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Natural Numbers
1,2,3456...n={ 1,234,...}

Principle of Mathematical I nduction

If SO nsuchthat

a 10S

b) (k+1) O Swheneverk O S, thens=n.

Eg. Prove: 12+ 22 +3% + ... + n® = n(n+1)(2n+1)
6

Let S={m: 1°+ 2> +3* + ... + m* = m(m+1)(2m+1)
6

To show: S=n.

By Mathematical |nduction, sufficesto show

a) 10S
b) b) (k+1) J Swhenever k 0S

Is10S? 1% = 1(1+1)(2+1)

6
1=1
Supposek O’ S
12+ 22 +32 + ...+ k 2 = k(k+1)(2k+1)
6
Must show:

12+ 22+32+ .+ k 2+ (k+1)? = (k+1)(k+2)(2k + 2 +1)

6
12+ 2243+ .+ k2 + (k+1)? = k(k+D)(2k+1) + (k+1)?
6

K (k+1)( 2k +1) +6 (k + 1)°
6
(k+1) [2 K*+ Kk + 6k + 6]
6

= (k+1) [2 K+ 7k + 6]
6

= (k+1) [(2k +3) (k+2)]
6

= (k+1)(k+2)(2k + 2 +1)
6
which isthe formulafor n=k +1, so (k+1) 00 S. 0 shaspropertiesa) & b), so S=n.




n! 3 nl 3n
n=1 1 3 n=>5 120 243
n=2 2 9 n==6 720 729
n=3 6 27 n=7 5040 2187
n=4 24 81

Thm:n!'>3" forn =7

Can start induction anywhere le.
For any no O N, if SON such that
anOS
b) (k+1) O Swhenever k 0 S& k =n0
then SO {nON : n=ng}

Toprove n! >3" for n =7 useabove.
LetS={mON: M!>3™}, 70 S (we checked).
Suppose k! > 3%, Must show: (k+1)! > 3%

We havek! > 3%, Multiply both sidesby k + 1.
Weget (k + 1)! >34 (k+1)
Sincek=>7,k+1>3,s0

3k(k+1)> 3k*3: 3k+1

Ok+1)!>3" so SO{m:m=7}

well Ordering Principle: Every subset of N other than [0 has a small est element.|

Assume Well -ordering Principle.

Thm: If SO N such that

al0s

b) (k +1) O Swhenever k 0 S, then S=N.

Proof:
LaT={nOM:n0OS} ("The complement of S*)
Show T 200, T would have a small est element, say n;,
nzl,sinceldS.
O@m-1)ON

n—-1<m&nlestedementof TO NnN1—-10T
Onmn-10SByb),(m,-1)+10S Somn, OS.

In N, adivides b (written alb)
If b=ac for some cO N.

|Defn :pONisprimeif only divisorsof parep& 1, & p# :IJ Prime: 2,3,4,7,11,13

Lemma: If nisanatural number & n# 1 & nisnot aprime number, then nisa product of prime numbers.
180=9x10x2=3x3x5x2x2




Principle of Complete Mathematical | nduction.

If SO N such that:
alOs
b) (k+1) O Swhenever { 1,2,3, ..., k} O S, thenS=N.

Proof of L emma:
Let S={ n: Lemmahaddsfor n}. Show S=N. Use Complete Induction.
Assume{ 1,2,..k} O0S. Show (k+1) OS.

If K+ 1isprime k+10S.
If K+ 1isnot prime, then k+1=m* nwithm, nnot 1 or k+1.
m<=k,n<=k mOS,nOS.

Each of m & niseither prime or product of primes,
so k + 1isthe product of the primes that multiply to m and
theprimeston. 0 k+10S,s0 S=N.

Corollary: If nTON, & n# 1, then nisdivisible by aprime.|
Theorem: Thereisno largest prime number.|

Proof: Let p be aprime number.
Multi ply all the primesfrom 2 up to ptogether and then add 1
LetM =(2*3*5*7*11..p) + 1

M > P, soif M isprime, we're done.
M >1. Suppose M isnot prime, By corollary g| M (q divides M) for some prime g.

We want to show: g > P (that finishes the proof).

g#2sinceM leavesremainder 1 upon division by 2
For any primer <=p, M leavesremainder 1 upon dvision by r.
O q#rforany r<=p. O g>p, finishing the proof.

Twin primes; p, p+2 both primes] Isthere abiggest pair of twin primes? — Unknown.

23 57 11,13 17,19 23,29




