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Abstract

We present a simple alternative proof of PARITY ¢ AC® using the DNF Sparsification
Theorem of Gopalan, Meka and Reingold [1].

1 Introduction

PARITY ¢ ACY is a classic theorem in circuit complexity, which states that the n-variable parity
function is not computable by unbounded fan-in Boolean circuits of poly(n) size and constant depth
[2, 3]. In this note, we present a simple alternative proof of this result using the DNF Sparsification
Theorem from a paper of Gopalan, Meka and Reingold [1]. Recall that a k-DNF'is a OR-of-ANDs
formula with bottom fan-in at most k.

Theorem 1 (DNF Sparsification Theorem [1]). Every k-DNF f : {0,1}" — {0,1} has an e-
sandwiching approzimation by k-DNFs with at most (klog(1/€))°%) terms. That is, there exist
k-DNFs fy, f, with at most (klog(1/€))°®) terms such that fo < f < f. and

P [ fx) # fulz) | <e

z€{0,1}"

The paper [1] includes two applications of Theorem 1: a derandomized switching lemma and
a faster deterministic algorithm for approximately counting the number of satisfying solutions to
a DNF. Our alternative proof of PARITY ¢ ACY is similar to (but more elementary than) the
derandomized switching lemma of [1]. Precisely, we show that Theorem 1 implies the following
lower bound:

Theorem 2 (Main result of this note). Depth-d circuits computing the n-variable parity function
require exp(Q(%)) gates.

Quantitatively, this is weaker than the best known (asymptotically tight) exp(Q(n!/(@=1)) lower
bound proved by Hastad using his Switching Lemma [4]. On the other hand, the proof of Theorem
2 uses random restrictions in a more simplistic way (with the potential advantage of being easier
to extend to non-uniform input distributions).

The basic idea of the proof behind is to work with juntas instead of decision trees. Recall that
an m-junta is a Boolean function that depends on at most m variables. To prove Theorem 2, we do
not require the full power of Theorem 1. Rather, we only need the following Junta Approximation
Theorem, which is an immediate corollary of Theorem 1.



Theorem 3 (Junta Approximation Theorem, Corollary 1.3 in [1]). Every k-DNF is e-close to an
m-junta where m = (klog(1/e))°®).

To see that Theorem 3 follows from Theorem 1, simply note that the k-DNF f; is both e-close
to f and an kt-junta where t = (klog(1/¢))°®) is the number of terms in f;. Indeed, the same
observation applies to fy,; thus, every k-DNF has an e-sandwiching approximation by m-juntas
(however, we do not need this stronger fact).

Our proof of Theorem 2 combines the above Junta Approximation Theorem with the follow-
ing “Junta Switching Lemma” (which is really just a trivial observation). We denote by R, the
random restriction [n] — {0, 1, %} which maps each coordinate ¢ € [n] to *,0, 1 independently with

P

probability p, 1%”, 1% respectively.

Lemma 4 (“Junta Switching Lemma”). Fvery m-junta f satisfies
P[ fIR, is not a k-junta | < (pm)*.

The proof is simply the observation that P[ f[R, is not a k-junta | < IP[ Bin(m, p) > k |, which
is at most (pm)*. Note the superficial similarity between Lemma 4 and

Theorem 5 (Hastad’s Switching Lemma [4]). Every m-DNF f satisfies
P[ fIR, is not a k-CNF | < (5pm)F.

To prove our lower bound for depth-d circuits computing PARITY,, (Theorem 2), we repeatedly
apply Theorem 3 followed by Lemma 4 to each layer of the circuit in a sequence of d — 1 steps
(with p = n~1/24 and an appropriate choice of parameters k,m). This is similar to the depth
reduction argument that yields a tight exp(nl/ (d_l)) lower bound via Hastad’s Switching Lemma.
The fundamental difference between the two lower bounds is that the real work in Theorem 2 is
done by Theorem 1 (the DNF Sparsification Theorem), which is based on a deterministic sunflower-
plucking argument along the lines of Razborov’s lower bounds for monotone circuits computing the
CLIQUEy,, function [5].

2 Proof of Theorem 2

Let ¢ > 1 be the universal constant in Theorem 3 such that every k-DNF is e-close to a (klog(1/¢))%*-
junta. Suppose C is a depth-d circuit on n variables with s = n’ gates where

logn
< ——— .
~ 96¢cd? loglogn

We will show that C does not compute PARITY,, thereby proving Theorem 2.
Set parameters k and m as follows:

k:=8dl,  m:= (2kllogn)*.
With this choice of parameters, Theorem 3 implies

Lemma 6. Every OR or AND of (arbitrarily many) k-juntas is 1/s%-close to an m-junta.



Proof. Note that k-DNFs (resp. k-CNFs) are the same things as ORs (resp. ANDs) of k-juntas.
The statement for “ORs” is precisely Theorem 3 with the given parameters. The statement for
“ANDs” follows by duality (taking negations). O

Recall that a restriction is a function ¢ : {1,...,n} — {0,1,*} which maps each variable (i.e.
coordinate of {0,1}™) to 0, 1 or * (meaning “unrestricted”). For f :{0,1}" — {0,1}, we write f[o
for the restricted function {0,1}¢"' ™| — {0,1}. For p € [0,1], let R, be the random restriction
that maps each variable independently to * with probability p and to 0 and 1 each with probability

1-p
5

Lemma 7. Every m-junta f satisfies P[ fIR,,-1/24 is not a k-junta | < 1/s°.

Proof. By Lemma 4, this probability is at most (n~/2¢m)*. Plugging in parameters, we have

< m >k < (2kllogn)** <(16d€2 logn)lf”“m)‘“Z - (((1Ogn)3)1ogn/610glogn>4z 1

nl/2d nk/2d n n s

The next lemma applies Lemmas 6 and 7 iteratively to the gates of C.

2
Lemma 8. For alle >0, P [ CIR1//m is not e-close to a k-junta ] < —.
€s

Before giving the proof of Lemma 8, we show how to obtain Theorem 2 as a consequence. Since
k <logn, we have (assuming s = wp—00(1), which is clearly acceptable)

P [ CIRy/ym is 1/4-close to a logn-junta | > 1 — 0p—soo(1).
On the other hand,

P [ PARITY,[Ry,n is 1/4-close to a log n-junta | = P [ Bin(n,1/y/n) <logn |
< exp(n W),

These two inequalities imply that C does not compute PARITY,, (for sufficiently large n), since
otherwise we get a contradiction 1 — 0, 00(1) < exp(n~?™M). It remains to prove Lemma 8 using
Lemmas 6 and 7.

Proof of Lemma 8. For i € {0,...,d}, let G; be the set of depth-i subcircuits in C. Thus, Gy is the
set of inputs; G4 = {C}; and for i € {1,...,d — 1}, G; corresponds to the set of gates at depth 1.
Note that s = nf = |G1 U--- U Gyl.

We define a joint distribution (g1, ..., 04, ), where g1, ..., g4 are restrictions and x is an element
of {0,1}", as follows:

e Sample g; : [n] — {0,1, %} with *-probability n=1/2¢,

e Foric {2,...,d}, given g1,..., 0i_1, sample g; : 0; %, () — {0, 1, ¥} with *-probability n~1/2¢.
Note that the composed restriction g1 - 04 : [n] — {0,1,*} has distribution Ry, /.

e Let z be a uniform random element of {0, 1}" conditioned on being consistent with o1 - - - 4.
(That is, generate = as g1 - - - gg0 for uniform random o : o' (x) — {0,1}.)



By induction on i € {0,...,d}, we associated with each g € G; a random k-junta denoted g,
which is determined by the first ¢ random restrictions g1,...,0;. In the base case ¢ = 0, for each
input g € Gy, let g := g and note that this is a k-junta (since k > 1). For ¢ € {1,...,d} and
g € G;, we define g as follows (via intermediate functions § and g and an indicator random variable
Bad(g)). Suppose g = OR/AND(f1,..., f;) where fi,...,ft € GoU---UG;_1.

Let g := OR/AND(.]?l, e ,ﬁ) Note that g is a k-DNF/CNF, since each fi is a k-junta.
Moreover, g is determined by the first ¢ — 1 restrictions g1,...,0;—1 and only depends on
variables in g; !, (x), since the same is true of each f;.

By Lemma 6, § is 1/s%-close to an m-junta. Let § be a canonical m-junta that is 1/s-close
to g (say, the lexicographically minimal one). Thus, g satisfies Py, o [ P[ g(z) =g(x) | <
1/5?] =1, hence

(1) P[g(z) = g(z) ] <1/s%.

(Here we have used the fact that the joint distribution (o1, ..., 0i—1,2) is equivalent to the
joint distribution (g1,...,0i—1,y) where y is uniform random in {0,1}" condition on being
consistent with g1 ---0;-1.)

Let Bad(g) € {0,1} be the indicator variable for the event {g[o; - - 0; is not a k-junta}. By
Lemma 7, we have Py, ,. [ P, [ Bad(g) ] <1/s? ] =1, hence

(2) P[ Bad(g) ] < 1/s%

Finally, let

~

— )0 (i.e. the identically zero function) if Bad(g),
gloi---0i otherwise.

Note that g is a k-junta on variables Q;l(*) (with probability 1).



Having defined random k-juntas g for all gates g, we complete the proof of Lemma 8 as follows:
P [ CIRy,/m is not e-close to a k-junta ]
§]P[C[Q1--~Qd is not e-close tog]

= P |: P [ C(l‘) 75 5($) ] >¢€ ] (recall z is uniform consistent with g1 - - g4)

01,---,0d T

1 ~
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= 3 minimal gate g with g(z) #g(x)
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3 Final Remarks

A different junta approximation theorem (incomparable to Theorem 3) follows from known results
in Boolean analysis.

Theorem 9 (Corollary 9.30 of [6]). Every k-DNF is e-close to an (1/¢)°®) -junta.

(Note: This is better than the 2-9(/¢) bound that follows from Friedgut’s Junta Theorem [7]
for Boolean functions with average sensitivity k.) It is an open question, highlighted in [1], whether
every k-DNF is e-close to an (log(1/¢))°®)-junta.

Finally, it would be interesting to find an application of the lower bound proof presented in
this note. Perhaps the lower bound technique via DNF sparsification can be applied to input
distributions other than the uniform distribution, where analogues of Hastad’s Switching Lemma
may be hard to prove.
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