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MAT303: Solutions of Midterm I1

Wednesday, November 16 2005

’ Problems: \ 1 2 3 4 Total

Points:

There are four problems. Do all work on these pages. No Calculators, cell
phones or notes may be used. However, a sheet of formulas (8% x 11 recto-
verso) is allowed. The point value (out of 100) of each problem is marked in
the margin.



1.

(10pts) (a) Find a particular solution to the differential equation

Py dy
A e A Y|
dx3 + dx v

The complementary solution is
Ye(r) = 1 €08 22 + o 8in 27 + 3.

So we should look for a particular solution of the form y,(z) = z(Az+ B).
Plugging this into the equation, we get

3 1
Hence, y,(z) = 32* — {2 is a particular solution.

(5pts) (b) Show that cos?§ = HCQM using the identity cos § = e“’+2@—1?9.

2 4

) . 2 . )
COSQ 9 (619+e—19 6210+2+e—219
_ 11 (e?qe™ 1 1
—2—|—2< 5 —2—|—200829.

(10pts) (c) Find a particular solution to the differential equation

d?y 9 1 + cos 20

g +y =cos“x = —
The complementary solution is of the form y.(z) = ¢jcosz + coysinz.
So, using the method of undetermined coefficients, we should look for a
particular solution of the form

2
yp(r) = A+ Bcos2x + Csin2x = % = —4B cos 2z — 4C'sin 2.
Plugging this into the equation, we get
1 4 cos2x
2

which implies that A = %, B=-i C=o.

-4
Hence, y,(z) = % — %Cos 2x is a particular solution. It is also possible

to find a particular solution using the method of variation of parameters
without too much effort.

= —4Bcos2x — 4C sin2x + A + B cos2x + C'sin 2z



2. In a damped forced oscillations system m%< dtQ + cdz 5 T kr = Fycoswt, the
amplitude of the steady periodic solution x,(t) = C cos(wt — «) is given

by
Fo

V (k= mw?)? + (ew)”

(5pts) (a) By analogy, in the RLC system Lcilg + R% + % = Fjycoswt, what is

the amplitude A(w) of the steady periodic solution Q,(t) = A cos(wt—a)?
Ey

V(& = Le?)? + (Rw)?

(10pts) (b) For which values of R (in terms of L and C') does the RLC system

above exhibits a phenomenon of practical resonance for the amplitude of
the steady periodic solution @,(t)?

Cw) =

There is a frequency of practical resonance provided A(w), seen as a
function of w, has a maximum. This will happen if f(u) = (% — Lu)2 -

R2u has a maximum for v = w? > 0. But

4——2(4- Lu)L+R2}:> 1 (2 R2>

T —9212>0 tmin =20 \C "~ L

This minimum will be attained for w,,;, > 0 provided %2 < % Hence,

there is a practical resonance provided R < / QC{*

(5pts) (c) In that case, what is the frequency of practical resonance in terms of
R, L and C?

2 R?
56D

(5pts) (d) Is it the same as the frequency of practical resonance for the amplitude

of the steady periodic current I,(t) = dQ”( t)? Explain.

. . 1 . . .
No, the frequency of practical resonance for I, is w = NiTe which is different.

In fact, whatever are R, L and C, I, always has a frequency of practical
resonance, which is not the case for @),.



3. Consider the mass-spring-dashpot system satistying the differential equa-
tion P y
x x
— +2— + 5z =0.
az Tt "

(5pts) (a) If y¥(t) = ( é((tt)) ), find a 2 x 2 matrix A such that Cfl—f = Ay.
dt

dx dx
e =0z + % } ( 0 1 )
dt dt _
d (dz\ _ e (— A= :
2(%) =—5z — 2% —5 -2
(5pts) (b) What are the eigenvalues of A7
—A 1
0 —det(A—)\I)—det< _x —2—>\) =—-AN-2-X)+5
=N 4+2A+5 — )\:_Qi— \’24_4(5):—1122'.
Thus, the eigenvalues are Ay = —1 + 27 and Ay = —1 — 21.

(5pts) (c) For each eigenvalue of A, find an associated (nonzero) eigenvector.

(0N r\ [(1-2 1 _ T — 21T +y
A1'(0>_(A A11)(y>_< -5 —1—2i>_(—5x—y—2iy)’
soy = (—1+2i)z and V; = < _1121,

A = —1+42:1. To get an eigenvector for Ao, it suffices to take the complex
conjugate of vy:

) is an eigenvector with eigenvalue
- 1 : : .
Vo = ( 19 ) is an eigenvector of Ao = —1 — 21.

. . . v S
(5pts) (d) What is the general solution of the linear system % = Ay ?

S - et 1 . 0
Vi = Uy + 1wy with u; = 1) Wi = 5 |-

Thus, the general solution is

- (22) - (20
o (2005 )+ (oo )]



(5pts) (e) Is it critically damped, overdamped or underdamped? Justify your
answer.

It is underdamped since there are oscillations.



4. Consider the first order linear system

IR 030
=A% withA= {304
040
(5pts) (a) What are the eigenvalues of A?
-A 3 0
0 =det(A—-X)=det| 3 -\ 4
0 4 =X
= =A[(=A)(=A) —16] = (3)[3(=)
=AM =16 — 9] = —A[A\2 — 25] = = A(A +5)(A —5),
so the eigenvalues are Ay = —5, Ay = 0 and Ay = 5.

(10pts) (b) For each eigenvalue, find an associated (nonzero) eigenvector.

530 x Sz + 3y o B

AM:0=1] 35 4 y | = 3x+5y+4z :>z ;é

045 z 4y + 5z 5

SO V1 = ( -3 5 —4 )T is an eigenvector with eigenvalue \; = —5 .
030 x 3y _0
Noi0=(304 ||y |=|30+4z | =" "
040 z 4y -4

SO Vo = ( 4 0 -3 )T is an eigenvector with eigenvalue Ao =0 .

5 3 0 T —5z 4 3y

_ 3y
N:0=| 3 -5 4 y | = 3e-sy+4z | =" "]
0 4 -5 z 4y — 5z : 5
SO Vg = ( 35 4 )T is an eigenvector with eigenvalue \;y = —5 .
0
(10pts) (c¢) What is the solution if initially X(0) = | 1 |7

0



The general solution is X(t) = cie "'V + cuVa + 37V where 1, ¢p and
cg are arbitrary constants. At ¢t = 0, this gives

0 -3 4 3
1 = )E(O) = C1 5 + Co 0 + c3 5
0 —4 -3 4
Hence,
0= —3c1 4+ 4cy + 3c3 (61:%_03
1 =5c1 + deg = ( o ="Tcy — Tcg
0= —4c¢; — 3¢y + 4ey [ 0= —4c; — 3(Ter — Tes) + 4ey
(¢ = % — a3
— { 0= —95¢; + 25¢5
L 2 = 761 — 703

107 62:0.

Hence, the solution of this initial value problem is X(t) = %



