ANCIENT ASYMPTOTICALLY CYLINDRICAL FLOWS AND APPLICATIONS
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ABsTRACT. In this paper, we prove the mean-convex neighborhood conjecture for neck singularities of the
mean curvature flow in R"*! for all n > 3: we show that if a mean curvature flow {M,} in R"™*! has an §"~! xR
singularity at (xo, fp), then there exists an & = &(xg,%) > 0 such that M, N B(xo, €) is mean-convex for all
t € (th — &%ty + €). As in the case n = 2, which was resolved by the first three authors in [CHHIS], the
existence of such a mean-convex neighborhood follows from classifying a certain class of ancient Brakke
flows that arise as potential blowup limits near a neck singularity. Specifically, we prove that any ancient
unit-regular integral Brakke flow with a cylindrical blowdown must be either a round shrinking cylinder, a
translating bowl soliton, or an ancient oval. In particular, combined with a prior result of the last two authors
[HWTI8]l, we obtain uniqueness of mean curvature flow through neck singularities.

The main difficulty in addressing the higher dimensional case is in promoting the spectral analysis on
the cylinder to global geometric properties of the solution. Most crucially, due to the potential wide variety
of self-shrinking flows with entropy lower than the cylinder when n > 3, smoothness does not follow from
the spectral analysis by soft arguments. This precludes the use of the classical moving plane method to
derive symmetry. To overcome this, we introduce a novel variant of the moving plane method, which we call

“moving plane method without assuming smoothness” - where smoothness and symmetry are established in

tandem.
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1. INTRODUCTION

The mean curvature flow is perhaps the most natural evolution equation for hypersurfaces in R™*!,
Given a smooth hypersurface My, its evolution {M,};>¢ is dictated by the equation

(1 9;x = H(x),

where H(x) denotes the mean curvature vector at x € M,. Because the equation is parabolic, one expects
the solution to improve with time. Once this “improvement” is understood well enough, one expects
that the mean curvature flow will become a central tool in the study of the geometry and the topology
of embedded hypersurfaces. Some successes of this methodology include [HS09}
[BWal.

From a different perspective, the fact that solutions of the mean curvature flow equation improve should
mean that if a solution has existed for infinitely long time, it should be quite rigid.

Definition 1.1 (ancient). A mean curvature flow {M,} is called ancient, if it defined for all t € (—c0, T),
where T € (—c0, 00].

Ancient solutions of the mean curvature flow, as well as other parabolic equations, have been exten-
sively studied over the last 30 years. In particular, all singularity models (blowup limits) are ancient
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solutions, and thus the analysis of ancient solutions is crucial to understand the formation of singularities.

The simplest and most important kind of ancient solutions are the self-similarly shrinking ones: these

are solutions to the mean curvature flow that evolve by homotheties:

2) M, = V-tM_;.

One easily sees that M_; is a time —1 slice of a self-similarly shrinking solution if and only if it satisfies
xJ_

3) H(x) + = =0,

in which case M_; is called a shrinker.
In [Hui93], Huisken classified all smooth, mean-convex shrinkers in R"*!: each such shrinker is (up to
a rotation) either a hyperplane through the origin, a round cylinder of the form

(4) S*(V2k) x R,
where k € {1,...,n—1}, or the sphere S" ( m) More recently, without any curvature assumptions, Bren-

dle showed that every smooth, two-dimensional shrinker of genus 0 in R? is either the round sphere, the
round cylinder or a flat plane [Brel16]. Those are by no means the only smooth, two-dimensional shrinkers
inR3, as examples constructed in [Ang92, KKM18| [Ketl16, EW] indicate.

Another important type of ancient (indeed, eternal) flows are translating solutions, i.e., solutions of the
form

(5) M; = My + tv,

for some fixed vector v € R™*!. For n > 2, there is a unique translator that is the graph of an entire,
rotationally invariant function on R" [AW94] I(CSSQ7]. It is called the bowl soliton, a name suggestive
of its leading order paraboloidal shape. In [Wanll], Wang proved that (up to rigid motions) the bowl
soliton is the unique convex translator in R? that is an entire graph. Wang also constructed convex, entire
graphical translators in higher dimensions that are not rotationally symmetric. In arbitrary dimension,
the second author [Has15]] proved that the bowl soliton is the only uniformly two-convex, noncollapsecﬂ
translating solution in R"*!. A complete classification of graphical translators in R, both collapsed and
noncollapsed, has been obtained in [HIMW19a], building on important prior work of Spruck-Xiao [SX17].
See [HMW 19b], [Ngu09], and [HMW 19a]| for other examples of translators, and [HIMW 19b] for a survey
article about translators.

Ancient solutions that are not self-similar are more challenging to construct and are even harder to
classify. This is mostly due to the fact that they do not satisfy any elliptic equation or variational principle.
In dimension one, a convex example resembling a paperclip was found by Angenent, and analogues col-
lapsed convex ancient solutions in R"*!, so called ancient pancakes, were constructed in [Wan 11, BLT17].
In [WhiO3], the last author (see also [Angl3|] and [HH16]) gave an example of a noncollapsed ancient,

'We recall that a mean-convex flow is a-noncollapsed [SW09l |And 12} [HK17a] if at each point p € M, admits interior and

exterior balls tangent at p of radius @/H(p). Noncollapsed solutions are the most important ones for singularity analysis.



4 KYEONGSU CHOI, ROBERT HASLHOFER, OR HERSHKOVITS, BRIAN WHITE
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translating bowl ancient oval

Ficure 1. The classification by Angenent-Daskalopoulos-Sesum and Brendle-Choi

compact, uniformly two-convex mean curvature flow in R”*! which for t — —co looks like a cylinder,
capped off by two bowl solitons, and for # — 0 becomes round. This solution is called an ancient oval.
In [DHS10], Daskalopoulos, Hamilton and Sesum showed that closed embedded ancient evolutions of
curves are either a family of round shrinking circles or Angenent’s paper-clip solution. A key a feature,
which is unique to the one dimensional case, is that the paper-clip solution is given by an explicit formula.
This allowed them to design monotone quantities that identify the paper-clip. The oval, on the other hand,
(and also, the bowl soliton) is not given by any explicit formula.

The classification of ancient solutions of the mean curvature flow, in particular in the most challeng-
ing situation without any self-similarity assumptions, has enjoyed recent significant developments by
Angenent-Daskalopoulos-Sesum and by Brendle-Choi. The combined results of their papers provide a
complete classification in the noncollapsed uniformly two-convex settingﬁ

Theorem 1.2 (classification of ancient noncollapsed uniformly two-convex smooth mean curvature flows
by Angenent-Daskalopoulos-Sesum [ADS19b, |IADS18] and Brendle-Choi [BC19, BC18])). Any ancient,

noncollapsed, uniformly two-convex, smooth mean curvature flow in R"! is either

(i) a static hyperplane,

2We recall that a mean-convex mean curvature flow is called uniformly two-convex, if 1; + A, > BH for some § > 0, where

Ay, A, denotes the smallest two principal curvatures. This condition is preserved under mean curvature flow.



ANCIENT ASYMPTOTICALLY CYLINDRICAL FLOWS AND APPLICATIONS 5

(ii) a family of round shrinking spheres,
(iii) a family of round shrinking cylinders,
(iv) a translating bowl soliton, or

(v) an ancient oval.

These results answer fundamental questions regarding the precise nature of singularities and high cur-
vature regions of mean curvature flow starting from any closed two-convex hypersurface, c.f. [Whi0O3|
Conj. 1]. Moreover, the methods also turned out to be fundamental for the classification of high curvature
regions in three-dimensional Ricci flow [Brel8|, Bre19,[BK19, [ADS19a, [DS19], as conjectured by Perel-
man [Per02), Per0O3]]. On the other hand, even before these results, mean curvature flow with two-convex
initial conditions had reached almost full maturity, from the perspective of flowing through singularities,
and geometric and topological applications (as long as one applies it to one object at a time). In fact,
a coarser description of the behavior of such flows at high curvature regions turned out to be sufficient
for the construction of mean curvature flow with surgery by Huisken-Sinestrari [HSO9]], Brendle-Huisken
[BH16] and Haslhofer-Kleiner [HK17bl]. It was therefore clear that more general classification results
are needed to gain new insights about the qualitative local behavior of mean curvature flow without two-
convexity assumption.

For n = 2, such a generalization has been obtained recently by the first three authors [CHH18, Thm.
1.2], who showed that any ancient low entropy flow in R? (as introduced in [CHHIS, Def. 1.1] and re-
viewed below in Section[I.2)), must be one of the types (i)—(v) from above. In particular, this classification
of ancient low entropy flows in R? was the key to confirm two fundamental conjectures for the mean cur-
vature flow in R*: The mean-convex neighborhood conjecture [CHHIS, Thm. 1.7], and the uniqueness
conjecture for mean curvature flow through cylindrical singularities [CHH18, Thm. 1.9].

The goal of the present paper is to prove a classification result for ancient flows in R™*! for n > 3, that
is general enough to facilitate conclusions about mean-convex neighborhoods and uniqueness.

As we will explain in Section[I.1] a suitable class of flows to consider for this purpose is the one of an-
cient asymptotically cylindrical flows (see Definition|[T.4). Loosely speaking, this is the class of all ancient
Brakke flows that one potentially gets when one blows up near any neck singularity (see Definition |1.16))
by the scale of the neck . It turns out that for n = 2 the class of ancient low entropy flows, i.e. the class
of flows considered in [CHHI18], is essentially equivalent (after eliminating the trivial examples of static
planes and round shrinking spheres) to the class of ancient asymptotically cylindrical flows (see Section
[1.2). In stark contrast, for n > 4 these classes of flows are most likely dramatically different (see Section

[L3).

Our main classification result (Theorem [I.5) proves that any ancient asymptotically cylindrical flow
in R™!, where n > 3 is arbitrary, is either (i) a family of round shrinking cylinders, (ii) a translating
bowl soliton, or (iii) an ancient oval. Our main applications are a proof of the mean-convex neighborhood
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conjecture for neck singularities in arbitrary dimension (Theorem [I.17), and a proof of the uniqueness
conjecture for mean curvature flow through neck singularities in arbitrary dimension (Theorem [I.19).
Combined with a recent result by Colding-Minicozzi [[CM19], we also obtain a classification result in
higher codimension (Corollary [1.20). These three applications will be discussed in Section [I.6]

As we shall see, there are many obstacles that only present themselves for n > 3. To overcome them,
this paper contains several new ideas that are very different in nature from the ones in [CHHI18|]. One
of these ideas, which we call “moving plane method without assuming smoothness” (see Section is
seemingly novel to geometric analysis, and we hope it will find many future applications.

1.1. Ancient asymptotically cylindrical flows. Our main result described in this section is a classifica-
tion of ancient asymptotically cylindrical flows in R"*! for n > 3, see Theorem To get a classification
strong enough for our applications (see Section|[I.6), we have to extend the class of smooth mean curvature
flows to a class with better compactness properties:

As in [TIm94, Def. 6.2, 6.3] an n-dimensional integral Brakke flow in R"*! is given by a family of
Radon measures M = {u;}c; in R™! that is integer n-rectifiable for almost all times and satisfies

d 2
© & s [+ vo-m) a,

for all test functions ¢ € CC1 (R™1! R,), see Section (preliminaries) for details. Of course, whenever
{M,}e1 is a classical solution of (I]), then the associated family of area measures y, = H"LM, solves (6).
A somewhat silly quirk, coming from the very definition of Brakke flows via the inequality (6)), is that
the flow can suddenly vanish without any cause. To prevent this to some extent, we often assume that the
flows are unit-regular as defined in [WhiOS, [SW16], i.e., that every backwardly regular point is regular.
All Brakke flows constructed via Ilmanen’s elliptic regularization [IIm94] are integral and unit-regular,
and these properties are preserved under passing to weak limits, see Section [2] (preliminaries).

The coarse asymptotics of an ancient integral Brakke flow M = {u;}ie(—oo,7,(M)]» Where To(M) < oo
denotes the extinction time, are captured by a so-called blowdown limit (aka tangent flow at infinity). To
describe this, given any A > 0, let D, : R*™*! x R — R™! x R be the parabolic dilation

™) Da(x, 1) = (Ax, %)
We denote by D,(M) the Brakke flow obtained from M by parabolically dilating by /lﬂ

Definition 1.3 (blowdown limit). A blowdown limit of an ancient Brakke flow M is any limit of the form

v

(8) M =1im Dy (M),
=0
where 4, is a sequenece of positive numbers converging to zero.

3In more pedantic notation, Dy(M) = {1} re(—co2ry Where il (A) = A" -2, (A7 A).
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Ficure 2. The ancient ovals are an example of ancient asymptotically cylindrical flow.

In full generality, the limit in (§) has to be understood in the sense of Brakke flows. However, in
the important special case when M is smooth with multiplicity one, then thanks to the local regularity
theorem [Bra78| IWhi05]] the convergence is actually smooth. It follows from Huisken’s monotonicity
formula [Hui90, 1lm95]] and the Brakke compactness theorem [Bra78| [[lm94] that any ancient integral
Brakke flow with finite entropy has at least one blowdown limit, and furthermore that any such blowdown
limit M is backwardly selfsimilar, i.e.,

) M, = N=tM_;.
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The case of interest for the analysis of neck singularities (see Definition i is when M (after a suitable
orthogonal transformation of R"*!) is a family of round shrinking cylinders as in (@) with k = n — 1:

Definition 1.4 (ancient asymptotically cylindrical flow). An ancient asymptotically cylindrical flow is
an ancient, unit-regular, integral Brakke flow in R"*! that has some blowdown limit consisting (up to a
rotation) of the round shrinking cylinders {S"~!(v/=2(n — 1)) X R},<o.

Our main theorem provides a complete classification:

Theorem 1.5 (classification of ancient asymptotically cylindrical flows). For every n > 3, any ancient
asymptotically cylindrical flow in R is either

(i) a round shrinking cylinder,

(ii) a translating bowl soliton, or

(iii) an ancient oval.

The most important feature of Theorem|[I.5] in stark contrast with the prior classification result (see The-
orem [[.2)) from Angenent-Daskalopoulos-Sesum [ADS19b, [ADS18|] and Brendle-Choi [BC19, BC18], is
that convexity, uniform two-convexity, noncollapsing, connectedness, smoothness, and curvature bounds
are implied by the theorem, rather than being its assumptions. This is crucial for the proof of the mean-
convex neighborhood conjecture for neck singularities (Theorem and the proof of the uniqueness
conjecture for mean curvature flow through neck singularities (Theorem [I.T9).

1.2. Relationship with prior classification results. In this section, we explain the relationship with the
prior classification results from [ADS19b,|IADS18IBC19, BC18]] and [CHH18]].

1.2.1. Relationship with the classification of ancient noncollapsed uniformly two-convex smooth mean
curvature flows. If {M;};e(-,) 1s an ancient noncollapsed uniformly two-convex smooth mean curvature
flow in R™*!, then it easily follows from Huisken’s monotonicity formula [Hui90] and his classification
of mean-convex shrinkers (see the beginning of this introduction), combined with the two-convexity as-
sumption, that for t+ — —oo we can take a blowdown limit which must be either (a) a static plane, (b) a
family of round shrinking spheres with radius V—2nt, or (c) a family of round shrinking cylinders of the
form

(10) {71 (J=2(n = 1)) x R}

<0’

In case (a) and (b), by the equality case of the monotonicity formula, the flow {M;};c(-c,1) itself must be a
static plane or a family of round shrinking spheres, respectively. Hence, the only nontrivial case is (c), and
we see that Theorem [I.5] (classification of ancient asymptotically cylindrical flows) of course generalizes
Theorem [I.2](classification of ancient noncollapsed uniformly two-convex smooth mean curvature flows).

A-posteriori, as a consequence of Theorem [I.5|we obtain:
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Corollary 1.6 (consequence of our main classification result). Every ancient asymptotically cylindrical
flow is convex, uniformly two-convex, noncollapsed, and smooth.

However, we emphasize that it is a-priori completely nonevident — and in fact completely nonevident
almost until the very end of our proof of Theorem |1.5|— whether or not ancient asymptotically cylindrical

flows are (mean) convex, uniformly two-convex, noncollapsed and smooth.

1.2.2. Relationship with the classification of ancient low entropy flows. Next, let us explain the relation-
ship with the classification result for ancient low entropy flows in R? by the first three authors, which we

restate here for the reader’s convenienceﬁ]

Theorem 1.7 (classification of ancient low entropy flows in R3 from [CHHIS, Thm. 1.2]). Suppose that
M is a an ancient, unit-regular, cyclic, integral Brakke flow in R? that satisfies the low entropy assumption
Ent{M] < Ent[S' xR]. Then M is either (i) a static plane, (ii) a family of round shrinking spheres, (iii) a

family of round shrinking cylinders, (iv) a translating bowl soliton, or (v) an ancient oval.

Entropy was introduced by Colding-Minicozzi [CM12], and is defined as follows: The entropy of a
Radon measure g in R™*! (in particular of a hypersurface M via u = H"_M) is defined as the supremum
of its Gaussian area over all centers and scales, namely

(11) Ent[u] 1 f e )
n = sSu _— e X).
yeR"*‘I,)/bO (/2 a

The entropy of a Brakke flow M = {u;}; is then defined as

(12) Ent[ M] = sup Ent[u,].
tel
Using Huisken’s monotonicity formula [Hui90, [Im95]] and the important classification result for low
entropy shrinkers in dimension n = 2 by Bernstein-Wang [BW17b], one can easily check:

Proposition 1.8 (Essential equivalence for n = 2). Let M be an ancient unit-regular, cyclic, integral
Brakke flow in R3, and suppose that M is not a static plane or a family of round shrinking spheres. Then
M is an ancient asymptotically cylindrical flow if and only if M is an ancient low entropy flow.

In that sense, Theorem (classification of ancient asymptotically cylindrical flows) generalizes to
arbitrary n > 3, the prior classification of ancient low entropy flows in R? (Theorem |[1.7)).

YForn = 2, since Ent[S' x R] > 3/2, one needs the extra technical condition of being cyclic, as defined in [Whi09]. However,

for reading the present paper one can safely ignore this notion, since fortunately Ent[S"~' X R] < 3/2 for n > 3.
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1.3. The role of entropy in the study of ancient Brakke flows. In this section, we explain one of the
key difficulties that arises in the study of ancient asymptotically cylindrical flows in R"*! for n > 3.

Let M be an ancient asymptotically cylindrical flow in R"*!. It easily follows from Huisken’s mono-
tonicity formula [Hui90, Ilm95]] that

(13) Ent[M] < Ent[S"! x R].
For any X = (x, ) in M one can take a limit

(14) My = lim D, (M - X),
Jj—00

for some sequence A; — oo, and any such limit is backwardly selfsimilar. The flow My is called a tangent
flow of M at X, and is a key object in analyzing the singularity formation of the flow. Importantly,

(15) Ent[My] < Ent[M],

so combined with (I3), in order to study partial regularity of ancient asymptotically cylindrical flows, one
is lead to study the class of self-similar flows with entropy less than Ent[S"~! x R].

While the role of selfsimilar flows in the singularity analysis is well known, they also play an addi-
tional role in the analysis of ancient flows. Indeed, as is explained in [CHNT3]| and Section §.3] through
quantitative differentiation one can quantify the equality case of the monotonicity formula to obtain that
ancient integral Brakke flows of bounded entropy must be almost selfsimilar away from a controlled num-
ber of scales. Ancient selfsimilar flows of entropy less than Ent[S"~! x R] therefore provide invaluable
information, not only about the singularity formation, but also on the “history” of ancient asymptotically

cylindrical flows.

A crucial ingredient in [CHH18]] was the following important result by Bernstein-Wang:

Theorem 1.9 (low entropy shrinkers for n = 2 by Bernstein-Wang [BW17bl)). The only nontrivial smooth
two-dimensional shrinker L c R3 with Ent[Z] < Ent[S! x R] is the round sphere.

In particular, this was used in [CHHI1S) Sec. 5.1] to show that ancient low entropy flows in R3 are
smooth until they become extinct. However, the Bernstein-Wang classification is specifically for n = 2.
Indeed, their classification relies on Brendle’s classification of genus zero shrinkers in R3 [Brel6l.

For n = 3, the best available structural result for low entropy shrinkers is the following:
Theorem 1.10 (structure of low entropy shrinkers for n = 3 by Bernstein-Wang [BW18c]). IfX c R* is
any three-dimensional shrinker with Ent[X] < Ent[S 2 % R] then it is either

e a compact shrinker diffeomorphic to 3, or

e a noncompact asymptotically conical shrinker diffeomorphic to R>.
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In particular, it is a very difficult open problem to determine whether or not there exist nontrivial asymp-
totically conical shrinkers with entropy less than the cylinder. To circumvent this problem, for their re-
cently announced proof of the low entropy Schonflies conjecture in R* [BWall, Bernstein-Wang had to
write a slew of auxiliary papers [BW17a, BW18b, BW18a, BW19b, BW19a, BWb] to deal with the po-
tential scenario of such asymptotically conical shrinkers.

For n > 4, it is believed (but not yet known) that there are many shrinkers with entropy less than
the cylinder, and the geometry and topology of such low entropy shrinkers is only partially understood
[BW16,BW18cl]. A complete classification would be no easier than classifying all minimal hypersurfaces
in §" with certain area boundsE] Even for n = 3, such a classification seems no simpler than a variant
of the Willmore conjecture, where the equation is substituted by some implicit asymptotic information (a

classification requires, in particular, to get a lower area bound on the links of the asymptotic cones).

While many new ideas (see Section are needed in order to overcome the lack of an analogues
result to [BW17b] when n > 3, the most interesting challenge is the following: Standard methods from
geometric analysis only imply that ancient asymptotically cylindrical flows are regular away from a set
of parabolic Hausdorft dimension at most n — 2 (see Section H Hence, fundamentally new ideas are
needed to establish smoothness. We will discuss them in the next two subsections.

1.4. Moving plane method without assuming smoothness. The moving plane method was introduced
by Alexandrov in [Ale62]] to show that smooth, closed, embedded constant mean curvature surfaces are
spheres (see also Hopf’s lecture notes on “Differential geometry in the large” [Hop83[]). From there on it
has been a fundamental method in showing that (not necessarily geometric) elliptic or parabolic problems
possess symmetries if they are closed, or if their boundaries or asymptotic behavior are symmetric: see
for instance [Ser71, IGNN79,|Sch83| ICS88, ICGS89, IMSHS15,ICHH18], as well as the survey [Bre99].

The basic idea of the moving plane method is perhaps best illustrated by Alexandrov’s original proof
[Ale62]: Let M c R3 be smooth closed embedded constant mean curvature surface. Take any plane P
away from M, and start pushing it, parallel to its normal, towards M. Push P until it hits M, and then
push it further, for as long as M can be reflected across P without intersecting itself. A combination of the
strong maximum principle and the Hopf lemma shows that this process of pushing P will only stop once
M is reflection symmetric across P. Similarly, a classical example for the moving plane method in the
noncompact setting is Schoen’s uniqueness proof for the catenoid [Sch83]].

SWe thank Jacob Bernstein for a helpful conversation on this topic.
OThis is seemingly an issue even when n = 2. See Section (and in particular, the description of Section E]) for how

smoothness was established for n = 2.
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moving plane
PR

Ficure 3. Moving plane method without assuming smoothness

Traditionally, the moving plane method only works for smooth solutions. In our situation, however,
it does not seem possible to first establish smoothness by standard methods (see Section [I.3]). To over-
come this, we develop a novel variant of the moving plane method, where smoothness and symmetry are
established in tandem. Loosely speaking, the method gives rise to the following general principle:

Principle 1.11 (Moving plane method without assuming smoothness). Smoothness and symmetry at in-

finity (or at the boundary) can be promoted to smoothness and symmetry in the interior.

More specifically, in the proof of Theorem after many other steps, we will find ourselves in the
following situation: Outside of a cap of controlled size the flow M; is smooth and paraboloidal, but inside
of the cap region it could be singular. This is illustrated schematically in Figure [3] More precisely, the
asymptotics are the ones summarized at the beginning of Section [7](moving plane method without assum-
ing smoothness). We then show, using the new tools for Brakke flows that will be described in the next
subsection, that whenever the moving plane reaches a point, then, unless the moving plane has reached
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a plane of symmetry of M,, the point must be a smooth point. Consequently, if the moving plane hasn’t
reached a plane of symmetry, we can push the moving plane further, just like in the smooth moving plane
method. In this way, symmetry and smoothness (away from the axis of symmetry) are derived in tandem.

To implement the moving plane method without assuming smoothness (Principle [I.T1), we establish a
strong maximum principle for Brakke flows and a Hopf lemma for Brakke flows, where smoothness is a
consequence rather than being an assumption. This will be described in the next subsection.

Remark 1.12. The moving plane method without assuming smoothness (Principle(1.11)) also has applica-
tions for other geometric problems. We will discuss some of them in a forthcoming paper [HHWI].

1.5. New tools for Brakke flows. In this section, we describe some new tools for Brakke flows. In addi-
tion to being key ingredients in the proof of Theorem I.3] these tools are also of independent interest.

Denote by H c R"*! an open halfspace whose boundary n-plane contains the origin. Recall first that
the classical Hopf lemma says that if u;, u, are smooth solutions of a second order parabolic equation,
defined in a parabolic ball P(0,0, r) = B,-(0) X (—r2, 0], such that u; (0, 0) = u2(0,0), and u;(x, ) < uz(x, 1)
for all x € B,(0) N H and ¢ € (—r2, 0], then u; and u, have distinct normal derivatives at (0, 0).

The first guess about how to generalize this for Brakke flows would be to infer that the tangent flows at
(0,0) must be distinct. But actually we can do much better. In essence, we can use the fact that one flow
lies above the other one to conclude that (0, 0) must be a smooth point. Specifically, we prove:

Theorem 1.13 (Hopf lemma without assuming smoothness). Let M!, M? be integral Brakke flows defined
in the parabolic ball P(0,0,r). If
(i) (0,0) € spt M! N spt M? is a tame point for both flows,
(ii) OH is not the tangent flow to either M' or M? at (0, 0),
(iii) and reg M} NH and reg M? N H are disjoint for t € (-r2,0),
then MY and M? are smooth at (0, 0), with distinct tangents.

For our Brakke flow version of the moving plane method, the case of particular interest is when M? is
the image of M! under reflection in the plane oH.

The most important feature of Theorem [I.13] (Hopf lemma without assuming smoothness) is that
smoothness is a conclusion rather than being an assumption. It is thus a fundamental new tool to es-
tablish smoothness for Brakke flows. Our new method also applies to other geometric problems.

Let us now explain the technical details of the statement of Theorem [I.13} If M is an integral Brakke
flow then spt M denotes its support (i.e. all points with Gaussian density > 1), and reg M, denotes the
regular part of the time 7 slice of the support. A point X € spt M is called a tame point if for each tangent
flow of M at X, the time —1 slice is smooth with multiplicity one away from a set of (n — 1)-dimensional
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Hausdorff measure zero. This condition is sharp, since the statement clearly fails for triple-junctions. It is
easy to check that all ancient asymptotically cylindrical flows are tame (see Corollary {.4).

We also prove a strong maximum principle for Brakke flows. While more general versions are possible,
for our purpose, the following version where one of the flows is assumed to be smooth is sufficient:

Theorem 1.14 (Strong maximum principle for Brakke flows). Let M! be a smooth mean curvature flow
defined in a parabolic ball P(Xy, r) based at X, € spt M!, where r > 0 is small enough such that spt M!
separates P(Xy, r) into two open connected components, U and U’. Let M? be an integral Brakke flow
defined in P(Xo, r) with Xy € spt M?. If Xy has Gaussian density Ox, (M?) <2, and if

(16) spt M2 € U U spt M,
then Xy is a smooth point for M? and there exists some & > 0 such that
(17) spt M? N P(X, €) = spt M!' N P(Xo, &).

Again, the important feature is that smoothness of M? is not an assumption but a conclusion. While
the present paper is seemingly the first to discuss a singular strong maximum principle for mean curvature
flow, nonsmooth versions of the strong maximum principle for minimal surfaces have been extensively
studied [SW8&9, [Sim8&87, I1Im96, 'Wicl14b], and indeed Theorem m follows quite easily from the elliptic
result from Solomon-White [SW89]]. On the other hand, we know of no geometric analytic instance of a
singular analogue of the Hopf lemma that has previously appeared.

1.6. Applications of our classification result. In this section, we discuss applications of Theorem
(classification of ancient asymptotically cylindrical flows) to mean curvature flow through singularities.

Central for this is the notion of a neck singularity. Some simple examples of neck singularities are
the classical neck-pinch, the degenerate neck-pinch and the doubly degenerate neck-pinch from [AAG95),
AV97]]. However, the definitions below are much more general. At the first singular time, there are many
equivalent ways to describe this. One standard way to phrase the definition is that a mean curvature flow
M has neck singularity at X = (x,T), if some tangent flow of M at X is the family of round shrinking
cylinders

(18) {s" (V=2 =) xR}

with multiplicity one. Recall that a tangent flow at X is any limit of the rescaled flows D,,(M — X) where
Aj — oo. Cylindrical tangent flows are unique by an important result of Colding-Minicozzi [CM15]].

If M has a neck singularity at X = (x, T'), then by the mean-convex neighborhood conjecture (see e.g.
[IImO3LICMP15, [HW18], and also [AAG9S]) it is expected that there is some space-time neighborhood of
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X in which the flow is mean-convex (possibly after flipping orienation), i.e., that there is some € = &(X) >
0 such that

(19) M, N B.(x) is mean-convex for all t € (T — 82, T + 82).

The major difficulty is to exclude certain scenarios of nonconvex singularities that are not directly cap-
tured by the tangent flow. In particular one has to exclude the scenario of a degenerate neckpinch with a
nonconvex cap, as well as the possibility of nonconvex caps slightly after the neck singularity. For more
extensive background on the mean-convex neighborhood conjecture we refer to [CHH18]].

The following theorem confirms the mean-convex neighborhood conjecture for neck singularities in
arbitrary dimensions at the first singular time:

Theorem 1.15 (mean-convex neighborhoods at the first singular time). Let M = {M,};cj0,7) be a mean
curvature flow of closed embedded hypersurfaces in R™', where T is the first singular time. If the flow
has a neck singularity at X = (x, T), then there exists an € = &(X) > 0 such that, possibly after flipping the
orientation, the flow M is mean-convex in the two-sided parabolic ball B(X, €). Moreover, any nontrivial
special limit flow at X is either a round shrinking cylinder or a translating bowl soliton.

Before stating our solution of the mean-convex neighborhood conjecture for neck singularities in arbi-
trary dimensions at all times, let us first recall some notions about mean curvature through singularities:
For any closed set K c R"!, its level set flow F,(K) is the maximal family of closed sets starting at K
that satisfies the avoidance principle [ES91},ICGG91,1lm94]. Now, for any closed embedded hypersurface
M c R™*! there are at least three reasonable evolutions through singularities, c.f. [[lm94, HW18], namely
its level set flow F;(M), its outer flow M, and its inner flow M;. The latter two are defined as follows.
Let K be the compact domain bounded by M, and let K’ := R**! \ K. Denote the corresponding level set
flows by

(20) K, = F(K), and K;=F/(K").

Let K and K’ be their space-time tracks, namely

1) K={(x,n eR™" xR, |xeK), and K ={(x1)eR"™ xR, |xeK]).
The outer flow of M and inner flow of M are then defined by

(22) M;={xeR"™|(x,n €dK}), and M, ={xeR"!|(x,1)edK’}.

Of course, as long as the evolution is smooth, M;, M; and F;(M) coincide.

Denote by D (K — X) and D (K’ — X) the flows that are obtained from K and K”, respectively, by
shifting X to the origin, and parabolically rescaling by A. The following is the minimal and thus most
general definition capturing the formation of a neck singularity under weak mean curvature flow, and
simultaneously maintaining the notion of an “inside” and an “outside”:

Mt is easy to see that ancient ovals cannot arise as special limit flow at the first singular time, i.e. they cannot arise as limit of

any sequence of rescaled flows Dﬁj(M — X;) where 1; — oo and X; = (x;,1;) » X with#; < T.
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Definition 1.16 (neck singularity). The evolution of a closed embedded hypersurface M c R"*! by mean
curvature flow has an inwards (respectively outwards) neck singularity at X € R™! x R, if the rescaled
flow D (K — X) (respectively D (K’ — X)) converges for 1 — oo locally smoothly with multiplicity one
to a round shrinking solid cylinder {B"&2(n — Df]) X R}i<0, up to rotation.

The following result establishes the mean-convex neighborhood conjecture for neck singularities in
arbitrary dimension, and thus generalizes the main result of [CHHIS]| to higher dimensions:

Theorem 1.17 (mean-convex neighborhoods). Assume X = (x,T) is a space-time point at which the
evolution of a closed embedded hypersurface M < R™! by mean curvature flow has an inward neck
singularity. Then there exists an € = &(X) > 0 such that

(23) K, N B(x,e) € K, \ My,

forall T —&* < t; <ty < T + &% Similarly, if the evolution has an outward neck singularity at X, then
there exists some € = &(X) > 0 such that

(24) K|, N B(x,e) C K| \ M,

forallT —&* <t <ty < T + &> Furthermore, in both cases, any nontrivial limit flow at X is either a

round shrinking sphere, a round shrinking cylinder, a translating bowl soliton or an ancient ovalﬁ

As an immediate consequence of Theorem|1.17|we obtain a canonical neighborhood theorem for neck
singularites in arbitrary dimensions:

Corollary 1.18 (canonical neighborhoods). Assume X = (x, T') is a space-time point at which the evolution
of a closed embedded hypersurface M c R"™ by mean curvature flow has a neck singularity. Then for
every € > 0 there exists a 6 = 0(X,e) > 0 with the following significance. For any regular poinﬂ
X’ € B(X,90) the flow M' = D (M — X) which is obtained from M by shifting X' to the origin and
parabolically rescaling by 1 = |H(X")| is e-close in cliel iy B1,:(0) x (-1/&%,0] to a round shrinking

sphere, a round shrinking cylinder, a translating bowl soliton or an ancient oval.

The conclusion of Corollary gives a similar structure for singularities as in two-convex mean cur-
vature flow [HS09, BH16, [ HK17b, /ADS19b, [ADS18|, BC19, BC18] and in 3d Ricci flow [Per02] [Per03),
Brel8, Brel9, BK19, |ADS19a, IDS19]]. However, for two-convex mean curvature flow and 3d Ricci flow
convexity is known a priori due to the convexity estimate [HS99, [Whi03l [HK17al| respectively [Ham935].
Namely, the crucial difference is that in Corollary the convexity is not known a priori but comes a
consequence of our main classification result of ancient asymptotically cylindrical flows (Theorem [L.5).

Our second main applications concerns uniqueness of mean curvature flow. It has been understood
since the 90s that the mean curvature evolution of a hypersurface M c R”*! through singularities in

8More generally, the theorem also holds for mean curvature flow in arbitrary ambient manifolds N"*!.
9Choosing ¢ > 0 small enough, the singular set of M N B(X, §) has parabolic Hausdorff dimension at most 1. In particular,

all points are regular at almost every time.
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general can be nonunique [Vel94, |AIC95, Whi02]]. To capture this, one considers the discrepancy time
(25) Taisc = inf{t > 0| My, M;, and F,(M) are not all equal},

which is the first time when the evolution becomes nonunique, c.f. [HW18]H While the flow through
general singularities can be highly nonunique, it has been conjectured (see e.g. [AAG95., [Whi02, HW18]],
and also [ACK12|(Car16,BK17]) that the flow through neck singularities should be unique. The following
result confirms this in arbitrary dimension:

Theorem 1.19 (uniqueness). If T € (0, Tyisc], and if all the backward singularities of the outer flow {M,}
at time T are neck singularities or spherical singularities, then T < Tgjsc. In particular, mean curvature
flow through neck singularities and spherical singularities is unique.

Theorem (mean-convex neighborhoods), Corollary [I.18] (canonical neighborhoods) and Theorem
(uniqueness) give a precise description of the mean curvature flow around any neck singularity.
Previously, the dynamics of mean curvature flow around neck singularities was successfully understood
only under additional assumptions, either by making the notion of neck more rigid, or by making fur-
ther assumptions on the initial hypersurface M. In [AAGY3]], Altschuler, Angenent and Giga gave a full
description of such dynamics, both backwards and forwards in time, in the case that M is rotationally sym-
metric. More recently, using highly sophisticated PDE methods, Gang [Gan17, |Gan18]], building upon his
earlier work with Knopf and Sigal [GK15| [GKS18]|, was able to successfully analyze the backwards in
time behavior of a smooth mean curvature flow around certain nondegenerate neck singularities.

Our final application concerns mean curvature flow in higher codimension. In general, as the codimen-
sion increases the complexity of the parabolic system increases. However, combining our main classifica-
tion result (Theorem E]) with a recent result of Colding-Minicozzi [CM19, Thm. 0.9] we obtain:

Corollary 1.20 (classification of ancient asymptotically cylindrical mean curvature flows in higher codi-
mension). If M} C RN is an ancient smooth mean curvature flow in arbitrary codimension such that some
blowdown for t — —oo is {S"1(v=2(n = 1)t) X R},<o, then M, is contained in an (n + 1)-dimensional
subspace and is either a round shrinking cylinder, a translating bowl soliton, or an ancient oval.

Making Corollary [I.20] applicable for general limit flows would require removing the smoothness as-
sumption. To do so one would have to remove the smoothness assumption in [CM19, Thm. 0.9].

1.7. Outline of the proofs. The strategy of the proof of Theorem I.5](classification of ancient asymptot-
ically cylindrical flows) is related to the one of Theorem |1.7|(classification of ancient low entropy flows),
which was proved in [CHH18]], but there are many important differences. In order to avoid duplication, we
do not include proofs of claims where the argument is a straightforward adaptation of the one appearing
in [CHHI18]. The reader of the present paper will, therefore, have to consult [CHH18]] quite frequently.

101y particular, no discrepancy implies no fattening. But the best way to capture nonuniqueness is via discrepency.
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On the other hand, we hope that in addition to succinctness, our choice of not spelling out easy adaptions
of old proofs will highlight the aspects of this paper that are genuinely new. Correspondingly, this outline
will concentrate on the new aspects in this work, and will draw comparisons to [CHHI18]].

In Section [2] we set up the notation and collect some preliminaries.

In Section 3] we establish our new tools for Brakke flows. We first prove the strong maximum principle
for Brakke flows (Theorem via reduction to its elliptic analogue [SW89|]. The proof of the Hopf
Lemma without smoothness (Theorem [I.13)) is more involved, and the idea is as follows:

We first derive a weak version of the Hopf lemma, saying that the (not necessarily smooth) tangents
to M! and M? are not the same, and are thus disjoint in the halfspace H. To do so, we show that if they
had the same (nonplanar) time —1 slice £, we could construct a positive solution to the linearization of
the renormalized mean curvature flow equation on X N H, which is further bounded, independent of time,
on compact subsets of space. The existence of such a solution implies that X is stable in H, which by a
version of a theorem of Brendle [Brel6] implies that X is a hyperplane.

Once that is done, an adaptation of an argument of Brendle [Brel6] shows that the time —1 slices X
and X, of the tangent flows must both be planar. Roughly speaking, as X; and X, are critical points of the
Gaussian area functional,

26) FIE] = f o
)

they act as barriers, so we can construct a hypersurface minimizing F' between them. Such a hypersurface
is stable in H, and hence must be a halfplane. On the other hand the only two shrinkers which can fit a
halfplane between them are planes.

We remark here that since not only the flows M! and M?, but also their tangents are a priori singular,
quite a bit of geometric measure theoretic care is needed in proving Theorem (Hopf lemma without
smoothness). Due to this reason (an in particular, issues relating to connectedness of the regular set in a
halfspace), the actual argument in Section [3]is organized in the reverse order of the one described above.
Namely, we first prove Bernstein-type theorems for singular shrinkers in a halfspace (Theorem [3.8] and
Theorem [3.11)), and then run the Jacobi field argument afterwards. Interestingly, due to the presence of
the Gaussian conformal factor, the argument works in all dimensions, and not just for n < 7.

In Section 4] we establish several coarse properties of ancient asymptotically cylindrical flows, which
we will use in later sections. This section, together with Section [3] contains the key features that allow us
to deal with shrinkers with entropy less than Ent[S"~! x R]. In particular, it contains many new results,
which have no analogue in [CHHIS]].

First, in Section d.1] using ideas from [BW17b] we prove a partial regularity result for ancient asymp-
totically cylindrical flows. In particular, we see that ancient asymptotically cylindrical flows are tame.

Based on that, in Section[#.2]we show that the flows possess a consistent notion of a domain they bound.
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Next, in Section @ we generalize and extend ideas from [BW16, BW18c]| to give a structural result
(Proposition for shrinkers T with entropy less than or equal to Ent[S”~! x R]. Namely, we show that
there exists a uniform constant Ry < oo such that we have the following trichotomy:

(i) Z is a round cylinder, or
(i1) X is compact and contained in B(0, Ry), or
(iii) X is separating within B(0, RO)EI

We then use this structural result in order to study the behavior of the flow M around any point Xy =
(x0,10) € M at dyadic scales r; = 2/. Using quantitative differentiation, we see that there exists an N < oo
such that for every Xy € M and rq > 0, there exists a scale r € [rg, 2V ry] such that D,-1(M - Xp) is very
close to the flow of one of those shrinkers X in B(0, 100Rg) X [-2,—1]. If X is compact, this implies a
diameter bound on the connected component of M;, containing x¢. If X is of separating type, this implies
that M does not turn extinct prior to time #o+72. The trichotomy of cylindrical behavior backwards in time,
bounded diameter at the present time or nonextinction in future time, turns out to be a sufficient substitute
to the precise classification of Bernstein-Wang in dimension two [BW17bl], which played a central role in
the arguments in [CHH18§]].

Next, in Section 4.4} we use quantitative differentiation and the local regularity theorem to derive reg-
ularity estimates for flows that are trapped in a thin slab over many scales. This result is perhaps of some
independent interest.

Finally, in Section4.5] similarly as in [CHHIS8| Sec. 3.3], we record that the hypersurfaces M, open up
slower than any cone of positive angle.

If Section[5] we carry out the fine neck analysis on the cylinder. Fortunately, the fine neck analysis from
[CHHI18. Sec. 4] easily generalizes to n > 3 (with the only exception that the algebra of o(n) is a bit more
complicated than the one of 0(2)), so let us only briefly describe the results.

Given X = (xo, ty) € M, consider the renormalized mean curvature flow

(27) MX = e2(My,_ o+ — x0).

Being asymptotic cylindrical implies that MX is a graph of a function u in cylindrical coordinates around
the x,1-axis (after rotation) in B(0, 100n), satisfying

(28) U(Xns1,60,7) = Y2(n = 1) + o(1)
for t — —oco. The spectral analysis implies the following dichotomy for any ancient asymptotically
cylindrical flow M, which is not the round shrinking cylinder. Either:

(D). M, is compact for all ¢, or
(II). For —¢ sufficiently large, M, is noncompact and (after suitable choice of ambient coordinates)

satisfies sup ¢, Xn+1(p) = o0 and

(29) W(t) = inf x,41(p) > —co.
PEM,

Hour notion of separating is very closely related to the notion of strongly noncollapsed from [BW16].
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In fact, Theorem (fine neck theorem) implies that there exists some a = a(M) > 0 such that
in in B(0, 100n), the expansion (28) can be improved to

(30) U(Xn1,6,7) = 200 = 1) + axyi 16”2 + o(e™?),

for —7 > log Z(X), where Z(X) denotes the cylindrical scale of the point X - the smallest scale at
which the flow M looks sufficiently cylindrical around X.

Whether an asymptotically cylindrical flow M falls into category (I) or (II) is completely determined by
which mode of the linearization of the renormalized mean curvature flow around the cylinder dominates.
Flows of category (I) — “the compact case” — correspond to the case where the neutral mode dominates,
while category (I) — “the noncompact case” — corresponds to the case where the plus mode dominates.

In Section@ similarly as in [CHHI18|, Sec. 5, Sec. 6.1], we show that in the noncompact case, the flow
M resembles a translating bowl solution outside of a cap region of controlled size. However, due to the
potential scenario of other shrinkers of entropy less than Ent[S”~! x R], one needs to work more to gain
less. As in [CHHI18| Prop. 5.1], the starting point is of to show that the cylindrical scale of points p € M;
goes to infinity as x,.1(p) — oo. In [CHHIS| Sec. 5.1], this and the classification of two-dimensional
low entropy shrinkers from [BW17b] quickly gave a global curvature bound, and in particular, implied
that tip points, i.e. point p € M; with x,41(p) = ¥(1), c.f. (29), move at bounded speed. In our current
setting where n > 3, we use the cylindrical - bounded diameter - no extinction trichotomy of Section
to obtain the much weaker conclusion that M is eternal (i.e. does not vanish at any finite time) and that
its tip position goes to infinity, i.e.

(31) lim y(1) = co.

As a substitute for the pointwise speed bounds we had in [CHHI18| Sec. 5.1], we prove a macroscopic
speed bound, according to which

(32) w(t) — (') < C(t—1"), provided that 7> 1" + 1.

These ingredients turn out to be sufficient in order to show, as in [CHHIS], Sec. 5.2, Sec. 6.1], that, up
to scaling and shifting, ¥/(f) = ¢ + o(¢), and that away from a ball of controlled radius C = C(M) < oo
around a tip point p;, the hypersurface M; is smooth, opens up like a paraboloid, and becomes more and
more rotationally symmetric as x,+; — ¥(f) — oo. Whether M, is smooth (and of uniformly bounded
curvature) in B(py, C) is still unknown at this stage, which is a key difference between our argument for
n > 3 appearing here and the argument for n = 2 in [CHH18|, Sec. 5].

In Section [/, we show that the fine paraboloidal asymptotic expansion away from a cap of controlled
size, which was concluded in Section [6] implies genuine rotational symmetry of M as well as smoothness
away from the axis of symmetry. We do so by implementing the moving plane method without assuming
smoothness, which was discussed already earlier in the introduction (see Section [I.4).



ANCIENT ASYMPTOTICALLY CYLINDRICAL FLOWS AND APPLICATIONS 21

In Section[8.1] we conclude that in the noncompact case M is the bowl. We first show that M is smooth
across the axis of symmetry as well, and then conclude exactly as in [CHHI18]].

In Section we show that in the compact case M is an ancient oval. The argument is based on
the one in [[CHHI18E]], and in particular uses the classification in the noncompact case, which is already
established at this point of the argument. Some extra care is needed, however, as in higher dimensions
we cannot assume a priori that M, is topologically a sphere, or even that it is connected or smooth. One
interesting feature of the high-dimensional treatment is that smoothness, mean-convexity, and sphericality
are proved simultaneously. Another interesting feature is that to prove connectedness we have to reinvoke
the cylindrical - bounded diameter - no extinction trichotomy from Section4.3]

Finally, in Section[9] we show how our classification of ancient asymptotically cylindrical flow implies
the mean-convex neighborhood conjecture for neck singularities as well as the uniqueness conjecture for
mean curvature flow through neck singularities. As in [CHH18], the first step in showing Theorem
is to construct a unit-regular integral Brakke flow in some neighborhood of X, with the same support, for
which H does not vanish at regular points, and which has only cylindrical and spherical singularities in
that neighborhood. The argument we give here is different from the one in [CHH18]|, which again relied
on the classification of low entropy shrinkers. Our new argument, in which we rescale such that we always
see the cylindrical neck far enough back in time, has advantages over the old one, even for n = 2: While
in [[CHHI18] we classified all limit flows at neck singularities for n = 2, we were not able to relate the
axis of their asymptotic cylinder (or the direction of translation in the bowl case) to the axis of the neck
singularity. Our argument here shows that, as one may suspect, they are in fact the same. The rest of the
proof of Theorem[I.17]and Theorem [I.19]is the same as in [CHHI8].
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2. PRELIMINARIES AND NOTATION

As in [[Im94, Def. 6.2, 6.3], an n-dimensional integral Brakke flow in R™! is a family of Radon
measures M = {1 };e; in R™*! that is integer n-rectifiable for almost all times and satisfies
d

2
(33) G [edus [ (o270 1)

for all test functions ¢ € C g (R™1 R,). Here, d% denotes the limsup of difference quotients, and H denotes
the mean curvature vector of the associated varifold V,,, which is defined via the first variation formula
and exists almost everywhere at almost all times. The integral on the right hand side is interpreted as —oco

whenever it does not make sense literally. All Brakke flows that we encounter in the present paper are
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unit-regular as defined in [WhiO5, ISW16l]. Namely, every spacetime point of density one is a regular point.

Given any space-time point Xy = (xo, #p), by Huisken’s monotonicity formula [Hui90, [lm95] we have{]z]
2

d (x —xo)*
4 — <- | Hxn- ——
(34) 7 f Pxo(x, 1) dpt(x) < f (x, 1) 2= 10) Pxo(x, 1) dpt(x),
where
35 R -
= to—1)
(35) Px, (X, 1) o =0° " (t <to).
The density of M at X is defined by
(36) Ox,(M) = lim f pxo (%, 1) dpy(x).
t,/ 'ty

By the local regularity theorem [Bra78l IWhi05] any space-time point with density close to 1 is regular.

Given any X with Ox(M) > 1 and 1; — oo, let M’ be the Brakke flow which is obtained from M by
translating X to the space-time origin and parabolically rescaling by A;. By the compactness theorem for
Brakke flows [[Im94] one can pass to a subsequential limit My, which is called a tangent flow at X. By
the monotonicity formula, every tangent flow is backwardly selfsimilar, i.e. My 0 {t < 0} is invariant
under parabolic dilation D,(x, t) = (1x, A*t). If M is ancient, then for any 1; — 0 one can also pass along
a subsequence to a backwardly selfsimilar limit M, which is called a tangent flow at infinity.

The support of a Brakke flow, denoted by spt M, is the set of all space-time points X with @x(M) > 1.
By upper-semicontinuity of the density the support is closed. We sometimes conflate the Brakke flow M
and its support in the notation. For any time ¢ we let

(37) M, = {x € R"™|(x, 1) € spt M}.

The singular set S(M) is the set of all X € spt M such that the flow is not smooth in any space-time
neighborhood of X. The singular set at time ¢ is defined as

(38) S:(M) = {x e R"™|(x,1) € S(IM)).

3. NEW TOOLS FOR BRAKKE FLOWS

In this section, we develop several new tools for Brakke flows. We consider integral Brakke flows, and
we sometimes assume that their tangent flows have sufficiently small singular set:

Definition 3.1 (tame points and tame flows). Let M be an integral Brakke flow. A point X € spt M is
called tame point if for each tangent flow of M at X, the time —1 slice is smooth with multiplicity one
away from a set of (n — 1)-dimensional Hausdorft measure zero. If every X € spt M is a tame point, then
we call M a tame Brakke flow.

12Assuming say that our flow has finite area ratios, which follows from finite entropy, c.f. Proposition
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Remark 3.2. In particular, as we will see in Corollary 4.4 (tameness), every ancient asymptotically cylin-
drical flow (see Definition is a tame Brakke flow (see Definition [3.1)).

Throughout this section, H will denote an open halfspace in R*! whose boundary n-plane contains the
origin.
3.1. Strong maximum principle for Brakke flows. We first recall the well-known strong maximum
principle for smooth flows.

Proposition 3.3 (Strong maximum principle for smooth flows). Let M' and M? be smooth mean cur-
vature flows defined in a parabolic balE] P(Xo, r) based at Xo € spt M' 0\ spt M?, where r > 0 is small
enough such that spt M! separates P(Xo, r) into two open connected components, U and U’. If

(39) spt M2 C U U spt M,
then there exists some € > 0 such that
(40) spt M? N P(X, €) = spt M!' N P(Xo, &).

Indeed, this easily follows by choosing &€ > 0 small enough such that the flows are graphical, and
applying the strong maximum principle for parabolic partial differential equations. We now derive a
strong maximum principle, where smoothness of one of the flows is not an assumption but a conclusion.

Theorem 3.4 (Strong maximum principle for Brakke flows). Let M! be a smooth mean curvature flow
defined in a parabolic ball P(Xy, r) based at Xy € spt M!, where r > 0 is small enough such that spt M!
separates P(Xy, r) into two open connected components, U and U'. Let M? be an integral Brakke flow
defined in P(Xo, r) with Xo € spt M2. If Xo has density @x,(M?) < 2, and if

41 spt M2 C U U spt M,
then Xy is a smooth point for M? and there exists some & > 0 such that
(42) spt M2 N P(Xo, €) = spt M! N P(Xo, €).

Proof. Let N be a tangent flow to M?Z at Xo = (x0, 1), and let = be its time —1 slice. Since M! is smooth
in P(Xp,r), from (@I) we conclude that X is contained in the closure of some open half space H (the
boundary of which is the tangent hyperplane to Mtl0 at xp).

Observe that since 0H and X are shrinkers, 0H N X # (DEI Thus from the elliptic strong maximum
principle from [SW89] and the hypothesis @x,(M?) < 2, we see that T is the multiplicity one hyperplane
OHL. Together with the local regularity theorem for Brakke flows [Bra78, IWhiO3l], this yields that Xy is a
smooth point for M>.

Finally, (42)) now follows from Proposition [3.3] (strong maximum principle for smooth flows). O

13Recall that P(Xo, r) = B(xo, r) X (ty — 1%, 1p] denotes the parabolic ball with center X, = (xo, fp) and radius r.

131t seems to be well-known that the supports of any two n-dimensional varifold shrinkers in R™*! must intersect, but we
know of no reference. For the case at hand (when one of the shrinkers is planar), this follows from [Whil9, Thm. 30]. See
Theorem below for a related result.



24 KYEONGSU CHOI, ROBERT HASLHOFER, OR HERSHKOVITS, BRIAN WHITE

3.2. Singular shrinkers in a half space. The goal of this subsection is to prove two Bernstein-type theo-
rems (Theorem [3.8|and Theorem [3.T1)) for varifold shrinkers in a halfspace. For smooth (two-dimensional)
shrinkers such results have been proved by Brendle [Brel6], so the main point here is to generalize the
results to the (potentially) singular setting. As opposed to the rest of this paper, in this subsection, which
is more GMT heavy, we will keep the distinction between a varifold and its support explicit.

Definition 3.5 (varifold shrinker). A varifold shrinker in R"*! is an integral n-varifold V that has finite
entropy and that is stationary with respect to the F-functional.

Notation 3.6 (regular and singular part). If A ¢ R"*! is any closed set, we denote by reg(A) the set of
points x € A for which there is an r > 0 such that A N B(p,r) is a smooth, embedded n-dimensional
manifold with boundary A N dB(p, r). We let sing(A) = A \ reg(A).

We start with the following technical lemma.

Lemma 3.7. Suppose that X is the support of an n-dimensional varifold shrinker in R™", and suppose
that H"'(sing(2)) = 0. Let S be a connected component of reg(X) N H, and set M = S. Then

(1) H"(M N JH) = 0.

(2) reg(M N H) is dense in M.

(3) FIM] < oo.

(4) supg(, pycpeet T H(M 0 B(p, 1)) < oo.

(5) M N H is the support of a varifold shrinker in I[-]I.

Proof. Let S be the connected component of reg X that contains S. (In fact, it is possible to show that
reg X is connected, so S = reg 2, but we do not need to use that.) Let Z be set of points where S and 9H
intersect tangentially. By Hardt-Simon [HS89, Thm. 1.10], Z has Hausdorft dimension at most (n —2) and
thus H"(Z) = 0. Since (S \ Z) N dH is an (n — 1)-dimensional manifold, it also has H"-measure 0. Since
M N JH is contained in the union of Z, (§ \ Z) N dH, and sing(X), we see that H"(M N JH) = 0.
Assertion ((2)] is trivially true.
Assertions and hold since our varifold shrinker has finite entropy (see Definition [3.5).
Invoking heavy GMT machinery [Wic14bl [Wicl4al, one can quickly prove assertion ((5)): Let C be
the connected component of X N H that contains S. Since H"~!(singZ) = 0, the maximum principle in
[Wic14b] implies that reg C is connected, and thus that S =regCand C =S NH =M NH.
Alternatively, we can use the following elementary (and standard) argument: Let Y be a smooth vector-
field with compact support in H. Let & > 0. Let D = sing(M N H). Since H" ! (sing ) = 0, we can cover
sing(X) by a locally finite collection of balls B(p;, r;) such that

(43) dral<e

I3This is not as obvious as it seems. Indeed, ((5)) is false if X is allowed to have triple-junction singularities. For example,
suppose that £ N H is the union of 3 minimal hypersurfaces that meet smoothly along their common boundary. Then the closure
of one component of the regular set will be a smooth minimal surface with nonempty boundary in H, and thus is not the support

of any singular shrinker.



ANCIENT ASYMPTOTICALLY CYLINDRICAL FLOWS AND APPLICATIONS 25

By the density bound ((4)) and the co-area formula, for each i, we can find an p; € [r;, 2r;] such that

(44) H™ (M 0 3B(p;, pi) < Cri L.

By adjusting the p; slightly, we can assume that the spheres dB(p;, p;) are transverse to each other and
to reg(X).

Thus if
(45) M, := M\ UiB(pi, pi),

then M. (in the space H) is a manifold with piecewise smooth boundary, and

(46) H" Y H N IM,) < Ce.
Thus
(47) f Divy YdH" = — f H: Y dH" + O(H" ' (sptY N dM,))
M, M,
(48) _ f H.YdH" + Oe).
M,

Letting € — 0 gives
(49) f Divy YdH" = —f H-YdH".
M M

Since H(x) = —x*/2 on reg M, equation (#9) is precisely the statement that the varifold in H associated to
M N H is a varifold shrinker. This finishes the proof of the lemma. O

Theorem 3.8 (Bernstein-type theorem, first version). Suppose that M is a closed subset of H with the
following properties:

(1) The regular part reg(MNH) of MNH is an n-dimensional stable critical point of the F-functional.
(2) F[M] < co.

(3) reg(M N H) is dense in M.

4) H"(sing(M N H)) = 0.

6) H' M N oH) = 0.

(6) For every bounded subset Q of R"*!,

wq = sup r"H"(M N B(p,r)) < .
peﬁ, r<li

Then M is a union of flat halfplanes.

By [Wicl4al), the hypotheses imply that sing(M NH) has Hausdorff dimension at most n—7 and therefore
that

(50) H"2(sing(M N H)) = 0.

For the application of Theorem in this paper, one could include (50) as a hypothesis here (and in
Theorem [3.11)) and thus [Wic14al] would not be needed.



26 KYEONGSU CHOI, ROBERT HASLHOFER, OR HERSHKOVITS, BRIAN WHITE

Brendle [Brel6] proved Theorem [3.8 when n = 2 and M is a smooth manifold-with-boundary. Here
we extend Brendle’s argument to the singular setting. The assumptions on M imply that reg(M N H) is
orientable (see Corollary below). Thus, the stability assumption (1)) means that

(51) —f fLfe M4 >0
M

for every smooth function f that is compactly supported in reg(M N H), where L is the stability operator
for F on reg(M N H):

(52) L:A—%xL~V+%+|A|2.
Observe that setting

(53) u(x) = dist(x, 0H),

we have that

(54) Lu = |Alu

on reg M. Hence if we could plug u into the stability inequality (51)), we would obtain that |[A] = 0 on
reg M \ OH and thus that M is flat. To justify such plugging in, we adapt the methods of Zhu [Zhul6, Sec.
5] and Brendle [Brel6] to produce suitable cutoft functions.

Lemma 3.9. Under the hypotheses of Theorem[3.8| let Z be the union of sing(M NH) and M N OH. Given
a bounded open subset Q of R™! and 0 < & < 1, there is a smooth function ¢ = ¢, : R**!' — [0, 1] such
that

(55) (x) = 1ifdist(x,ZN Q) > &,

(56) ¢ vanishes on an open set containing Z N Q,
and

57 | o+ 2ip0p <,

where u(x) = dist(x, 0H).

Proof Let 0 < 6 < 1. By Assumption ((3)), we can cover M N H N Q by finitely many open balls
B; = B(p;,r;) (where 1 < i < k) with p; € 0H and r; < 1 such that
(58) >or<e.
i<k

Thus, since r; = supg, u,
(59) Z(sup u)r’;_1 = Z(sup uz)r?_2 <4.

i<k Bi i<k Bi
Let K = sing(M N H) N Q \ UjB;. By (50), we can cover K by finitely many balls B; = B(x;, r;) (where
k+1<i<{) with p; € K and r; < 1 such that

0
60 n=2 < )
(©0) Z i supg(u + 1) + supg(u + 1)2

i>k
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Thus
(61) Z(sup u+supu)r? < 5,
i~k Bi B;
and therefore
(62) > ((sup W + (sup uz)rf—z) <,

>k i i

since r; < 1. Combining (59) and (62) gives

(63) Z ((sup wyr~! + (sup u2)rf’_2) < 36.
i B; B;

Lety; : R™1 — [0, 1] be smooth functions such that

(64) Yi =0 on B(p;,2r),
(65) Wi =1 outside of B(p;,3ri),
(66) |Dy;| < r£ and
(67) D2y < =,
I

4

where c is a constant depending only on n. Let
(68) YiR™ S [0,1], y(x) = infyi(x).
L
Note for almost every x that ¥(-) = ;(-) on a neighborhood of x for some i. Thus

c
(69) DI < >~ Laan:
: i

1

C
(70) ID?y| < Z ﬁlB(x,-,sm
1 l

almost everywhere. Now convolve ¢ with a smooth mollifier supported very near the origin to get a
smooth function ¢ = ¢,. Then, for § small enough, ¢ will have properties (55) and (56)), and

C
71 DOl <> —lpar,
(71) |D¢| < Z . LB

C
(72) D% < S Ubtary

i i
Thus
2112 1 2 1 n
(73) Dg| +121D°¢) < C ) | (supu)— + (sup u?)= | H"(B; 0 M)
MNnQ ; B; ri B; r;
(74) <Cw) ((sup Wy~ + (sup u2)r?_2)
—\ B B;

(75) < Cwé
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by (63), where C < co is a dimensional constant, and w = wq < oo is as in Theorem [3.8] This completes
the proof of Lemma|3.9 o

Corollary 3.10. Let f : R™!' — R be a smooth, compactly supported function such that f = 0 on JH.
Then
(76) f fLfe™™ 4 <0,
M

Proof. By multiplying by a constant, we can assume that sup |[Df| = 1 and thus (since f = 0 on JH) that
|f| < u < |x|. Note that if ¢ is any smooth function on R"*!, then

IL(@f) ~ Lf1 < (Df1 + X fDID| + f1D*¢]
(77) ) )
< (1 + XDl + ulD .

Let Q be a bounded open set containing the origin and the support of f. Let ¢, be as in Lemma[3.9] Since
IDf] < 1 and |f] < u < |x|, we see from that

(78) |62/ Lf = ¢ fL(Be)| < Q(ulDgel + w7 1D.1).
where Q = 1 + supg |x|>. Thus by Lemma the integrals
(79) fM GefLigere 1
and
(80) fM 2 fLfe
differ by less than Qe. By stability, the integral (79) is nonpositive, so
81) fM B2 fLf M < 0e.
On the other hand, we claim that
(2) timy [ gErLrett= | prretts

Indeed, observe that since M satisfies the shrinker equation on the regular part, the intrinsic Laplacian
A on M, satisfies the pointwise estimate

(83) IAf] <D f] + |xlIDfI.
Thus,
(84) f ‘f (Af - lxl : Vf) e < oo,
M 2
The fact that
(85) f ¢§f(Af— lxl . Vf)e—|x|/4 N f f(Af— li_ . Vf)e—|x|/4
M 2 M 2

therefore follows from the dominated convergence theorem, while

(86) f ¢§(%+IAI2)J‘26"X'Z/4—> f (%+|Alz)f2e—|x2/4
M M
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follows from the monotone convergence theorem. This implies (82). Together with (81) this proves the
corollary. O

Proof of Theorem As in Brendle [Brel6], let ¢ : R — [0, 1] be a smooth, non-increasing cutoff
function with ¢ = 1 on (—oco, %] and ¥ = 0 on [1, 00). For each k > 1, taking

log |x]
(87) f=d/(1g )u
ogk
we get
1
(88) fLf = y*uLu + Y > Ay + 2uyVuVy — Ewule V.
Note that Vi = W@% and that
(89) AY = 1 (Ax,x)y 1 |VxP 1 |V y 1 |VIx?
~ 7 2logk |2 2logk |xf? logk |x|? log?k |x>

Observe that the last three terms of the right hand side are O (@ #), and that the first term is non-

negative, since ¢y’ < 0 and (Ax, x) = —%lel2 by the self-shrinker equation.
Similarly, we have that Vi = O (@ ﬁ), and that x* - Vi is non-positive.
Putting all of this together with (8], and using the facts that u < |x|, that |Vu| < 1, and that Vi and Ay

are supported on {x sk <|x < k}, we get

C
2
(90) fLf 2y uLu - @ﬂ{ﬁgsk}'
Together with Corollary [3.10| we conclude that
91) 0> f fLfe > f APwe P - f e h/A,
M Ml Vi) logk Jmngx: Vi<ix<i)
Thus, since F[M] < oo, letting k — oo yields |A| = 0. This proves the theorem. O

Theorem 3.11 (Bernstein-type theorem, second version). For i = 1,2, let X; be the support of an n-
dimensional varifold shrinker in R""'. Suppose that H"~'(sing X;) = 0. Let S; be a connected component
of (reg ;) N H, and let M; = S ;. Suppose that S| and S, do not intersect transversely at any point. Then
(i) My = M>, or
(ii) 1 and X, are flat planes.

Proof. As with Theorem we adapt an argument of Brendle [Brel6]], who showed that Theorem |3.11
holds in case X; and X, are smooth two-dimensional surfaces.

If Y is an n-rectifiable set of locally finite n-dimensional Hausdorft measure, we let [Y] denote the
associated flat chain mod 2, as in [Whi09]].

If §1 and S, touch each other, then they coincide by the smooth strong maximum principle, and so
M| = M;. Thus we may assume that S| and S, are disjoint. Let I; = M; N dH and let D; = sing(M;).
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Since S; = reg(M;) is connected and dense in M;, and since D; has H"~! measure O (it is a subset of
sing ¥;), we see that

(92) H\ M;

has two connected components, each of which contains M; in its boundary. (See Lemma below if
this is not clear.) Let Q; be the component of H \ M, that contains S ,, and let Q; be the component of
H \ M, that contains S ;. Let

93) 0=0Q; N

(Intuitively, Q is the closed region in H between M; and M,.)

Consider the class C of n-dimensional flat chains mod 2 in Q that have finite F-area and that have the
same boundary as [M]. The class is nonempty since it contains [M{]. By the compactness theorem for
flat chains mod 2 (see e.g. [Whi09, Thm. 5.1]), we can find a minimizer. Furthermore, by the rectifiability
theorem [Zie62, [Fle66, Whi99], any minimizer is rectifiable. Let M be the support of a flat chain mod 2
of least F-area in the class C.

By a general barrier principle (Corollary below), if p ¢ sing(Z{) U sing(X,), then there is an
r > 0 such that [M N B(p, r)] is F-area-minimizing among all mod 2 chains in B(p, r) with boundary
O[M N B(p,r)]. (We apply Corollary to a small open subset Q of R"*! containing p and to relatively
closed regions Ny and N, in Q bounded by reg £; and reg X, and to the region H N Q.)

Consequently,
%94) M\ (DyUD,UTY)
is smooth outside of a set X of HausdorfT dimension < n — 7, c.f. [Sim68]], and solves H(x) = —x*/2

classically in the complement of X. By the smooth strong maximum principle, M \ (X U D; U D, UT)
cannot touch JH, so M N gH is contained in X U D; U D, UT'| and thus

(95) H"(M N JH) = 0.

If B is a ball, then by the minimizing property of M we have

1
(96) FIMNB] < EF[(‘)(B N O)].
If K is a compact set, then
oA /4
S k= B
Thus if B C K, then by (96),
1
(98) H' (M NB) < ECKW"(a(B N Q)).

Now

(99) OBNQ)c(BNAH)U(BNM))U(BNM;)UOIB
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and therefore by Lemma[3.7| we get
(100) H' (OB N Q)) <wr',

where w < co may depend on M; and M;. Thus
1
(101) H'(M N B(p,r)) < ECKwr"

for B(p,r) C K.

The minimizing property of M implies that reg(M) is a stable critical point of the F-functional. Hence
by Theorem [3.8] (Bernstein-type theorem, first version), M is a n-dimensional halfplane and thus I'; is an
(n — 1)-plane in 9H. Together with the fact that the M| N H is the support of a varifold shrinkers in H (by
Lemma [3.7(5))), applying [Whil9, Thm. 30] we infer that M, is a union of halfplanes. Since the S is
connected, it follows that the M is a halfplane. Similarly, M5 is a halfplane.

If H N regX; had another connected component S, its closure would also be a flat halfplane (by
exactly the same argument). Thus we have shown: £; N H is a union of disjoint halfplanes (with common
boundary). Applying [Whil9, Thm. 30] again, it follows that X, is a union of halfplanes. The regularity
hypothesis H"!(singZ;) = O then implies that X, is a single plane. The same applies to . This
concludes the proof of the theorem. O

Corollary 3.12 (connectedness). If ¥ is an n-dimensional singular shrinker in R with

(102) H" ! (singZ) = 0,

then HNregX is connected for every open halfspace H that contains points of reg Z. In particular reg X is
connected.

Proof. This follows directly from Theorem [3.11 O

Corollary 3.13 (transverse intersection). If | # X, are the supports of n-dimensional singular shrinkers
in R" with H""!(sing ;) = 0, then there is a nonempty set along which reg ¥, and reg ¥, intersect each
other transversely.

Proof. Since reg¥; is dense in Z;, and since the only shrinker in a closed half space H is dH, it follows
that all but at most two open halfspace H contain points of reg X; and of reg ¥,. The result now follows
from Theorem i

Corollary 3.14 (improved conclusion). In the conclusion to Theorem[3.11] if My = M», then | = X,.

Proof. Let p be a regular point in M; and g be a point in ;. Since regX,; is connected and dense in X,
there is a path C in X; joining p to g such that C \ {p, ¢} is in regX;. Since ﬂ”‘l(sing ¥») =0, wecan
choose C so that C \ {p, g} is disjoint from sing ;. By unique continuation, C \ {p, ¢} lies in reg Z,. Thus
q € 2. Since g € X is arbitrary, £ C X,. Likewise, X, C X. O

The following barrier principle was used in the proof of Theorem|3.11
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Lemma 3.15 (barrier principle). Let Q be an (n+ 1)-dimensional Riemannian manifold and N be a closed
region in Q whose boundary is a smooth minimal hypersurface. For p € N, the following holds for all
sufficiently small r > 0:
if M is a hypersurfac in B(p,r) with &M C N and if M minimizes area among all
hypersurfaces in B(p, r) having boundary OM, then M \ OM is contained in N N B(p, r).

Proof. We may suppose p € dN, as otherwise the result is trivially true. Choose R > 0 sufficiently small
that
(i) B(p,R) is compact,
(i) dB(p,r) is smooth, strictly mean-convex, and transverse to dN for all » < R, and
(iii) (ON) N B(p, R) is strictly stable.
By the implicit function theorem, there is an open set U of Q containing (ON) N B(p, R) and a foliation of
U by minimal hypersurfaces, one leaf of which is U N dN.

Now suppose that r € (0, R) is sufficiently small that B(p, r) is contained in U. Let M be a hypersurface
as in the statement of the lemma. By the strong maximum principle [SW89]|, the surface M \ M does
not touch dB(p, R), nor can it touch a leaf of the foliation outside of N. Thus M \ dM is contained in
N N B(p,r). O

Corollary 3.16. Suppose Ny,..., Ny are closed regions in Q such that each boundary ON; is a smooth
minimal hypersurface. For each p € NN, the following holds for all sufficiently small r > 0: if M C
N 0 B(p,r) and if M minimizes area in B(p,r) among all surfaces in B(p, r) with boundary M, then
M \ OM is contained in N N B(p, r).

We also used the following fairly standard topological fact:

Lemma 3.17 (separation). Let H be a simply connected (n + 1)-dimensional manifold, let D be a closed
subset with H"™ Y (D) = 0, and let S be a smooth (open) n-dimensional manifold (without boundary)
properly embedded in H \ D. Then H \ (D U S) is the union of two disjoint open sets Uy and U, the
boundary of each of which contains S. If S is connected, then U and U, are also connected.

Corollary 3.18 (orientability). S has a smooth unit normal vectorfield.

Proof of Lemma Since D is closed and H"~!(D) = 0, every curve or disk in H can be perturbed to

(1) miss D

(i1) intersect S transversally.

Fix apoint p € H\ (S UD). Given g € H \ (S U D), by (i) and (ii) above, we can find a smooth curve

C in H \ D that joins p to g and that is transverse to S. By (i) and (ii) applied to disks, and by standard
intersection theory (see e.g. [Sam69]), the parity of the number of points in C N § is independent of the
the choice of curve C connecting p and g. We put g in U; or U; according to whether C intersects S in an
even or odd number of points.

L0For this paper, one should work in the class of flat chains mod 2. But the lemma and its proof hold in great generality (e.g.,

for rectifiable currents, normal currents, flat chains mod v, etc.)
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Now suppose that S is connected. If H \ (D U §) had more than two connected components, then at
least one of those components would not touch §. That component would then be a connected component
of H \ D, which is impossible since H \ D is connected. O

3.3. Hopf lemma without assuming smoothness. As before, H c R™! denotes an open halfspace
whose boundary n-plane contains the origin. The goal of this subsection is to prove the following the-

orem:

Theorem 3.19 (Hopf lemma without assuming smoothness). Let M!, M? be integral Brakke flows defined
in the parabolic ball P((0,0), r). If
(i) (0,0) € spt M! N spt M? is a tame point for both flows,
(ii) OH is not the tangent flow to either M' or M? at (0,0), and
(iii) reg M,1 N H and reg M,2 N H are disjoint for t € (=r2,0),
then M and M? are smooth at (0,0), with distinct tangents.
More generally, the theorem remains true if we replace R™*! by an (n + 1)-dimensional smooth Rie-
mannian manifold N, the region H by an open region in N bounded by a smooth hypersurface, and the
origin by a point in this hypersurface.

By the monotonicity formula, the compactness theorem for Brakke flows, and the local regularity the-
orem, Theorem [3.19Y|is equivalent to the following theorem for the renormalized mean curvature flow:

Theorem 3.20 (Hopf lemma without assuming smoothness, renormalized formulation). Suppose for i =
1,2 thatt € [0, 00) M,i is a renormalized unit-regular MCF such that:
(1) Each subsequential limit of M,’ as t — oo is nonempty and is smooth with multiplicity one away
from a closed set of H"™" measure 0.
(i1) Neither Mt1 nor M,2 converges (as t — o) to the plane OH.
(iii) For eacht < oo, reg M} N H and reg M? N H are disjoint.

Then M! and M? converge to distinct planes Py and Ps.

Recall, by the local regularity theorem, that convergence of M! to a plane P as t — oo is equivalent to
convergence of M;k to P for some sequence f; — oo.

Proof of Theorem Let C be the collection of pairs (X1, Z) such that there is a sequence #; — oo for
which M;k converges to X; fori = 1, 2.

Suppose (X1,%,) € C. Then %; # 0H by Hypothesis so reg X; intersects OH transversely along a
nonempty set (by Corollary [3.13)), and thus

(103) H N regk; # 0.

Since dB(0, V2n) is a shrinker, H N reg¥; and H N dB(0, V2n) have nonempty intersection by Theo-
rem[3.11] and thus

(104) Wnregk; #0,
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where

(105) W = Hn B(0,2 V2n).

We claim that

(106) reg ¥ and reg X, have no transverse intersection points in H.

Otherwise, reg M tlk and reg Mtzk would have transverse intersection points in H for all sufficiently large #,

contrary to Hypothesis
By Theorem Bernstein-type theorem, second version) and Corollary (improved conclusion),

either | and X, are distinct planes or | = X,. In the first case, we are done, so we can assume that
(107) =2, forall (Z(,%)inC.

If S is a subset of R"*! and p € S, let R(S, p) be the regularity scale of S at p, i.e., the supremum of
r > 0 such that § N B(p, r) is a smooth n-dimensional manifold (with no boundary in B(p, r)) properly
embedded in B(p, r) and such that the norm of the second fundamental form at each point of S N B(p, r)
is < 1/r. (If there is no such r, we let R(S, p) = 0.) We define

(108) f(S) :={supRWNS,p):peWnS},
where W is as in (T03).
Claim 3.21. Let n; = liminf, o f(M"). Then
(109) n := min{ny, g2} > 0.
(Using (I07), it is not hard to show that 17; = 17, but we do not need that fact.)

Proof of claim. Choose t; — oo so that f(M,lk) — 11. By passing to a subsequence, we can assume that
M, converges to a limit . By (T07), M;, converges to the same limit X. By (T04),

(110) f&>o.

By the smooth convergence of M}k to X at the regular points of £ (which follows from the local regularity
theorem),

(111) lim f(M)) = f(2).

Thus n7; > 0. Likewise, 175 > 0. This completes the proof of the claim. O

Choose T so that f(M!) > n/2 forall t > T and fori = 1,2. Fort > T, let
(112) (1) = sup {dist(x, M7) : x € W N M and ROW 0 M/, x) > n/2}.

Note that the supremum will be attained at some point (not necessarily unique) x;.
By (107), lim,—,c ¢(7) = 0. For k € N, choose #; > k so that

(113) ft) = (1 =k ysup £

>t
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By passing to a subsequence, we can assume that M}k converges to a limit X and that x;, converges to a
point x € W NnregX. By (107), M,Zk also converges to X. It also follows that

{(t,p):teR, peM

1+1) converges to £ X R, with smooth

(114)
convergence on compact subsets of (R"*! \ sing £) x R.

Choose open subsets € of H N reg X such that

(115) xeQc ...,
(116) Qr ccHnNregZ,
(117) U = HNregX.

Since H N reg X is connected (by Corollary [3.12)), we can choose the € to be connected.

Let v be a unit normal vectorfield on reg . (Such a vectorfield exists by Corollary 3.18]) By the smooth
convergence of Mfk on the regular portion of X, we can, by passing to a subsequence, assume that there
are functions

(118) up, il [~k k] x Q - R
such that

(119) (P +u (6, p)V(p) : p € Q) C My,
(120) {p+up(t,p)V(p) : p € Y C My,

and such that u]i and u]% converge to 0 smoothly on compact subsets of
(121) HnNnregX) xR.

By relabelling, we can assume that u% > u}{ on (.

By the Harnack inequality,

2 1

I/lk - Mk

2 1
uk(07 xtk) - uk(o’ xl‘k)

converges smoothly (perhaps after passing to a further subsequence) to a positive solution

(122)

(123) ¢:(HNregX) xR — (0, 0)
of the linearization of the renormalized mean curvature flow equation:
(124) 0,9 = L¢.

Here L is the stability operator (52) for the F-functional, since the renormalized mean curvature flow is
the gradient flow for F.
Moreover, we see that

(125) d(x,0) =1

and, by (T13)), that
(126) [p(p, ) < 1forallt>0andall pe WNEwithRWNZ, p)>n/2.
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Recall that there exist such points p by choice of 7.
The existence of such a ¢ implies that H N reg X is stable for the F-functional. (If that is not clear, see
Lemma below.) Thus, by Theorem [3.8|(Bernstein-type theorem, first version), X is a flat plane. O

Lemma 3.22. Let N be a smooth, connected Riemannian manifold without boundary and let L be a
second-order, self-adjoint, linear elliptic operator on N. Suppose that there is a smooth, everywhere
positive solution

(127) ¢:Nx[0,00) >R

of the parabolic equation 0,¢ = L¢ such that

(128) sup ¢(p, 1) < oo
>0

for some point p € N. Then N is stable for L in the following sense: if U is a relatively open subset of N
with compact closure and if A is the first Dirichlet eigenvalue of L on U, then A > 0.

Proof. Let U cC N be a connected open set containing p. It suffices to show (for every such U) that
the first eigenvalue A of L on U is nonnegative. Let f be the corresponding eigenfunction. Then f is
nonzero at all points of U. By multiplying by a constant, we can assume that 0 < f < ¢(0, -). Thus by the
maximum principle,

(129) V) < ot

for all t > 0 (since e~ f(-) solves the same parabolic equation). In particular,
(130) e f(p) < ¢(t, p) < sup p(t, p) < co.
20

forall # > 0. Hence 1 > 0. i

4. COARSE PROPERTIES OF ANCIENT ASYMPTOTICALLY CYLINDRICAL FLOWS

4.1. Partial regularity. In this subsection, we prove a partial regularity result for ancient asymptotically
cylindrical flows.

Recall that the entropy of a Radon measure u in R"*! is defined as the supremum of the Gaussian area
over all centers and scales, namely

(131) Ent[u] f [ )
n = su e X),
yeRn+ lr,)/1>o (4ryn2 a

and the entropy of an integral Brakke flow M = {u,},cs is defined as

(132) Ent[ M] = sup Ent[u,].

tel

Proposition 4.1 (entropy bound). Any ancient asymptotically cylindrical flow M satisfies

(133) EntiM] < Ent[S"™ ! x R].



ANCIENT ASYMPTOTICALLY CYLINDRICAL FLOWS AND APPLICATIONS 37

Proof. For any X = (xo, 1) € R**! x R and p € (0, oo) consider the cutoff function

3
[x — x0> + 2n(t — to) |
(134) X (Xop) (X, 1) = (1 - 5 :
p +

Then we have the localized monotonicity inequality
2
(x —x)*
H(x, 1) - ——
D= S

Since M asymptotically cylindrical, and since Xy and p are arbitrary, it follows from (133)) that M has

pXo (x’ I)X(Xo,p)(x’ t) d:ut(x)

d
(EDN f P50 (5 DX oy (6 ) dps(3) < — f

bounded area ratios. Hence, we can apply the monotonicity formula (34)) without cutoff function, and use
again the assumption that M is asymptotically cylindrical, to conclude that Ent[M] < Ent[S"! xR]. O

Lemma 4.2 (stationary cones). Let u be an integral 3-rectifiable Radon measure in R* with Ent[u] < 3/2.
If the associated varifold V, is a stationary cone, then u = H3LP for some flat plane P.

Proof. This is explained in [BW16, Lem. 4.1 and Footnote 1]. For the reader’s convenience, and since
part of this statement is only remarked upon in [BW16] as a footnote, we will include the proof here as
well.

Let us first show that there are no non-flat 2-dimensional stationary cones V> in R with entropy less
than 3/2. Letting x € spt(V,) — {0}, the tangent cone to V, at x splits off a line in the x direction, and
therefore is of the form V| X R, where V| is a stationary cone in R2. We have Ent[V;] < 3/2, so V, is a line
and x is a regular point. Therefore, the link of the cone V; is a smooth closed geodesic in S2, and since
such a geodesic has to be a great circle, it follows that V) is the plane.

In the three dimensional case, given u, take x € spt(u) — {0}. The tangent cone to V), at x splits off a
line, and so it is of the form V;, X R for a stationary V, with Ent[V;] < 3/2. As shown above, V, must be
flat, and so x is a regular point. Thus, the link of V), is a smooth closed minimal surface X in § 3. By the
entropy assumption we have
(136) Area(Y) _ Ent[u] - é

Area(S%) Ent[R3] 2
On the other hand, it follows from the resolution of the Willmore conjecture [MN14, Thm. B] that if X is
not an equitorial sphere then

2
(137) Area(2) 2w _ 1
Area(S?) — 4n 2

Thus, X is an equatorial 2-sphere, and u = 3L P for some flat plane P. O

Theorem 4.3 (partial regularity). Let M be an ancient asymptotically cylindrical flow in R"*!. Then
either M is a round shrinking cylinder, or:

(i) The space-time singular set S(M) has a parabolic Hausdorff dimension at most n — 2.
(ii) The singular set S (M) at time t has Hausdor{f dimension at most n — 3 at all times, and at most
n — 4 at almost every time.
(iii) All self-shrinkers ¥ appearing as the time —1 slice of a tangent flow of M are smooth away from

a set of Hausdorff dimension n — 4.
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Proof. Considering the stratification of the singular set as in [Whi97] it is enough to rule out certain static,
quasi-static and shrinking tangent flows.

By Propositionwe have Ent[ M] < Ent[S"~! xR] < 3/2. Moreover, we may assume that the entropy
of any tangent flow My at any X € M is strictly less than Ent[S"~! x R], since otherwise, by the equality
case of Huisken’s monotonicity formula, M would be a family of round shrinking cylinders.

If a tangent flow My at a singular point X € M is static or quasi-static, then its time —1 slice is a
stationary cone. Since X is singular, by Lemmathis cone can split off at most n — 4 lines; hence My
can only contribute to the (n — 4)-stratum of S ;(M) and to the (n — 2)-stratum of S(M).

Consider now the case where a tangent flow MX is a non-flat self-shrinker, and denote its time —1 slice
by Z. Since X has entropy less than 3/2, and since X is stationary with respect to a metric conformal to
the Euclidean metric, any tangent cone to X is a stationary cone with entropy less than 3/2. Thus, using
Lemma and dimension reduction it follows that X is smooth away from a set of Hausdorff dimension
n — 4. Moreover, since X has entropy strictly less than S2, by the classification of two-dimensional low
entropy shrinkers [BW17b, Cor. 1.2], ¥ cannot splits off n — 2 lines.

Combining the above facts with [Whi97, Thm. 9], the remaining assertions of the theorem follow. O

Corollary 4.4 (tameness). Any ancient asymptotically cylindrical flow is a tame Brakke flow (see Defini-

tion[3.1).
Proof. This follows from Theorem [{.3| (partial regularity). i

Corollary 4.5 (extinction time). If M is an ancient asymptotically cylindrical flow then exactly one of the

following happens.
(i) T.(M) = oo, i.e. the flow M is eternal, or
(ii) T.(M) < oo and M is a round shrinking cylinder, or
(iii) T.(M) < co and there exist a non-empty set E C R"*' of Hausdor{f dimension at most n —3 such
that O 1,,my(M) > 1 if and only if x € E, or
(iv) To(M) < oo and for every R < oo there exist T(R) < T,(M) such that B(0,R) N M; = 0 for every
t € (T(R), T,(M)].

Proof. Suppose that (i), (ii) and (iv) do not hold. Then, the set of points X such that ®x(M) > 1 has
an accumulation point (X, 7.(M)). By upper semi-continuity of the density it follows that @z ,(p)) > 1.
Define E C R"*! as the set of points x such that @, 7,(p1,(M) > 1. Since * € E, the set E is non-empty.
Moreover, by unit-regularity all points in E are singular, and hence by Theorem [4.3| (partial regularity) the
Hausdorft dimension of E is at most n — 3. O

4.2. Enclosed domain and comparison. The partial regularity result above allows us to effectively de-
fine the domain enclosed by the flow. To this end, view M as a subset of space-time R"*l'! = R**! x R
and define U as the path connected component of R"*:! \ M that contains the solid asymptotic cylinder.

17We will show later that case (iv) actually cannot occur.
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Proposition 4.6 (separation). Let X = (x,t) € M be a regular point and let r > 0 be small enough such
that M is smooth in the two-sided parabolic ball B(X, r) = B(x, r) X (t—r2, t + r*) and such that M divides
B(X, r) it into two regions Q.,Q_. Then exactly one of Q and Q_ is in U.

Proof. This is obviously true for the round shrinking cylinder. Assume now M is not the round shrinking
cylinder. Then, by Theorem [4.3| (partial regularity), the singular set S(M) of M has parabolic Hausdorff
dimension at most 7 — 2, in particular Euclidean Hausdorft dimension at most n—2. Thus, there exists a set
M’ C M such that M’ is a smooth open (n + 1)-dimensional manifold, such that CI(M’) = M, and such
that M — M’ has Euclidean Hausdorff dimension at most n — 2. Hence, any space-time curve connecting
Q. and Q_ can be perturbed such that it avoids M — M’, and likewise any smooth disc bounding a closed
curve can be perturbed such that it avoids M — M’ and meets M’ transversally. By a standard intersection
theory argument (c.f. [BW16L Thm. 4.3], [Sam69]))) this implies that at most one of Q.. is in U.
Similarly, thanks again to the small singular set (and the small singular set of tangent flows), there
exists a path y C M, connecting X to the asymptotic cylinder and passing solely through regular points.

Therefore, at least one of Q. is in Y. O
We set

(138) U= {x e R"™ | (x,1) e U},

and call

(139) K, =U UM,

the domain enclosed by M,.

Proposition 4.7 (comparison). Suppose {N;}i[1,.1,] IS a smooth mean curvature flow of compact hypersur-
faces. If N;, € U,, (resp. N;, € R"™'\ K, ), then N, C U, (resp. N, C R™!'\ K,) for all t € [ty, 1,].

Proof. This follows directly from the avoidance principle [1Im94, Sec. 10] applied to M, and N,. O

4.3. Almost self-similarity backwards in time. We start with the following structural result for low
entropy self-shrinkers, which is a refinement of the results in [BW16| Sec. 4].

Proposition 4.8 (structure of low entropy shrinkers). For every n > 3 and p > 2n there exist constants
Ry = Ro(n,p) < oo and cyg = co(n,p) > 0, such that every (potentially singular) n-dimensional self-
shrinker ¥ C R™ 1 with Ent[Z] < Ent[S"! x R] is one of the following:

(i) a round shrinking cylinder S"' X R,
(ii) a compact self-shrinker (potentially singular) contained in B(0, Ry),
(iii) a noncompact self-shrinker with the property that there exists some 'y € B(0,Rg) N X and s €
[20, Rol, such that ¥ is smooth in B(y, s) with regularity bounded from below by cq, and such that

X separates B(y, s) into two connected components, both of which contain a ball of radius p.

Proof. Since Ent[S¥] < 3/2 for k > 2, it is enough to show by induction on n > 2 that the assertion holds
for all n-dimensional shrinkers X satisfying the assumptions Ent[X] < Ent[S "=11 and Ent[X] < 3/2. For
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n = 2 by [BW17b, Cor. 1.2] the only such two-dimensional shrinkers are the flat plane and the round
shrinking sphere.

Given n > 3, assume that ¥ is a non-compact n-dimensional shrinker with Ent[X] < Ent[S =1 % R].
Taking the corresponding self-shrinking flow N, it is easy to see that C = {x € R | OunoN) > 1}
forms a nontrivial set-theoretic cone. Taking any 0 # p € C, any tangent flow N(p,o) at (p, 0) splits off a
line. Denoting by X’ the time (—1) slice of N(p,o), we therefore have that X' = ¥/ | X R, where ¥’ | is an
(n — 1)-dimensional shrinker with Ent[Z;_ 1] < Ent[S n=17,

By the induction hypothesis, one of (i) - (iii) applies to X’ _,. By the entropy bound, ¥’ , can not be a
round shrinking cylinder S”~2 xR. If -

1

| is compact, then by [Zhul6, Thm. 2.5] it is the round shrinking
sphere S"~!. The equality case of the monotonicity formula therefore implies that X is the round shrinking
cylinder S"~! x R. Finally, if ¥, satisfies (iii), the self-similarity of X (and N(p,o) being a tangent flow)
implies the existence of Ro(Z) and co(Z) as in (iii), which at this stage may depend on X.

Now, suppose towards a contradiction there are compact X; that are not contained in B(0,i). Since
every shrinker contains a point in B(0, V2n) and since the entropy is bounded, we can apply Allard’s
compactness theorem [[All72]] to pass to a subsequential limit X, which will be a noncompact shrinker with
Ent[Z] < Ent[S"! x R]. This shrinker can not be the cylinder, as the cylinder is isolated in the space
of shrinkers by [[CIM15]]. Hence, X is of type (iii). But by comparison with spheres of radius 2n (using
[BW16, Prop. 4.3]) for i large enough this contradicts the fact that X; becomes extinct in a point at time 0.

Similarly, suppose towards a contradiction there is a sequence of %; of type (iii) such that for every i,
we have Ro(Z;) > i (respectively co(X) < i1). Pass to a subsequential limit £. Then, arguing as above,
% can not be the cylinder or compact. Hence, X is of type (iii). But then there are ¢ > 0, R < oo,
y € 2N B(0,R) and s < R such that X is smooth in B(y, s) with regularity scale bounded below by ¢, and
such that X separates B(y, r) into two components, both of which contain a ball of radius 4p. This gives a
contradiction for i large enough, and concludes the proof of the proposition. O

Convention 4.1. We now fix a small positive constant & < (100Rg)™" where Ry is the constant from
Proposition (structure of low entropy shrinkers) corresponding to p = 3n.

Given a Brakke flow M, a point X = (x,1) € M, and a scale r > 0, we denote by
(140) My, = D1 (M- X)

the Brakke flow which is obtained from M by shifting X to the origin and parabolically rescaling by 1/r.

The following definition captures how close My, is to selfsimilar flow as in Proposition (structure
of low entropy shrinkers). Since the selfsimilar solutions can be singular, we measure closeness in a hybrid
way (strong closeness in smooth regions and weak closeness in singular regions).

Definition 4.9 (almost selfsimilarity). We say that a Brakke flow M is
o e-cylindrical around X at scale r if My, is e-close in C /el in B0, 1/&)x[~2, —1] to the evolution
of a round cylinder with radius v=2(n — 1)f and center at the origin.
o g-compact around X at scale r if there is some compact shrinker X with Ent[X] < Ent[S =1 % R],
such that for all ¢ € [-2, —1] we have that (Mx,), N B(0, 1/&) C B(V-1Z, &).
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e s-separating around X at scale r if there are a noncompact shrinker £ with Ent[X] < Ent[S"~! x
R], a point y and a radius s as in item (iii) of Proposition (structure of low entropy shrinkers),
such that for all r € [-2,—1] we have that (Mx,); N B(0, 1/¢) € B( \V—1Z, &) and that My, is
e-close in CH/¢)in (', 1) € R™! x [-2,-1]| ¥’ € B(N-1'y, V=t's)} to V—1Z.
We say that M is g-selfsimilar around X at scale r if it is e-cylindrical, e-compact, or e-separating around
X at scale r.

Given any X = (x,1) € M, we analyze the solution around X at the diadic scales r; = 2/, where jeZ.

Theorem 4.10 (almost selfsimilarity). There is a positive integer N = N(g) < oo with the following
significance. If M is an ancient asymptotically cylindrical flow, which is not the round shrinking cylinder
then:

(i) For any integers ji, jo with j, — j1 = N, and any X € M, there exists some integer j with
J1 £ j < ja such that M is e-selfsimilar around X at scale r;.
(ii) For any X € M there exists an integer J(X) € Z such that

M is not e-cylindrical around X at scale r; for all j < J(X),
and

Mis §-cylindrical around X at scale r; for all j > J(X) + N.

Proof. For integral Brakke flows M = {u,} and N = {v;} with bounded entropy we consider their pseudo-
distance

| [ didpy, — [ didv)|
+| [ didus, — [ gidvs,|

where {¢;} is dense set of functions in C.(B(0,2/¢)), and {¢;} is a dense set of times in [-4, —1]. We recall

1
(141) dsMN) = ) 5o
L,J

from [[CHNI13| Sec. 2.4] that dg is compatible with the convergence of integral Brakke flows and strictly
positive definite when restricted to selfsimilar solutions.

Now, by Huisken’s monotonicity formula and quantitative differentiation (see [CHN13| Sec. 3.1]), for
any & > 0 there exists an N’(&’) < oo such that for any X € M in our ancient asymptotically cylindrical
flow, and any j € Z \ Ex, where the set of exceptional scales Ey satisfies |Ex| < N’, we have that

(142) dg(Mx,;,, N) < &

for some self-shrinker N with Ent[N'] < Ent[S"~! x R].

Recall that the structure of such shrinkers N' = { V=1X};«o is given by Proposition (structure of
low entropy shrinkers). Using the local regularity theorem and the clearing out lemma [Bra78], the weak
g’-closeness to N from (T42) can be upgraded to &-selfsimilarity around X at scale r; (see Definition ,
provided &’ = &'(¢) > 0 is small enough. This proves the first assertion.

The second assertion follows from a similar argument (c.f. [CHHIS|, proof of Thm. 3.5]). O

Definition 4.11 (cylindrical scale). The cylindrical scale of X € M is defined by
(143) Z(X) = 2",
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We conclude this subsection by proving one more propositions that will be useful in Section [6]

Proposition 4.12 (s-compact and e-separating). Let M be an ancient asymptotically cylindrical flow, and
let Xo = (x0,1) € M. Then:

(i) If M is e-compact around X at any scale r, then the connected component of M, containing X
is contained in B(xy, r/¢).

(ii) If M is e-separating around Xy at scale r, then the extinction time satisfies T,(M) > to + r*, and
there exists a point x € B(xy, r/€) such that (x, to + e M

Proof. The first assertion follows from Proposition 4.8] (structure of low entropy shrinkers) and the choice
of & (Convention 8. T)) by the avoidance principle [TIm94, Sec. 10].

Next, note that Proposition (structure of low entropy shrinkers) and the choice of & (Convention
imply that both K, _,> N B(xo, r/€) and B(xo, /&) \ K, _,» contain a ball of radius 2nr. By comparison
(Corollary this yields the second assertion. O

4.4. Regularity of trapped regions. In this section we prove that if some region of an ancient asymp-
totically cylindrical flow is trapped in a thin slab (either between two planes or between two cylindrical
shells) over many scales, then its regularity scale is bounded from below.

Foraset A c R"™! a point x € R™! and a radius r > 0, we denote by Th(A, x, r) the infimum over all
w such that (A — x) N B(0, r) after suitable rotation is contained in the slab {|x,.| < w}.

Lemma 4.13 (thickness of shrinkers). There exists a constant 6oy > 0, such that every nonplanar shrinker
T c R™! with Ent[Z] < Ent[S™~! x R] satisfies

(144) Th(Z, 0, 2n) > &.

Proof. By the local regularity theorem the flat plane is isolated in the space of shrinkers, see e.g. [Whi05),
Prop. 3.2]. Using this, the assertion follows easily from a contradiction argument. O

Proposition 4.14 (regions trapped between planes). There exist constants 6 > 0 and ¢ > 0 with the
following significance: If Xy = (xo, to) € M is a point on an ancient asymptotically cylindrical flow and if
ro > 0 is such that

(145) Th(M,,_,2, x0,2nr) < 6r
for every r € [ro, 2o, where N is the constant from Theorem (almost selfsimilarity), then
(146) R(Xp) > cry.

Proof. By Theorem (almost selfsimilarity), there exists a scale r € [ry, 2Vry] at which M is e-self
similar around Xj to a self-shrinker . Taking § = 8p/2 from the previous lemma (and tacitly assuming
that we fixed € small enough), equation implies that X is the hyperplane. The bound now
follows from the Ecker-Huisken gradient and interior estimates [EH91]. O
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Proposition 4.15 (regions trapped between cylindrical shells). There exist constants o > 0, ¢ > 0 and
T > —oo with the following significance. Suppose that M is an asymptotically cylindrical flow, with
(0,0) e M, and that ty < T . If for every t < ty and x € M; N B(0, V4n|t]) we have

xz )CZ
(147) [t - D) < o
then for every t < tg and x € M; N B(0, V3n|t|) we have
(148) R(x,1) = cV-t.

Proof. Let o be so small such that

20 23
149 — N

(149) 0 2n

where N is the constant from Theorem .10 and § is the constant from Proposition #.14] Consider the

increasing function

r
(150) 8(r) = —,

V=t + 12
which measures the quotient between the scale of the cylinder and the scale measured from X = (x,1).
20
6 9
Proposition 4.14], if the postulated bound does not hold, then there exists some r € [y, 2Vrg] such that

Letting ro be such that g(rg) = we see that rg = % —t if || is sufficiently large. Therefore, by

(151) Th(M,_2, x,2nr) > 6r.

. 2/3
Letting r; to be such that g(ry) = 0-2_}’1 we see that

N
(152) ZN_g(rl)_ﬁ. O<I"1

glro) ro /_Hr% 1o

so r < ry. Thus, by the monotonicity of g

(153) 2nr = 2ng(N V-t + r> < 2ng(r) V=t + r2 = e V=t + 12,

SO
(154) Th(M,_,2, x,2nr) < Th(M,_,2, x, 0> =t + 12).
Similarly,

(155) or =6g(NN—-t+r?>6g(ro) V-t +r2 =20 V-t +r?,
and so combining (I5T)),(154)), and (153), we obtain
(156) Th(M,_2, x> V=t + 12)) > 20 V-t + 2.

This is contradictory to the fact that for the unit sphere S”~! and a point p € S"~!,

(157) Th(S"™!, p, ) = 7

for n < 1 (indeed, instead of S”~! we could have taken any smooth hypersurface of bounded geometry
and any point on it). O
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4.5. Asymptotic cylindrical scale. Let M be an ancient asymptotically cylindrical flow which is not the
round shrinking cylinder. By Colding-Minicozzi [CM13]] the axis of the asymptotic cylinder is unique.
We can assume without loss of generality that the axis is in x,,;|-direction. Moreover, after translating and
scaling, we can assume that (0,0) € M and Z(0,0) < 1.

Proposition 4.16 (asymptotic cylindrical scale). For every 6 > 0 there exists A = A(5) < oo, such that
Z(p,0) < 6|p| for all p € My with |p| = A.

Proof. If the assertion fails for some ¢ > 0, then there is a sequence of points p; € My with |p;| — co and
Z(pi,0) > S|pil. Let M! := Dy p; (M) and pass to a subsequential limit M*. By construction, M is an
ancient integral Brakke flow with entropy at most Ent[S”~! x R] and a cylindrical singularity at the space-
time origin. Hence, by the equality case of Huisken’s monotonicity formula, M is a round shrinking

cylinder that becomes extinct at time Oj; this contradicts lim inf;_, Z(ll; ,-.,|0) > 0. O

Corollary 4.17 (barrier for the normalized flow). There exists an even smooth function ¢ : R — R, with
lim, .0 ¢’ (2) = 0 such that, given Xo = (xo, to) € M, the normalized flow M,}.( 0= e3(M_,~ — xo), where
T = —log(ty — 1), satisfies

(158) MY C {w/x% Foot+s <p(xn+1)}

for T < T (Z(Xv)). In particular, any potential ends must be in direction Xx,41 — *oo.

Proof. This follows from Proposition .16 arguing similarly as in [CHHIS| Sec. 3.3]. O

5. FINE NECK ANALYSIS FOR ANCIENT ASYMPTOTICALLY CYLINDRICAL FLOWS

5.1. Setting up the fine neck analysis. Let M be an ancient asymptotically cylindrical flow, which is
not the round shrinking cylinder. Given any X = (xp, #p) € M, we consider the normalized flow

(159) MY = e (My_e — x0).

By Theorem [4.10] and the uniqueness of the axis from Colding-Minicozzi [CM15]], we can assume that
the rescaled flow converges for T — —co to the cylinder

(160) T={xeR™ |+ . +x=20- D).

Moreover, the convergence is uniform in Xy once we normalize such that Z(Xy) < 1. Hence, we can find
universal functions o(t) > 0 and p(1) > 0 with

(161) lim o(r) =0, lim p(r) =0, and-p(7) <p'(7) <0,

T——00
such that Mf.(o is the graph of a function u(-, 7) over £ N Bay)(0) with
(162) 1, Dll i srBayey o < @ P

With the goal of deriving precise asymptotics for u, which capture the deviation from the exactly round
cylinder, we will now set up a fine neck analysis as in [ADS19b, BC19, (CHH18]].
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In the following, we denote by C < oo and 7 > —oo constants that can change from line to line, and
can depend on various other quantities, but are independent of the center point Xy with Z(Xp) < 1. We
also fix a nonnegative smooth function y satisfying y(z) = 1 for |z] < % and y(z) = 0 for |z] > 1, and set

(163) iu(x,7) = u(x, T),\/( Al )
p(7)

We recall from Angenent-Daskalopoulos-Sesum that there are n-dimensional shrinkers
(164) >, = {hypersurface of revolution with profile r = u,(x,+1),0 < x,41 < a},
Sy = {hypersurface of revolution with profile r = #iy(x,+1),0 < X4 < 00},

as illustrated in [ADS19b, Fig. 1], see also [KM14]] and [ADS19bl Sec. 8] for a detailed description.
These shrinkers can be used for barrier arguments as well as for calibration arguments.

Proposition 5.1 (c.f. [CHHI8| Prop. 4.3], [BC19, Prop. 2.3], [BCI18| Prop. 2.3], [ADS19b, Lem. 4.7]).
The graph function u satisfies the integral estimates

2 2
(165) f e [Vulx,n))* < C f e u(x,7)?
=001 1<L) DRIEASIS Y
and
1 b2
(166) f e+ u(x, T)2 < CL_Zf e+ u(x, ‘r)2
=L <l l<L) EN{lxnr1l<5)

forall L € [Ly,p(t)] and T < T, where Ly is a numerical constant.

Proof. Since M is an ancient asymptotically cylindrical flow, Huisken’s monotonicity formula yields

(167) f e 4 < f PGS
M, T

On the other hand, using the shrinker foliation from as a calibration as in [CHHI8, proof of Prop.
4.2] we infer that

(168) f ehPI4 < f e ML ! f ehP 2,
EN{lxne112L} M‘rm“xn-f—llZL} E0{lxp411=L}

where we also used Corollary to ensure that the region under consideration is indeed foliated by the
family of shrinkers, provided Ly is large enough and 7 is negative enough. Having established and
(168), the rest of the proof is similar as in [BC18}, proof of Prop. 2.3]. o

Since M, moves by normalized mean curvature flow, the evolution of the graph function u is governed
by the linear operator

(169) L=As— L.y

on the cylinder X. The nonlinear error can be estimated either pointwise, or in the Gaussian L?>-norm

n \XI2 172
(170) Ifllc = ( fz (4m)2e” + fz) :

More precisely, we have:
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Lemma 5.2 (c.f. [CHH18|, Lem. 4.4, 4.5], [BC19, Lem. 2.4, 2.5]). The graph function u(x, T) satisfies

(171) @ = Lyul < Co(@)p™" (@) (ul + [Vul) (T<7).

Moreover; the truncated graph function i(x, ) = u(x, 7) x( ;’g;) satisfies

(172) 10; = Dyl < Cp™" llall (T<7).

Proof. The first assertion simply follows from linearizing the normalized mean curvature flow over the
cylinder and using (162)). Using this, the second assertion follows similarly as in [CHHIS8| proof of Lem.
4.5], where we now use Proposition [5.1|to estimate the Gaussian L2-norm of the error terms. O

Let us recall a few facts from [BC18] about the operator £ defined in (I69). In cylindrical coordinates
this operator takes the form
o 1 1
= o S+ EAsn-lf— 5 K+l

n+1

0

0Xp41

(173) Lf

f+r

Denote by H the Hilbert space of all functions f on X such that ||f|lg < oo, where || || is the Gaussian
L?-norm defined in (T70). Analysing the spectrum of £, the Hilbert space H can be decomposed as

(174) H=H,dHydH_,
where H. is spanned by the n + 2 positive eigenmodes 1, xy,..., x,+1 (here, x1,...,x,+1 denotes the
restriction of the Euclidean coordinate functions to X), and Hj is spanned by the n + 1 zero-modes xﬁ R
2, X1 Xp41s -+ > XnXns1. We have

(LS. Ne = 5 IfIG for f € H.,
(175) (Lf,fg=0 for f € Ho,

(LS. Ne < =7 I for f € H_.

Now, with the aim of splitting the fine neck analysis into two cases, we consider the functions

U(t) = |PsaC, 7)II2,
(176) Uo(7) := ||Poia(-, T)IIZ,
U_(7) := |P-a(, 7)IIg,

where P, Py, P_ denote the orthogonal projections to H.., Hy, H-, respectively. Using Lemma we
obtain

%UAT) > U.(1) — Co~ (U (1) + Up(7) + U-(7)),

(177 Uo(n)| < Cp™ (U4 (1) + Uo() + U_(2)),

|i
dr
%ums%uﬂﬂw%m@+mm+um)
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Proposition 5.3 (c.f. [CHHI18| p. 27]). Either the plus mode is dominant, i.e.
(178) U_+Uy<Cp'u,,
or the neutral mode is dominant, i.e.
(179) Ui + U_ = o(Uy).
Moreover, which of the two cases happens only depends on M, and not on Xy and p.

Proof. This follows from (177) by applying the Merle-Zaag ODE-lemma [MZ98]] similarly as in [CHH18|,
p. 27]. O

5.2. Fine analysis in the plus mode. In this section, we assume that the plus mode is dominant. As
explained above this means that after fixing a center Xo € M with Z(Xp) < 1, and a graphical scale
function p, we have that

(180) U_+Uy<Cplu,

for all T < 7. As before, C < oo and 7 > —oo denote constants that can change from line to line and are
independent of the point X € M with Z(Xo) < 1. The main goal of this section is to prove Theorem 5.8]
which shows that all necks open up slightly in the x,;-direction in a very specific way.

5.2.1. Graphical radius. To get started, using (I77) and (I80) we compute

d
(181) —U,>U,-Cp'uU,.
dr

Integrating this differential inequality, for every u > 0 we get
(182) U.(r) < Cell ™M

for all T < 7 (u). Recalling that U, = ||P+12||2G and using (180) we infer that

(-

(183) llillg < Ce 2.

By interior estimates and interpolation this implies

-y

(184) lluC-, Dller2 @i, 1<tozn < Ce 2

for all T < 7 (w).
We will now show that the normalized flow is graphical over an exponentially large domain:

Proposition 5.4 (c.f. [CHHIS8, Prop. 4.10]). For v < 7 the normalized mean curvature flow M, can be

—‘r/lO}

written as graph of a function v(-,T) over XN {|x,+1| < e with the estimate

(185) ||v||C6(Zﬂ{|xn+|ISe’T“O}) < CET/IO.
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Proof. First, thanks to (184)) we can use the n-dimensional shrinkers from (I64) as barriers similarly as in
[CHHIS, proof of Prof. 4.9] to infer that the rescaled mean curvature flow M, satisfies the CO-estimate
(186) sup X+ X2 = 2n— D] < Cem.

M:N{|xp411<2¢7 10}
The geometric meaning of (I86) is that the normalized flow is trapped between two cylindrical shells.
Thus, the regularity scale of the normalized flow in this region clearly is bounded above. On the other
hand, thanks to Proposition[4.15| (regularity of trapped regions) the regularity scale of the normalized flow
in this region is also bounded below, i.e. we get

(187) C'<R(p,7)<C

.
for |x,+1(p)| < %e_m, provided that 7 is sufficiently negative.

Finally, having established (T87)), the C%-estimate (T86)) can be upgraded to a graphical C 6_estimate by
the same argument as in [CHHI18|, second half of the proof of Prop. 4.10]. O

We now repeat the process from Section [5.1] with improved functions p and o~. Namely, by Proposition
5.4 we can choose

(188) p(m) =0 (1) = Ce"?,

and write M as graph of a function u(-, ) defined over the exponentially large domain X N By, such
that it satisfies the estimate (162) forr < 7.

Proposition 5.5. For t <7 the function ii(x, 7) = u(x, T))(( e)f",jzlo) satisfies the estimate
(189) lallg < Ce?.
In particular, we have

(190) sup 24+ xE—2n— 1) < Ce.
Mrm{lxn-HlS]OLO}

Proof. The argument from [CHHI18| proof of Prof. 4.11] works in any dimension. O
5.2.2. Constant functions cannot be dominant. It is useful to further decompose
(191) P+=P1/2+P1,

where Py, is the projection to the span of xi, - - - , x,+1, and P is the projection to multiples of 1. Accord-
ingly, we can decompose

(192) Us = IP4C, DG = I1P128C, DG + IP1AC, DG = Uiz + Us.
Using the assumption that the plus mode is dominant, and Lemma([5.2] we obtain

(193) Urjp = Urp| < Cp™' U1p + U,

‘i

dr
d )

(194) |%U1 - 2U1| < Cp (Uypp + Uy).
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Hence, applying the Merle-Zaag ODE-lemma [MZ98] we infer that either the Uy, is dominant, i.e.
(195) Uy = o(Uy)2),

or the constant function 1 is dominant, i.e.

(196) Uijp < Co UL

Proposition 5.6. It must be the case that Uy = o(Uj)2).

Proof. The case can be excluded similarly as in [CHHI18, proof of Prop. 4.12]. i

5.2.3. The fine neck theorem. By Proposition[5.5]and Proposition[5.6 we can now assume that

(197) U_+Uy<Cp'uy,
and
(198) Uy = o(Uy)2),

where p(t) = ¢ ™/?0, Recall in particular that Proposition|5.5| gives
(199) lallg < Ce?.

Moreover, using in addition equation (I98) and the assumption that our solution is not the round shrinking
cylinder, we see that

(200) Tgr_noo e "Uppp>0.

Lemma 5.7 (c.f. [CHH1S| Lem. 4.13]). For v <7 we have

(201) e, Dllerzntis,i<tosoy < Ced™.

Proof. Since the C*-norm of u is small, this follows from (T99) by linear parabolic estimates, similarly as

in [CHH18|, proof of Lem. 4.13]. O
We will now express P.it € H, as linear combination of the n + 2 eigenfunctions 1, xy,- -, Xp41.
Namely, let

i

n-3 1 1
a¥(r) = 277 (;Z)s Vsl f Xpp1 BX(x, 7Y T,

2

(202) bY(r) = 27 (1 = Ly 3 (st Djgrn=13 f x () T

X\z

n— ‘
Ko =27 e Vs [ e

where 1 < i < n, and where the superscript X is to remind us that all these coefficients depend (a priori)
on X. Then, we have

n
(203) P = a¥x 0+ ) b+ o,
i=1
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Moreover, UX = ||P, 2 IIé is given by a sum of coefficients squared:

-1 -1 -3
e T T

n
nol

(204) U (n=1TIS" 1 P + (1 = 1) Y 1BFP + 1K),

i=1
Theorem 5.8 (Fine neck theorem, c.f. [CHHI18| Thm. 4.15]). Let M be an ancient asymptotically cylin-
drical flow. If the plus mode is dominant, then there are constants a = a(M) # 0, C = C(M) < o0 and a
decreasing function T : R, — R_ (depending on M) with the following significance.

For every X € M the graph function u*(:,7) of the normalized flow M¥ satisfies the estimates

(205) IIe_%itX(x, T) — aXpyl — l_a)fxl - = l_a,)fxnllg < Ce%,

and

(206) sup e 20%(x, 1) = axyer — BYxy — - = BYxy| < Cet®
|X,1+1|S10L()

for v < T(Z(X)). Here, the constant a is independent of X, and l_)lX are numbers that may depend on X and

satisfy
(207) by + -+ 1By | < C.

Proof. First, by analyzing the evolution ODE:s for the coefficients defined in (202) similarly as in [CHHIS8]
proof of Prop. 4.14], we infer that

—

T n T _ T 11
(208) le2a¥(r) =@ |+ ) le"Ibf (1) = bf | < CeD,  |cX(@)| < CeT,
i=1
where a¥, Bf S, Ef are real numbers that might depend on X.
Consider the difference

(209) DX =g —e2 (len+1 + l_)i(xl +e l_)ffxn)
Using (203)) and (208) we see that

(210) IDX| < 2% - P.a¥X|+C(1 + |xn+1|)e%7.
Since by (197) and (199) we have

@11) U+ Uy < CeD,

it follows that
(212) IDX|jg < CeT,

which proves (205]) modulo the claim about the coefficients.
Combining the (199), (204)) and (208)) we see that

(213) B < C.

which proves ([207).
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We recall that e~ 2u corresponds to the original scale. Hence, if instead of X = (x, ) we consider the
new origin X’ = (x’, ), where

n
(214) ¥ =x+ 2n=1) ) bfe;,
i=1

then the estimate (212) simplifies to
1 21
(215) 1% (x, 1) = €@ xp1llg < Ce,

i.e. the estimate (203) holds with a* = @X, X = 0, and & = 0. If a¥ = 0, then (213) implies
’ 21 . L. .. ..
X ||2H < CeX7", contradicting (200). Here, we have used Proposition as well as Proposmon to
show that, even after re-centering, the % mode dominates. Hence, aX # 0. Since the estimate (213) holds
for any X and since aX does not vanish for any X, we see that aX =: a is independent of X.
It remains to prove the pointwise estimate (206). To this end, we start with

(216) 1Dl 2 s ipsyi<tozen < CIIDYlG < e,
Next, combining Lemma [5.7]and inequality (213)) yields

(217) DX ||zt <1020} < CeT.
Hence, applying Agmon’s inequality

218) il < Cllull 2l

we conclude that

(219) sup  |D¥| < Celoo®,

[%n+11<10Lo

This finishes the proof of the theorem. O

After a change of coordinates we can assume without loss of generality that our ancient low entropy
flow M satisfies @ = a(M) = +(n—1)/2. Then, after recentering as above, the fine neck theorem
(Theorem [5.8)) tells us that the graph u*(-, 7) of the rescaled flow M satisfies
(220) sup e 2uX (x, ) = V1= 1)/2 xp41| < Ce

[xp+11<10Lo
for 7 < 7 (Z(X)).

Corollary 5.9 (c.f. [CHHIS, Cor. 4.16]). If the rescaled flow MX = KX satisfies (220), then

(221) KX 0 {xp < —Loy C {3 +...x2 <2(n— 1)),
(222) KX 0 x> +Lo} 2 (X + ... x2 < 2(n— 1)),
and

(223) inf x4 < —pue™™?
MX

T
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for T < T(Z(X)), where u > 0 is a numerical constant. In particular, the unrescaled mean curvature flow
M = {M;} satisfies

(224) inf x,11(p) > —c0, and  sup x,+1(p) = .
pEM, PEM,
Proof. This follows from barrier arguments similarly as in [CHH18| proof of Cor. 4.16]. O

5.3. Fine analysis in the neutral mode. In this section, we assume that the neutral mode is dominant.
The main goal is to prove Theorem[5.15]and Corollary[5.16] which show that the solution is compact with
a precise inwards quadratic expansion.

Given any center X € M, there exists some functions o~ and p satisfying (I61)), such that holds,
and we have

(225) U- + U, = o(Uy), |0:Uo| < o(Uo)

for 7 < 7. In this subsection, C < co and 7 > —oo denote constants that can change from line to line, and
that may also depend on Xy € M. To distinguish the initial choice of p, we set

(226) po@) = p(2).

We will later use improved scale functions, but py will never change.

5.3.1. Graphical radius. To begin with, we consider the positive function

. )2
(227) a(r) = (f uz(x, S)(47T)_2€_4) .
[xns11<Lo
Lemma 5.10 (c.f. [CHHIS8, Lem. 4.17]). For L € [Ly, p(t)], we have the estimate
xZ
(228) a(t)? < f 2(x, T)dm) e T < Ca(r).
Z0{lxp+11<L}

Proof. The proof is similar to [CHH18l Lem. 4.17]. O
Now, define an increasing continuous function by
(229) B1(7) = sup a(o).
O<T

By standard interior estimates, we have
(230) luel (x, T) < CB1(7)

for [x,41| < Loand T < 7.
For technical reasons, it will be best to work with a monotone function 8, which simultaneously has
controlled derivatives. To this end, we define
2 \12

(23D B(x) = sup ( f W () dm e )
z

O<T
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where we recall that pg is defined in (226) to be the original graphical scale. Clearly, 8 is a locally
Lipschitz, increasing function. By equation (223)), we have 5’ = o(8) at almost every time, so in particular

(232) 0<p(1) < 1B(T).

Moreover, by Lemma [5.10| we have

(233) Bi(1) < B(1) < Ca(o) < CBi(7),

where o is chosen such that the second inequality holds. To recapitulate, we have obtained

(234) Bi(1) < B(7) < CBi(7).

Proposition 5.11 (c.f. [CHHI8| Prop. 4.18]). There are constants ¢ > 0 and C < oo such that

(235) lul(x, 7) < CA(r)*?

whenever |x,;.1| < Cﬁ(T)_% andt < 7T.

Proof. The proof is similar to [CHHI18, Prop. 4.18]. O

Similarly as in Proposition the C%-estimate from Proposition can be upgraded to a C*-estimate.
Hence, we can now repeat the process from Section [5.1] with better functions p and o~. Namely, by we can
now choose

(236) p(t) = B(x)75, and o(7) = B(7)5,
and write M, as a graph of a function u over £ N Bsy(r) such that
(237) (- Dl s sz 0y < PO

for T < 7. Note that by equation (232)) the derivative p’ indeed satisfies

(238) -p(1) <p'(1) <0,
as required by condition (I6I]). From now on we work with the function
~ Xn+1
(239) i(x, T) = u(x, T))(( ) ;
p(7)

where p is the improved graphical radius from (236).

5.3.2. Expansion in terms of neutral eigenfunctions. For the function

(240) 8, 7) = u(x, (),

where p is the improved graphical scale from (236), we let

(241) U = IP.allg, Uo = IIPodllg, U- = ||P-alg.
By assumption and Proposition [5.3| we have

(242) Us + U- = o(Uy).
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Therefore, we can expand

(243) =) ap+o(d),
1=0
where
(244) a(r) = (ao(1), -+, (1))
are time dependent coefficients, and where ¥, - - - , ¢, are the n + 1 normalized zero eigenfunctions of L,
explicitly
(245) Yo = 2T GE)IDIS (2, |~ 2),
(246) i =27 (1= Ly 2y,

with 1 < i < n. Moreover, Lemma and equation (242)) yield that
(247) C (1) < |@l(7) < Ca(r)

for T < 77, where a(7) is the function defined in equation (227).

In the following lemma we Taylor expand the normalized mean curvature flow to second order:

Lemma 5.12 (c.f. [CHHIS, Lemm. 4.19]). The function i(x,7) = u(x, )x( z'z;;) satisfies

(248) Bu—Lu——(n—l) (n-1)" ZAS,llu + E,

M - 7
where the error term can be estimated by
|E| <Cx(ul + [Vul)*(|u] + [Vuul + |V*ul)
+ Cllo” ' (IVul + X1 llue)
+Cly” lo™2|ul

(249) + Cx(1 =)l +9%uP?).
Proof. Consider the normalized mean curvature flow operator for graphs over the cylinder
Qiw 2V, Vjw + (1 + w2 VWP w = 2w 23, w(Vw, Vd,,, w) — w3 Vw2
NWw) :=0;w —

1+ (8, w)? + w2[Vw]?

n—-1 w x4
250 + - = 0
(250) w2 2

w,

where V denotes the Levi-Civita connection on $”~!, and Q; ; are the elliptic coeflicients given by

(251) Qij = [1+ w2 VW + (8y,,, )16 — w2 ViwV jw,

Xn+1

c.f. [GKS18| eqn. (A.3), (A.4)]. Then, by Taylor expanding f(s) = N(v2(n — 1) + su), we can obtain the
desired result. See the proof of [CHH18, Lemm. 4.19] for more details. O
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Lemma 5.13 (c.f. [CHHIS8, Lemm. 4.20]). The error term E from Lemma[5.12] satisfies the estimate

(252) KE,ynl < CAD?*S
fort < T.
Proof. The proof is similar to [CHHIS|, proof of Lem. 4.20]. O

5.3.3. The inwards quadratic neck theorem. The next proposition gives a system of ODEs for the coeffi-
cients from the expansion ([243).

Proposition 5.14 (c.f. [CHHIS8, Prop. 4.21]). The coefficients ag, a1, - - ,a, from the expansion ([243))
satisfy

n

(253) Lag=-2405 - A )" af +o(B),
i=1

(254) L a; = —Aage; + o(B?),

2er \ 5 (n—1))on— 1——
where A = zﬁ( )4 IS 72

Proof. Using Lemma Lemma5.13} and Vi = 0, we compute

(255) =0 = (O, o)

(256) =(Li— L(n D) - i@(n — 1) 2 Agu@® + E, o)

(257) = (~515 01 - 17222 + E, o)
) n

(258) = —#i(n -1)2 cooooz% + Z cojjafi +2 Z coijaia |+ 0([3’2),

j=1 i#j

where

(259) ck = f Yk @En)te i,

Next, for 1 <i < n, we have Agn-14; = —(n — 1)i;, hence

(260) d‘ra’ = (0.0, Y1)

(261) =(Li- 4(;1 Dt - —(n — 1) 2 Agr 82 + E, )

(262) = (~F5 (- D + By

(263) = L= 172 Y eyl = A= 17 Y cukasak + o).
J J£K

The only nonvanishing coefficients are

(264) cono = 2 () VIS

and

(265) cojj = 2°F () i-Dig 13
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where 1 < j < n. Setting

(266) A= €ojj _ €000
2V2n—=1) 4\2(n-1)
and putting things together, this implies the assertion. O

Theorem 5.15 (Inwards quadratic neck theorem, c.f. [CHHI18, Theorem. 4.22]). For v < T the coeffi-
cients from the expansion (243)) satisfy

~2(n - 1)7(22)~50-DIS ™12 4 o(1)

(267) ao(7) = ,
Il
and
n
(268) D leil = o(lao).
i=1
Proof. Using Proposition the proof is similar to [CHHIS8, proof of Thm. 4.22]. o

Corollary 5.16 (c.f. [CHHIS| Cor 4.24 and Cor. 4.25]). For v <7 we have
(269) KX 0 {1l = Loy € (3 + ...+ 22 < 2(n - 1)),
Moreover, K, is compact for all t.

Proof. This follows from the inwards quadratic neck theorem (Theorem [5.15) and a barrier argument,
similarly as in [CHHI1S8, proof of Cor 4.24 and Cor. 4.25]. O

6. IMMORTALITY, CAP SIZE CONTROL AND ASYMPTOTICS

Throughout this section, M will always be an ancient asymptotically cylindrical flow where the plus
mode is dominant. We will frequently use the fine neck theorem (Theorem|5.8)) and its corollary (Corollary
[5.9). By an affine change of coordinates, we can assume without loss of generality that
n—1

5
that the axis of the asymptotic cylinder is the x,-axis, and that

(270) a=

(271) min x,.1(p) = 0 is attained at the origin.
peMy

6.1. Speed of the tip and immortality. Let us consider the height of the tip function
(272) Y(1) := min x,.1(p).
PEM,

The goal of this section is to derive certain estimates for ¢, and to show that the flow M is eternal, i.e. to
prove that 7,(M) = oco. To this end, we start with the following immediate observation.

Lemma 6.1 (c.f. [CHHI18, Lemma 5.7]). The function  is well-defined, strictly increasing, and satisfies
(273) tlil_n W(t) = —co.
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Proof. This follows directly from Corollary Corollary[5.9] and the strong maximum principle. O
The following proposition shows that tip points have controlled cylindrical scale.

Proposition 6.2 (cylindrical scale of tip points). There exists a constant Q = Q(M) < oo such that every
p € M, with x,+1(p) = ¥(t) satisfies Z(p,t) < Q.

Proof. The argument is based on the one in [[CHH18| proof of Prop. 5.8], but due to the lack of regular-
ity/curvature control one needs to be a bit more careful.

If the assertion fails, we can find a sequence X; = (p;,t;) € M with x,11(p;) = ¥(t;) such that
Z(Xj) — co. Consider the parabolically rescaled flow M/ = Dy ) 1(M — X;). Note that M/ has
expansion parameter @/ = Z(X j)‘]Ez — 0. Up to a subsequence, we can pass to a limit M™. It is easy to
see that M™ is an ancient asymptotically cylindrical flow.

We first observe that M* is not a round shrinking cylinder. Indeed, if (0,0) was on the axis of such a
round shrinking cylinder, this would contradict our scaling by the cylindrical scale. If on the other hand
(0, 0) was not on the axis, then the cylinder would become extinct at a strictly positive time, contradicting
the fact that M;” is contained in a half-space for all > 0.

Next, suppose towards a contradiction that M™ has a dominant zero mode. Then, by the inwards
quadratic neck theorem (Theorem [5.15)) at all sufficiently large scales the neck centered at (0, 0) bends
inwards. For j large, this contradicts the fine neck theorem (Theorem for M/ with center (0, 0).

By the above, M* must be an ancient asymptotically cylindrical flow with dominant plus mode. Hence,
by the fine neck theorem (Theorem [5.8)), it has an expension parameter a* = a®(M®) # 0. However, it
follows from the fine neck theorem and its proof that @/ — @, contradicting @/ — 0. This finishes the
proof of the proposition. O

Proposition 6.3 (c.f. [CHHI1S8, Prop. 5.1]). For every A < oo there exists a p = p(M, A) < oo with the
following significance. If (po, to), (p1,t1) € M are such that Z(po,t9) < A, t1 € [ty — 1,10 + 1], and

(274) Xns1(P1) = Xus1(po) = p,
then
(275) Z(p1,t1) > A.

Proof. This follows from the fine neck theorem (Theorem [5.8)) arguing similarly as in [CHHIS| proof of
Prop. 5.1]. O

In contrast to [CHHI18, Sec. 5.2] we do not have any global curvature bound at our disposal at this
stage. The following simple, but crucial, lemma serves as a partial substitute:

Lemma 6.4 (Macroscopic speed limit). There exists a constant C = C(M) < oo such that
(276) w(t) -y < Cit—1 +1)

forallt <t <TM).
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Proof. For ty < T.(M) let p;, be a point at the tip at time #;. Consider a tip point p;, at time #; = fp — 1.
By Proposition [6.2] (cylindrical scale of tip points) we have Z(p;,t;) < Q, and so applying Proposition
with A = Q, we obtain that x,.1(ps) — Xu+1(pr,) < p. Iterating this, we get that

277) Y —y(') < C -1,

whenever ¢t — ¢’ > 1. Together with the monotonicity of  (see Lemmal6.1)) this proves the assertion. O

Theorem 6.5 (immortality). The flow M is immortal, i.e. T,(M) = co. Moreover, the height of the tip
Sfunction satisfies lim;_,, Y(t) = oo.

Proof. Suppose towards a contradiction that 7,(M) < co. Then, by the macroscopic speed limit lemma
(Lemma we get that (T, (M)) := lim,, 7, pmy Y(f) < oo. Let p € R™! be a “tip point” of M at its
finite extinction time, i.e. a point such that (p, T,(M)) € M and ¥(T.(M)) = x,+1(p). By the fine neck
theorem (Theorem , there exists some 7y < T,(M) such that for every 7 < fy we see a fine-neck around
(p, Te(M)). Let N be the spatial connected component of M,, containing this fine neck. Note that N is
non-compact by Corollary [5.9] Consider the space-time points X = (x, 1) for x € N. Proposition {.12]
implies M is not e-compact around X at any scale, and also that M is not e-AC around X at scales larger
than /T.(M) — t9. Thus, using also Proposition and Theorem we see that that Z(X) is uniformly
bounded from above over x € N; this however contradicts Proposition as N contains points with
arbitrarily large x,4| by Corollary Hence, the flow M is eternal, i.e. T.(M) = oo.

Finally, suppose towards a contradiction that L := lim,_,. /() < oo. Consider pairs of times #y <
such that ¢(t;) > L — 1, and denote by p;, a tip point at time ;. By Proposition [6.2] (cylindrical scale of tip
points), and the fine neck theorem (Theorem 5.8), provided #; — o is sufficiently large, at time 7y we see a
fine neck centered at (py,, #1). This contradicts the fact that py, is a tip point. O

6.2. Cap size control. Let M be an ancient asymptotically cylindrical flow with dominant plus mode,
normalized as in the previous subsection. For each ¢ € R select a point p; € M; with x,.((p;) = Y(?).

Theorem 6.6 (Cap size control, c.f. [CHHIS8, Thm. 5.9]). There exists a constant C = C(M) < oo, such
that for t € R every point in M, \ Bc(p;) lies on a fine neck. In particular, M, has exactly one end.

Moreover, M, \ Bc(p;) is the graph of a function r in cylindrical coordinates around the x,.-axis

satisfying
(278) F(t, %1, @) = V201~ D0xet — 9(0) + 0 (Ve —90)
Jor x,.1 > Y(t) + C, and the height of the tip function  satisfies

(279) () =t + o(lt)).

Proof. Let p € M;. By Theorem [6.5] (immortality) there exists a time #, > ¢ such that () = X,+1(p).
By Proposition (cylindrical scale of tip points) we have Z(p;,) < Q. Moreover, using the macroscopic
speed limit lemma (Lemma , we infer that there is some ¢ = ¢(M) > 0 such that

(280) ti —t 2 c(xp41(p) — Y(2)),
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provided that x,.1(p) — ¢(?) is sufficiently large. Hence, applying the fine neck theorem (Theorem [5.8))
and Proposition with center (p,,, t.) we see that if x,,1(p) — ¥(?) is sufficiently large, then p lies on
a fine neck. Together with Corollary Corollary and Theorem [6.5] (immortality), this proves the
existence of a constant C = C(M) < oo such that for all € R every p € M, \ Bc(p;) lies on a fine neck.
In particular, this shows that M; has exactly one end.

The expansion now follows from integrating the fine neck estimate, and follows from
comparison with scaled bowls (see [[CHHI18| proof of Thm. 5.9] for how these two things are done). O

6.3. Fine expansion away from the cap. Let M be an ancient asymptotically cylindrical flow with
dominant plus mode, normalized as in the previous subsections. The goal of this subsection is to prove
Theorem [6.12] which shows that the cylindrical end becomes rotationally symmetric at very fast rate, and
also controls the distance of the cap from the x,,;-axis uniformly in time.

Given a point g € R™1 and a direction w € S", we denote by{Ry : 1 <a< W} a normalized set
of rotation vector fields that corresponds to an orthonormal basis of the space of the rotations around the
axis W = {g + wt : t € R}, namely
Jo O

(281) Ro(x) = SJ,8 ' (x - g), where J, = [ o 0

l eso(n+1),

A

where S € SO,,4; is any rotation matrix with Se,.; =w,and {J, : 1 < a < W}

is an orthonormal basis
of so(n).

Definition 6.7 (c.f. [BCI8, Def. 4.3]). A point X = (x,1) € M with H(X) > 0 is called §-symmetric if
there exists a normalized set of rotation vector fields {R, : 1 < a < W} such that

(282) max |R,(x)|H(X) < 10n,
a
and
(283) max [(R,, v) H| < 6 in the parabolic ball P(X, 10H™!(X)).
(07

The following proposition shows that M becomes d-symmetric at a very fast rate if one moves away
from the cap.

Proposition 6.8 (c.f. [CHHIS8, Prop. 6.2]). There exist a constant C = C(M) < oo, such that if X =
(x, 1) € M is any point with

(284) Xn+1 — (1) 2 C,
then

(285) X is (xp41 — t//(t))_300-symmetric.
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Proof. This follows by combining the cylindrical expansion from Theorem [6.6] with the neck-
improvement theorem from Brendle-Choi [BC18, Thm. 4.4], similarly as in [CHHI18| proof of Prop.
6.2]. O

Corollary 6.9 (strong symmetry, c.f. [CHHI1S8|, Cor. 6.3]). There exist a constant C = C(M) < co with
the following significance. If X = (x,t) € M is any point with x,,1 — W(t) > C, then there exist a direction
wx € 8™ and a point gx € R"! with

(286) wx —ens1l < 100° (gx; ens1) = Xnt1,

such that each normalized rotation vector field Rxo(y) = SxJoS ;(l(y — gx), where Sx € SO,y with
S xenr1 = Wy, satisfies the estimate
(287) sup  [(Rxa» v) HI < (a1 — ().

P(X,10H-1 (X))
Proof. Since fine necks are very close to the asymptotic cylinder, we always have |[wx — e,+1]| < ﬁ.
In addition, by moving gx along the axis W we can always arrange that {(gx, e,+1) = X,+1. Hence, the
corollary follows from the proposition. O

Definition 6.10. We call any triple (X, wy, gx) that satisfies the conclusion of Corollary a strongly
symmetric triple.

The following lemma shows that nearby strongly symmetric triples at the same time align well with
each other.

Lemma 6.11 (alignment, c.f. [CHHIS, Lemm. 6.5]). There exists a constant C = C(M) < oo with
the following significance. If (X,wx, qx) and (Y, wy, qy) are strongly symmetric triples with X = (x,1),
Y =0,t) and |x — y|JH(X) < 1, then

(288) wx = wyl < Crri = g(e) ™%,
and

2 599
(289) > Kax = qv.enl < Cloupt —p(0)™ 2 .

i=1
Proof. Without loss of generality, after suitable rotations and translations, we can assume that t = 0,
Xn+1 = 0, wx = ent1, gx = 0, wy = —sin e, + cos ge,+1 and

I 0 0

(290) Sy=1(0 cos¢ -—singp|,

0 sing cosg
where [ is the (n — 1) X (n — 1) unit matrix and 0 < ¢ < %.
We express M N P(X, 10H ~1(X)) in cylindrical coordinates over the x;,41-axis, namely we parametrize
as

(291) ((L), xn+1at) = (r(a), xn+17t)w’ xn+1)-
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In these coordinates, one can directly compute that

_ n—-1
(a) —r STy —rxn“)

(292) 14

’

\/ 1+ r 2V 2 4 |, 12
which, using also wy = e, and gx = 0, yields
—(Jow, V5" P

— n—1
\/1 + 2V R Iy, P

(293) (Rxa,v) =

Since {J, : 1 < a#} is an orthonormal basis of so(n), at each point with VS"'r # 0 there exists a

unit vector 2 = (', - - ,/lw) € R@ such that
vy o
(294) m =A aW.

Thus, we obtain
V8" 1]
L+ 298 R gy 2

(295) [(ARxq, V)| =

Since X is the center of a (fine) neck, we have

(296) VS 4 e, P < 108,
and
1- 1+
(297)  <HX) <&
r

Combining these equations with Corollary [6.9](strong symmetry) we infer that

-1
IVS""r|

(298) < 2(=y(0)) .

Together with Theorem [6.6] this yields the estimate

n—1

(299) VS" < cr®

in the parabolic ball P(X, 10H~'(X)).

Now, choosing a of the special form (i, n), where 1 <i < n— 1, we consider J;,) = —e; ®e, + e, ®e¢;,
and the corresponding rotation vector field

(300) Ry = SyJamSy' (x = qy)
with center gy = (g1, - ,qn+1) and axis wy = —singe, + cosge,.; as above. A direct computation
yields

(301) RY,(i,n)(x) = _[(xn - QH) cosy + (xn+l - qn+1) sin <P]€i

+ (x; — gi) cos e, + (X; — g;) sinpep 1.
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Arguing as above, using Theorem [6.6]and Corollary [6.9| we obtain

(302) KRy, iy V)| < Cr>%

in the parabolic ball P(X, 8H~!(X)). In addition, we have the rough estimate

(303) lgy| < 10r.

Now, from equation (301)), using the estimates (296), (299), (302) and (303)), we infer that

(304) ]"_lxl'[(xn — qn) COS + (xn+1 — qn+1) Sin(p] — r_lxn(xl. — ql) cos @ + rz(xl _ Cll) Sintp < Cr_599.

At time ¢ = 0, considering a point with x; = r and x, = 0 equation (304)) yields
(305) = G €08 @ + (Xt 1 = Guat +1(r = q1) sing < Cr>7,

In the case g, < 0, we consider the points with x,;; = 20r. Then, using also |g,+1| < 10r and cos ¢ > %

we obtain

(306) Llgnl + 07 + r,(r — g;)) sing < Cr™>%.
Moreover, since X lies on a (fine) neck, we have |r,,,,| < . Hence,
(307) 31gnl + 5rsing < Cr %,

Since sin ¢ > 0, we infer that

(308) gl < Cr=>%,
and
(309) |sing| < Cr0%,

In the case g, > 0, we obtain the same estimates by considering points with x,;; = —20r.
Finally, considering points with x; = 0 and x,, = r we obtain

(310) lgil < Cr™>.
Since [wx — wy| < C|sin¢|, these inequalities prove the lemma. O
Combining the above results now yields the main theorem of this subsection:

Theorem 6.12 (fine asymptotics, c.f. [CHHI18, Thm. 6.6]). There exist a point g = (q1,- -+ ,qn,0) € R+l
and a constant C < oo (both depending on M) such that for all t € R the hypersurface (M; — q) N {xy+1 —

W (t) = C} can be expressed in cylindrical coordinates over the x,1-axis with the estimate
n—1
(311 75" 1] @, 5410 < (@, 501,07

Proof. This follows from Corollary[6.9|(strong symmetry) and Lemma (alignment), arguing similarly
as in [CHH18| proof of Thm. 6.6]. O
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7. MOVING PLANE METHOD WITHOUT ASSUMING SMOOTHNESS

Let M be an ancient asymptotically cylindrical flow with dominant plus mode. We recall from
and (139) that we denote by M, the support at time #, and by K, the domain enclosed by M,.

By Theorem [6.6] (cap size control) and Theorem [6.12] (fine asymptotics), after suitable normalization
and space-time isometry, we know that for all € R we can express M; N {x,+1 — ¥(¢) > C} as a smooth
graph in cylindrical coordinates over the x;,,-axis such that

(312) HW, Xpi1,1) = 201 = D(xps1 = ¥(1)) + 0(yXns1 — W(D)),
and
(313) 75" 1 @, 51,0 < (@, 501,07

Here, the height of the tip function i (as defined in (272)) satisfies
(314) Y(1) = t| + o(lt]).

Moreover, using Theorem [6.6] (cap size control) again, an taking also into account Proposition[6.2] (cylin-
drical scale of tip points) and Corollary (barrier for the rescaled flow), we see that, possibly after
increasing C = C(M) < oo a bit, the set M; N {x,.1 — Y(t) < C} is contained in the ball

(315) B(t) := Bc(0, ...,0,4(t)) c R™.

In particular, any potential singularities at time ¢ are contained in the ball B(f). We also recall that the
results from Section [3| (new tools for Brakke flows) are applicable, since M is a tame Brakke flow (see
Definition [3.1) thanks to Corollary 4.4] (tameness).

To set up the (parabolic variant of the) moving plane method for tame Brakke flows as above, given a

constant 4 > 0 we consider the sets

(316) Mﬁl— =M, N {x; <y},
(317) M = M, 0 {x) > b
Moreover, we denote by MY ~ the set that is obtained from MY " by reflection about the plane {x; = u},
namely
(318) M ={@Qu = x1, %0, X))t x € MY
Similarly, for the domain K; enclosed by M; we consider the regions
(319) K™ =K n{x <y,
(320) K" = K, N {xg >y,
and
(321) KIS ={@u=x1.x2,. . 1)t x € KT

Definition 7.1. We say the moving plane can reach y if for all i > u we have the inclusion Kf‘ < c Kf -
for all t € R.
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The following proposition shows that the reflected region cannot touch at spatial infinity.

Proposition 7.2 (no contact at infinity, c.f. [CHH18], Prop. 6.10]). For every u > 0, there exists a constant
hy, < oo such that

(322) K 0 {xer > W) + by} € Int(KE)
foreveryt € R.

Proof. Denote the position vector of M; N {x,+ > Y (¢) + C} by

(323) X(w, Xp+1, 1) = (W, Xp41, DW, Xp1) -

Given (%, f) with X,+; — ¥(f) > C, using Theorem (fine asymptotics), we obtain
2n

324 s Xpil, 1) — 1@, Xpt1, 0| £ —— ——

( ) |r(w Xn+1 3 r(w Xn+1 _)| }"((I)7 X‘n+1’f)100

for any w € S™!, from which we directly infer that

(325) K 0 {1 = Eas1} 0 {orn < gp) € Int(KED),

provided that X,,+; — y/(7) is sufficiently large.
Let fi > p, and assume w € S~ ! is such that

(326) P, Fns1, D{w, e1) € [L2, 312].

Using Theorem (fine asymptotics), for any curve y(s) € S"~! parametrized by arclength, which
satisfies ¥(0) = w and (y’(0), e1) > 1 we infer that

d
(327) —ls=0 (F(V(S), Tns1, D4/ 1 = (¥(s), €1 )2)

= (V" 0, 51 Dy O) VT~ g ? - (et DY Q)

I - <LL),€]>2

provided that x,,1 — ¥(?) is sufficiently large. Hence, we have a graph with negative slope that can be

reflected, namely
(328) K 0 ot = Eas1} 0 {2 ) C Int(KE)
for sufficiently large X,.; — ¥(#). This proves the proposition. O

Corollary 7.3 (start plane and start smoothness). There exists some u < oo, such that the moving plane
can reach u, and such that M N {x; > u} is smooth.

Proof. Recall from above that M, \ B(f), with B(z) as in (313)), is smooth and can be expressed as a graph
in cylindrical coordinates over the x,.-axis satisfying (312)) and (313)). Hence, the corollary follows from
the proposition. O

Proposition 7.4 (smoothness). If the moving plane can reach u > 0, then all points in M N {x|; > u} are

smooth.
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Proof. Consider
(329) L, = {y > p | M0 {x; > '} is smooth}.

Note that I, C [u, o) is an interval, which by Corollary (start plane and start smoothness) contains a
neighborhood of co. Let

(330) M i=1nf 1.

First, it follows from the strong maximum principle for Brakke flows (Theorem and Proposition
(no contact at infinity), that M can be strictly reflected across x; = p.. Thus, by Theorem (Hopf
lemma without assuming smoothness), all the points in M N {x; > u.} are regular. Hence, u. € I,.

Now, suppose towards a contradiction that . > . Then, there is a sequence (p;, ;) € M N {x; = w.}
with regularity scale R(p;, t;) going to zero. Taking into account the structure of M, as reviewed at the
beginning of this section, we see that |p; —¥(¢;)e,+1| is uniformly bounded. Let Mbea subsequential limit
of the flows M—(¥(t;)e,+1,t;). Then, as above, Theorem (Hopf lemma without assuming smoothness)
yields that all the points in Mn {x1 = w.} are regular, which contradicts R(p;,t;) — 0. Hence, u. = u.

Combining the above, we conclude that u € 1,,. This finishes the proof of the proposition. O

Now, for A, as in Proposition[7.2]and 6 > 0 we define
(331) EF = (1 S 0D + hypa), EM = {xe E": d(x, M") > ).

Lemma 7.5 (distance gap, c.f. [CHH18| Lem. 6.12]). Suppose the moving plane can reach yu > 0. Then,
there exists a positive increasing function « : (0,6y) — R, such that

(332) dM"” K" 0 ERY) 2 a(6) > 0
forallt e R

Proof. We will first show that
(333) K™ c Int(K!"™)

for all + € R. To this end, note that by assumption (see Definition we have K!' S c K!'" for all t. If
(333) fails, then there must be some 7, € R such that Mg N Mg_ # (. By the strong maximum principle
for Brakke flows (Theorem [3.4)), which is applicable thanks to Proposition (smoothness), this yields a
contradiction with Proposition[7.2] (no contact at infinity), and thus proves (333).

Now, suppose towards a contradiction that for some ¢ > 0 we have

(334) inf d(Mj", K" nE") = 0.

Choose a sequence of space-time points (x;, ;) € M such that x; € MZ N Eﬁf % and lim; 00 d(x;, Kff ) =0.
By Proposition[7.2](no contact at infinity), Theorem[6.12] (fine asymptotics), and the uniform cap position
control (313)), the distance between x; and the point ¥(#;)e, is uniformly bounded. Hence, we can take
subsequential limits M and % of the flows M — (W(;)ens1, 1;) and points x; — y(z;)e3. Applying the strong
maximum principle (Theorem for M at the spacetime point (¥,0) we obtain a similar contradiction
as above. This proves the lemma. O
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If the moving plane reaches y > 0, then by Proposition (smoothness) points in
(335) M= M0 {xg =
have a well defined normal vector v.

Lemma 7.6 (angle gap, c.f. [CHHI18, Lem. 6.13]). Suppose that the moving plane can reach y > 0. Then,
there exists a positive constant 0, > 0 such that |(v(x, 1), e1)| > 6, holds on Mf ) Eﬁl forallt e R.

Proof. First, Proposition [7.4] (smoothness) and the Hopf lemma for smooth flows show that [(v(x, 1), e1)| #
0.

Now, suppose towards a contradiction there is a sequence (x;,#;) € M such that x; € Mﬁf N E’; and
lim;_, [(V(x;, 1;), €1)| = 0. Then, as in the proof of Lemma we can take subsequential limits M and x
of the flows M — (Y(;)e,+1, ;) and points x; — ¥(f;)e,+1. Applying Proposition (smoothness) and the
Hopf lemma for smooth flows for M at the spacetime point (¥, 0) gives a contradiction. This proves the
lemma. O

Theorem 7.7 (rotational symmetry). M is rotationally symmetric, and smooth away from the x,.-axis.

Proof. By Proposition (smoothness) it is enough to show that the moving plane can reach u = 0.
Consider the interval

(336) I = {u > 0 : the moving plane can reach u}

Note that I # 0 by Corollary (start plane). Let u := inf /, and observe that u € I. Suppose towards a
contradiction that y > 0.
First, by Proposition [7.2] (no contact at infinity) we have

5< Hye 5-

(337) K N(E)) CK,
forall € R.

Next, by Lemma (angle gap) there exists a 1 € (0, min{dy, %}) such that for 6 € (0,6;) we have
(338) KON EF Ny 2 —261) € K¥70°
for all r € R.

Finally, combining the above with Lemma(distance gap) we conclude that every 6 € (0, min{d1, @(d1)})
we have
(339) K¥ % c KFO7,
for all ¢ € R. Hence, the moving plane can reach u — ¢; a contradiction. This proves the theorem. O

8. CLASSIFICATION OF ANCIENT ASYMPTOTICALLY CYLINDRICAL FLOWS

In this section, we conclude the proof of Theorem (classification of ancient asymptotically cylin-
drical flows).
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8.1. The noncompact case. Let M be an ancient asymptotically cylindrical flow that is not a round
shrinking cylinder. In this subsection we conclude the classification in the case where the plus mode is
dominant. We start with the following lemma.

Lemma 8.1 (regularity of symmetric shrinkers). Let £ be an a priori potentially singular self-shrinker
with Ent[Z] < Ent[S"' x R], which is rotationally symmetric with respect to the x,.1-axis. Then X it

smooth.

Proof. For p € Z, let C be any tangent cone to X at p. Any such C must be a stationary cone with entropy at
most Ent[S"~! xR] < 3/2. If p does not lie on the x,,1-axis, then C splits off (n — 1) lines (corresponding
to the O(n) action). Thus, by Lemma [4.2] (stationary cones), C is a hyperplane, and consequently p is
regular. If p does lie on the x,,i-axis, then it follows that C is a rotationally symmetric stationary cone
with entropy less than 3/2. Hence, C is again a hyperplane, and p is regular. This proves the lemma. O

Proposition 8.2 (regularity). If the plus mode is dominant, then M is smooth. More precisely, there exists
a constant ¢ = c(M) > 0 such that the regularity scale satisfies R(X) > c for every X € M. Furthermore,

M, is connected for every t.

Proof. From Section [ we know that M has a cap of controlled size and opens up like a parabola. From
Section [7/|we know that M is rotationally symmetric, and regular away from the axis of symmetry, which
we can take to be the x,,1-axis. Since M is rotational symmetric, it follows that any tangent flow Mx to
M at any point X = (0,...,0, x,+1, ?) is rotationally symmetric. By Lemma (regularity of symmetric
shrinkers) and [KM14, Thm. 2], such a rotationally symmetric self-shrinking flow is either the round
shrinking sphere S”, the round shrinking cylinder S”~! x R, the flat hyperplane R”, or a shrinking torus
§"=1 x §1. The possibility of the cylinder is excluded by the equality case of Huisken’s monotonicity
formula. The possibility of the torus is excluded by the entropy bound thanks to [CIMW13]]. Hence, by
unit regularity, it follows that M may only have spherical singularities.

Suppose, for the sake of contradiction, that M has a spherical singularity at Xy = (xo, #p). For #; < #o,
denote by N the space time connected component of M N {¢t; < ¢ < 1y} that contains Xy. Since M is
connected, and since M has a cap of controlled size, there exists some first 7; such that N7 is non-compact.
Moreover, f; is a singular time of the flow, and S7, (M) consists of finitely many spherical singularities,
S7,(M) = {s1,...,s¢). Thus, there exists some uniform r > 0 such that M is e-spherical around each
(s, 1) at scale r. This clearly contradicts the definition of #;. Thus, M had no spherical singularities to
begin with. Hence, M, has no compact components and is connected for every t.

Finally, the uniform lower bound for the regularity scale follows from the above by a contradiction
argument, similarly as in Section[7} This finishes the proof of the proposition. O

Theorem 8.3. If the plus mode is dominant, then M is the bowl soliton.

Proof. From Section [f|we know that M has a cap of controlled size and opens up like a parabola. Thanks
to Theorem (rotational symmetry) and Proposition (regularity) we know that M is rotationally
symmetric with regularity scale bounded from below. We can now run the same argument as in [[CHH18|
proof of Thm. 7.1] to show that M is a mean-convex, noncollapsed, translating soliton. Together with
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the convexity estimate [HK17al Thm. 1.10], and the asymptotic structure, we conclude that M is a
strictly convex rotationally symmetric translating soliton. Hence, M is the bowl soliton as constructed in
[AW94] [CSSO7]. m|

8.2. The compact case. Let M be an ancient asymptotically cylindrical flow that is not a round shrinking
cylinder. In this subsection we conclude the classification in the case where the neutral mode is dominant.

Theorem 8.4. If the neutral mode is dominant, then M is an ancient oval.

Proof. From Section we know that all time slices of M = {M;};c(—co,7,(M)] are compact. We may

assume without loss of generality that T,(M) = 0 and that (0,0) € M. Since the blowdown for t —» —c0

is a cylinder for r < 7 there is a central neck Z; of length L v/—t. Denote by D, the connected component

of M, that contains the central neck Z,. Using Corollary we see that D, \ Z; has two connected

components, and that these components are contained in the upper and lower halfspace, respectively.
Consider the height of the tip functions

(340) Y (1) := max x,41(p),
peD;

and

(341) Y-(1) := min x,41(p).
peD;

Since the blowdown for + — —oo is a cylinder, we have

0]
342 lim ——
( ) t—l>l;no<> A /|t|

We claim that there exists some C < oo such that for ¢ sufficiently negative, for every tip point p; € D,

= *£o00.

i.e. every pr € D, with x,41(py) = Y+(t), we have

(343) Z(pE, 1) < Clil.

Indeed, if C > 2¥*!, where N is from Theorem (almost selfsimilarity), then Z(pZ,1) > C Vi
implies that M is e-compact or &-separating at some scale » € [2v/]f],2V*! V[f]l. However, in the &-
compact case, item (i) of Propositionimplies that D, € B(0, 2V v/[f]/¢), contradicting (342), and in
the e-seperating case, item (ii) of Proposition [4.12]implies that 7, (M) > [¢], contradicting our assumption
that 7,(M) = 0. This proves (343).

Combining (342) and (343)) we see that for any choice of tip points p;, we have

Z(pf. 1) .
[+ (D)

Let p:—; be a sequence of tip points at times ¢; — —oo. Let /\/(Ji be the sequence of flows that is obtained

(344)

from M by shifting (p,ij, t;) to the origin and parabolically rescaling by Z(ptij, t j)‘l, and pass to a subse-
quential limit MZ. The limit MZ is an ancient asymptotically cylindrical flow. Arguing as in the proof of
Proposition[6.2] we see that MZ is not the cylinder. Thanks to (344)) the limit M is noncompact. Hence,
by Corollary and Theorem it is a translating bowl soliton. In particular, by the preservation of



ANCIENT ASYMPTOTICALLY CYLINDRICAL FLOWS AND APPLICATIONS 69

neck backwards in time (see Section , there is a unique tip point p;" attime t < 7.

Fix #t9 < 7. Denote by D;f) the connected component of Dy, \ Z;, that contains pfo. Let us focus on D;:)
(the argument for Dy, is similar). Note that D;; has the central neck Z;, as a collar and also contains another

neck Z;) bounding a convex cap C;, that is a-noncollapsed, say for @ = Let Ny, := Z;, U Dto \ G

lOOn
and set

(345) a = inf xp.1(p), b = sup x,.1(p).

PENy PEN,
Similarly to the proof of Proposition for each 7, < 1y let N the space-time conneted component of
Nl() in

(346) M N {xn+l € [a9 b]} N {t € [tlato]}a

and denote by Nl’ ! the time 7 slice of N1, By the preservation of necks backwards in time (see Section i
the two necks Z,, and Z;g give rise to necks Z; and Z; in Ntt1 for all ¢ < 1. For t; < ¢y, the entire domain

N;! constitutes a single neck. Fix such a time 7; and denote N/ := N!' for all t € [t1, to].

We claim that the ; is smooth and mean-convex annulus for all 7 € [#;, #p]. To see this, first observe that
using the planes {x,.1 = a} and {x,4+; = b} as barriers, we get that N/ has no other boundary components
except the the two collars. Therefore, the parabolic maximum principle for H and |A|/H, applied with two
collar boundaries, implies that N, is a mean-convex annulus for as long as it is smooth. Taking into account
the entropy bound, this also implies that N; is @-noncollapsed for some a > 0. Suppose, for the sake of
contradiction that there exists some first ¢ € [z, fo] at which N} is non-smooth. If x" € N}, is a singular
point, then by [HK17a] and the entropy assumption, the singularity at (x’,¢’) is spherical. This, however,

contradicts N, being an annulus for ¢ < ¢/, and thus proves that N is smooth and mean-convex annulus for
all ¢ € [#1, 1]. This also shows that N;, = S1m1larly, by the parabolic maximum principle for Al;}h

1;2 i for all 7 € [, tp]. Now, addmg the

cap C;,, we get that DJr is a smooth, mean-convex disk and sat1sﬁes |A| /H < 100 and ’“”2 > ]000 .The

same argument applies to D; . Thus, Dy, is is a smooth, mean-convex sphere and sat1sﬁes IAI/H < 100

/ll+/12 2 10(1)011’

S1nce to < 7 was arbitrary, we conclude that D, is a smooth, mean-convex, uniformly two-convex

applied with two collar boundaries, the annulus N; satisfies

and

sphere and satisfies |A|/H < 100 and A';’lz > 1000 for t < 7. Taking into account the entropy bound,
{D,};<7 is also a-noncollapsed for some a@ > 0. Moreover, as M is connected in space-time, it follows
that M; = D; for all t < 7. Therefore, by Angenent-Daskalopoulos-Sesum [[ADS18]], we conclude that M
is an ancient oval. O

9. APPLICATIONS
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9.1. Mean-convex neighborhoods. The purpose of this subsection is to prove Theorem (mean-
convex neighborhoods).

We will assume that we have an inwards neck singularity at (x, T") (the argument for outward neck sin-
gularities is the same). We recall that given a closed embedded surface M C R™! we denote by {M,}1>0
its outer flow. Observe that if x € M, is a regular point, then there exists a ¢ > 0 such that M; N B(x, 9)
splits B(x, 6) into two connected components: one in Int(K;) and the other in R\ K,.

Theorem [I.17](mean-convex neighborhoods for neck singularities) will follow from a similar argument
as in the proof of the mean-convex neighborhood conjecture for two-dimensional mean curvature flow in
[CHH18| Sec. 8], after the following auxiliary proposition is established.

Proposition 9.1 (auxiliary canonical neighborhood, c.f. [CHHIS), Prop. 8.2]). Under the assumption of
an inwards neck singularity in Theorem there exists a constant 6 = 6(Xg) > 0 and a unit-regular,
integral Brakke flow M = {u};>4,-5 whose support is {M;};>1,-s such that

(i) The tangent flow to M at Xy is a multiplicity one cylinder {S™ ' /2(n — Dt]) X R},<0.
(ii) We have H # 0 at every regular point of M in B(xo,25) X [ty — 0, tg + 6].
(iii) The flow M has only multiplicity one neck and spherical singularities in B(xo, 26) X [ty — 6, to + 9.
(iv) M is smooth in B(xo,206) for a.e. t € [ty — J,ty + ] and is smooth outside of a set of Hausdorff
dimension 1 for every t € [ty — 6, ty + 0]
(v) If X; = Xo are regular points, then any subsequential limit of Mx, r(x,) is either a round shrinking
sphere, a round shrinking cylinder, a translating bowl, or an ancient oval.
(vi) There exist A < oo and ¢ > 0 such that if X = (x, t) is a point of M in B(xo, 26) X [ty —6, to + 5] with
R(X) < ¢, then M is smooth and connected in P(X, AR(X)) and there is a point X’ = (x',1') €
MnN P(X, AR(x)) with R(X") > 2R(X) and |x" — xp| < max{|x — xo| — cR(X"), 6/2}.

Proof. The argument is related to the one in [CHHI8, proof of Prop. 8.2], but the proof of (ii) and (iii)
requires additional ideas.

First, it follows from [HW18, Thm. B3] that there exists an outer Brakke flow starting from M, whose
support is {M;};>o. In particular, this, together with monotonicity, implies that Ent[H"_M;] is uniformly
bounded. Thus, the neck singularity assumption implies that there exists ¢, < fy such that

1 —|x = xol*
347 —— | exp|—————)dH" M, <2.
G4 (4n(tg — t))"/? f Xp( 4(to — 1) ) o
Therefore, applying [HW 18, Thm. B3] once more, this time with the initial time ¢., we get a unit-regular
integral Brakke flow M := {u};>;, whose support is {M;};>;,. Together with the neck singularity assump-
tion and it follows that M has the multiplicity one cylinder {S"~'/2(n — D[f]) x R};<o as tangent
flow at (xg, tp). This proves (i).
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To prove (ii), suppose towards a contradiction that there exist regular points X; — X, with H(X;) = 0.
Since X; — Xj, and since Xj is a cylindrical singularity, we see that Z(X;) < oo for i large enough, and

(o8]

that there exists a sequence {r;}:2;

X with r;/Z(X;) — oo such that M remains &-cylindrical around X; at
all scales between Z(X;) and r;. Let M’ be the sequence of flows which is obtained from M by shifting
X; to the origin and parabolically rescaling by Z(X;)~'. It follows that M’ subconverges to an ancient
asymptotically cylindrical flow M with Z(0,0) = 1.

By Theorem (classification of ancient asymptotically cylindrical flows) the limit M®™ is either a
round shrinking cylinder, a translating bowl, or an ancient oval. If M is the cylinder, then O cannot be
its time of extinction, since Z(0,0) = 1. Therefore, if M* is either the cylinder or the bowl, it follows
that (0, 0) is a regular point of M. Hence, by the local regularity theorem, we infer that H(0,0) = 0;
this is a contradiction to the fact that the bowl and the cylinder are mean-convex. If, on the other hand,
M is an ancient oval, then it follows that for i large enough M* | 1s compact, smooth and convex. Since

mean-convexity is preserved under mean curvature flow, this contradicts H(X;) = 0. This proves (ii).

To prove (iii), first observe that there exists a C < oo and a two sided neighborhood of X such that
(348) Z(X) < CR(X) or Z(X) < CL(X),

for all points X (not necessarily regular) in it. Here, L(X) denotes the last e-spherical scale, i.e. the
supremum over all 7 such that My, is e-close in C /el in B(0, 1/&) x [-2, —1] to the evolution of a round
sphere with radius V=2nt and center at the origin (by convention L(X) = —oo if there is no such r).

Indeed, suppose there is X; — X for which neither alternative in (348) is satisfied with C = i. Letting
M be the flows obtained by shifting X; to the origin and parabolically rescaling by Z(X;)~!, we see that M’
subconverge to an ancient asymptotically cylindrical flow M with Z(0,0) = 1. By Theorem [I.3](classi-
fication of ancient asymptotically cylindrical flows) the limit M* is either a round shrinking cylinder, a
translating bowl, or an ancient oval. As ([348)) holds for all such flows, this leads to a contradiction.

Now, suppose that X is a singular point in that neighborhood. Then, since R(X) = 0, from (348)) we
infer that either Z(X) = 0 or L(X) > 0. In the first case, it follows that M has a neck singularity at X. In
the second case, it follows that M has a spherical singularity at X. This proves (iii).

Assertion (iv) follows from (iii) and standard stratification, see e.g. [Whi97|.

Suppose X; — Xo are regular points and M is a limit of My, gcx,. If there is a C < oo such that
Z(X;) < CR(X;) for all i, then M is an ancient asymptotically cylindrical flow, and hence, by Theorem
(classification of ancient asymptotically cylindrical flows), a round shrinking cylinder, a translating bowl
or an ancient oval. If there is no such C, then M is a (nontrivial) blowup limit of an ancient asymptotically
cylindrical flow, which only adds the round shrinking sphere to the list of possibilities. This proves (v).

Finally, observe by inspection of the three asymptotically cylindrical flows and the sphere, that there
exist A,C < co such that if X = (x,7) is a point on such a flow M, then for every unit vector v, there
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exists a pointin X’ € P(X, ARX))N{y: (y — x) - v = R(X)} N M* with

(349) 4R(X) < R(X") < CR(X).

Using this, assertion (vi) follows from (v). O

Proof of Theorem Using Proposition (auxiliary canonical neighborhood), the proof of Theorem
(mean-convex neighborhoods for neck singularities) now follows from the same argument as in
[CHH18 Sec. 8], by first showing that H does not change sign on regular points near X (as H # 0 in such
a neighborhood, this is a statement about connectedness within this neighborhood), and then showing that
K; moves in one direction even if singular, similarly as in [HW 18| Thm. 3.5]. O

9.2. Uniqueness of weak flows. In this subsection, we prove that mean curvature flow through neck
singularities and spherical singularities is unique.

Proof of Theorem|[I.19 (nonfattening). If T < Tgisc then, by definition, the outer flow {M}cj0,7) agrees
with the level set flow {F,(M)}cjo,r] and the inner flow {M;}c[0,r). In particular, if (xo,7T) is a neck
singularity (respectively spherical singularity) of {M,};c[0,r]. then either Ky, or K. )’( , converges for 4 —
0 locally smoothly with multiplicity one to a round shrinking solid cylinder {(B"W2(n = D) X Rlo
(respectively a round shrinking solid ball {B"*!2n[t])};<0).

The result now follows from combining the main theorem of Hershkovits-White [HW18]], which estab-
lishes that T < Tgisc assuming the existence of mean-convex neighborhoods a priori, and Theorem |1.17
(mean-convex neighborhoods), which proves the existence of such mean-convex neighborhoods. O
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