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Abstract. We consider ancient noncollapsed mean curvature flows in
R4 whose tangent flow at −∞ is a bubble-sheet. We carry out a fine
spectral analysis for the bubble-sheet function u that measures the de-
viation of the renormalized flow from the round cylinder R2 × S1(

√
2)

and prove that for τ → −∞ we have the fine asymptotics u(y, θ, τ) =
(y>Qy − 2tr(Q))/|τ |+ o(|τ |−1), where Q = Q(τ) is a symmetric 2× 2-

matrix whose eigenvalues are quantized to be either 0 or −1/
√

8. This
naturally breaks up the classification problem for general ancient non-
collapsed flows in R4 into three cases depending on the rank of Q. In
the case rk(Q) = 0, generalizing a prior result of Choi, Hershkovits and
the second author, we prove that the flow is either a round shrinking
cylinder or R×2d-bowl. In the case rk(Q) = 1, under the additional
assumption that the flow either splits off a line or is selfsimilarly trans-
lating, as a consequence of recent work by Angenent, Brendle, Choi,
Daskalopoulos, Hershkovits, Sesum and the second author we show that
the flow must be R×2d-oval or belongs to the one-parameter family of
3d oval-bowls constructed by Hoffman-Ilmanen-Martin-White, respec-
tively. Finally, in the case rk(Q) = 2 we show that the flow is compact
and SO(2)-symmetric and for τ → −∞ has the same sharp asymptotics
as the O(2)×O(2)-symmetric ancient ovals constructed by Hershkovits
and the second author. The full classification problem will be addressed
in subsequent papers based on the results of the present paper.
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1. Introduction

In the analysis of mean curvature flow it is crucial to understand ancient
noncollapsed flows. We recall that a mean curvature flow Mt is called ancient
if it is defined for all t � 0, and noncollapsed if it is mean-convex and
there is an α > 0 so that every point p ∈ Mt admits interior and exterior
balls of radius at least α/H(p), c.f. [SW09, And12, HK17] (in fact, by
[Bre15, HK15] one can always take α = 1). By the work of White [Whi00,
Whi03, Whi15] and by [HH18] it is known that all blowup limits of mean-
convex mean curvature flow are ancient noncollapsed flows. More generally,
by Ilmanen’s mean-convex neighborhood conjecture [Ilm03], which has been
proved recently in the case of neck-singularities in [CHH18, CHHW19], it
is expected even without mean-convexity assumption that all blowup limits
near any cylindrical singularity are ancient noncollapsed flows.

In a recent breakthrough [BC19, BC21, ADS19, ADS20], Brendle-Choi
and Angenent-Daskalopoulos-Sesum classified all ancient noncollapsed flows
in R3, or more generally in Rn+1 under the additional assumption that the
flow is uniformly two-convex. Specifically, they showed that any such flow
is either a flat plane, a round shrinking sphere, a round shrinking cylinder,
a translating bowl soliton, or an ancient oval. On the other hand, the
classification of ancient noncollapsed flows in higher dimensions without
two-convexity assumption has remained a widely open problem.1

Very recently, Choi, Hershkovits and the second author made signifi-
cant progress towards the classification of ancient noncollapsed flows in R4.
Specifically, it has been shown in [CHH21a] that there do not exist any wing-
like ancient noncollapsed flows, and it has been shown in [CHH21b] that any
selfsimilarly translating solution is either R×2d-bowl, or a 3d round bowl, or

1There is a parallel story for the Ricci flow. Namely, a similar classification for ancient
κ-noncollapsed flows in 3d Ricci flow, as conjectured by Perelman, has been obtained in
[Bre20, ABDS19, BDS20], with an extension to higher dimensions under the additional
PIC2 assumption in [LZ18, BN20, BDNS21], but the classification of general ancient κ-
noncollapsed Ricci flows in higher dimensions has remained widely open.
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belongs to the one-parameter family of Z2 ×O(2)-symmetric 3d oval-bowls
constructed by Hoffman-Ilmanen-Martin-White [HIMW19]. The starting
point for this analysis was to prove that for any noncompact ancient non-
collapsed flow in R4 that does not split off a line, the blowdown of any
time-slice,

(1.1) M̌t0 := lim
λ→0

λMt0 ,

is always a ray. However, ancient noncollapsed flows can of course be either
compact or noncompact. If the flow is compact, then the blowdown of any
time-slice is just a point, and thus the blowdown of time-slices only in by
itself does not provide sufficient information to get the analysis started.

In the present paper, we introduce a more general classification program
for ancient noncollapsed flows in R4 that covers all cases, including the com-
pact case. In fact, we will see that the classification problem actually involves
three cases according to the rank of the so-called bubble-sheet matrix Q.

1.1. Main results. Let Mt be an ancient noncollapsed flow in R4. To begin
with, by the general theory from [CM15, HK17] the tangent flow at −∞ in
suitable coordinates is always given by

(1.2) lim
λ→0

λMλ−2t = Rj × S3−j(
√

2(3− j)|t|)

for some integer 0 ≤ j ≤ 3. If j = 3 then the flow Mt is simply a flat plane,
and if j = 0 then Mt is simply a round shrinking sphere. If j = 1 then by the
classification of Brendle-Choi [BC19, BC21] and Angenent-Daskalopoulos-
Sesum [ADS19, ADS20] the flow Mt is a round shrinking cylinder, a round
translating bowl soliton, or a two-convex ancient oval. Having discussed the
known cases j = 0, 1, 3 we can thus assume from now on that we are in
general case j = 2, namely that the tangent flow at −∞ is a bubble-sheet:

(1.3) lim
λ→0

λMλ−2t = R2 × S1(
√

2|t|).

Equivalently, this means that the renormalized mean curvature flow

(1.4) M̄τ = e
τ
2M−e−τ

for τ → −∞ converges to the normalized bubble-sheet

(1.5) Γ = R2 × S1(
√

2).

Hence, we can write M̄τ as a graph of a function u(·, τ) over Γ∩Bρ(τ), where
ρ(τ)→∞ as τ → −∞, namely

(1.6)
{
q + u(q, τ)ν(q) : q ∈ Γ ∩Bρ(τ)

}
⊂ M̄τ ,

where ν denotes the outwards unit normal of Γ. Our first main theorem
describes the asymptotic behaviour of the bubble-sheet function u:
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Theorem 1.1 (bubble-sheet quantization). For any ancient noncollapsed
mean curvature flow in R4 whose tangent flow at −∞ is given by (1.3), the
bubble-sheet function u satisfies

(1.7) lim
τ→−∞

∥∥∥ |τ |u(y, θ, τ)− y>Qy + 2tr(Q)
∥∥∥
Ck(BR)

= 0

for all R <∞ and all integers k, where Q is a symmetric 2×2-matrix whose
eigenvalues are quantized to be either 0 or −1/

√
8. Here, for rk(Q) 6= 1 the

matrix Q is independent of time, while in the case rk(Q) = 1 we have

(1.8) Q = R(τ)>
(

0 0

0 −1/
√

8

)
R(τ)

for some rotation matrix R(τ) ∈ SO(2) with |Ṙ(τ)| = o(|τ |−1).

This theorem, which we will prove via spectral analysis, shows that for
τ → −∞ the shape of M̄τ behaves in a highly specific way. Namely, to any
ancient noncollapsed flow we can uniquely associate a symmetric 2×2-matrix
Q = Q(τ) whose eigenvalues are either 0 or −1/

√
8 so that

(1.9) u(y, θ, τ) =
y>Qy − 2tr(Q)

|τ |
+ o(|τ |−1).

In particular, the flow becomes asymptotically SO(2)-symmetric, and the
hypersurfaces have an inwards quadratic bending shape over the R2-factor,
where the bending coefficients are quantized to be either 0 or −1/

√
8.

We remark that forwards in time related quantization behaviour, of course
with the opposite sign, has been observed by Filippas-Liu for singularities
of multidimensional semilinear heat equations [FL93] and by Gang Zhou
[Gan17] for certain cylindrical singularities under mean curvature flow.

According to Theorem 1.1 (bubble-sheet quantization), the problem of
classifying general ancient noncollapsed flows in R4 naturally can be divided
into the following three cases:

• the fully-degenerate case rk(Q) = 0
• the half-degenerate case rk(Q) = 1
• the non-degenerate case rk(Q) = 2

We will now discuss these three cases in turn. Loosely speaking, the intu-
ition is that directions in the range of Q are short directions with inwards
quadratic bending, while directions in the kernel of Q are long directions.

In the fully-degenerate case rk(Q) = 0 we prove:

Theorem 1.2 (fully-degenerate case). If rk(Q) = 0, then Mt is either a
round shrinking R2 × S1 or a translating R×2d-bowl.
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This generalizes a prior result by Choi, Hershkovits and the second author
[CHH21a], where it has been shown that any noncompact ancient noncol-
lapsed flows in R4 whose tangent flow at −∞ is given by (1.3) and for which
in the Merle-Zaag alternative, c.f. [MZ98], the unstable mode is dominant,
must be R×2d-bowl. Here, we rule out the potential scenario that there is
any compact ancient noncollapsed flow in R4 with rk(Q) = 0.

Next, in the half-degenerate case rk(Q) = 1 we have:

Theorem 1.3 (half-degenerate case). If rk(Q) = 1, and if Mt either splits
off a line or is selfsimilarly translating, then Mt is either R×2d-oval or be-
longs to the one-parameter family of 3d oval-bowls constructed by Hoffman-
Ilmanen-Martin-White, respectively.

In fact, this is a rather direct consequence of of the recent work of An-
genent, Brendle, Choi, Daskalopoulos, Hershkovits, Sesum and the second
author [ADS19, ADS20, BC19, CHH21a, CHH21b]. For convenience of the
reader we include a proof explaining how this follows. The general case
rk(Q) = 1, without assuming selfsimilarity, will be addressed in forthcom-
ing work by Choi, Hershkovits and the second author.

Finally, let us discuss the non-degenerate case rk(Q) = 2. The sim-
plest example in this case are the O(2)×O(2)-symmetric ancient ovals con-
structed by Hershkovits and the second author [HH16]. In our recent paper
[DH21], we proved that these solutions are unique among SO(2) × SO(2)-
symmetric compact ancient noncollapsed flows, as conjectured by Angenent-
Daskalopoulos-Sesum. On the other hand, in the same paper we also con-
structed a one-parameter family of ancient ovals that are only Z2 × O(2)-
symmetric. These ovals have long axes of different length, and interpolate
between R×2d-oval and 2d-oval×R, and can be thought of as a compact
version of the Hoffman-Ilmanen-Martin-White examples.

Here, we prove that any ancient noncollapsed flow in R4 with rk(Q) = 2
is compact and SO(2)-symmetric and for τ → −∞ has the same sharp
asymptotics as the SO(2)× SO(2)-symmetric ancient ovals from [HH16]:

Theorem 1.4 (non-degenerate case). If rk(Q) = 2, then Mt is compact and
SO(2)-symmetric and satisfies the following sharp asymptotics:

• Parabolic region: The bubble-sheet function u for τ → −∞ satisfies

u(y1, y2, θ, τ) =
y2

1 + y2
2 − 4√

8τ
+ o(|τ |−1)

uniformly for |(y1, y2)| ≤ R.
• Intermediate region: We have

lim
τ→−∞

u(|τ |
1
2 z1, |τ |

1
2 z2, θ, τ) +

√
2 =

√
2− (z2

1 + z2
2)
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uniformly on every compact subset of {z2
1 + z2

2 <
√

2}.
• Tip region: Setting λ(s) =

√
|s|−1 log |s|, and given any angle φ

letting ps ∈ Ms be the point that maximizes 〈p, cos(φ)e1 + sin(φ)e2〉
among all p ∈Ms, as s→ −∞ the rescaled flows

M̃ s
t = λ(s) · (Ms+λ(s)−2t − ps)

converge to R×Nt, where Nt is the 2d-bowl in R3 with speed 1/
√

2.

For necks and certain bubble-sheets related sharp asymptotics have been
upgraded to classification results in [ADS20, DH21, CHH21b]. In light of
these prior results it seems likely that our sharp asymptotics from Theorem
1.4 (non-degenerate case) can be upgraded to show that any ancient noncol-
lapsed flow in R4 with rk(Q) = 2 is either the O(2)×O(2)-symmetric ancient
oval from [HH16] or belongs to the one-parameter family of Z2 × O(2)-
symmetric ovals from [DH21]. We will address this in subsequent work.

1.2. Outline of the proofs. Let us now outline the main ideas.

In Section 2, we set up the fine bubble-sheet analysis. This is essentially
a bubble-sheet version of what has been done for necks in [CHH18, Section
4]. Specifically, since M̄τ moves by renormalized mean curvature flow, the
evolution of the bubble-sheet function u(·, τ) over Γ = R2 × S1(

√
2), as

defined in (1.6), is governed by the Ornstein-Uhlenbeck type operator

(1.10) L =
∂2

∂y2
1

− y1

2

∂

∂y1
+

∂2

∂y2
2

− y2

2

∂

∂y2
+

1

2

∂2

∂θ2
+ 1 .

This operator has 5 unstable eigenfunctions, namely

1, y1, y2, cos θ, sin θ ,(1.11)

and 7 neutral eigenfunctions, namely

y2
1 − 2, y2

2 − 2, y1y2, y1 cos θ, y1 sin θ, y2 cos θ, y2 sin θ ,(1.12)

and all the other eigenfunctions are stable. By the Merle-Zaag alternative
from [MZ98], for τ → −∞ either the unstable eigenfunctions are dominant
or the neutral eigenfunctions are dominant. In the unstable case it is not
hard to see that the function u decays exponentially, and thus the spec-
tral quantization theorem holds with Q = 0. Hence, we can focus on the
case where the neutral eigenfunctions are dominant. Using the Lojasiewicz
inequality from Colding-Minicozzi [CM15] and barrier arguments, we then
show that ρ(τ) = |τ |γ , for some γ > 0, is an admissible graphical radius, i.e.

(1.13) ‖u(·, τ)‖C4(Γ∩B2ρ(τ)(0)) ≤ ρ(τ)−2.

Moreover, using Zhu’s bubble-sheet improvement theorem from [Zhu20] we
show that the central region of the hypersurfaces is almost SO(2)-symmetric,
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specifically that there is some η > 0 such that for all τ � 0 we have

(1.14) sup
|(y1,y2)|≤ρ(τ)

|uθ(y1, y2, θ, τ)| ≤ e−ηρ(τ) .

This has the important consequence that out of the 7 eigenfunctions listed
in (1.12) only the first 3 can be dominant. Moreover, it also implies that if
we Taylor expand the evolution of the truncated bubble-sheet function

(1.15) û(y1, y2, θ, τ) := u(y1, y2, θ, τ)χ

(
|(y1, y2)|
ρ(τ)

)
,

where χ is a suitable cutoff function, then to second order we have

(1.16) ∂τ û = Lû− 1√
8
û2 + . . . ,

up to controllable error terms.

In Section 3, we prove Theorem 1.1 (bubble-sheet quantization). To this
end, we consider the expansion

(1.17) û = α1(y2
1 − 2) + α2(y2

2 − 2) + 2α3y1y2 + w ,

where the remainder term w is controllable thanks to the assumption that
the neutral eigenfunctions from (1.12) are dominant and thanks to the al-
most circular symmetry from (1.14). Taking also into account (1.16) we
then show that the spectral coefficients ~α = (α1, α2, α3) evolve by

(1.18)


α̇1 = −

√
8(α2

1 + α2
3) + o(|~α|2 + |τ |−100)

α̇2 = −
√

8(α2
2 + α2

3) + o(|~α|2 + |τ |−100)

α̇3 = −
√

8(α1 + α2)α3 + o(|~α|2 + |τ |−100) .

These spectral ODEs are rather tricky to analyze. To get a hold on them,
we start by establishing the a priori estimates

(1.19) α1 ≤ o(|~α|+ |τ |−100) , α2 ≤ o(|~α|+ |τ |−100) ,

and

(1.20) α2
3 − α1α2 ≤ o(|~α|2 + |τ |−100) .

In essence, these estimates come from convexity, similarly as in [CHH21a],
though some care is needed to handle the rotations and error terms. We
then consider the trace and determinant,

(1.21) S := α1 + α2 , D := α1α2 − α2
3 ,

and show that they evolve by

(1.22)

{
Ṡ = −

√
8(S2 − 2D) + o(|τ |−2) ,

Ḋ = −
√

8SD + o(|τ |−3) .
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Moreover, using in particular our a priori estimates we prove that

(1.23)
1 + o(1)√

2τ
≤ S ≤ 1− o(1)√

8τ
, −o(1)

τ2
≤ D ≤ 1 + o(1)

8τ2
.

Then, carefully analyzing the Riccati type ODEs from (1.22) we prove the
crucial result that actually only the extremal cases can occur. Namely, we
show that the trace and determinant satisfy either

(1.24) S =
1√
8τ

+ o(|τ |−1) , D = o(|τ |−2) ,

or

(1.25) S =
1√
2τ

+ o(|τ |−1) , D =
1

8τ2
+ o(|τ |−2) .

To convey the intuition behind this dichotomy, let us point out that scenario
(1.24) corresponds to the case rk(Q) = 1 and occurs for example for the 3d
oval-bowls, while scenario (1.25) corresponds to the case rk(Q) = 2 and
occurs for example for the O(2) × O(2)-symmetric ancient ovals. Finally,
having established the behavior of the trace and determinant, we can even-
tually solve the original spectral ODEs (1.18), and prove that the conclusion

(1.26) lim
τ→−∞

∥∥∥ |τ |u(y, θ, τ)− y>Qy + 2tr(Q)
∥∥∥
Ck(BR)

= 0

holds with

(1.27) Q = R(τ)>
(

0 0

0 −1/
√

8

)
R(τ),

for some R(τ) ∈ SO(2) satisfying |Ṙ(τ)| = o(|τ |−1), respectively with

(1.28) Q =

(
−1/
√

8 0

0 −1/
√

8

)
.

This completes our outline of the proof of the bubble-sheet quantization
theorem.

In Section 4, we prove Theorem 1.2 (fully-degenerate case). As discussed,
it suffices to prove that any solution with rk(Q) = 0 must be noncompact.
To show this, we use that by the fine bubble-sheet theorem from [CHH21a]
there is a nonvanishing fine bubble-sheet vector (a1, a2) associated to our
flow, such that for any space-time point X after suitable recentering in the
x3x4-plane the profile function uX of the renormalized flow M̄X

τ centered at
X satisfies

(1.29) uX = eτ/2(a1y1 + a2y2) + o(eτ/2)

for all τ � 0 depending only on the bubble-sheet scale. Supposing towards
a contradiction that there is a compact example with rk(Q) = 0 we then
blow up around suitable tip points that maximize respectively minimize the
value of x1, and argue that the two blowup limits must have fine bubble-
sheet vectors pointing in opposing directions. This contradicts the fact that
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(a1, a2) is independent of the center point, and thus concludes the outline
of the proof.

In Section 5, we prove Theorem 1.3 (half-degenerate case). Specifically,
in case the flow splits off a line, then using the classification from [BC19,
ADS19, ADS20] we show that it must be R×2d-oval, and in case the flow
is selfsimilarly translating, then using the classification from [CHH21b] we
show that it belongs to the one-parameter family of 3d oval-bowls.

Finally, in Section 6, we prove Theorem 1.4 (non-degenerate case). We
first establish the sharp asymptotics by generalizing the arguments from
our prior paper [DH21] to the setting without symmetry assumptions. In
particular, to establish the sharp asymptotics in the intermediate region we
first establish the lower bound using interior barriers anchored in the cen-
tral region, next use again Zhu’s bubble-sheet improvement to prove almost
symmetry up to renormalized radius (

√
2 − o(1))

√
|τ |, and then general-

ize the supersolution estimate from our prior paper to this setting with
error terms to establish the upper bound. In particular, the sharp asymp-
totics imply that the hypersurfaces must be compact. Having established
the sharp asymptotics we show that at all sufficiently negative times every
point in our solution has a canonical neighborhood modelled either on a
round shrinking R2 × S1 or on a translating R×2d-bowl. Finally, similarly
as in [BC19, ADS20, Zhu20] we establish SO(2)-symmetry via bubble-sheet
improvement and cap improvement. This concludes the outline of the proof.

Acknowledgments. This research was supported by the NSERC Discovery
Grant and the Sloan Research Fellowship of the second author.

2. Fine bubble-sheet analysis and almost symmetry

In this section, we set up the fine bubble-sheet analysis and show that the
central region is SO(2)-symmetric up to exponential error terms. This is es-
sentially a bubble-sheet version of what has been done for necks in [CHH18,
Section 4]. A related bubble-sheet analysis has been done in [CHH21a].
However, in contrast to the setup from [CHH21a], where a fine-tuning ro-
tation, similarly as in [BC19], has been used to project away from certain
rotations, for our present purpose it is better to instead use the Lojasiewicz
inequality from [CM15], similarly as in [CHH18], to control the rotations.

Throughout this section, we will need some general facts about barriers,
which we will recall now. By [ADS19, Section 4] there is some L0 > 1 such
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that for every a ≥ L0 there is a shrinker-with-boundary in R3,

Σa = {surface of revolution with profile r = ua(y1), 0 ≤ y1 ≤ a} .(2.1)

Here, the parameter a captures where the concave functions ua meet the
y1-axis, namely ua(a) = 0. These shrinkers foliate the region enclosed by
the cylinder R×S1(

√
2) for |y1| ≥ L0. In [CHH21a, Section 3] the 2d ADS-

shrinkers have been shifted and rotated to construct the 3d hypersurfaces

(2.2) Γa = {(r cos θ, r sin θ, y3, y4) ∈ R4 : θ ∈ [0, 2π), (r − 1, y3, y4) ∈ Σa}.

By construction the hypersurfaces Γa foliate the region enclosed by the cylin-
der Γ = R2×S1(

√
2) for |(y1, y2)| ≥ L0 + 1, and by [CHH21a, Corollary 3.4]

they act as inner barriers for the renormalized mean curvature flow.

2.1. Basic bubble-sheet setup. Our basis setup is similar as in [CHH21a,
Section 4] with the difference that we now work without fine-tuning rotation.
For convenience of the reader we give an essentially self-contained exposition.

Let Mt be an ancient noncollapsed mean curvature flow in R4, whose
tangent flow at −∞ in suitable coordinates is

(2.3) lim
λ→0

λMλ−2t = R2 × S1(
√

2|t|).

In other words, the renormalized mean curvature flow,

(2.4) M̄τ = e
τ
2M−e−τ ,

converges for τ → −∞ to the bubble-sheet

(2.5) Γ = R2 × S1(
√

2).

Assume further that Mt is not a round shrinking cylinder. Let us fix some
admissible graphical radius function ρ(τ) for τ � 0, namely a positive func-
tion satisfying

(2.6) lim
τ→−∞

ρ(τ) =∞, and − ρ(τ) ≤ ρ′(τ) ≤ 0,

so that M̄τ can be written as the graph of a function u(·, τ) over Γ ∩B2ρ(τ)

with the estimate

(2.7) ‖u(·, τ)‖C4(Γ∩B2ρ(τ)(0)) ≤ ρ(τ)−2.

Since M̄τ moves by renormalized mean curvature flow, the bubble-sheet
function u evolves by

(2.8) ∂τu = Lu+ E,

where L is an Ornstein-Uhlenbeck type operator on Γ = R2 × S1(
√

2) ex-
plicitly given by

(2.9) L =
∂2

∂y2
1

− y1

2

∂

∂y1
+

∂2

∂y2
2

− y2

2

∂

∂y2
+

1

2

∂2

∂θ2
+ 1,
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and where the error term thanks to (2.7) satisfies the pointwise estimate

(2.10) |E| ≤ Cρ−2(|u|+ |∇u|).
Denote by H the Hilbert space of Gaussian L2 functions on Γ, where

(2.11) 〈f, g〉H =
1

(4π)3/2

∫
Γ
f(q)g(q)e−

|q|2
4 dq .

We also fix a nonnegative smooth cutoff function χ satisfying χ(s) = 1 for
|s| ≤ 1

2 and χ(s) = 0 for |s| ≥ 1, and consider the truncated function

(2.12) û(y1, y2, θ, τ) := u(y1, y2, θ, τ)χ

(
|(y1, y2)|
ρ(τ)

)
.

Proposition 2.1 (truncated evolution, cf. [CHH21a, Proposition 4.6]). The
truncated bubble-sheet function û satisfies

(2.13) ‖(∂τ − L)û‖H ≤ Cρ
−1‖û‖H.

Proof. Writing r = |(y1, y2)| we compute

(2.14) (∂τ − L)û = E χ
(r
ρ

)
− 2

ρ

∂u

∂r
χ′
(r
ρ

)
− 1

ρ2
uχ′′

(r
ρ

)
+

r

2ρ
uχ′

(r
ρ

)
− rρ′

ρ2
uχ′

(r
ρ

)
.

For r ≤ ρ/2 using (2.10) we infer that

(2.15) |(∂τ − L)û| ≤ C

ρ2
(|u|+ |∇u|) ,

while for ρ/2 ≤ r ≤ ρ using in addition (2.6) we see that

(2.16) |(∂τ − L)û| ≤ C|u|+ C

ρ
|∇u| .

Together with the inverse Poincare inequality and the weighted L2-estimate
from [CHH21a, Proposition 4.4], which in particular hold in the case where
the fine-tuning rotation is simply the identity matrix, this yields∫

Γ
|(∂τ − L)û|2e−

|q|2
4 ≤ C

ρ2

∫
Γ
(u2 + |∇u|2)e−

|q|2
4 + C

∫
Γ∩{ρ/2≤r≤ρ}

u2e−
|q|2
4

≤ C

ρ2

∫
Γ∩{r≤ρ/2}

û2e−
|q|2
4 ,(2.17)

which proves the proposition. �

Analyzing the spectrum of L, we can decompose our Hilbert space as

(2.18) H = H+ ⊕H0 ⊕H−,
where the unstable space is given by

H+ = span{1, y1, y2, cos θ, sin θ},(2.19)



12 WENKUI DU, ROBERT HASLHOFER

and neutral space is given by

H0 = span
{
y2

1 − 2, y2
2 − 2, y1y2, y1 cos θ, y1 sin θ, y2 cos θ, y2 sin θ

}
.(2.20)

Consider the functions

(2.21) U±(τ) := ‖P±û(·, τ)‖2H, U0(τ) := ‖P0û(·, τ)‖2H ,

where P±,P0 denotes the orthogonal projections to H±,H0, respectively.

Proposition 2.2 (Merle-Zaag alternative, cf. [CHH21a, Theorem 4.8]).
For τ → −∞, either the neutral mode is dominant, i.e.

(2.22) U− + U+ = o(U0),

or the unstable mode is dominant, i.e.

(2.23) U− + U0 ≤ Cρ−1U+.

Proof. Using Proposition 2.1 (truncated evolution) and observing that all
nonzero eigenvalues of L have absolute value at least 1/2, we obtain

U̇+ ≥ U+ − Cρ−1 (U+ + U0 + U−),

|U̇0| ≤ Cρ−1 (U+ + U0 + U−),(2.24)

U̇− ≤ −U− + Cρ−1 (U+ + U0 + U−).

Moreover, since M̄τ for τ → −∞ converges locally uniformly to Γ, we see
that

(2.25) lim
τ→−∞

(U+ + U0 + U−) = 0 .

Hence, the Merle-Zaag ODE lemma [MZ98, CM19] implies the assertion. �

To conclude this subsection, let us observe that for any other choice of
admissible graphical radius the same mode stays dominant.

2.2. Graphical radius. Throughout this subsection we assume that the
neutral mode is dominant. The goal is to construct an improved graphical
radius, by generalizing [CHH18, Section 4.3.1] to the bubble-sheet setting.
To this end, we denote by ρ0 the initial choice of graphical radius from the
previous subsection, and consider the quantities

(2.26) β(τ) := sup
σ≤τ

(∫
Γ
u2(q, σ)χ2

(
|q|
ρ0(σ)

)
e−
|q|2
4 dq

)1/2

,

and

(2.27) ρ(τ) := β(τ)−
1
5 .

Proposition 2.3 (admissibility). The function ρ is an admissible graphical
radius function, i.e. the estimates (2.6) and (2.7) hold for τ � 0.
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Proof. Since M̄τ for τ → −∞ converges locally uniformly to Γ, it is clear
that

(2.28) lim
τ→−∞

ρ(τ) =∞ .

To proceed, we need the following barrier estimate:

Claim 2.4 (barrier estimate, cf. [CHH18, Proposition 4.18]). There is a
constant C <∞ such that

(2.29) |u(y1, y2, θ, τ)| ≤ Cβ(τ)
1
2

holds for |(y1, y2)| ≤ C−1β(τ)−
1
4 and τ � 0.

Proof. Let L0 be the constant from the ADS-shrinker foliation (2.1). By
standard parabolic estimates there is some constant K < ∞ such that for
τ � 0 we have

(2.30) sup
|(y1,y2)|≤2L0

|u(y1, y2, θ, τ)| ≤ Kβ(τ).

Now, given τ̂ � 0, consider the hypersurface Γa from (2.2) with parameter

(2.31) a =
c0√
Kβ(τ̂)

.

If we choose c0 small enough, then by [ADS19, Lemma 4.4] the profile func-
tion ua of the ADS-shrinker Σa satisfies

(2.32) ua(L0 − 1) ≤
√

2−Kβ(τ̂).

Combining this with (2.30), the inner barrier principle from [CHH21a, Corol-
lary 3.4] implies that Γa is enclosed by M̄τ for |(y1, y2)| ≥ L0 and τ ≤ τ̂ .
Since ua(

√
a)2 ≥ 2− 2/a (see e.g. [CHH18, Equation (195)]), this yields

(2.33) u(y1, y2, θ, τ̂)2 ≥ 2− 2/a

for |(y1, y2)| ∈ [L0,
√
a− 1]. Hence, remembering (2.31) we conclude that

(2.34) u(y1, y2, θ, τ) ≥ −Cβ(τ)
1
2

holds for |(y1, y2)| ≤ C−1β(τ)−
1
4 and τ � 0. Finally, by convexity and

(2.30) the lower bound implies a corresponding upper bound. This finishes
the proof of the claim. �

Now, remembering that ρ(τ) = β(τ)−
1
5 , by the claim and standard inte-

rior estimates we get

(2.35) ‖u(·, τ)‖C4(Σ∩B2ρ(τ)(0)) ≤ ρ(τ)−2

for τ � 0. Moreover, by definition of β we clearly have ρ̇ ≤ 0. Finally, using
the assumption that the neutral eigenfunctions dominate and the weighted
L2-estimate from [CHH21a, Proposition 4.4] we see that

(2.36)

∣∣∣∣ ddτ β2

∣∣∣∣ = o(β2),
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which implies |ρ̇| ≤ ρ for τ � 0. This finishes the proof of proposition. �

Proposition 2.5 (graphical radius, c.f. [CHH18, Proposition 4.19]). There

is a constant γ > 0, so that ρ(τ) = β(τ)−
1
5 for τ � 0 satisfies

(2.37) ρ(τ) ≥ |τ |γ .

Proof. Consider the Gaussian area functional

(2.38) F (M) = (4π)−3/2

∫
M
e−
|q|2
4 .

By Colding-Minicozzi [CM15, Theorem 6.1], there exist η ∈ (1/3, 1) and
K <∞, so that for τ � 0 we have

(2.39)
(
F (Γ)− F (M̄τ )

)1+η ≤ K
(
F (M̄τ−1)− F (M̄τ+1)

)
.

Using the discrete Lojasiewicz lemma [CM15, Lemma 6.9] this yields

(2.40)
(
F (Γ)− F (M̄τ )

)
≤ C|τ |−1/η,

and

(2.41)
∞∑
j=J

(
F (M̄−j−1)− F (M̄−j)

)1/2 ≤ C(ν)J−ν ,

where ν = (η−1 − 1)/4. Since the renormalized mean curvature flow is the
downwards gradient flow of the F -functional this implies

(2.42)

∫ τ

−∞

∫
M̄τ ′

∣∣∣∣H(q) +
q⊥

2

∣∣∣∣ e− |q|24 dµτ ′(q) dτ
′ ≤ C|τ |−ν .

Hence, applying [CM15, Lemma A.48] we infer that

(2.43)

∫
Γ∩{|(y1,y2)|≤ρ(τ)/2}

|u(y1, y2, θ, τ)|e−
y21+y

2
2

4 dy dθ ≤ C|τ |−ν .

Together with Proposition 2.3 (admissibility) and the weighted L2-estimate
from [CHH21a, Proposition 4.4] we conclude that

(2.44) β(τ) ≤ C|τ |−ν/2.

Choosing γ = ν/20, this proves the assertion. �
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2.3. Almost symmetry. The goal of this subsection is to prove that the
angular derivative uθ is exponentially small. To show this we will generalize
the arguments from [CHH18, Section 4.3.3] to the bubble-sheet setting.

As in the previous subsection we assume that the neutral mode is dom-
inant. Thanks to Proposition 2.5 (graphical radius) we can from now on
work with the graphical radius

(2.45) ρ(τ) := |τ |γ .

We will use the bubble-sheet improvement theorem by Zhu [Zhu20]. We
say that a vector field K in R4 is a normalized rotational vector field if it
can be expressed as K(x) = SJS−1(x− q), where S ∈ SO(4), q ∈ R4 and

(2.46) J =


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0


We say that a space-time point X = (x, t) ∈ M is ε-symmetric if there
exists a normalized rotational vector field K so that

(2.47) |K|H ≤ 5 and |〈K, ν〉|H ≤ ε in P (X, 100/H(X)).

By [Zhu20, Theorem 3.7] there exist constants ε0 > 0 and L < ∞ with
the following significance. Given ε ≤ ε0 and X ∈ M, if every X ′ ∈ M ∩
P (X,L/H(X)) is ε0-close to a bubble-sheet and ε-symmetric, then X is
ε/2-symmetric.

Lemma 2.6 (circular improvement, cf. [CHH18, Lemma 4.23]). There ex-
ists a constant η0 > 0, so that for τ � 0 all space-time points X ∈ M
corresponding to points in M̄τ ∩ {|(y1, y2)| ≤ ρ(τ)} are 2−η0ρ(τ)-symmetric.

Proof. Let ε0 > 0, L < ∞ be the constants from Zhu’s bubble-sheet im-
provement theorem as recalled above. Let τ0 ≤ τ∗ be sufficiently negative,
and set R := 2ρ(τ0).
Let q ∈ M̄τ be a point with |(y1, y2)| ≤ R − L and τ ≤ τ0, and denote by
X ∈ M the corresponding space-time point in the unrescaled flow. Using
(2.7) we see that every X ′ ∈ M ∩ P (X,LH−1(X)) is ε0-close to a bubble-
sheet and is ε0-symmetric. Hence, by Zhu’s bubble-sheet improvement the-
orem [Zhu20, Theorem 3.7] the space-time point X is ε0/2-symmetric.
Similarly, for any q ∈ M̄τ with |(y1, y2)| ≤ R − 2L and τ ≤ τ0, the ar-
gument above shows that the corresponding space-time point X ∈ M is
ε0/4-symmetric. Iterating this k times, where k is the smallest integer so
that (k + 1)L > R, we get that for all q ∈ M̄τ with |(y1, y2)| ≤ R/2 and
τ ≤ τ0 the corresponding space-time point X ∈ M is ε0/2

k-symmetric.
Choosing η0 = 1/L, this proves the lemma. �

We can now prove the main result of this subsection:
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Proposition 2.7 (almost circular symmetry, cf. [CHH18, Proposition 4.24]).
There exists a constant η > 0, such that for all τ � 0 we have

(2.48) |uθ(y1, y2, θ, τ)| ≤ e−ηρ(τ),

whenever |(y1, y2)| ≤ ρ(τ).

Proof. For each τ ≤ τ∗ choose a point qτ ∈ M̄τ with y1 = y2 = 0. By
Lemma 2.6 (circular improvement) the corresponding space-time point Xτ =

(xτ ,−e−τ ) ∈M in the unrescaled flow is 2−ηρ(τ)-symmetric, i.e. there exists
a normalized rotation vector field Kτ so that

(2.49) |Kτ |H ≤ 5 and |〈Kτ , ν〉|H ≤ 2−η0ρ(τ) in P (Xτ , 100/H(Xτ )).

By [Zhu20, Lemma 3.5] and since S ∈ SO(4) by our convention, we have

(2.50) sup
x∈B10(xτ )

|Kτ (x)−Kτ−1(x)| ≤ C2−η0ρ(τ).

Moreover, since the tangent-flow at −∞ is a bubble-sheet, the vector fields
Kτ (x) converge for τ → −∞ to K∞(x) = Jx. Hence, we infer that

(2.51) sup
x∈B10(xτ )

|Kτ (x)−K∞(x)| ≤ C
∞∑
m=0

2−η0ρ(τ−m).

Recalling that ρ(τ) = |τ |γ , this sum can be safely bounded by Ce−ηρ(τ),
where η := η0/10.
Similarly, as for any q ∈ M̄τ with |(y1, y2)| ≤ ρ(τ) and τ ≤ τ∗ the cor-

responding space-time point X(q,τ) is C/2η0ρ(τ)-symmetric with normalized
rotation vectorfield K(q,τ), we infer that

(2.52) sup
x∈B10(xτ )

|K(q,τ)(x)−K∞(x)| ≤ Cρ(τ)2−η0ρ(τ) ≤ Ce−ηρ(τ).

Hence, X(q,τ) is C/2ηρ(τ)-symmetric with respect to K∞. We conclude that

(2.53) 1
2 |uθ| ≤ H|〈K∞, ν〉| ≤ Ce

−ηρ(τ).

Slightly decreasing η, this proves the proposition. �

2.4. Evolution expansion. As before, we assume that the neutral mode
is dominant and work with the graphical radius ρ(τ) = |τ |γ . In particular,
we define û using this ρ. The goal of this subsection is to prove:

Proposition 2.8 (evolution expansion). The function û evolves by

∂τ û = Lû− 1√
8
û2 − 1√

8
û2
θ − 1√

2
ûûθθ + Ê,(2.54)

where the error term satisfies the weighted H-norm estimate

(2.55)
〈
|Ê|, 1 + y2

1 + y2
2

〉
H
≤ Cρ−1‖û‖2H + e−ρ/5 .
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Proof. By Proposition A.1 (evolution over cylinder) the renormalized graph-
ical mean curvature evolution of u(·, τ) over the cylinder Γ = R2 × S1(

√
2)

is given by

∂τu =

∑2
α,β=1Aαβ∂α∂βu+ (1 + |∂u|2)uθθ − 2

∑2
α=1 uθ∂αu∂αuθ

(1 + |∂u|2)(
√

2 + u)2 + u2
θ

−(
√

2 + u)−1u2
θ

(1 + |∂u|2)(
√

2 + u)2 + u2
θ

− 1√
2 + u

+
1

2

(
√

2 + u−
2∑

α=1

yα∂αu

)
,(2.56)

where

(2.57) Aαβ = [(1 + |∂u|2)(
√

2 + u)2 + u2
θ]δαβ − (

√
2 + u)2∂αu∂βu.

This implies

∂τu = Lu+Q(u) + E,(2.58)

where

(2.59) Q(u) = − 1√
8
u2 − 1√

8
u2
θ − 1√

2
uuθθ,

and

(2.60) |E| ≤ C|∇u|2(|u|+ |∇u|+ |∇2u|) + C|u|2|∇2u|+ C|u|3.

Next, concerning the cutoff function, using |ρ̇| ≤ ρ we compute

(2.61)
∣∣(∂τ − L)(χu)− χ(∂τ − L)u

∣∣ ≤ ρ−2|χ′′||u|+ 2ρ−1|χ′|(|∇u|+ |ru|),

where r = |(y1, y2)|. Similarly, using also that ρ is θ-independent we get

(2.62) |Q(χu)− χQ(u)| = |χ2Q(u)− χQ(u)| = χ(1− χ)|Q(u)|.

Putting everything together, this shows that

(2.63) ∂τ û = Lû− 1
2
√

2
û2 − 1

2
√

2
û2
θ − 1√

2
ûûθθ + Ê,

where the error term satisfies the pointwise estimate

|Ê| ≤Cχ(|u|+ |∇u|)2(|u|+ |∇u|+ |∇2u|)
+ C|χ′|ρ−1

(
|∇u|+ |ru|

)
+ C|χ′′|ρ−2|u|(2.64)

+ Cχ(1− χ)
(
|u|2 + |∇u|2 + |∇2u|2

)
.

To bound this in the (1 + r2)-weighted H-norm, first observe that Ê is
supported in the ball {r ≤ ρ}, so in particular by the definition of graphical
radius we have the inequality |u|+ |∇u|+ |∇2u| ≤ ρ−2 at our disposal. Using

this, for r ≤ ρ1/2 we can estimate

(2.65) |Ê|(1 + r2) ≤ Cρ−1
(
|u|2 + |∇u|2

)
.

Together with [CHH21a, Proposition 4.4] this implies

(2.66)

∫
r≤ρ1/2

|Ê|(1 + r2) e−
r2

4 dy1dy2 ≤ Cρ−1‖û‖2H .
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Finally, for r ≥ ρ1/2 the coarse bound |Ê|(1 + r2) ≤ Cρ2 yields the tail
estimate ∫

ρ/2≤r≤ρ
|Ê|(1 + r2) e−

r2

4 dy1dy2 ≤ e−ρ/5 .(2.67)

This finishes the proof of the proposition. �

3. Proof of the bubble-sheet quantization theorem

In this section, we prove Theorem 1.1 (bubble-sheet quantization). As be-
fore, we work with the graphical radius ρ(τ) = |τ |γ , and in particular define
û and U±, U0 with respect to this ρ. By Proposition 2.2 (Merle-Zaag alterna-
tive) for τ → −∞ either the neutral mode is dominant, i.e. U−+U+ = o(U0),
or the unstable mode is dominant, i.e. U− + U0 ≤ Cρ−1U+.

If the unstable mode is dominant, then by (2.24) we get U̇+ ≥ 1
2U+ for

all τ � 0. Integrating this differential inequality yields U+(τ) ≤ Ceτ/2.
Thus, recalling that U+ = ‖P+û‖2H and using again the assumption that

the unstable mode is dominant we infer that ‖û‖H ≤ Ceτ/4. Together with
standard interpolation inequalities this implies that for any R < ∞ and
k < ∞ we have ‖u(·, τ)‖Ck(BR) ≤ Ceτ/5. Hence, if the the unstable mode
is dominant then the conclusion of Theorem 1.1 holds with Q = 0. We can
thus assume from now on that the neutral mode is dominant, i.e.

(3.1) U− + U+ = o(U0).

Assuming also that the flow is not a round shrinking cylinder our goal is to
show that the conclusion of Theorem 1.1 holds for some Q with rk(Q) ≥ 1.

3.1. Derivation of the spectral ODEs. In this subsection, we consider
the expansion

(3.2) û =

3∑
j=1

αjψj + w,

with respect to the eigenfunctions

(3.3) ψ1 = y2
1 − 2, ψ2 = y2

2 − 2, ψ3 = 2y1y2.

Hence, the spectral coefficients ~α = (α1, α2, α3) are given by

(3.4) αj = ‖ψj‖−2
H 〈ψj , û, 〉H.

The goal is to derive the following ODEs for the spectral coefficients:
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Proposition 3.1 (spectral ODEs). The spectral coefficients αj(τ) satisfy
the following system of ODEs:

(3.5)


α̇1 = −

√
8(α2

1 + α2
3) + o(|~α|2 + |τ |−100)

α̇2 = −
√

8(α2
2 + α2

3) + o(|~α|2 + |τ |−100)

α̇3 = −
√

8(α1 + α2)α3 + o(|~α|2 + |τ |−100)

To show this, we start with the following remainder estimate:

Lemma 3.2 (remainder estimate). The remainder w satisfies the weighted
H-norm estimate

(3.6)
〈
w2, 1 + y2

1 + y2
2

〉
H = o(|~α|2 + e−ηρ/3).

Proof. Recall that H0 is 7-dimensional, spanned by the 3 eigenfunctions
from (3.3) together with the following 4 eigenfunctions:

(3.7) ψ4 = y1 cos θ ψ5 = y1 sin θ ψ6 = y2 cos θ ψ7 = y2 sin θ .

If we consider the remainder of the full H0-expansion,

(3.8) w̃ := û−
7∑
j=1

αjψj , with αj = ‖ψj‖−2
H 〈ψj , û〉H,

where now j = 1, . . . , 7, then by assumption (3.1) we have

(3.9) ‖w̃‖2H = o

 7∑
j=1

α2
j

 .

On the other hand, using the relation ψ4 = ∂θψ5 we can estimate

(3.10) |〈ψ4, û〉H| = |〈ψ5, ∂θû〉H| ≤ Ce−ηρ,
where we applied Proposition 2.7 (almost circular symmetry) in the last
step. Arguing similarly for α5, . . . , α7, it follows that

(3.11) ‖w‖2H = o(|~α|2) + Ce−ηρ.

We will next prove a gradient estimate for w. To this end, we project
the equation from Proposition 2.8 (evolution equation) to the orthogonal
complement of span{ψ1, ψ2, ψ3}, and argue as above to obtain

(3.12) ∂τw = Lw + g,

where

(3.13) ‖g‖2H = o(|~α|2) + Ce−ηρ.

Now, given τ∗ � 0, using (3.12) and integration by parts we compute

d

dτ

∫
eτ∗−τw2e−q

2/4 =

∫
eτ∗−τ (2wg − 2|∇w|2 − w2) e−q

2/4

≤
∫
eτ∗−τ (g2 − 2|∇w|2) e−q

2/4,(3.14)
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and

d

dτ

∫
(τ − τ∗)|∇w|2e−q

2/4 =

∫ (
|∇w|2 − 2(τ − τ∗)(Lw)(Lw + g)

)
e−q

2/4

≤
∫ (
|∇w|2 + 1

2(τ − τ∗)g2)
)
e−q

2/4 .(3.15)

For τ ∈ [τ∗ − 1, τ∗] this yields

d

dτ

∫ (
(τ − τ∗)|∇w|2 + eτ∗−τ

2 w2
)
e−q

2/4 ≤
∫
g2 e−q

2/4 .(3.16)

Hence, together with (3.11) and (3.13) we infer that

(3.17) ‖∇w(τ)‖2H = o

(
max

τ ′∈[τ,τ+1]
|~α(τ ′)|2

)
+ Ce−ηρ(τ)/2.

Finally, by the Merle-Zaag ODEs (2.24) for τ � 0 we have

(3.18) max
τ ′∈[τ,τ+1]

|~α(τ ′)|2 ≤ 2|~α(τ)|2 .

Together with Ecker’s weighted Sobolev inequality [Eck00, page 109], this
implies the assertion. �

We can now prove the main result of this subsection:

Proof of Proposition 3.1. Using Proposition 2.8 (evolution expansion) we
get

α̇k = ‖ψk‖−2
H

〈
Lû− 1√

8
û2 − 1√

8
û2
θ − 1√

2
ûûθθ + Ê, ψk

〉
H
,(3.19)

where

(3.20) |〈Ê, ψk〉H| ≤ C
(
ρ−1‖û‖2H + e−ρ/5

)
.

Next, using Lψk = 0 and integration by parts we see that

(3.21) 〈Lû, ψk〉H = 0.

Moreover, using Proposition 2.7 (almost circular symmetry), writing ûûθθ =
(ûûθ)θ − û2

θ, and using integration by parts we can estimate

(3.22) |〈û2
θ, ψk〉H|+ |〈ûûθθ, ψk〉H| ≤ Ce−ηρ.

Furthermore, remembering the expansion (3.2) we compute

(3.23) 〈û2, ψk〉H =
3∑

i,j=1

αiαj〈ψiψj , ψk〉H+ 2
3∑
i=1

αi〈ψiψk, w〉H+ 〈w2, ψk〉H .

By Lemma 3.2 (remainder estimates) we have

(3.24) 2

3∑
i=1

αi〈ψiψk, w〉H + 〈w2, ψk〉H = o(|~α|2 + e−ηρ/3) .
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Combining the above facts we infer that

(3.25) α̇k = − 1√
8

3∑
i,j=1

‖ψk‖−2
H 〈ψiψj , ψk〉Hαiαj + o(|~α|2 + |τ |−100).

Finally, for functions on our bubble-sheet Γ = R2 × S1(
√

2) that are inde-
pendent of θ the Gaussian inner product is explicitly given by

(3.26) 〈f, g〉H = (8eπ)−1/2

∫
R2

e−
y21+y

2
2

4 f(y1, y2)g(y1, y2) dy1dy2 .

Hence, an elementary computation shows that

(3.27) ‖ψ1‖2H = ‖ψ2‖2H = 1
2‖ψ3‖2H

and that up to permutation of indices the only nonvanishing coefficients are

(3.28) 〈ψ1ψ1, ψ1〉H = 〈ψ2ψ2, ψ2〉H = 8‖ψ1‖2H,

and

(3.29) 〈ψ3ψ3, ψ1〉H = 〈ψ3ψ3, ψ2〉H = 4‖ψ3‖2H.

Putting things together, this proves the proposition. �

3.2. Quantized asymptotics of the spectral ODEs. Recall from Propo-
sition 3.1 (spectral ODEs) that the spectral coefficients satisfy

(3.30)


α̇1 = −

√
8(α2

1 + α2
3) + o(|~α|2 + |τ |−100)

α̇2 = −
√

8(α2
2 + α2

3) + o(|~α|2 + |τ |−100)

α̇3 = −
√

8(α1 + α2)α3 + o(|~α|2 + |τ |−100)

To solve these spectral ODEs, we start with the following a priori estimate:

Proposition 3.3 (a priori estimate). The spectral coefficients satisfy

(3.31) α1 ≤ o(|~α|+ |τ |−100), α2 ≤ o(|~α|+ |τ |−100),

and

(3.32) α2
3 − α1α2 ≤ o(|~α|2 + |τ |−100).

Proof. In essence, this will be a consequence of [CHH21a, Proposition 5.2].
However, since the setup of the present paper is different we first have to
related the tilted and untilted flow. To discuss this, recall that in the cited
proposition the tilted flow M̃τ = S(τ)M̄τ has been considered, where the
fine-tuning rotation S(τ) ∈ SO(4) has been constructed in [CHH21a, Propo-
sition 4.1] via the implicit function theorem to ensure that the profile func-
tion ũ of the tilted flow satisfies the orthogonality conditions

(3.33) 〈ũχ, ψj〉H = 0 (j = 4, . . . , 7).
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Observe that thanks to Proposition 2.7 (almost circular symmetry) the pro-
file function u of the untilted flow already satisfies

(3.34) |〈uχ, ψj〉H| ≤ Ce−ηρ (j = 4, . . . , 7).

Hence, inspecting the proof of [CHH21a, Proposition 4.1] we can arrange
that

(3.35) |S(τ)− id| ≤ Ce−ηρ.
Now, suppose towards a contradiction there is a sequence τi → −∞ with

(3.36) lim inf
i→∞

|τi|100|~α(τi)| > 0,

such that

(3.37) max

{
lim inf
i→∞

α1

|~α|
(τi), lim inf

i→∞

α2

|~α|
(τi), lim inf

i→∞

α2
3 − α1α2

|~α|2
(τi)

}
> 0.

By [CHH21a, Proposition 5.2] after passing to a subsequence we have

(3.38) lim
i′→∞

ˆ̃u(·, τi′)
‖ˆ̃u(·, τi′)‖H

= q11ψ1(y) + q22ψ2(y) + q12ψ3(y)

in H-norm, where {qαβ} is semi-negative definite symmetric 2 × 2-matrix.
Thanks to (3.35) and (3.36) this holds for the untilted flow as well, i.e.

(3.39) lim
i′→∞

û(·, τi′)
‖û(·, τi′)‖H

= q11ψ1(y) + q22ψ2(y) + q12ψ3(y).

This contradicts (3.37), and thus proves the proposition. �

We now consider the trace and determinant,

(3.40) S := α1 + α2, D := α1α2 − α2
3 .

Proposition 3.4 (evolution of trace and determinant). The trace and de-
terminant satisfy

(3.41)

{
Ṡ = −

√
8(S2 − 2D) + o(|τ |−2),

Ḋ = −
√

8SD + o(|τ |−3).

Proof. Using Proposition 3.1 (spectral ODEs) we compute

Ṡ = −
√

8(α2
1 + α2

2 + 2α2
3) + o(|~α|2 + |τ |−100)

= −
√

8(S2 − 2D) + o(|~α|2 + |τ |−100),(3.42)

and

Ḋ = −
√

8
(
α1α

2
2 + α1α

2
3 + α2α

2
1 + α2α

2
3 − 2Sα2

3

)
+ o(|~α|3 + |τ |−100)

= −
√

8SD + o(|~α|3 + |τ |−100).(3.43)

Next, observe that Proposition 3.3 (a priori estimate) implies

(3.44) |~α|2 ≤ (1 + o(1))S2 + o(|τ |−100).
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This yields

(3.45)

{
Ṡ = −

√
8(S2 − 2D) + o(S2 + |τ |−100),

Ḋ = −
√

8SD + o(|S|3 + |τ |−100).

To proceed, we need the following claim:

Claim 3.5 (trace asymptotics). We have

(3.46)
1 + o(1)√

2τ
≤ S ≤ 1− o(1)

2
√

2τ
.

Proof of the claim. Note that Proposition 3.3 (a priori estimate) implies

(3.47) − o(S2 + |τ |−100) ≤ D ≤ 1

4
S2.

This yields

(3.48) − 2
√

2S2 − o(S2 + |τ |−100) ≤ Ṡ ≤ −
√

2S2 + o(S2 + |τ |−100).

To control the errors, we consider the monotone quantity

(3.49) S̄(τ) = sup
σ≤τ
|S(σ)| .

We first observe that

(3.50) lim sup
τ→−∞

|τ |10S̄(τ) =∞ .

Indeed, if this failed then using in particular (3.44) we could infer that the
function ρ(τ) = c|τ |2, where c > 0 is small, is an admissible graphical radius,
c.f. Proposition 2.3 (admissibility). However, by (2.24) this would imply
| ddτ logU0(τ)| ≤ C|τ |−2, hence | logU0(τ)| ≤ C for τ � 0. This contradicts
the fact that U0(τ) converges to 0 for τ → −∞, and thus proves (3.50).
We now fix τ∗ � 0, and consider the sets

I :=
{
τ ≤ τ∗ : S̄(τ) = |S(τ)|

}
, J : =

{
τ ≤ τ∗ : S̄(τ) ≥ |τ |−10

}
.(3.51)

Note that thanks to limτ→−∞ S̄(τ) = 0 and (3.50) the set I ∩ J contains a
sequence of numbers going to −∞. Also, clearly I ∩ J ⊆ (−∞, τ∗] is closed.
Now, given any τ0 ∈ I ∩ J by (3.48) we have

(3.52) Ṡ(τ) ≤ −S2(τ) ≤ −1
2 |τ |

−100

at τ = τ0. In particular, remembering (3.49), we see that S(τ0) < 0. In fact,
we can find a δ > 0 such that (3.52) and S(τ) < 0 hold for |τ − τ0| < δ.

Moreover, if there is some τ̂ ∈ I with τ̂ ≤ τ0 and Ṡ(τ̂) = 0 then (3.48) yields

(3.53) |S2(τ̂)| ≤ 2|τ̂ |−100 ≤ 2|τ0|−100 < 1
100 |S

2(τ0)|.

Thus, if 1
10 |S(τ0)| ≤ |S(τ)| ≤ |S(τ0)| then τ ∈ I. Hence, possibly after

decreasing δ, we get (τ0 − δ, τ0] ⊆ I. Then, (3.52) implies (τ0 − δ, τ0] ⊆ J .
Summarizing, we can find S by solving

(3.54) − 2
√

2S2 − o(S2) ≤ Ṡ ≤ −
√

2S2 + o(S2)
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for τ ≤ τ∗, subject to limτ→−∞ S(τ) = 0. This yields the claim. �

To conclude, note that by the claim we have

(3.55) o(S2 + |τ |−100) = o(|τ |−2), o(|S|3 + |τ |−100) = o(|τ |−3).

Together with (3.45) this finishes the proof of the proposition. �

We can now conclude the proof of the bubble-sheet quantization theorem,
which we restate here in a technically sharper way:

Theorem 3.6 (bubble-sheet quantization). For any ancient noncollapsed
mean curvature flow in R4 whose tangent flow at −∞ is given by (1.3), the
bubble-sheet function u, truncated at the graphical radius ρ(τ) = |τ |γ, where
γ is the exponent from Proposition 2.5 (graphical radius), satisfies

(3.56) lim
τ→−∞

∥∥∥ |τ |û(y, θ, τ)− y>Qy + 2tr(Q)
∥∥∥
H

= 0,

where Q is a symmetric 2× 2-matrix whose eigenvalues are quantized to be
either 0 or −1/

√
8. In particular, for all R <∞ and all k ∈ N we have

(3.57) lim
τ→−∞

∥∥∥ |τ |u(y, θ, τ)− y>Qy + 2tr(Q)
∥∥∥
Ck(BR)

= 0.

Here, for rk(Q) 6= 1 the matrix Q is independent of time, while in the case
rk(Q) = 1 we have

(3.58) Q = R(τ)>
(

0 0

0 −1/
√

8

)
R(τ)

for some rotation matrix R(τ) ∈ SO(2) with |Ṙ(τ)| = o(|τ |−1).

Proof. By the reduction at the beginning of this section, assuming that the
neutral mode is dominant we have to show that the conclusion holds for for
some Q with rk(Q) ≥ 1. To get rid of some annoying prefactors and minus
signs, we set

(3.59) a := −
√

2S, b := 8D .

Then, our ODEs from Proposition 3.4 (evolution of trace and determinant)
take the form

(3.60)

{
ȧ = 2a2 − b+ o(|τ |−2),

ḃ = 2ab+ o(|τ |−3),

and our a priori estimates from (3.46) and (3.47) take the form

(3.61)
1− o(1)

2|τ |
≤ a ≤ 1 + o(1)

|τ |
,

−o(1)

τ2
≤ b ≤ 1 + o(1)

τ2
.

In fact, it is useful to make yet another substitution to get rid of the τ -
dependence. Specifically, we set

(3.62) x := −τa , y := τ2b , σ := − log(−τ) .
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In these new variables our ODEs take the form

(3.63)

{
x′ = 2x2 − x− y + o(1),

y′ = 2xy − 2y + o(1),

and our a priori estimates take the form

(3.64)
1

2
− o(1) ≤ x ≤ 1 + o(1) , −o(1) ≤ y ≤ 1 + o(1) .

Observe that the vector field

(3.65) V (x, y) = (2x2 − x− y, 2xy − 2y)

in the region relevant by (3.64) has exactly the two zeros

(3.66) (x, y) = (1/2, 0), (x, y) = (1, 1) ,

and that there is an integral curve from (1, 1) to (1/2, 0), but no integral
curve in the other direction. It follows that for σ → −∞ we either have

(3.67) x =
1

2
+ o(1) , y = o(1) ,

or

(3.68) x = 1 + o(1) , y = 1 + o(1) .

Indeed, either (3.67) holds and we are done, or there exists some ε > 0
and arbitrarily negative times σ such that |(x(σ), y(σ))− (1/2, 0)| ≥ ε. But
then integrating the ODEs (3.63) backwards in time and using a Lyapunov
function argument, we would either leave the relevant rectangular region and
thus obtain a contradiction with the a priori estimates (3.64), or converge
to (1, 1) and thus conclude that (3.68) holds. Consequently, the trace and
determinant for τ → −∞ satisfy either

(3.69)

{
S = 1√

8τ
+ o(|τ |−1)

D = o(|τ |−2),

or

(3.70)

{
S = 1√

2τ
+ o(|τ |−1)

D = 1
8τ2

+ o(|τ |−2).

In the first case, remembering also Proposition 3.3 (a priori estimates), we
infer that the eigenvalues of the matrix

(3.71)

(
α1 α3

α3 α2

)
are

(3.72)
1√
8τ

+ o(|τ |−1) and o(|τ |−1) .

Hence, the conclusion

(3.73) lim
τ→−∞

∥∥∥ |τ |û(y, θ, τ)− yTQy + 2tr(Q)
∥∥∥
H

= 0
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holds with

(3.74) Q = R(τ)>
(

0 0

0 −1/
√

8

)
R(τ) ,

where

(3.75) R(τ) =

(
cosφ(τ) − sinφ(τ)
sinφ(τ) cosφ(τ)

)
.

Furthermore, considering the original spectral ODEs,

(3.76)


α̇1 = −

√
8(α2

1 + α2
3) + o(|τ |−2)

α̇2 = −
√

8(α2
2 + α2

3) + o(|τ |−2)

α̇3 = −
√

8(α1 + α2)α3 + o(|τ |−2),

we infer that

(3.77) |Ṙ(τ)| = o(|τ |−1) .

Finally, in the second case the eigenvalues are

(3.78)
1√
8τ

+ o(|τ |−1) and
1√
8τ

+ o(|τ |−1) .

Hence, the conclusion holds with

(3.79) Q =

(
−1/
√

8 0

0 −1/
√

8

)
.

This finishes the proof of the theorem. �

4. The fully-degenerate case

In this section, we prove Theorem 1.2 (fully-degenerate case), which we
restate here for convenience of the reader.

Theorem 4.1 (fully-degenerate case). Let Mt be an ancient noncollapsed
mean curvature flow in R4 whose tangent flow at −∞ is given by (1.3). If
rk(Q) = 0, then Mt is either a round shrinking R2 × S1 or R×2d-bowl.

Proof. We assume throughout the proof that the flow is not a round shrink-
ing R2 × S1. As we have seen in the previous section our assumption
rk(Q) = 0 is then equivalent to the assumption that in Proposition 2.2
(Merle-Zaag alternative) the unstable mode is dominant. If the flow is non-
compact, then by [CHH21a, Theorem 1.10] it must be R×2d-bowl. Hence,
our task is to rule out the compact case.
So suppose towards a contraction M = {Mt} is a compact ancient noncol-
lapsed mean curvature flow in R4 whose tangent flow at −∞ is given by (1.3)
and for which in the Merle-Zaag alternative the unstable mode is dominant.
Then by [CHH21a, Theorem 6.7 and Theorem 6.9] there is a universal non-
vanishing fine bubble-sheet vector (a1, a2) associated to our flow, such that
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for any space-time point X after suitable recentering in the x3x4-plane the
profile function uX of the renormalized flow M̄X

τ centered at X satsifies

(4.1) uX = eτ/2(a1y1 + a2y2) + o(eτ/2)

for all τ ≤ τ∗(Z(X)), depending only on an upper bound for the bubble-
sheet scale Z(X) as defined in [CHH21a, Definition 2.8].
Now, considering any sequence ti → −∞, let p±ti ∈Mti be points such that

(4.2) x1(p−ti ) = min
p∈Mti

x1(p) , x1(p+
ti

) = max
p∈Mti

x1(p) .

Claim 4.2 (bubble-sheet scale). We have

(4.3) sup
i
Z(p±i , ti) <∞.

Proof of the claim. We will argue similarly as in the proofs of [CHH18,
Proposition 5.8], [CHHW19, Proposition 6.2], and [CHH21a, Claim 7.2].
Write X±i = (p±i , ti), and suppose towards a contradiction that Z(X±i ) →
∞. Let Mi be the sequence of flows obtained by shifting X±i to the origin,

and parabolically rescaling by Z(X±i )−1. By [HK17, Theorem 1.14] we can
pass to a subsequential limit M∞, which is an ancient noncollapsed flow
that is weakly convex and smooth until it becomes extinct. Note also that
by construction M∞ has bubble-sheet tangent flow at −∞.
Now, by Theorem 1.1 (bubble-sheet quantization) associated M∞ there is
a fine-bubble sheet matrix Q∞. If rk(Q∞) ≥ 1, then for large i this contra-
dicts the fact that Mi has dominant unstable mode. Thus, Q∞ = 0.
Moreover, if M∞ was a round shrinking R2 × S1, then if it became extinct
at time 0 that would contradict the definition of the bubble-sheet scale, and
if it became extinct at some later time that would contradict the fact that
M∞0 ∩ (R2 × {0}) is contained in a halfspace by construction.
By the above, the flowM∞ has dominant unstable mode. Thus, by [CHH21a,
Theorem 6.7 and Theorem 6.9] associated toM∞ there is a nonvanishing fine
bubble-sheet vector (a∞1 , a

∞
2 ). This contradicts the fact that the fine-bubble

sheet vector of Mi is obtained from the fine bubble-sheet vector (a1, a2) of
M by multiplying by Z(X±i )−1 → 0, and thus proves the claim. �

Continuing the proof of the theorem, consider the sequence

(4.4) M±,i =M− (p±i , ti) ,

which is obtained by shifting in space-time without rescaling. By [HK17,
Theorem 1.14] we can pass to subsequential limits M±, which are ancient
noncollapsed flows that are weakly convex and smooth until they becomes
extinct. By Claim 4.2 (bubble-sheet scale) and since |x1(p±ti )| → ∞, we infer

thatM± is noncompact and has a bubble-sheet tangent at −∞. Moreover,
the argument from the proof of Claim 4.2 also yields thatM± has dominant
unstable mode, with the same fine bubble-sheet vector (a1, a2) asM. Now,
by [CHH21a, Theorem 1.10] the flows M± must be R×2d-bowl. However,
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observe that by our choice of points in (4.2), the flow M− translates in
positive x1-direction, while the flowM+ translates in negative x1-direction.
In particular, the fine bubble-sheet vector of M− points in positive x1-
direction, while the fine bubble-sheet vector of M+ points in negative x1-
direction. This contradicts the fact that M− and M+ have the same fine-
bubble sheet vector, and thus concludes the proof of the theorem. �

5. The half-degenerate case

In this short section, we prove Theorem 1.3 (half-degenerate case), which
we restate here for convenience of the reader.

Theorem 5.1 (half-degenerate case). Let Mt be an ancient noncollapsed
mean curvature flow in R4 whose tangent flow at −∞ is given by (1.3). If
rk(Q) = 1, and if Mt is either splits off a line or is selfsimilarly translating,
then Mt is either R×2d-oval or belongs to the one-parameter family of 3d
oval-bowls constructed by Hoffman-Ilmanen-Martin-White, respectively.

Proof. Consider first the case that our flow splits off a line, i.e. that Mt =
R × Nt is the product of a line and a two-dimensional ancient noncol-
lapsed flow Nt. Then, by the work of Brendle-Choi [BC19] and Angenent-
Daskalopoulos-Sesum [ADS19, ADS20] the flow Nt must be either flat R2,
a round shrinking S2, a round shrinking R × S1, a 2d-bowl, or an ancient
2d-oval. However, R2 and S2 are excluded by the assumption that Mt has
a bubble-sheet tangent at −∞. Moreover, if Nt was R × S1 or a 2d-bowl,
then the renormalized flow M̄τ would converge exponentially fast to the
bubble-sheet, contradicting the assumption that rk(Q) = 1. Hence, the only
possibility is that Nt is a 2d-oval. Then, by [ADS19, Theorem 1.6] the profile
function v(y, τ) of the renormalized flow N̄τ satisfies

(5.1) v(y, τ) = −y
2 − 2√

8τ
+ o(|τ |−1) .

Consequently, the fine bubble-sheet function u(y1, y2, τ) of M̄τ = R × N̄τ

satisfies

(5.2) u(y1, y2, τ) = −y
2
2 − 2√

8τ
+ o(|τ |−1) ,

and hence the expansion from Theorem 1.1 (bubble-sheet quantization) in-
deed holds with

(5.3) Q =

(
0 0

0 −1/
√

8

)
.

Consider now the case that our flow is selfsimilarly translating. Then,
by the recent classification by Choi, Hershkovits and the second author



HEARING THE SHAPE OF ANCIENT NONCOLLAPSED FLOWS IN R4 29

[CHH21b] it is either R×2d-bowl, or a 3d round bowl, or belongs to the one-
parameter family of 3d oval-bowls constructed by Hoffman-Ilmanen-Martin-
White. The case of the 3d round bowl is excluded by the assumption that the
tangent flow at −∞ is a bubble-sheet, and the case R×2d-bowl is excluded
by the assumption rk(Q) = 1. Finally, by [CHH21b, Theorem 3.6] for the 3d
oval-bowls we indeed have the same asymptotics as in (5.2), and hence the
expansion from Theorem 1.1 (bubble-sheet quantization) holds again with
the matrix Q from (5.3). This finishes the proof of the theorem. �

6. The non-degenerate case

In this final section, we prove Theorem 1.4 (non-degenerate case), which
we restate here for convenience of the reader:

Theorem 6.1 (non-degenerate case). Let Mt be an ancient noncollapsed
mean curvature flow in R4 whose tangent flow at −∞ is given by (1.3).
If rk(Q) = 2, then Mt is compact and SO(2)-symmetric and satisfies the
following sharp asymptotics:

• Parabolic region: The bubble-sheet function u for τ → −∞ satisfies

u(y1, y2, θ, τ) =
y2

1 + y2
2 − 4√

8τ
+ o(|τ |−1)

uniformly for |(y1, y2)| ≤ R.
• Intermediate region: We have

lim
τ→−∞

u(|τ |
1
2 z1, |τ |

1
2 z2, θ, τ) +

√
2 =

√
2− (z2

1 + z2
2)

uniformly on every compact subset of {z2
1 + z2

2 <
√

2}.
• Tip region: Set λ(s) =

√
|s|−1 log |s|, and given any angle φ let

ps ∈Ms be the point that maximizes 〈p, cos(φ)e1 + sin(φ)e2〉 among
all p ∈Ms. Then, as s→ −∞ the rescaled flows

M̃ s
t = λ(s) · (Ms+λ(s)−2t − ps)

converge to R×Nt, where Nt is the 2d-bowl in R3 with speed 1/
√

2.

We will first establish the sharp asymptotics, which in particular will im-
ply compactness, and afterwards will prove the circular symmetry.

As before, we work with the truncated bubble-sheet function

(6.1) û(y1, y2, θ, τ) = u(y1, y2, θ, τ)χ

(
|(y1, y2)|
|τ |γ

)
,

where the exponent γ > 0 is from Proposition 2.5 (graphical radius).
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Proposition 6.2 (parabolic region). The truncated bubble-sheet function û
satisfies

(6.2) lim
τ→−∞

∥∥∥∥τ û(y1, y2, θ, τ)− y2
1 + y2

2 − 4√
8

∥∥∥∥
H

= 0 .

Moreover, there exist τ∗ > −∞ and an increasing function δ : (−∞, τ∗) →
(0, 1/100) with limτ→−∞ δ(τ) = 0 such that for τ ≤ τ∗ we have

(6.3) sup
|(y1,y2)|≤δ(τ)−1

∣∣∣∣u(y1, y2, θ, τ)− y2
1 + y2

2 − 4√
8τ

∣∣∣∣ ≤ δ(τ)

|τ |
.

In particular, the hypersurfaces Mt are compact.

Proof. By the assumption rk(Q) = 2 we have

(6.4) Q =

(
−1/
√

8 0

0 −1/
√

8

)
,

hence

(6.5) y>Qy − 2tr(Q) = −y
2
1 + y2

2 − 4√
8

.

Applying Theorem 3.6 (bubble-sheet quantization) this proves (6.2). To-
gether with standard parabolic estimates this yields (6.3). Finally, together
with convexity this implies that the hypersurfaces Mt are compact. �

Next, to capture the intermediate region, we consider the function

(6.6) ū(z1, z2, θ, τ) =
√

2 + u(|τ |
1
2 z1, |τ |

1
2 z2, θ, τ) .

Proposition 6.3 (intermediate region lower bound). For any compact sub-
set K ⊂ {z2

1 + z2
2 < 2} we have

(6.7) lim inf
τ→−∞

inf
(z1,z2)∈K

(
ū(z1, z2, θ, τ)−

√
2− (z2

1 + z2
2)

)
≥ 0.

Proof. We will generalize the argument from our prior paper [DH21, proof
of Proposition 2.8] to the setting without symmetry assumptions.
By [ADS19, Lemma 4.4] there exists an increasing positive function M(a)
with lima→∞M(a) =∞, such that the profile function ua of the ADS-barrier
Σa defined in (2.1) for 0 ≤ r ≤M(a) satisfies

(6.8) ua(r) ≤
√

2− r2 − 3√
2a2

.

We fix τ∗ negative enough, and for τ ≤ τ∗ set

(6.9) L(τ) = min{δ(τ)−1,M(|τ |
1
2 ), |τ |

1
2
− 1

100 } , â(τ) =

√
2|τ |

1 + L(τ)−1
,
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where δ(τ) is the function from Proposition 6.2 (parabolic region). Then,
for τ̂ ≤ τ∗, we get

uâ(τ̂) (L(τ̂) + 3L(τ̂)−1) ≤
√

2− L(τ̂)2

√
8|τ̂ |

.(6.10)

On the other hand, by Proposition 6.2 (parabolic region) we have

(6.11)
√

2 + u(y1, y2, θ, τ) ≥
√

2− L(τ̂)2

√
8|τ̂ |

,

whenever |(y1, y2)| = L(τ̂) and τ ≤ τ̂ . Hence, if we consider the shifted and
rotated hypersurfaces

(6.12) Γηa = {(r cos θ, r sin θ, y3, y4) ∈ R4 : θ ∈ [0, 2π), (r − η, y3, y4) ∈ Σa},

with η = η̂(τ̂) = 3L(τ̂)−1 and a = â(τ̂) as above, then applying the inner
barrier principle from [CHH21b, Proposition 3.1] we infer that

(6.13)
√

2 + u(y1, y2, θ, τ) ≥ uâ(τ̂) (|(y1, y2)|+ η̂(τ̂)) ,

whenever |(y1, y2)| ≥ L(τ̂) and τ ≤ τ̂ . Moreover, by [ADS19, Lemma 4.3],
we have

(6.14) ua(r) =

√
2− 2r2

a2
+ o(1)

uniformly in r as a→∞. Together with convexity we conclude that

(6.15) lim inf
τ→−∞

inf
(z1,z2)∈K

(
ū(z1, z2, θ, τ)−

√
2− (z2

1 + z2
2)

)
≥ 0.

This proves the proposition. �

Observe that by the lower bound, for any angle φ we have

(6.16) max
p∈Mt

〈p, cos(φ)e1 + sin(φ)e2〉 ≥
√

(2− o(1))|t| log |t| .

In particular, the bubble-sheet function u(y1, y2, θ, τ) is well-defined when-

ever |(y1, y2)| ≤
√

(2− o(1))|τ |. To proceed, we prove almost symmetry
away from these tip regions:

Lemma 6.4 (almost symmetry). For every δ > 0, there exist constants
η > 0 and τ∗ > −∞, such that for all τ ≤ τ∗ we have

(6.17) sup
|(y1,y2)|≤

√
(2−δ)|τ |

|uθ(y1, y2, θ, τ)| ≤ e−η|τ |1/2 .

Proof. We first claim that given any ε0 > 0 we can find T0 > −∞ so that all
space-time points X = (p, t) ∈M with |p| ≤

√
(2− δ/2)|t| log |t| and t ≤ T0

lie on the center of an ε0-bubble-sheet. Indeed, if there were a sequence
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ti → −∞ and points pi ∈Mti that do not lie on the center of an ε0-bubble-
sheet then by the global convergence theorem [HK17, Theorem 1.12] after
passing to a subsequence

(6.18) M̃ i
t := H(pi, ti) · (Mti+H(pi,ti)−2t − pi)

would converge to a limit that splits off two lines, and hence by [HK17,
Lemma 3.14] is a round shrinking R2×S1. This is a contradiction and thus
establishes the claim. Using the property that every point under consider-
ation is ε0-close to a bubble-sheet, and arguing similarly as in the proof of
Proposition 2.7 (almost circular symmetry) the assertion follows. �

We can now establish a matching upper bound:

Proposition 6.5 (intermediate region upper bound). For any compact sub-
set K ⊂ {z2

1 + z2
2 < 2} we have

(6.19) lim sup
τ→−∞

sup
(z1,z2)∈K

(
ū(z1, z2, θ, τ)−

√
2− (z2

1 + z2
2)

)
≤ 0.

Proof. We will generalize the argument from our prior paper [DH21, proof
of Proposition 2.8] to the setting without symmetry assumptions.
By Proposition A.1 (evolution over cylinder), convexity, and Lemma 6.4
(almost symmetry) the graphical function v =

√
2 + u satisfies

vτ ≤ −
1

v
+

1

2
(v − yα∂αv) + Ce−η|τ |

1/2
(6.20)

for τ � 0 and |(y1, y2)| ≤
√

(2− δ)|τ |, where C = C(δ) < ∞. Now, given
any angles φ and θ, considering the function

(6.21) w(ρ, τ) := v(ρ cosφ, ρ sinφ, θ, τ)2 − 2 ,

we infer that

(6.22) wτ ≤ w − 1
2ρwρ + Ce−η|τ |

1/2
.

Hence, for every ρ0 > 0 we have

(6.23)
d

dτ
(e−τw(ρ0e

τ
2 , τ)) ≤ Ce−τ−η|τ |1/2

for τ � 0. Integrating this inequality, we obtain for every λ ∈ (0, 1] that

(6.24) w(ρ, τ) ≤ λ−2w(λρ, τ + 2 log λ) + o(|τ |−1).

On the other hand, by Proposition 6.2 (parabolic region), given any A <∞,
the inequality

(6.25) w(ρ, τ) ≤ |τ |−1(4− ρ2) + o(|τ |−1)

holds for ρ ≤ A. Thus, for ρ ≥ A we obtain

(6.26) w(ρ, τ) ≤ − (1− 2A−2)ρ2

|τ |+ 2 log(ρ/A)
+ o(|τ |−1).

This implies the assertion. �
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To analyze the tip region we define the rescaling factor

(6.27) λ(s) =
√
|s|−1 log |s| ,

and given any angle φ consider the point ps ∈Ms where

(6.28) max
p∈Ms

〈p, cos(φ)e1 + sin(φ)e2〉

is attained (note that ps is unique by strict convexity). Then, we have:

Proposition 6.6 (tip region). For s→ −∞ the rescaled flows

(6.29) M̃ s
t = λ(s) · (Ms+λ(s)−2t − ps)

converge to L×Nt, where L is the line spanned by − sin(φ)e1 +cos(φ)e2 and
Nt is the 2d-bowl with speed 1/

√
2 moving in direction −(cos(φ)e1+sin(φ)e2).

Proof. After rotating coordinates we can assume without loss of generality
that φ = 0. Consider the distance of pt from the origin, namely

(6.30) d(t) := |pt| .
Using the above propositions about the intermediate region and convexity
we see that

(6.31) d(t) =
√

2|t| log |t|(1 + o(1)).

Moreover, by Hamilton’s Harnack inequality [Ham95] we have

(6.32)
d

dt
H(pt) ≥ 0.

Together with the mean curvature flow equation this yields

(6.33)
H(pt)√
|t|−1 log |t|

=
1√
2

+ o(1).

Next, consider the points q±t ∈Mt where

(6.34) max
q∈Mt

〈q,±e2〉

is attained. Then, by convexity the domain Kt enclosed by Mt contains the
triangle with vertices pt, q

±
t , and using again the above propositions about

the intermediate region we see that

(6.35) ∠q−t ptq
+
t ≥

π

4
for t � 0. Now, given any sequence si → −∞, by the global convergence
theorem [HK17, Theorem 1.12] the sequence

(6.36) K̃si
t := λ(si) · (Msi+λ(si)−2t − psi)

converges subsequentially to a limit K∞t . Observe that K∞t is a noncompact
ancient noncollapsed flow that thanks to (6.35) contains a wedge. Hence, by
[CHH21a, Theorem 1.4] it follows that M∞t = ∂K∞t is the product of a line
and a 2d-bowl. By construction, the line is in e2-direction, and the 2d-bowl
translates in negative e1-direction with speed 1/

√
2. Finally, by uniqueness
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of the limit, the subsequential convergence entails full convergence. This
concludes the proof of the proposition. �

Finally, we can prove circular symmetry:

Proposition 6.7 (circular symmetry). If M = {Mt} is an ancient non-
collapsed mean curvature flow in R4 whose tangent flow at −∞ is given by
(1.3) and such that rk(Q) = 2, then Mt is SO(2)-symmetric.

Recall that by Zhu’s bubble-sheet improvement [Zhu20, Theorem 3.7]
there exist constants ε0 > 0 and L0 < ∞ with the following significance.
Given ε ≤ ε0 and X ∈ M, if every X ′ ∈ M ∩ P (X,L0/H(X)) is ε0-close
to a bubble-sheet R2 × S1 and ε-symmetric, then X is ε/2-symmetric. Fur-
thermore, by Zhu’s cap improvement [Zhu20, Theorem 3.8] there constants
ε1 > 0 and L1 <∞ with the following significance. IfM∩P (X,L1/H(X))
is ε1-close to a piece of Bowl2 × R, and for some ε ≤ ε1 every point in
X ′ ∈M∩ P (X,L1/H(X)) is ε-symmetric, then X is ε/2-symmetric.

To apply this we need canonical neighborhoods:

Lemma 6.8 (canonical neighborhoods). For every ε′ > 0, there exists a
t∗ > −∞, such that for t ≤ t∗ every (p, t) ∈M is ε′-close either to a round
shrinking bubble-sheet R2 × S1 or to a piece of a translating Bowl2 × R.

Proof. Suppose towards a contradiction for some ti → −∞ there are (pi, ti) ∈
M that are neither ε′-close to a round shrinking bubble-sheet R2×S1 nor to
a piece of a translating Bowl2 ×R. Let Tt be the set of tip points at time t,
namely Tt = ∪φ{pt(φ)}, where for any angle φ we denote by pt(φ) ∈Mt the
point at which maxp∈Mt〈p, cos(φ)e1 + sin(φ)e2〉 is attained. After passing to
a subsequence we can assume that H(pi, ti)dist(pi, Tti) either converges to
infinity or to a finite constant. However, by the global convergence theorem
[HK17, Theorem 1.12] after passing to a further subsequence

(6.37) M̃ i
t := H(pi, ti) · (Mti+H(pi,ti)−2t − pi)

converges to a limit, which in the first case splits off two lines and hence
must be a round shrinking bubble-sheet R2 × S1, and in the second case
thanks to Proposition 6.6 (tip region) is a piece of a translating Bowl2 ×R.
This gives the desired contradiction, and thus proves the lemma. �

Having established canonical neighborhoods, we can now conclude the
argument similarly as in [ADS20, proof of Theorem 1.5]:

Proof of Proposition 6.7. Fix ε′ � ε := min(ε1, ε2). By Lemma 6.8 (canon-
ical neighborhoods) there exists t∗ > −∞, such that for t ≤ t∗ every
(p, t) ∈ M is ε′-close either to a bubble-sheet R2 × S1 or to a piece of
Bowl2 × R. In particular, by our choice of constants any such point is ε-
symmetric. Hence, by Zhu’s bubble-sheet and cap improvement [Zhu20,
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Theorem 3.7 and Theorem 3.8] for t ≤ t∗ every (p, t) ∈M is ε/2-symmetric.
Iterating this, we infer that given any positive integer j, for t ≤ t∗ every
(p, t) ∈ M is ε/2j-symmetric. Since j is arbitrary, this implies that Mt is
SO(2)-symmetric for t ≤ t∗. Finally, by uniqueness of closed smooth so-
lutions of the mean curvature flow the SO(2)-symmetry is preserved also
forwards in time. This concludes the proof of the proposition. �

Theorem 1.4 (non-degenerate case) now follows by combining the sharp
asymptotics from above and Proposition 6.7 (circular symmetry).

Appendix A. Graphical evolution over cylinders

Suppose M̄τ ⊂ Rn+1 moves by renormalized mean curvature flow

(A.1) ∂τy = ~H +
y⊥

2
,

and suppose M̄τ can be locally parametrized over Rk × Sn−k via

(A.2) (z, ω) 7→ (z, v(z, ω, τ)ω),

where z ∈ U for some open set U ⊆ Rk, and ω ∈ Sn−k. We write {∂α}α=1,...,k

for derivatives along the Rk-factor, and {∇i}i=k+1,...,n for (covariant) deriva-

tives along the Sn−k-factor. The goal of this appendix is to prove:

Proposition A.1 (evolution over cylinder). The graphical function v evolves
by

∂τv =
Aαβ∂α∂βv +Bij∇i∇jv − 2∂αv∇iv∇i∂αv − v−1|∇v|2

(1 + |∂v|2)v2 + |∇v|2
(A.3)

− n− k
v

+
1

2
(v − zα∂αv) ,

where

(A.4) Aαβ = [(1 + |∂v|2)v2 + |∇v|2]δαβ − v2∂αv∂βv,

and

(A.5) Bij = (1 + |∂v|2 + v−2|∇v|2)δij − v−2∇iv∇jv.

Proof. We will generalize the computation from [GKS18, Appendix A] from
necks to general cylinders. Considering the parametrization

(A.6) F (z, ω, τ) = (z, v(z, ω, τ)ω),

and working in an orthonormal basis ei ∈ TωSn−k we compute

(A.7) DαF = eα + ∂αv ω, DiF = vei +∇iv ω .
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Thus, the outwards unit normal is

(A.8) ν =
N

|N |
, where N = v ω −∇v − v∂v .

Since M̄τ moves by renormalized mean curvature flow, the graph function v
evolves by

(A.9) ∂τv =
1

〈ω, ν〉

〈
~H +

1

2
F, ν

〉
.

One easily sees that

(A.10) |N | =
√

(1 + |∂v|2)v2 + |∇v|2 , 〈F, ν〉
〈ω, ν〉

= v − zα∂αv .

Hence, our main task is to compute the mean curvature H = −〈 ~H, ν〉. To
this end, observe first that the components of the metric are

gαβ = δαβ + ∂αv∂βv , gαi = ∂αv∇iv ,(A.11)

and

gij = v2δij +∇iv∇jv .(A.12)

Next, we compute

(A.13) DαDβF = ∂α∂βv ω , DαDiF = ∇i∂αv ω + ∂αv ei ,

and

(A.14) DiDjF = ∇iv ej +∇jv ei − vδijω +∇i∇jv ω .

Thus, the components of the second fundamental form are

(A.15) hαβ = −
v∂α∂βv

|N |
, hαi =

∂αv∇iv − v∇i∂αv
|N |

,

and

(A.16) hij =
v2δij + 2∇iv∇jv − v∇i∇jv

|N |
.

Now, by symmetry we may assume that ∂kv and ∇k+1v are the only nonva-
nishing first derivates at the point in consideration. Then, we can identify
the metric with the block matrix

(A.17) g =


Ik−1 0 0 0

0 1 + |∂v|2 ∂kv∇k+1v 0
0 ∂kv∇k+1v v2 + |∇v|2 0
0 0 0 v2In−k−1

 .

Using this we infer that the mean curvature equals

H = −
v
∑

α 6=k ∂
2
αv

|N |
+ tr(PQ) +

(n− k − 1)v2 − v
∑

i 6=k+1∇2
i v

v2|N |
,(A.18)
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where

(A.19) P =
1

|N |2

(
v2 + |∇v|2 −∂kv∇k+1v
−∂kv∇k+1v 1 + |∂v|2

)
,

and

(A.20) Q =
1

|N |

(
−v∂2

kv ∂kv∇k+1v − v∇k+1∂kv
∂kv∇k+1v − v∇k+1∂kv v2 + 2|∇v|2 − v∇2

k+1v

)
.

Computing tr(PQ) and recasting all the terms in coordinate-independent
notation we conclude that

−|N |
v
H =

Aαβ∂α∂βv +Bij∇i∇jv − 2∂αv∇iv∇i∂αv − v−1|∇v|2

|N |2
− n− k

v
,

where Aαβ, Bij are defined in (A.4) and (A.5). This yields the assertion. �
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