 (1965), 308.
K. Heep, On the quantum mechanical N-body problem, Helv. Phys. Acta 42 (1969),
425-458.
L. Hormanper, On the existence and the regularity of solutions of linear pseuda-
differential equations, L'Enseign Math. 17 (1971}, 99-163.




(KK]

(LS]
(LSST)
(LT]
(MI1]
(M2]
(M3]
[MS]

[F]

THE N-PARTICLE SCATTERING PROBLEM 107

]. Howranp, Ahstract stationary theory of multichannel scattering, J. Funet. Anal 22
(1976), 250-282.
W. Hunziker, in Advances in Theoretical Physics, Vol X, A. Barut, W. Britten (ed.)
(1968).
, Time dependent scattering theory far singular potentials, Helv. Phys. Acta 40
(1967), 1052-1062.
T. IkesE, Eigenfunction expansions associated with the Schradinger operators and their
application to seattering theory,” Arch. Rat. Mech. Anal 5 (1960), 1-34.
R. J. Iomo, Jr and M. O'Carrorr, Asymptotic completeness of multiparticle Schrs-
dinger Hamiltonians with weak potentials, Comm. Math. Phys. 27 (1972), 137-145.
T. Kato, Wave aperators and similarity for some non-self-adjoint operators, Math. Anal.
182 (1966), 258-274.

, Smooth aperators and commutators, Studia Math. XXXI (1968), 535-546.
M. KrisuNa, Large time behavior of some N-body systems, Comm. Math. Phys. 101
(1985), 129-152.
T. Kato and S. T. Kurooa, The ahstract theory of scattering, Rocky Mount. J. Math. 1
(1971), 127-171.
R. Lavine, Absolute continuity of Hamiltonian operators with repulsive potentials,
Proc. AMS 22 (1969), 55-60.

, Scattering theary far long range potentials, |. Funct. Anal 5 (1970), 368-382.
, Commutators and scattering theory I: Repulsive interactions, Comm. Math.
Phys. 20 (1971), 302-323.
. Commutators and scattering II: A class of one body problems, Indiana Univ.
Math. [. 21 (1972), 643-656.

, Ahsolute continuity of positive spectrum far Schrédinger operators with long
range potentials, |. Funct. Anal. 12 (1973), 30-54.

, Completeness of the wave operatars in the repulsive Abody problem, |
Math. Phys. 14 (1973), 376-379.
. in Scattering Theory in Mathematical Physics, [. A. Lavita and [.-P. Marchand,
eds., D. Reidel Publ. Co., 1973.
E. H. Lies, The stability of matter, Rev. Mod. Phys. 48 (1976), 553-569.

, Baund on the maximum negative fonization of atoms and malecules, Phys.
Rev. A. 29 (1984), 3018.
M. Loss and I. M. SicaL, The three-body problem with threshold singularities, ETH
preprint, 1980.
E. H. Lies, I. M. S1car, B. Smmon and W. THirnING, Asymptotic neutrality of large
Z-ions, Phys. Rev. Lett. 52 (1984), 994-996,
E. M. Lies and W. Tairamvg, Bound for the kinetic energy of fermions which proves
the stability of matter, Phys. Rev. Lett. 35 (1975), 687-689.
E. Mourgg, Absence of singular spectrum of certain self-adjoint operators, Comm.
Math. Phys. 78 (1981), 391-408.
, Opérateurs conjugués et propriétés de propagation, Comm. Math. Phys. 91
(1983), 279-300.

, Opérateurs conjugué et propriété de propagation II, remarques sur la com-
pletude asymptotique des systemes 2 trois corps, Marseille 1983, preprint.
E. Moungre and I. M. Stcar, Phase space analysis and scattering theory for N-particle
systems (mierolocal analysis of propagation of particles), 1983, preprint.
A. |. Povsner, On the expansion of arbitrary functions in terms of the eigenfunctions of
the operator ~ Au + cu, Math. §b. 32 (1953), 109-156; AMS Transl. 60 (1967), 1-49.




108
[PSS]
{Pu]
(R]
{RS]
(Sigl]
(Sig2]
Sigd)

(Sigd]
[Sig5]

[SigSofl]
[SigSof2]
{SigSot3]
{Sim]
[SKM]

(SS]

(T]
(Y]

(Z]

E. M. STGAL AND A, SOFFER

P. Perry, [. M. S1¢ar and B. StMon, Spectral analysis of N-body Schridinger operators,
Ann. of Math. 114 (1981), 519-567.
C. R. Purnam, Commutation Properties of Hilbert Space Operators and Related Topics,
Springer-Verlag, 1967.
M. B. Ruskar, Absence of highly negative ions I, I, Comm. Math. Phys. 82 {1982), 457
and 85 (1952), 325.
M. BReen and B. Simon, Methods of Modern Mathematical Physies 11, 111, Academic
Press, (1975), (1979).
I. M. StcaL, Mathematical Foundations of quantum scattering theory for multiparticle
systems, a Memuoir of AMS N209 (1978).

, Geometric methods in the quantum many body prablem. Non-existence of
very negatwe ions, Comm. Math. Phys. 85 (1982), 309-324.
, Scattering Theory for Many-Body Quantum Mechanical Systems, Springer
Lecture Notes in Math. N1011, 1983.
, How many electrons can a nuclear hind?, Anal. Phys. 157 (1984), 307-320.
, Asymptatic completeness of many-body short range systems, Lett. in Math,
Phys. 8 (1984), 181-188.
I. M. SicaL and A. SoFFER, Asymptotic completeness for short range many-body
systems, Bulletin AMS 14, No. 1 (1986}, 107-110.
, Local decay estimates for N-body systems, Caltech preprint.
, Sharp propagation estimates for N-hody systems, Caltech preprint.
B. Smon, Geometric methods in multiparticle quantum systems, Comm. Math. Phys.
85 (1877), 259-274.
K. B. Sivmaa, M. Krisuna, P, MuTtHURAMALINGAM, On the completeness in three-hody
scattering, Ann. Inst. M. Poincaré 41 (1984), 79-101.
A. G. Siearov and 1. M. Sicar, Description of the spectrum of the energy operator of
quantum mechanical systems that is invariant with respect to permutations of identical
particles. Theor. Math. Phys. 5 (1970), 990-1005.
L. E. THoMmas, Asymptatic completeness in two and three particle quantum mechanical
scattering, Ann. Phys. 90 (1975), 127-165.
K. YajtMma, An abstract stationary approach to three-body scattering, |. Fac. Sci. Univ.
Tokyo, Sie 1A, 25 (1978), 109-132.
G. M. Zuisuin, Discussion of the spectrum of the Schrodinger operator for systems of
many particles, Tr. Mosk. Mat. Obs. 9 {1960), §1-128 (in Russian).

(Received July 1, 1985)
{Revised December 23, 1986)



