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There are five problems. Do all work on these pages. No Calculators,
cell phones or notes may be used. However, a sheet of formulas (Two sided
81

2 × 11) is allowed. The point value (out of 100) of each problem is marked
in the margin.



1.

(10pts) (a) Find the most general function M(x, y) for which the equation

M(x, y)dx + (3x2y2 + x + 1)dy = 0

is exact.

(10pts) (b) Solve this equation.



2.

(10pts) (a) Find a solution of the form y = xn for the differential equation

x2(1− x)
d2y

dx2 + 2x(2− x)
dy

dx
+ 2(1 + x)y = 0, with x > 2.

(10pts) (b) Using the method of the reduction of order, find the general solution
of this differential equation.



3. If the impressed voltage of a RLC-circuit is given by E(t) = E0 cos ωt, the
differential equation satisfied by the current passing through the circuit
is

L
d2I

dt2
+ R

dI

dt
+

1

C
I = −E0ω sin ωt.

(15pts) (a) The amplitude of the steady-state solution Ip(t) = −A sin(ωt− δ) is
given by

A(ω) =
E0√( 1

Cω − Lω
)2

+ R2
.

What is the frequency of resonance, that is, the frequency for which the
amplitude is maximal?

(5pts) Suppose the impressed voltage E(t) = E0 cos(ωt) comes from a weak
electromagnetic signal of angular frequency ω = 100 Hz. If the inductance
is L = 1H and the resistance is R = 100 Ω, how should one chooses the
capacitance C to maximize the reception of this signal?



4. Consider the mechanical vibration system satisfying the differential equa-
tion

d2x

dt2
+ 5

dx

dt
+ 6x = 0.

(5pts) (a) If ~y(t) =

(
x(t)
dx
dt (t)

)
, find a 2× 2 matrix A such that d~y

dt = A~y.

(5pts) (b) What are the eigenvalues of A?

(5pts) (c) For each eigenvalue of A, find an associated (nonzero) eigenvector.

(5pts) (d) Give an explicit formula for etA.



5. Consider the first order linear system

d~x

dt
= A~x, with A =

 0 1 1
1 0 1
1 1 0

 .

(15pts) (a) Find three linearly independent solutions of the form ~x(t) = eλt~v
where ~v is a constant vector.

(5pts) (b) Find the unique solution ~x(t) satisfying the initial condition

~x(0) =

 3
0
0




