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6 ROBERT HASLHOFER

We will now discuss the local regularity theorem for the mean cur-
vature flow, which gives definite curvature bounds in a neighborhood
of definite size, provided the Gaussian density ratio is close to one.

Since time scales like distance squared, the natural neighborhoods
to consider are parabolic balls P(xg,t,7) = B(zg,7) X (to — 72, to]-

Theorem 2.14 (Local regularity theorem [Bra78, Whi05]). There exist
universal constants € > 0 and C < oo with the following property. If
M is a smooth mean curvature flow in a parabolic ball P(Xy, 4np) with

(2.15) sup M, X,r)<1l+e
XeP(Xo,r)
for some r € (0, p), then
(2.16) sup |A| < Cr
P(X01T/2)

Remark 2.17. If ® < 1+ £ holds at some point and some scale, then
© < 1+ ¢ holds at all nearby points and somewhat smaller scales.

Proof of Theorem 2.14. Suppose the assertion fails. Then there exist a
sequence of smooth flows M7 in P(0,4np;), for some p; > 1, with

(2.18) sup ©%(MI, X, 1) <1+57,
XeP(0,1)
but such that there are points X; € P(0,1/2) with |A|(X;) > j.

By point selection, we can find Y; € P(0,3/4) with Q; = |A|(Y;) >
such that

(2.19) sup |A4] £2Q;.
P(Y;,5/10Q;)

Let us explain how the point selection works: Fix 7. If on = X; already
satisfies (2.19) with Q) = |A|(Y}?), we are done. Otherwise, there is a
point Y;! € P(Y] ,]/10Q0) with QF = |A|(Y}') > 2Q9. If Y;-l satisfies
(2.19), we are done Otherwise there is a point Y? € P( ,3/10Q3)
with Q% = |A|(Y?) > 2Q}, etc. Note that 3 +W(1+ +3 —I— L)<
By smoothness, the iteration terminates after a finite number of steps,
and the last point of the iteration lies in P(0,3/4) and satisfies (2.19).

Continuing the proof of the theorem, let M be the flows obtained by
shifting ¥; to the origin and parabolically rescaling by Q; = |A|(Y;) —
co. Since the rescaled flow satisfies |A[(0) = 1 and supp(q ;10| 4] < 2,
we can pass smoothly to a nonflat global limit. On the other hand, by
the rigidity case of (2.12), and since

(2.20) % (M?,0,Q;) <1477,
C&)W é):@(j(JJ "706 C{Q\Q(Z\k/""“’c\ s U‘M . )
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ROBERT HASLHOFER

+ r(z)v(z). The condition that this is indeed an interio
t to the inequality

ly —c(x)||?> > r(z)> forallye M.

(3.7) Z*(z,t) = sup 20X
Y#£T

Proving interior noncollapsi

(3.8)

— inf 2(X(yat) — X(x,t),v(a:,t)) >
vie | X(yt) - X (=02 T«

at the inequalities (3.8) and (3.9) are indeed preserved under mean
rvature flow is a quick consequence of the following theorem.

Theorem 3.10 (Andrews-Langford-McCoy [ALM13]). Let M; be a
mean curvature flow of closed embedded mean convex hypersurfaces,
and define Z, and Z* as in (3.7) and (3.9). Then

(3.11) 8,2, > AZ. +|APPZ, 8,2 < AZ* + |AlPZ*

in the viscosity sense.

Proof of Theorem 3.8 (using Theorem 3.10). We start by computing
Z _ (8s —AYZ, Z.(0;,—A)H
H H H?

Thus, using Prqposition 1.8 and Theorem 3.10, we obtain

Zy Zy Zy
: > A Zry
(3.13) 8 2 MG +2(VIegH, V)

Zx
+2(Vleg H,V—=).

(3.12) (8 — A) =




MEAN CURVATURE FLOW 9

By the maximum principle, the minimum of é is nondecreasing in
time. In particular, if the 1nequal1ty > —l holds at t = 0, then this
inequality holds for all ¢. Arguing sumlarly we obtain that

z* z* z*
14 — <
(3.14) 8t AH+2(VlogH VH)
and thus that the 1nequahty ?I— < 5 is also preserved along the flow.

It remains to describe the proof of Theorem 3.10. This essentially
amounts to computing various derivatives of

2<X(ya t) — X(LL‘, t), V("Ea t))

“X(y7 t) - X(.’E, t)“2
To facilitate the computation, we write d(z,y,t) = || X (y,t) — X (=, t)|},
w(z,y,t) = X(y,t)—X(z,t), On = aX(z 9 and Oyi wg,—(?j’z and always
work in normal coordinates at x and y, in partlcular we have

(3.16) 22001 = hyj(z)v(z), 2:v(2) = —hip(x)Opp.

Lemma 3.17. The first derivative of Z with respect to T is given by

0z 2
o F (Z{w, Oyi) — hip(’”)("‘-’j ) -

(3.15) Z(z,y,t) =

(3.18)

Proof. Observe that 2;d?> = —2(w,8,:). Using this, equation (3.16),
and the fact that (8 (x)) = 0, we compute

07z
Oz = %(w’ %V(w)) P (w V(x»a%z’dz

= _%hw(m) <C¢.), azp> + 35Z<UJ, 821>
This proves the lemma. 0

Similarly, the first derivative of Z with respect to y* is given by
0z

o = 0
Exercise 3.20 (Time derivative). Show that

(3.19) By, () — Zw).

(321)  8Z= -% (H(z) + H(y) + (w, VH (@) + 2°H(z).

We also need the formulas for the second spatial derivatives.

Lemma 3.22. At a critical point of Z with respect to y we have

0*7Z 2 2 07

(3.23) Dzidys = ﬁ(Z‘sipv hip(2)){Oyi; Oar) — @5’;(8113"“-’)-
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