COMPLEXITY OF BEZOUT’S THEOREM VII: DISTANCE
ESTIMATES IN THE CONDITION METRIC

CARLOS BELTRAN AND MICHAEL SHUB

ABSTRACT. We study geometric properties of the solution variety for the prob-
lem of approximating solutions of systems of polynomial equations. We prove
that given two pairs (f;,(;), ¢ = 1,2, there exists a short path joining them
such that the complexity of following the path is bounded by the logarithm of
the condition number of the problems.

1. INTRODUCTION

The goal of these pages is to contribute to the search for approximate zeros of
systems of polynomial equations. The complexity of homotopy (or path following
or continuation) methods for solving systems of polynomial equations has been
studied at least since the 80’s (see [Ren87] and references therein and the series
of articles [SS93a, SS93b, SS93c]). For a survey of complexity results concerning
solutions of polynomials of one variable see [Pan97]. Homotopy methods themselves
have a longer history which we do not try to survey here. In [SS94, SS96] linear
homotopy methods were studied in depth. The existence of a method that finds
approximate zeros of systems in average polynomial time was proved, although the
lack of specific initial pairs made this proof non-constructive. A uniform algorithm
was not proven to exist (see [Sma00]). A great deal of progress in this direction has
recently been made in [BP06a, BP07], where the existence of efficient initial pairs
for linear homotopies is proved, as well as a probabilistic method to generate them.
We refer the reader to [BP06b] for a detailed historical description of the problem
and its various solutions.

In [Shu] a new bound for the complexity of (not necessarily linear) path following
was given in terms of the length of the path in the condition metric, which is
defined below. In this paper we prove that there exist surprisingly short paths in
the solution variety. These results combined suggest the existence of an algorithm
that finds approximate zeros of systems very fast, in time almost linear in the size
of the input, on the average. They suggest that understanding the geometry of the
solution variety in the condition metric and especially the geodesics may be worth
the effort. In Section 2 we throw out an idea for a numerical method that the proof
of our main result suggests.

For a list of positive degrees (d) = (dy,...,d,) € N, let H(g be the set of
all systems f = (f1,...,fn) of homogeneous polynomials of respective degrees
deg(fi) = dij;1 < i < n. So, f: C" ! — C". We denote by D = max{d; :
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1 < ¢ < n} the maximum of the degrees. We consider H(q) endowed with the
Bombieri-Weyl Hermitian product, and the corresponding norm (denoted || - ||).

The solution variety Vigy € P(H(q)) X P(C"*!) (or simply V' when there is no
possible confusion) is defined as the set of pairs (f, () such that f(¢) = 0. Ob-
serve that V4 is endowed with a natural metric (and corresponding volume form)
inherited from the Bombieri-Weyl Hermitian product in H 4y and the usual Fubini-
Study metric in P(C"*1). We refer to this volume form in V() as the Fubini-Study
volume.

Let g € P(H(4)) be the following system of homogeneous equations (conjectured
in [SS94] to be an efficient initial pair for homotopy methods):

dPXIIx, =0
9= :
&/ Xd 71X, =o.

Observe that ||g|| = v/n. Moreover, g has a trivial solution eg = (1,0,...,0). In
[Shu] we have bounded the number k > 0 of steps of projective Newton’s method
sufficient to follow a homotopy I'y = (f,¢;) in the solution variety V by the length
of the path I'; in the condition metric,

Length(T,) = / 1 &)l dt,

where ||(fta Ct)HK = Mnorm(fta Ct)”(ftv Ct)”v and Hnorm is as in [88933,, Shu] Namely,
fnorm (f,€) = I FIIIDS Q) |72 Diag(|C1" d;*), ¥f € P(H(a)), < € Ba(C).

Then, k < C;D%?Length(T;) for some universal constant C; > 0. In this paper
we find a short path joining any two pairs in V. Namely, we prove the following
result.

Theorem 1 (Main result). For every pair (f,() € Vigy such that pinorm(f,¢) < o0,
there exists a curve I'y C V(g joining (f, () and (g,eo), and such that

where ¢ < 9 is a universal constant.

Corollary 1. For every two pairs (f,(), (h,n) € Via) such that pimerm(f, <) fnorm (b, ) <
00, there exists a curve I's C V(g joining (f,() and (h,n), and such that

N’norm(fa C)unorm(ha 77) ) )

Length(T;) < 2enD%? 4 2¢/n1n ( -

Corollary 2. A sufficient number of projective Newton steps to follow some path
in V starting at (g,e0) to find an approximate zero associated to a solution ¢ of a
given system f € P(Hq)) is

C,D3/? <nD3/2 +nln (unor\rj%fac)>) 7

where Cy 1s a universal constant.
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The real case (i.e. the study of real solutions to real systems of equations) can
be analyzed with similar techniques. In this case, the subset of V(4) where finorm
is finite (denoted Wqy or W later in this manuscript) may have 1 or 2 connected
components, depending on n. Then, in each of these connected components, corol-
laries 1 and 2 hold, with the orthogonal group replacing the unitary group. This
observation was also pointed out to us by [BP].

The Riemannian metric |||, defines a metric d on W = V—{(f, O)|tbnorm (f,¢) =
oo} by di(x,y) = infLength(y) over piecewise differentiable paths v in W joining
T to y.

Corollary 3. Let N be the dimension of Hq). The probability (for the Fubini-Study
volume defined above) that a pair (f,() € V belongs to a ball for the condition metric
di of radius InD3/? + \/n(4+In N +1In 1) centered at (g, eq) is at least

1—e.

So on the average in'V a sufficient number of projective Newton steps to follow some
path in W starting at (g,eo) to find an approzimate zero associated to (f,{) € V is
less than or equal to T(n, D, N) where 7(n, D, N) = CynD3In N.

This last corollary suggests that the average number of steps to solve polynomial
systems of equations might be O(nD3In N). The reader may compare this to the
result in [SS94] which suggests that this number might be O(nN?31n D), or to the
result in [BP06a, BP07] where an upper bound to the average number of steps of
O(n®N?2D?*) is proved.

The Theorem and corollaries above are a consequence of the two following tech-
nical propositions, which will be proved in Section 4.

Proposition 1. Let (f,() € V(gy be such that pinorm(f,¢) < 00, and let U € Up 41 be
a unitary matriz such that Uey = (. Then, there exists a unitary matric R € Uy, 41
such that Rey = eo, and a curve I'y C Vigy joining (f,¢) and (go RoU*,() and

such that
Length(Ty) < 2v/n <1 +In W) .
Proposition 2. Let U be a unitary matriz, and ( = U*ey. Then, there exists a
curve I'y C Viq) joining (g,eo) and (go U, () and such that
Length(T';) < 2nnD3/2.
Moreover, we can write T'y = (goUy, U eg) for a path of unitary matrices Uy € Up41-

Assuming propositions 1 and 2 we can prove the main results of this paper.

1.1. Proof of the main results. We start with Theorem 1. We denote by I'} the
curve that exists from Proposition 1, such that

Io=(f,¢), Ti=(9oRoU* ()

Length(I'}) < 2v/n (1 +1In Mnor\n}%fao) ,
where R, U € U,,+1 are unitary matrices, and Ueyg = (. Now, from Proposition 2 we
can join (go RoU*,(¢) and (g,eo) with a curve T'? of length bounded by 27nD3/2.
Theorem 1 follows. Corollary 1 is clear from Theorem 1.
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Corollary 2 is immediate from Theorem 1 and the main theorem of [Shu]. Finally,
we prove Corollary 3. From Theorem 1, we know that

Probs.c)ev[dist.((f,¢), (g,€0)) > R] <

R —9nD3/?
PrOb(f,C)EV {unorm(fa Q) > Vnexp (M)] )

for any R > 0. From Theorem B of [SS93b], this is at most
256N

5-
(eXP (R_gzb/ng ))

The corollary follows taking

R=9nD? 4 /n(4+1InN + lné).

2. SUGGESTED NUMERICAL METHODS

The proof of the main theorem in this paper suggests the following numerical
procedure:
(1) InrPUT: A polynomial system f € Hq).
(2) Let ¢’ = g be the initial system defined in the Introduction, and let z = eq.
While z is not an approximate zero of f do:
e For some small t > 0 (t ~ 1/(nD?/?) might work), let h = (1—t)g’ +tf
be this polynomial system. Let z = Nj(z), where N}, is projective
Newton’s operator (cf. [Shu93]).
e Choose a unitary matrix R € U,, 11 such that ||Rz—eo|| is small. Define
g =goR.
(3) OUuTPUT: An approximate zero z € P, (C) of f.
There are several ways that the matrix R inside the loop might be chosen. We
may choose it at random, or as the result of some Gram-Schmidt procedure. An-

(1) 8) V*, where U(0 D)V* is a Singular Value

Decomposition of the matrix Diag(di_l/QDh(z)).

other suggested way is R = (

3. BUNDLES, PROJECTIONS.

In this section we prove some technical statements that will be useful for the
proof of propositions 1 and 2. We also include other results that are not necessary
for the main results of this paper, but may help to understand the geometry and
condition metric in the complex variety V. We consider the following subset of V:

W =Wy ={(f,{) € V: Df(() is surjective}.
As in [Shu], we denote by V the affine counterpart of V. Namely,
V={(£.Q) € (M@ \ {0}) x C"": f(¢) = 0}

As usual, t € [0,1] is a parameter, and given a C* function A : [0,1] — M into a
manifold M, we may write h; instead. We also write hy = Dh(t)(1).
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We define the “linear” sub-bundle E(d) C V as the set of pairs of the form
(f,¢) € V such that f = (f1,..., fn) and

= () o

where L = (L1,...,L,) : C"' — C" is a surjective linear map such that L{ =
0. We denote by E(d) C P(Hg) x S**! the corresponding concept when the
solutions are in the sphere S?**!. Finally, the corresponding affine concept will
be denoted /j(d). Namely, /j(d) is the set of pairs of the form (f, () € V such that

f:(fl7"'7fn)and g1
o <z,<>) =
fitz) = ( k) b

where L = (L1,...,L,) : C"*1 — C" is a surjective linear map such that L{ = 0.
For fixed ¢ we consider the set

Le={f€P(Hw): (f,C) € Liay}-

We also consider the projection 7z, @ Wi — L), (f,¢) = (h,() where h €
P(H(qy) is the system defined as

d;—1
h(z) = Diag (<||c fﬁ ) DF(©O),

which can be checked to be well defined. The following property holds for every
representative f of a system in P(H4)) (see [SS93a)):

f=h&h' where h,h' € Hq), h' L L.

In particular, we conclude that || f|| > ||h||. Moreover, the following also holds:

Df(¢) = Dh(Q).

We conclude that

11
Mnorm(fa C) = munorm(ha C)v
where f and h are seen as elements in P(H q)).

We also consider the mappings

o

v Loy —  La
L O

1)
(L,Q) =

~

where f € ﬁg is defined as

f(2) = Diag (4;*(z.)" ") Lz,
and R ~
o=¢ 't Lo — Ly
(£,Q) = (L0,
where L : C"*! — C" is the linear map defined as follows,
Lz = Diag(di_l/z)Df(C)z.
Whenever we have a pair (X,Y), we will denote

m(X,Y)=X, m(X,Y)=Y.
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Observe that the following equalities hold, for every (f,() € ﬁ(d), (L,¢) € /j(l):
Mnorm(fa C) = Mnorm(d)(.ﬂ C))7 Mnorm(Lv C) = Mnorm((p(Lv C))

We will use the following inequality, which holds for every pair of homogeneous
polynomials f, g of degrees dy,d, (cf. [BFM96])

(3.1) gl < 1 fIHlgll

The following will also be useful. Let f be a homogeneous polynomial of degree d,
f defined by

f(z) = (2,07,
where ¢ € C"*1. Then, the following holds:
(32) 1£1 = 1.

We will make use of the higher derivative estimate obtained in [SS93al: For a
homogeneous polynomial f of degree d, and for k > 0,

(3.3) [ID*f(@)(wr,...,wi)ll < d(d 1) (d =k + DIl - [l

for every x,w; € C"*1.
For any integer k£ > 1 be denote by I}, the identity square matrix of size k.

Lemma 1. Let k> 1 and U € Uy, be a unitary matriz. Then, there exists a smooth
path Uy C U, 0 <t <1, such that Uy = I, Uy = U and

Length(U;) < nVk,
where the length is measured for the Frobenius norm.
Proof. As U is unitary, it is normal and hence we can write
U=VDV*,

where V' is unitary and D is a diagonal matrix containing the eigenvalues of U
(this is the well-known Schur Decomposition of a normal matrix). Hence, we can
write D = Diag(e®?,...,e%") for some real numbers —7m < a; < m. Now, let
A =VD'V* be this skew-symmetric matrix, where

D’ = Diag(aqi,. .., ai).

We define the path U; = exp(tA). Note that Uy = I, and Uy = exp(VD'V*) =
Vexp(D')V* = VDV* = U. Moreover,

1 1 1
Length(Uy) = / |0l dt = / |A|lp dt = / ||l dt = |[D'|r.
0 0 0

Finally, observe that
1Dl = a¥ + - +af <7k

The following lemma is not necessary for the main results of this paper.

Lemma 2. Let f = (f1,..., fn) € Hea) and A be a square matriz of size n+1. Let
= (fl,---, f)) € H(ay be defined as

f'(X) = Df(X)(AX), VX eC"
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Namely, fori=1,...,n we have,

7100 = (400 7)) ax.

£l < n*2D|| FIII A -
Proof. Let fi =37, _4, a’, X“ be the dense encoding of f;. Then,

Then,

X)) =Y "hj,
k=0

where
i 8f1 iy Qo ak—1 anp
hk(X):an(X)(AX)kz > aral Xgo - X XS | (AX)
‘(Jtl:dL
From inequality (3.1),
. 1/2
: di—1 T
hi S OZ2< 7 > at 2 A —
P 2 e(e e 1ia,) ]I
) 1/2
d; g
S ey ) WP ] A< DI AL
loo|=d;,an>1 R

where ||Ag|| is the norm of the k-th row of A. We conclude that

LF1 < DIFIY I 4x] < nD| £ <Z IIAk||2> = nD|f|[l[AllF,

k=0 k=0
and the lemma follows. O

Lemma 3. Let f be a homogeneous polynomial of degree d, and A be a square
matriz of size n+ 1. Then,

I1f o Al < I FII11AN1,
where f o A € Hq is the homogeneous polynomial defined by (f o A)(z) = f(Az).

Proof. First, assume that A = Diag(og > -+ > 0,) is a diagonal matrix, with
non-negative entries. Let f = Z\alzd aaX®. Then,

foAX)= ) anof® - -opn X,
|a|=d
and we conclude that
d -1 d -1
IFo A= 3 (5) laaPoi oot <ot S5 (1) laal? = 4IPS
lal=d jal=d

and the lemma follows in this case. Now, for the general case, let A = UDV™* be a
singular value decomposition of A. Then,

If o Al = If cUDV*|| = |f o UD| < |If o Ul DI = |l £ 111 A1l

as wanted. O
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Lemma 4. Let 1[)1 vV — Hay and 1/;2 :V — C" be two mappings such that

(W1 (f, Q) 2(f,Q)) €V, Y (f.Q) V.

Consider the mapping b = 1 x by = V. — V, (£,0) = (th1(£,€),¥(f,0))-
Assume that 1 is differentiable, and that the associated mapping ¢ : V. — V is
well defined in some open set containing (f,() € V. Then,

ID& (SO, 1DDs(£ Ol
11O (. QIR

where some representatives f,( of norm equal to 1 have been chosen.

IDy(f, QI <

)

Proof. Let f,h and (,n be chosen representatives of norm equal to 1, 1&(]‘, ¢) =
(ah, Bn), where

a= ¢, 01 8= Ilva(f, Ol
Note that the derivative of
T [t o= P(Hg)
= f+f

is an isometry at 0. The same holds for the (similary defined) mappings 7, : ht —
P(H), m¢ : (- — P(C™*!) and 7, : - — P(C™). Hence,

1Dy (f, Ol = [|D(¥.0)(0,0)

where ;¢ = (m, x m,) "t ot o (mp x m¢) is this mapping between affine spaces.
Now, we define the mappings

b

o= f+f (- (+¢
Ony: (M@ \h*) x (C"T\npt) — Bt xnt
(u, ) — (%u — h, ygu?)x — 1]) .

The derivatives of 7y and 7 at 0 are again isometries. Moreover, we can easily

check that
full® | =]

DOy, (h, Bi) (u, )| < a2 B2

Finally, observe that
bre = Onnoto ity x 7).
‘We conclude that
1D 4.¢(0,0) (£, = | DOy (cch, Bn)(DU(f,C)(f. ) <

a2 ﬁQ ’

and thus,

1D%.(0,0)]* <

D1 (£, )12 N | Dis(f, )12
042 ﬁQ :

The lemma follows. O
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Lemma 5. Let (-,-), be any dot product in R¥*1 and let S¥(r) C R**! be the radius
r sphere for that dot product. Let a,b € S¥(r) be any two points, a # —b. Let x; be

the curve
(I—-t)a+tb &

C S¥(r).

Ty =r——r—
Tl =ta+ ), T

Then, for any 0 <t <1,
(1 —t)a+ tb]|. || &« < 2r°.
Proof. Observe that x; = ©1 0 ©4(t), where
©y: [0,1] — RFtL Oy : RMFL — Sk(y)
t = (1—ta+tb v e i
Hence,

e[« < 1DO1(O2(1))[|«[[DO2(t) ||« = [|DO1(O2(t))]]«]|la — b

DOy (z)(v) = — <v—<ﬁgjix)

s

Now,

Now, observe that %’;ﬁé* x is the projection of v onto Span(z), and we conclude

that .
[DO1(z) ]|« <
(e

so the lemma follows. O

Lemma 6. The norm of the derivative of mc ., satisfies the following inequality:

e, .01 < vapelaL
where (h, () = mz ., (f,()-

Proof. Let f and ¢ be chosen representatives, ||f|| = ||¢]] = 1. We denote by
TLw * Wy — L@ € W(a) the affine version of the mapping 7, and (h, () =
L (f,€), so that [[h]| < ||f|| = 1. Then, we are under the assumptions of Lemma
4. Moreover, for f € f+ and ¢ € ¢+, we have:
Dﬁ-[,(d) (fa C)(fv C) = (ha C)v
where h = (hl, .. ,hn) is defined by h; = p; + ¢, p; L ¢;, and
gi(2) = (z, )" DD fi(O)(C 2) + DFAO(2)).

We conclude that [|A;[|> = ||ps|? + ||as||>. We estimate each of these two norms
separately. From equations (3.2) and (3.1), we conclude:

lpsll < (i = DICHIDLON < (D = DIENIDf(O]-
Inequality (3.3) yields

Ilpill < DD = D[ filllIC]]-
On the other hand, again equations (3.2) and (3.1) imply

lgill < ID® £+ IDS(Q)II-
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Inequality (3.3) yields

lgill < D(D =) £ C] + DI f]l-
We conclude that

A1 = llhs]l* < 3D*(D — 1)?|[[|* + 2D?|| f||* < 3D*(D = 1)*(|(f, O)I*-
=1

Hence, from Lemma 4,

2 3D*(D—1)? 3D*

D, (£, Q] < +1< :

[Pz (-1 = = Ok
We have chosen a representative such that | f|| = 1. Now, observe that if we
multiply f by A € C* then h is multiplied by the same quantity. The lemma
follows. 0
Proposition 3. The following inequalities hold.
(3.4) IDe(L, Q)| < D2,
(3.5) 1De(f,Q)ll < V2D/2,

Proof. First we prove inequality (3.4). Observe that
Dy (L, ¢)(L.¢) = (4:9),
where g = (g1, ..., gn) satisfies §; = p; + ¢, ¢i L m(e(L,()) and
pi(2) = 4% (d; = 1, )" (2. O Lz,
qi(z) = d3/2<z,g>di*1f4iz.

Moreover, observe that p; L ¢;. Indeed, by unitary invariance it suffices to prove
this in the case that ( = eg. Now, in this case,

pi(z) = d;/z(di — 1)zgi_2hi(z1, ceyzn)y qi(2) = d;ﬂzgi_lh’i(zl, ey Zn),s

for some polynomials h;, h;. We conclude that p; and ¢; have no monomials in

common and hence they are orthogonal.
From equations (3.1) and (3.2),

Ipill < DY2(D = DICIILll, il < D2 Lg]l.
We conclude that

617 = S (il + i) < DD — D2UEIRILIE + DILIS.
=1
Hence,
HDQO(L,C)(L,O’F _ % + R =
oL O
612 ae (D= D2ICIRILIE + I
+ <D + <
o LI il
pr (MEE L 12) = Doy, o
L 2 - ) )
e

and equation (3.4) follows.
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Finally, we prove equation (3.5). Observe that for (f,{) € E(d) and (f,g) €
T(f’C)EN(d), we have that

Do(1.0)(f.0) = (£,0) € Ty Ly,
where L = (L1, ..., Ly,) is the linear map defined as

Li(z) = d; 2 (DP £i(Q)(¢, ) + DFO(2):
We conclude that
) 2 . .
1L < ZUDPAQOI + IDLQIP).
Inequality (3.3) yields
IL:1* < 2D(D — D2 £:[PIIS1* + 2D fil1>-
Thus, . ’ .
ILII% < 2D(D = 12| F[I2ICI* + 2D f11*.
We conclude that
[potr. 0,0 = —LEE 1 e <
e 71 (o(f, O B
2D(D — 1)?||£|1*I¢]I* + 2D || f||?
| Diag(d;*)DF (O
On the other hand, observe that if f € /j(d), the following equality holds:

I£]| = | Diag(d; *)DF(C)p.

+ ¢

We conclude that

L2 alps .
[pots 0.0 < 2Dy + DD - 12 + DIEP <
s [ IF1 2 ) op3icf A2
and inequality (3.5) follows. O

Corollary 4. Let T'; be a curve in 5(1), t €[0,1]. Then,
Length(p(Ty)) < D*?Length(Ty).
Now, let T'y be a curve in ﬁ(d), t € [0,1]. Then,
Length(¢(T'y)) < V2D3/?Length(T';).
Finally, let T'y be a curve in Wg), t € [0,1]. Then,
Length(rr,, (Ty)) < V3D?Length(T).
Proof. For the first inequality, denote f; = m1(¢(L¢,(;)). Then,

1
Length(p(Ty)) = / norm (fi G| (£, )] dt <

1
/0 imormn (Lt GO DL, OINI(E O] dt.
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From Proposition 3, this is less than or equal to

1
/ ,U/norm(Lta Ct)D3/2||(La C)” dt = D3/2Length(1—‘t)7
0

as wanted.
For the second inequality, let Ly = m1(4(ft,¢t)), and observe that

1
Length(6(I')) = / morm (L G| (E, €| dt <

1 . .
/ tmorsn(fer COIDS(E O O .

0
From Proposition 3, this is less than or equal to

1
/ Nnorm(fhCt)\/iD?)/Q”(f:aé)” dt = \/§D3/2Length(I‘t)

0

The third inequality is proved in the very same way, using Lemma 6 instead of
Proposition 3. (]

4. PROOF OF PROPOSITIONS 1 AND 2
4.1. Proof of Proposition 1. First, assume that ¢ = eq.
We choose a representative of f such that || f]| = v/n. As f(ep) = 0, the matrix
Diag(d;lm)Df(eo) may be written as
Diag(d; ""*)Df(eo) = (0 UDV™),
where U,V € U, are unitary matrices, and D = Diag(cy > --- > 0, > 0) is a

diagonal matrix with real positive entries. Moreover, as pinorm (f,¢) > /n always,

\/ﬁg Mnorm(faC) = M = @7

On On

and we conclude that o, < 1. We denote

1 0

Observe that
Diag(d; "/*)D(g o R)(e) = (0 UV™).
We define the curve
1—t)f+tgoR
1—\/ — — (

= e = (VA e
where S (H(q)) is the radius /n sphere in the space Hq). Then, we define I'; as
the projection of I', on P(H(q)) % {eo}.

From Lemma 5, we know that

[(1—t)f +tgo R”Hft” < 2n.

Moreover, the following equality also holds,

NG
[(L=1)f+tgoR|

) C S m(H) x {eo},

Diag(d; "*)Df,(eq) = (0 U((1 —t)D +tL,)V*).
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Hence, the following equality holds,

tinoem (fir€0) = || (Diag(d7 ) D fu(e) 1) = ML= DS 1o o R

(I1-t)o, +t
We conclude that
Length(T}) /1 Al
L )< =—/—/—2 vt/ —_ =
ength( t) S \/ﬁ o ,U/norm(ftae()) \/’77, dt

P =)f +tgo Rl o2y
/0 (L =t)on +1)vn dté/o(l—t)an—i—t
1

mfna < 2/n(l—Ino,) = 2/ (Hln’W)

For the general case, consider the pair (f o U,U*( = eg) € V(4). Then, there exists
a unitary matrix R € U,, and a path T'; C V{4 such that

6:(fOU,€0)7 Pi:(goR7eO)’

Length(T}) < 2/ (1 o /W) o (1 o Mmf;fo) |

We just consider the path I'y = (fy, (), where
= ft/ oU™.

4.2. Proof of Proposition 2. First, assume that (d) = (1). Then, g = (0 I,).
Let U, be a curve in U,, 41 such that Uy = I,, and U; = U. Then, we consider the
curve

Iy = (g o U, Ut*eo) c 5(1)-
The following holds.

! . lgoUill%
Length(Ty) = / fmorm (9 © Up, Ul eo)y | 7=—15- + U eol|? dt <
0 g o Uill%

1
Van [ 00l de = VEnLength(tr).
0

From Lemma 1, we can choose U; such that Length(U;) < my/n + 1. Finally, this
curve in L1y can be projected into L), and the proposition follows in the case
that (d) = (1). Now, for the general case, let ¢(g,eq) = ((0 I,,),e0) € /.i(l) and
(L',¢) = é(goU, () € ﬁ(l). Observe that L’ = (0 I,,)U. Hence, there exists a curve
I, C ﬁ(l) joining &(g,e0) and ¢(g o U, (), and such that

Length(T'y) < 27mn.

Now, from Corollary 4, the curve o(I'y) C ﬁ(d), joining (g, ep) and (g o U, eq), has
length bounded by 2rnD3/2, and so has its projection into Lgy-
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