
MATC37 Assignment 5, due March 28

1. Testing integrability

i. For which values of a is the function f(x) := 1
|x|aχ[0,1](x) integrable?

ii. For which values of b is the function g(x) := 1
|x|bχ[1,∞)(x) integrable?

2. Integrability and decay at infinity

i. Show that there exists a positive continuous function f : R → R such that f is integrable,
but yet lim supx→∞ f(x) = ∞ (Hint: Construct a continuous version of the function equal
to n on the segment [n, n+ 1/n3) for n ≥ 1)

ii. Show that if f : R→ R is integrable and uniformly continuous, then limx→±∞ f(x) = 0.

3. Limits of integrals

Compute the following limits and justify the calculations:

i. limn→∞
∫ 1
0 (1 + x

n)n dx

ii. limn→∞
∫ 1
0

1+nx2

(1+x2)n
dx

iii. limn→∞
∫∞
0

n sin(x/n)
x(1+x2)

dx

4. Computing integrals

Derive the following formulas by expanding part of the integrand into an infinite series and
justifying the term-by-term integration

i. For a > 1,
∫∞
0 e−ax sin(x)

x dx = arctan( 1a)

ii. For a > −1,
∫ 1
0

xa lnx
1−x dx = −

∑∞
k=1

1
(a+k)2

5. Fatou’s lemma

i. Give an example of a sequence of continuous functions where the inequality in Fatou’s lemma
is strict.

ii. In the lecture we used Fatou’s lemma to prove the monotone convergence theorem. Now
conversely assume we already know the monotone convergence theorem and use it to deduce
Fatou’s lemma.

6. Comparing the function spaces L1 and L2

i. Give an example of a function that is in L1(R) but not in L2(R).

ii. Give an example of a function that is in L2(R) but not in L1(R).



7. Estimates involing the L2-norm

Consider the space L2([0, 1]) with the norm ||f ||L2([0,1]) = (
∫ 1
0 |f |

2)1/2.

i. Prove that L2([0, 1]) ⊆ L1([0, 1]) with the estimate ||f ||L1([0,1]) ≤ ||f ||L2([0,1]).

ii. Prove that if f is differentiable, then |f(x)−f(y)| ≤ ||f ′||L2([0,1])|x−y|1/2 for all x, y ∈ [0, 1].

Please feel free to discuss the homework problems among yourselves and with me. But write
up your assignments in your own words, and be ready to defend them! Your work will be judged
on the clarity of your presentation as well as correctness and completeness.

We will randomly select 3 questions, for which you will receive points p1, p2, p3 ∈ {0, 1, 2, 3}
depending on how well you solved them. Let s be the number of questions that you skipped. The
total number of points you receive for this assignment is max(p1 + p2 + p3− s, 0) ∈ {0, 1, . . . , 9}.


