SOME RIGIDITY RESULTS RELATED TO MONGE-AMPERE
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ABSTRACT. The space of Monge-Ampere functions, introduced by J. H. G. Fu
in [7, [§] is a space of rather rough functions in which the map u — Det D?
is well-defined and weakly continuous with respect to a natural notion of
weak convergence. We prove a rigidity theorem for Lagrangian integral
currents that allows us to extend the original definition of Monge-Ampere
functions given in [7]. We also prove that if a Monge-Ampere function u
on a bounded set ) C R? satisfies the equation Det D?u = 0 in a particular
weak sense, then the graph of w is a developable surface, and moreover
u enjoys somewhat better regularity properties than an arbitrary Monge-
Ampere function of 2 variables.

1. INTRODUCTION

The space of Monge-Ampere functions, introduced by J.H.G. Fu in [7, §],
is the largest known space of functions u : 2 C R” — R for which all minors
of the Hessian D?u, including in particular the determinant Det D?u, are well-
defined as signed Radon measures and weakly continuous in a certain natural
sense. This makes it an interesting function space from the point of view
of analysis and nonlinear potential theory, and also possibly useful for some
problems in the calculus of variations.

Certain technical restrictions in Fu’s work forced him to work with Monge-
Ampere functions that are locally Lipschitz. The first goal of this paper is
to show that basic properties of Monge-Ampere functions — in particular,
an underlying theorem about rigidity of Lagrangian intergal currents, which
guarantees that the measures associated with Det D?u and with other minors
of the Hessian are in some sense canonical — remain valid without this local
Lipschitz condition. This is carried out in Theorem and its corollaries,
and it allows us to expand the space of Monge-Ampere functions to what we
believe is its natural generality, and to strengthen Fu’s weak continuity results.
In [I3], examples are constructed showing that in n dimensions, there exists
a Monge-Ampere function v that is not CIOO’Z for any v > -2, so the local

n+1’
Lipschitz assumption that we remove is genuinely restrictive.
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The other main result of this paper, Theorem [6.1] establishes a rigidity
property of a function u :  C R? — R solving the equation Det D?u = 0,
where Det D?u is now understood in the sense of Monge-Ampere functions. If
u: Q — R is a sufficiently smooth function and det D*u(z) = 0 in Q, then
it is a classical fact that the graph of u is a developable surface, in the sense
that for every x € 2, either u is affine in a neighborhood of z, or x belongs
to a line segment that intersects 02 at both ends, and along which Du is
constant. This was proved by Hartman and Nirenberg [11] for u € C?, and by
Kirchheim [I5] when u € W%, Pakzad [16] shows that Kirchheim’s proof can
be extended to u € W22, via a lemma which shows that if u € W?%2(£2) solves
the equation det D?u = 0, then u is C'. Pogorelov [I7] establishes a similar
developability property for functions that are merely C!, without any kind of
condition about det D?u, but assuming that the image of the gradient map
has Lebesgue measure 0. Here we prove an analogous developability result
when u is merely a Monge-Ampere function. In this case u need not be C! —
in fact the gradient Du is in general merely a function of bounded variation
— so that the statement “Du is constant along a line segment” here means
that either every point of the segment is a Lebesgue point, or every point is
a jump point of Du, with the same jump at all points on the segment. The
theorem thus implies a modest but optimal regularity property: every point
of Q is either a Lebesgue point of Du or belongs to the jump set of Du.

A Monge-Ampere function u : R® — R is defined in terms of an n-
dimensional integral current in R™ x R"™, denoted [du|, that can be thought
of as a generalized graph of the gradient Du. This current is required to
be Lagrangian with respect to the canonical symplectic form, see ; this
means roughly speaking that it is weakly curl-free. It should be noted that
in the language of Cartesian currents, see Giaquinta, Modica, Soucek [10], a
Monge-Ampere function u is precisely a function whose gradient supports a
Lagrangian Cartesian current. Thus, many of our results can be stated as
theorems about Cartesian Currents. For example, Corollary [4. 1] implies that a
Lagrangian Cartesian current is uniquely determined by its support function.

The measures associated with minors of the Hessian are defined using this
current [du|, see ; this is motivated by the fact, recalled in , that if
u is smooth, one can recover all minors of the Hessian by integrating suitable
n-forms over the graph of the gradient.

Some related work: In [7], Fu establishes a rigidity result for Legendrian
currents, as a corollary of his result about Lagrangian currents. This Legen-
drian version of the theorem, often called Fu’s Uniqueness Theorem, has sub-
sequently been used in a number applications, including works that develop a
theory of curvature measures for a number of classes of rather irregular subsets
of Euclidean space, including subanalytic sets [9], Lipschitz manifolds [18], and



SOME RIGIDITY RESULTS RELATED TO MONGE-AMPERE FUNCTIONS 3

o-minimal sets [3]. These works rely on the notion of a normal cycle, which is
a Legendrian current in R”™ x S"~! that bears roughly the same relation to the
graph of the Gauss map as the current [du] associated with a Monge-Ampere
function has to the graph of the gradient. The uniqueness theorem for Leg-
endrian cycles has also been used for further developments of general theory
related to Legendrian cycles, see for example [2], and in problems, arising in
computational geometry, relating to estimating curvatures in polygonal ap-
proximations of smooth surfaces, see [4]. By contrast, the Lagrangian version
of the theorem, and corresponding results about Monge-Ampere functions and
weak continuity of minors of the Hessian, have to date received less attention.
In fact, the authors of several recent papers [12 [14] 6] that discuss the weak
continuity of the map u +— Det D?u seem to be unaware of Fu’s earlier work
— this is certainly the case for the work [I4] of N. Jung and the author. These
papers interpret Det D?u in the sense of distributions, which has the advan-
tage of making it possible to extend the theory to certain functions for which
Det D?u is not a measure. In situations where it is natural to require that
Det D*u be a measure, however, the geometric measure theory framework of
Monge-Ampere functions (eqivalently, Lagrangian Cartesian Currents) yields
sharper results.

We finally mention the note [13], which presents some examples and at-
tempts to give an elementary treatment of some aspects of Monge-Ampeére
functions.

Organization of this paper: In Section [2] we recall some background and fix
some notation. The definition of Monge-Ampere functions is given in Section
2.5l Section [3] contains some general geometric measure theory results that
are used throughout the rest of the paper.

Section [4] contains the proof of our version of Fu’s rigidity theorem for La-
grangian currents. This theorem says, heuristically, that a Lagrangian integral
current in R” x R™ with no boundary and with finite mass in sets of the form
K xR"™ K compact, is uniquely determined by its “most horizontal part.” We
also deduce some corollaries, including results about the weak continuity of
the map u — Det D?u, as well as corresponding results for other minors of the
Hessian. In particular, the definition of Det D?u for a Monge-Ampere function
u is given in ; see also Remark (3, where the relation between our notion
of Det D?u and the distributional determinant of the Hessian is discussed.

Section [9] establishes a result that completely characterizes certain 1-
dimensional slices of the current [du] associated with a Monge-Ameére function
u, see Proposition 5.2l This is essentially equivalent to a description of that
part of the currrent [du] corresponding to the second derivatives of u, ie the
1 x 1 minors of D?u, see Proposition . These rather technical results are
used in Section [] in the proof of our second main result, Theorem which
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shows that if u : @ C R? — R is a weak solution (in the sense of Monge-
Ampere functions) of the equation Det D*u = 0, then the graph of u is a
developable surface in the sense described above.

2. NOTATION AND BACKGROUND

2.1. general notation. If p is a Radon measure, we write © > 0 to mean
that u(A) > 0 for all measurable A, and we write p; < po when pg — g > 0.

We write I(k,n) == {a = (a1,...,a) €ZF 11 <oy < ... <ap <n}
For o« € I(k,n) we write & to denote the element of I(n — k,n) with the
property that (aq,...,ax,@1,...,Q,_) is a permutation of (1,...,n). We
write sgn(a, @) to denote the sign of the permutation. We write 0 to denote the
unique element of 7(0,n), and 0 := (1,...,n). If a € I(k,n) is a multiindex,
then |a| = k.

If A= (a;;)i;=; is an n x n matrix and «, 3 € I(k,n), then

MP(A) = det[A*7],

where A% is the k x k matrix whose i, j entry is aq, ;- We use the convention
MY (A) = 1.

We write B,(a) to denote the open ball {z : |z — a| < r}; the ambient
space is normally clear from the context.

We often implicitly sum over repeated indices. However, when we sum
over multiindices, we normally indicate the sum explicitly.

2.2. geometric measure theory notation. We assume some familiarity
with basic definitions and facts of geometric measure theory, such as currents,
rectifiability, the coarea formula, and properties of functions of bounded vari-
ation. Here we recall some notions that will be used often, and we point out
some ways in which our notation differs from that found in standard references
such as Federer [5].

If v : Q — R’ is a BV function, then we write 7, to denote the jump set
of v, and for x € J,, we write v*(z),v™(z) to denote the approximate limits
of v on the two sides of J,, see for example [I] Proposition 3.69.

We say “j-rectifiable”, or if no confusion can result, simply “rectifiable”
to mean what Federer (see [5] 3.2.14) calls “countably (H”, j) rectifiable.”

We follow convention and write ||T'|| to denote the total variation measure
associated with a current 7' of locally finite mass.

If T is a l-rectifiable subset of some Euclidean space RM, and m : ' —
(0,00) and 7 : ' — ARM are H* measurable, locally integrable functions such
that 7(x) is a simple ¢-vector associated to the approximate tangent space T, I"
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at H* a.e. x € T, then we write T(I",m, ), to denote the current defined by

(2.1) (T, m, 7)(9) = / (6(x), 7(x)) m(z) dH(2).

A current of the form is said to be rectifiable. If |7| = 1 and m(z) € Z for
H® a.e. x € T, then we say that T(I',m,7) is integer multiplicity rectifiable,
abbreviated as i.m. rectifiable.

If W is a j-rectifiable subset of some R, and Z is a k-rectifiable subset of
R™, and F : R — R™ is a Lipschitz map such that F(x) € Z for H’ almost
every x € W, then we will sometimes write Jy _ zF' to denote the Jacobian
as appearing in the coarea formula, see [5] 3.2.22. This might be written by
Federer as “Ji f, where f is the restriction of F' to W.” We will normally omit
the subscripts when no confusion can result.

2.3. notation related to product space structure. The setting for most
of our results is a product space, which we will often write as €2, x €,, with
with €, an open subset of R™ and {2, an open subset of R™. We will refer
to €2, and €2, as horizontal and vertical respectively. Except in Section 3, we
require that m = n. In cases when €}, is a Euclidean space, we will often drop
the subscripts and simply write {2 C R" for the horizontal space, and 2 x R™
for the product space.

We write py, : Q) x Q, — Qp, and p, : Qp, x Q, — €, to denote the natural
projections.

We always write (z1,...,2,) and (& ...,&,) for coordinates on the hori-
zontal space €2, and the vertical space €2, respectively. Thus dzx, ..., dx, will
denote horizonal covectors, and d¢y, ..., d§,, vertical covectors. We also write
{e1,...,en} to denote the standard basis for the tangent space to €2, and
{e1,...,em} to denote the basis for the tangent space to €,. The bases for
the spaces of vectors and covectors are assumed to be dual in the sense that
(dxg N dég,eq Nes) = 1if a =y and 0 = § and 0 if not. Here for example
dre = dzo, N... Ndzo, if a = (aq,...,a;) € I(j,n).

We write D(£2), x §,) to denote the space of all O (-forms with compact
support in 5, x ,. For a covector ¢ = Z|a\+|ﬁ|:j+k ¢Pdz, N dEg, we will
write

(2.2) Prg = 3" ¢Pdr, Adés.
lo=4.||=k

For a differential form ¢ € DIT*(Q;, xQ,), we define (P ¢)(z, &) = Pi*¢(x, §).
For a current T' € D; (£, x €,), we define

PiiT(9) = T(P*¢).
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Note that P;,T(I',m,7) = T(I',m, P;;7), where P;;7 is defined as in (2.2).
Given a vector w € T(5¢)(2, x €,), we will often use the notation

(2.3) wy, = Z(w e;)e; = P gw, w, = Z(w gi)ei = Pow.
i=1 i=1
For v € C''(Q; R™), following Giaquinta, Modica, and Soucek [10] we write
G, to denote the current associated with integration over the graph of v. This
is given by

(2.4) / S 6%z, 0(x)) sen(e, @) M (Du(z)) da.

|l +|B|=n

Thus P, xG, encodes the k x k minors of Dv. If v € Wb for p > min{m, n},
then the above expression still makes sense and 0G, = 0 in 2 x R™, see [10].

We remark that if 7" is a ¢-current of locally finite mass in €2 x R™ such
that ||T]|(K x R™) < oo for every compact K C €, then T'(¢) is well-defined
whenever ¢ is a smooth /-form with support in K x R™, the point being that
compact support is not required in the vertical directions. Indeed, let xgr
be a family of functions such that yg(z,§) = 1 if [¢| < R, xr(z,&) = 0 if
€] > 2R, and |Vexg| < C/R and V,xg = 0. Then it is easy to check that
limp o T'(xr®) exists and is independent of the specific choice of {xr}; this
is how we define 7'(¢).

For such T it follows that py T is well-defined, where p,.T(¢) = T(ph#q§)
for ¢ € DY(Q2). One can also check the standard identity OppxT = pr0T still
holds, as long as (||T']] + ||0T||)(K x R™) < oo for K compact. Indeed, if we
let xg be as above, then

OpruT(9) = pruT(do) = lim T(XRph do) = hm T(Xde )
= lim [T(d(xrpff¢)) = T((dxn)p} )] = payOT.

2.4. Lagrangian currents. We write w to designate the standard symplectic
form w=3)"" dz; Ad§ on R™ x R™ or any open subset thereof, so that if
v, w are vectors, then
n
wvAw) =Y [(v-e)(w-e) = (v-g)(w-e)]
i=1
=v-Jw where Je; = ¢;,Je; = —¢;.

For n > 2, an n-plane P in R" x R" is said to be Lagrangian if (w,7 A7') =0
for any two vectors 7,7’ tangent to P. (When n = 1 we consider every 1-plane
in R x R to be Lagrangian.) A rectifiable n-current in R™ x R" is Lagrangian
if H™ a.e. approximate tangent plane is Lagrangian.
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Note that the current G, associated as in with a smooth map v :
Qj, — R" is Lagrangian if and only if v = v] for all 4, j. This is not hard to
check. In particular, if u : 2, — R is a smooth function, then Gp, is always
Lagrangian.

An alternate definition is sometimes given, whereby if U is an open subset
of R" x R", n > 2, then a current 7' € D, (U) is said to be Lagrangian if
T(wAn) =0 for every n € D" 2(U). Tt is clear that this condition is preserved
under weak convergence.

The alternate definition makes sense for currents that are not necessarily
rectifiable, and it agrees with the one we have given for rectifiable currents.
We sketch the well-known argument: recall that

(WA, TN ... AT,) = Z sgn(a, @){w, Tay A Tag) (0, Tay A - .. ATa,_,) =0
acl(2,n)

for every n — 2-covector 7. From this it is not hard to see that an n-plane is
Lagrangian if and only if (wAn, ) = 0 for every n— 2-covector 1 and every ori-
enting n-vector 7. Then the equivalence of the two definitions (whenever both
make sense) can be verified by rather standard measure theoretic arguments.

2.5. definition of Monge-Ampere functions. If {2 is an open subset of R",
then u € W,21(Q) is said to be a Monge-Ampere function if there exists an
n-dimensional i.m. rectifiable current [du] in  x R™ such that

(2.5) Oldu] = 0,

(2.6) ldu] is Lagrangian,

2.7) I [du] [|(K x R™) < 00 whenever K C € is compact,
and

(2.8) (du)(dar A A dy) = / o(z, Du(x)) dz

for every ¢ € C°(R™ x R™). If u is for example C?, then the current Gp,
associated with integration over the graph of Du satisfies these conditions.
For example, in this case is an immediate consequence of . Property
and rectifiability are well-known, see for example [7] or [10].

The earlier work of Fu [7, 8] gave a different definition of Monge-Ampere
functions, in which was replaced by the stronger condition that [du| be
“locally vertically bounded”, which can only hold if u is locally Lipschitz. The
terminology here also differs slightly from that used in [I3], where we reserved
the term Monge-Ampére for functions u such that M([du]) < oo; functions

satisfying ([2.5))-(2.8]) were called locally Monge-Ampére functions.
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If u is a Monge-Ampere function, then Du has locally bounded varia-
tion; see [7] for the proof. Examples of Monge-Ampere functions include con-
vex functions, or more generally functions of the form min{uy, ..., u;} where
uy, ..., u are semiconvex; see again [7]. From these examples it follows that
Monge-Ampere functions need not belong to W?2? for any p > 1.

3. DECOMPOSITION OF A STRATUM OF T

In this section we assume 2, is an open subset of R"™, €1, is an open subset
of R™, and j, k are nonnegative integers with j < n and k < m. We first state
a lemma that assembles some results from [5] and fixes some notation we will
use in this section.

Lemma 3.1. Assume that T = T(I';m,7) is a rectifiable j + k-current in
Qp x Q, CR" x R™ with M(T') < 0o, and define

(3.1) Typi={zeQ, : Hp,'(x)nT) >0}
Then Ty, is j-rectifiable, and the following hold for M’ a.e. x € T',: First, we
can write 7(x, &) in the form

(3.2) (z,6) = (L + 1) A A (T + T}JL) AT 4 A r,g*’f

for H* a.e. ¢ € p,jl(x) N T, using the notation {/ where {TiYl_, are
orthogonal and {7,};_;,, are orthonormal, and 7 L 7 for all i < j and
i > j. Next, if we write

(33)  Tulw) = {06 €pt@)NT « Jo pule€) > 0},

then T, (x) is k-rectifiable, and at H* a.e. point in T,(x),

(3.4)  span{r},..., 7} =TTy, span{TItt, LTI =T, o T ().
Finally,

(3.5) Je_r, (T, ) = |7 A AT

The proof, consisting mostly of a string of references to the relevant sec-
tions of Federer [5], is given at the end of this section.
The main result of this section is

Proposition 3.1. Assume that T = T(I',;m,7) is an i.m. rectifiable j + k-
current in Qp, x Q,, and that M(T) + M(0T) < oo. Further assume that
P11 =0.

Define Ty, and T'y(x) as in Lemma and let 7, : I'y, — A;R™ be a mea-
surable map such that 7,(x) is for H? a.e. x a unit simple j-vector associated
to T,I',. Then for H? a.e. x € 'y, there exists an i.m. rectifiable k-current
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Vi in Qp x Q, carried by T'y(x), such that if o € I(j,n),5 € I(k,m), and
¢ € CX(Qy x Q,), then the map x — V(¢ dg) is H? LT}, integrable, and

(36) T(0da, N dss) = [ Valodes)(dea, (o) a2

'y
If in addition OT = 0 in Q, X Qy,, then OV, = 0 in Q x Q, for H? a.e. x € T},.
Finally, if A is any Borel subset of 2, x €, then

(3.7) IVall(A)H (dzx) < || TI(A).

I

If j = n then the condition Pj; ;17T = 0 is automatically satisfied, and
for L™ a.e. x € Qy, the current V is just a slice (T, pp, z) of T by a level set
of the projection py, : ) x Q, — Q.

Remark 1. One can use the Rectifiable Slices Theorem of B. White [20] to
show that P;;T can be identified with a rectifiable flat j-chain in €2 with
coefficients in the (normed abelian) group of flat k-chains in ,. In fact this
argument can be used to prove Proposition 3.1, although that proof would be
more difficult than the one we give here. Note that on a purely formal level,
the expression on the right-hand side of looks like a rectifiable j-current
in €, carried by the set I',, and with “multiplicity” at x € '}, given by V.

For the proof of the Proposition we will need the following

Lemma 3.2. Assume that T = T(I',m,T) is an i.m. rectifiable j + k-current
in Q, x Q,, and that N(T') := M(T') + M(9T) < oo. Further assume that
Piiop—¢T =0 forall ¢ > 1. Then ||T|| = ||| (Ty x ), for ')y as defined in
above.

The conclusion of the lemma can fail if we do not assume M(97T') < oo or
if for example Pjy/ ;T # 0 for some ¢ > 1.

Proof. First suppose that 7 = 0, in which case the hypotheses imply that
T = Fy,T. We may suppose that k& > 1, since the conclusion is clear if
7 = k = 0. It suffices to show that there exists a finite or countable set
{z'} C Qy, such that

(3.8) T =T (U{z'} xQ,),

since then the definition implies that I';, C {z;}. As remarked by Fu [7],
follows from the Lemma 3.3 in Solomon [19]. We recall the argument for
the reader’s convenience, and because we will need it later: first, using [5] 4.2.25
and the assumption that 7' is integer multiplicity, we can write T" as a count-
able sum T = > T; of indecomposable components, with N(7T") = > N(Tj;).
Solomon’s lemma asserts that if f is any Lipschitz real-valued function such
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that (T, f,r) = 0 for a.e. r € R, then each T; is supported in a level set of f.
Let fy(x,€) = e;-x = x4 for g € {1,...,n}. Then for every ¢ € DF1(Qy, x Q)

[T 1) (@) dr =Tz, 70 =0

since Py T = T. It follows that (T fq:7) = 0 for a.e. r, and hence that for
each T, there exists some ¢, ... r! such that T} is supported in Np_y fy Yr )
In other words, if we write ' = (ri,...,r"), then T; = T, I_({I} X Qy),
establishing the lemma when j = 0.

Next we prove the lemma for arbitrary positive j < n. For a € I(j,n), let
Pa(,8) = (Tay,- .., 2a,). For every o and a.e. y € R/, the slice (T',p,,y) is
a k-dimensional rectifiable current with finite mass and finite boundary mass,
and it is easy to check that Pyy_¢(T,pa,y) = 0 for all £ > 1. Thus the j =0
case implies that (T, p,,y) has the form (3.8). In particular the definition
of Ty, then implies that (T, pa,y) is supported in 'y, x €,. Then for
B =(Q,\T}) x Q, we have

? n

M(T.B)< ) M (T, pa,y) L B) dL7 (y) =0

a€cl(j,n)

This completes the proof of the lemma. O
Next we give the

proof of Proposition [3.1. In this proof we write Jp;, instead of Jo v, P We
use notation from Lemma [3.1] throughout.

It is convenient initially to assume that T satisfies the hypotheses of
Lemma which are stronger than those of the theorem in that we require
Pjiry—¢T =0 for all £ > 1, rather than only for £ = 1. This assumption will
be relaxed in Step 3.

1. Let us write I'* := {(z,&) € I' : Jpp(x,&) > 0}, so that I',(z) =
I Np;,'(r). Lemma implies that H/** a.e. in I, ;ZQQ:Z‘ = ThgpﬁTh
is a unit simple vector orienting 7.,I';, so there exists some function o(x,¢) :
I — =41 such that % = o(x,&)m(x) a.e. in I'". Next, let us write
7o (2, &) == o(x,&) TP AL AT Then if |of = 5, 8| = k,

(dxo NdEg, T) = (dxo N dEg, PjiT)
= (dxo Ndég, Th Ao AT ATITUA AT
(39) = Jph(x7§) <d‘r0477—h> <d§ﬂa Tv>'
Lemma [3.2] implies that H/™* almost all of T' is contained in I'j, x €, so that
pr, maps almost all of I" into I',. Using the coarea formula [5] 3.2.22 and (3.9)
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we can write, still for |a| = j,|6] = k,

T(6dia A dés) = / o, ) {da A dEs, (. €)ym(a, )AH ™ (z, )

_ (dxo NdEs, T(x,€)) i ;
- /Fh /F*mphl(x) ’ Jpn(z,€) m dH"(§) dH’ (x)

(3.10) = / < /F . o(x, E){d€s, T,)m(z, €) dH’“(g)) (dxo, ) dHI (2).

Iy

Recall from Lemma that for H7 a.e. x € ['y,, T',(x) is HF-rectifiable and
To(2, €) is a unit simple tangent vector orienting T, T, (z) for H* a.e. (z,€) €
I',(x). So the current V, defined by

(3.11) Va (4 dgs) -= )w(iv,é)(dé’ﬁ,%)m(fﬂ,f) dH* (€)

Iy(z

is rectifiable for H/ a.e. x. Combining (3.10)) and (3.11)), we have proved (3.6)).
Note that z +— V(¢ d€s) is H’ L T, -integrable; this too is a consequence of
the coarea formula [5] 3.2.22.

2. Note that T is integer multiplicity if and only if m(z, &) is an integer
HI*F almost everywhere, and similarly V, is integer multiplicity for H’ a.e.
if and only if for H/ a.e. x, m(x,€) is an integer for H* a.e. £. By the coarea
formula, again, the former condition implies the latter.

3. We now prove that the same conclusions remain valid if we merely
assume that Pjyq 17 = 0. If this holds, define 7" = ), Pjyep—eT. We
claim 7" verifies all the hypotheses of Steps 1 and 2 above. It is clear that
Pipp—¢T" = 0 for every £ > 1 and that M(7") < M(T) < oco. To see
that M(9T") < oo, one checks from the definitions (and using the hypoth-
esis Pjy15-17 = 0 for the third equality below) that if we write P'¢ =
ZZ<O Pj+€,k7€71¢’ then

OT'(6) = T'(do) = T'(dP'6) = T(dP's) = OT(P'9).

Since |P'¢(x)| < |p(z)| at every x, this implies that M(97") < M(9T). In
addition, we prove in Lemma below that 7" is i.m. rectifiable, so we have
checked all the relevant hypotheses.

Let us write I'” to denote the set that carries T”. Clearly IV C I" up to a
set of H/** measure zero. Applying Steps 1 and 2 to 77, we find that for H’
ae. v €T ={x € Qy : HE(p, (x)NT’) > 0}, there exists a current V/ such
that holds with 7', T', V,. replaced by 7", T}, V.
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Since I" C I, it is clear that I', C I'}. It is clear from the definition of

|0 ry
» MTE " then (3.6) is

T" that P;iT = P;iT", so if we define V,, = )
’ 0 if not

satisfied by T.
4. We now prove that
(3.12) if 0T = 0 in Q x Q,, then 9V, = 0 in Q;, x Q, for H’ a.e. z.

To see this, fix ¢ € DITF=1(Qy, x Q,) of the form ¢ (z, &) = f(x)g(x, &)dra AdEs
where |a| = j and |B| = k — 1. The fact that Pj;1 517 = 0 and (3.6|) imply
that

0=0T(y) = T(dy) = T(Z f 6,48 N dza A d€s)

— (-1 / (52 s 06 o ) )

Similarly, since V;, is supported in {z} x ), with P, ,_;V, =0,
Ve(D Fe,dée A dés) = f(x) OVil(g dép)
¢

It follows that
Vi (g dés)(dza, Th(2)) f()dH (x) = 0

Ty

for all f,a as above, and hence that 9V, (g d¢?) = 0 for H7 a.e. x € T';,. Since
g, 3 were arbitrary, linearity and the fact that V, = F, ;V, imply that for every
’w S Dkil(Qh X Qv),

(3.13) OV, (¥) = 0 for H? a.e. z € T,

Now let {1)?}22, be a countable dense subset of D¥~'(, x Q,). In view of
(3.13), there is a subset of T, of full H? measure, in which 9V, (¢7) = 0 for
every ¢q. By density, 0V, = 0 at every x in this set, proving .

4. Finally, to verify (3.7), note from that Jp, <1 a. e. in I, so that
the coarea formula implies that

[Vl as) / / Ll e )
- / (e T P da d)
< / e M (e d) = |17 (4).

This completes the proof of the proposition. O
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We conclude this section with the proofs of two lemmas used above, start-
ing with the

Proof of Lemma[3.1 The rectifiability of T'j, is a special case of [5] 3.2.31. Tt
then follows from [5] 3.2.22 that for H7 a.e. x € T, at H* a.e. £ € p; () NT,
the approximate tangent space 1{, ¢)I" is mapped by py, into a set of dimension
at most j. The expression for T follows at such points by elementary linear
algebra: given a basis 7',...,7/%* for Tz, we can construct a new basis
{7} with the property that the horizontal parts {7;} are orthogonal. Since
the horizontal parts span a space of dimension at most j, they can now be
nonzero for at most j of the resulting vectors. The remaining vectors, which
are necessarily purely vertical, can be taken to be orthogonal by a similar
argument, and can further be taken to be orthogonal to span(7},... 7). We

obtain (3.2) after relabelling and normalizing suitably.
Next, (3.4) follows by writing conclusions from [5] 3.2.22 (1) and 4.3.8 (3)

in terms of the basis appearing on the right-hand side of .

Lastly, to compute Jpy, let {%‘}iif be an orthonormal basis for T, oI’
such that 7' A ... A7 = (7} + 7)) AL A (7] +77), and with 7% = 77 for i > j.
Then dpy,(7') = 75 = 0 for i > j, so the Cauchy-Binet formula yields

Tpn(x,€) = D 1dpu(F) A Adpa (7)) = [dpu(7Y) A A dpa(7))
acl(j,j+k)

= |dph(7'1) AN dph(7'j)|2
=T A AT

which is (3.5)). O
Finally, we have

Lemma 3.3. Assume that T = T(I',m,T) is an i.m. rectifiable j + k-current
in Qp xy, and that M(T)+M(0T) < oco. Further assume that Pjyq ;1T = 0.
Let T' = Zﬁgo Piiop—dT. Then T" is i.m. rectifiable.

Proof. 1. We first claim that if n = n A... Ap/** is any nonzero simple vector
such that Pjq 11 = 0, then either 2522 Pjiok—m=0or Zego Pjio—m = 0.

To prove this, assume toward a contradiction that both Zezz Piivp—m#0
and Y, o Piyer—en # 0. We write = n;, + 7}, where 7}, is the horizontal
part of . By a Gram-Schmidt argument we can assume that 7}, - 77, = 0 if
i # j. For a € I(q,j + k) we write nf = ni* A... An,? and similarly 7.
In this notation, n = f;g > la=q O (e, @) A . The orthogonality of {ni}
implies that all nonzero terms in the above sum are linearly independent. In
particular, since Pjyq_1m = 0, it follows that

(3.14) nmAnY =0 forall o € I(j+ 1,5+ k).
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And because ), Pjrx—m # 0, we may assume (after relabeling if necessary)

that n} A ... Al  AnimtU A LA pItR £ 0 for some £ > 0. The fact that
> r>o Pjter—em # 0 similarly implies that span{n,} has dimension at least
j + 2, so after further relabelling, we may assume that {n}, ..., ""} are
nonzero and hence (by orthogonality) linearly independent. It follows that
mA AT AT A L AR £ 0, contradicting (3:14)).
2. The hypothesis that Pj;i,-1T = 0 implies that P17 = 0 HITE
a.e. in I Thus Step 1 implies that ), Pjisx—¢7 equals either 7 or 0, a.e.
in I'. From this it is clear that 77 = T T = T(I",m, 7), where I'" C T is the
set of points at which ), o Pjiep—eT = 7.
0

4. Fu’s THEOREM REVISITED
In this section we prove the following

Theorem 4.1. Suppose that 2 C R"™ s an open set and that T is an i.m.
rectifiable Lagrangian current in Q@ X R™ such that 0T = 0 in Q x R™, and
moreover that || T||[(K x R™) < oo for every compact K C Q.

If Po_p i T =0, then P_¢ T =0 for all ¢ > k. In particular, iof P, o1 =0
then T' = 0.

Fu [7] proves the ¢ = 0 case (which is the main case) of the same result with
the stronger hypothesis that 7' is locally vertically bounded, which means that
whenever K C Q is compact, T'L (K x R™) has compact support in R™ x R".

The theorem implies that a rectifiable Lagrangian current in  x R" is
determined by its “most horizontal” part. In particular,

Corollary 4.1. Let T1,T, be Lagrangian rectifiable currents in £ x R™ with
no boundary in Q x R™, and such that ||T;||(K x R™) < oo for every compact
K cQ, fori=1,2.

If Pn,OTl = PmQTQ then T1 = TQ.

In particular, if w is a Monge-Ampere function, then there is a unique

current [du) satisfying [£35), £6). 7). 23).

Proof. Apply Theorem .1, with k = 0, to ' = T} — T5. Uniqueness of the
current [du] for a Monge-Ampere function follows immediately. O

We have already noted in Section that if u is C?, then
(4.1) [dul(pdxo N dég) = o(a, ) / ¢(x, Du(z)) M (D*u(z)) da
Q

is an i.m. rectifiable current satisfying (2.5) - ([2.8)), hence the unique such
current, in view of the above Corollary. An approximation argument then
shows that (4.1)) continues to hold for u € W2™(Q). Motivated by (&.1]), given

loc
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a Monge-Ampere function u :  — R we define signed measures p®*(D?u) in
O x R by

(4.2) / o, )™ (Du)(da, d€) = oo, @)[du) (6 die A dEs)

In view of ([4.1)), these measures correspond to the minors of D?u. In par-
ticular [ ¢ du®®(D?u) = [ ¢(x, Du)M*(D>u)dx whenever u € W2". These
measures possess good weak continuity properties:

Corollary 4.2. If uy is a sequence of Monge-Ampére functions on a domain

Q C R" and if
|[dug][[(K x R™) < Ck for K compact, and — u, — u in L.,

then u € MA(Q) and ||[du]||[(O) < limsupy, ||[duk]||(O) for every open O C
Q x R™. Moreover, for every «, 3 such that |a| 4+ |3| = n,

p®? (D%uy,) — p® (D?u) weakly as measures.

An analogous result is established in [7] with the additional hypothesis
that || Duy||p(x) < Ck for K compact.

Proof of Corollary[{.3. 1t follows from the Compactness Theorem for integral
currents (see Giaquinta, Modica and Soucek [10] Section 2.2.4 Theorem 2 for
a version adapted to the present setting) that there exists an i.m. rectifiable
current 7" such that [duy] — T weakly in D, (2 x R™). The fact that [du]
satisfies - for every k, together with the assumed local uniform
mass bounds on [dug] and standard facts about weak lower semicontinuity |,

imply that T satisfies (2.5) — (2.8)), with ||T']|(O) < limsupy ||[duk]||(O) for
every open O C 2 x R"™. Hence u is Monge-Ampere and T = [du]. O

Remark 2. The corollary implies that if {us} is a sequence of C* functions
on a domain Q such that [|[M®(D?u)|11(x) < Ck for every a, 3 and every
compact K C , then the L' limit of any convergent subsequence is Monge-
Ampere. It is not known whether every Monge-Ampeére function arises in this
way.

Remark 3. When o = 8 = (1,...,n) we will write Det D?u instead of u*%(D?u).
Let us temporarily write DetD?u to denote the distributional determinant,
when it exists, see for example in [I2] 6]. Note that as we have defined it,
Det D?u is a measure in the product space Q0 x R", whereas DetD?u is a
distribution on ).
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If u is Monge-Ampere and DetD?u is well-defined, it is natural to ask
whether Det D?u is a measure and

(4.3) /Q ¢(z)DetD>u(dz) = /Q . ¢(z) Det D*u(dz, d€)

for (;B(x, ¢) = ¢(x). This holds if u is smooth, and by approximation if u is
a limit of smooth functions in the sense of Corollary .2 and in addition u
belongs to what is called in [6] an admissible domain for Det D?u.

Remark 4. As noted in the introduction, Fu [7] deduces from his version of
Theorem a uniqueness theorem for Legendrian cycles. Going through the
same argument but taking our stronger version of Theorem as a starting
point, we end up with a uniqueness theorem for Legendrian cycles with finite
mass, whereas Fu’s version of the theorem instead applies to compactly sup-
ported Legendrian cycles. The finite mass assumption at first sight appears
a bit weaker, but in fact (together with other hypotheses) implies compact
support, so here we do not gain any new generality.

We now give the

proof of Theorem[/.1 1. Tt clearly suffices to show that if
(4.4) P k+161T =0 for some k,1 <k <mn,

and if ' C Q is an open subset with compact closure, then P, ;7 = 0 in
' x R"™. Replacing §2 by ' for convenience, we assume that 7" is a rectifiable
current with finite mass and no boundary in €2 x R”, and that holds.

We apply Lemma |3.1| with j = n — k, and we use the notation from that
lemma. In view of , Proposition asserts that there exists a n — k-
dimensional rectifiable set I';, C €2 with unit tangent n — k-vectorfield 7, :
Iy, — An_iR™, and for H" % a.e. x € I'y, a vertical i.m. rectifiable k-current
V., such that

45)  T(odrands) = | Vil dgs)ldon m(a) a0

Ty
Appealing again to Proposition and the the definition of Lagrangian cur-
rents (from Section , we find that the following hold at H" ™" a.e. x € T':

o T.I') exists,
e U, is i.m. rectifiable and is carried by T',(z) (defined in (3.3))), with
ov, =0,
o at H* ae. (z,&) € I'y(x), (3.2) and (B.4) hold and T, ¢)I is Lagrangian.
2. For z satisfying the above conditions, we claim that either M(V,) =0
or M(V,) = +oo. We may assume by choosing coordinates suitably that
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T,I';, = span{ei, ..., e,_x}. The Lagrangian condition implies that at H* a.e.
(x,8) e I'y(x),if i <n—k and ¢/ > n — k then

O=w(FAr)=7"0r" = —Jr . 7°

(since 7¥ = 7). Then this says that 7' - &, = 0 for all £ < n — k, so
that T, l(z) = span{7i : i’ > n — k} = span{e,_r41,...,en} at H* a.e.
(x,€) € T'y(x). In particular, the approximate tangent space to I',(z) is a.e.
constant.

We now demonstrate that this implies that V, is a union of k-planes with
integer multiplicities. Indeed, it follows from the above that V,(¢d¢?) = 0 for
B € I(k,n), unless = (n—k+1,...,n). For any ¢ < n —k, let p,(z,§) =
&,; it follows that (V,,p,,s) = 0 for £! a.e. s € R, and hence (as in the
proof of Lemma [3.2)) via Lemma 3.3 in Solomon [19] that the indecomposable
components of V, are contained in level sets of p,. This holds for every ¢ <
n—k, for each indecomposable component V,,; of V,,, so there exists r{, ..., 7 _,
such that V, ; is supported in the k-plane P, ; := {(z,§) : {, = rq, g=1,...,n—
k}. Then recalling that 9V, = 0, we infer from the Constancy Theorem that
each V,; corresponds to integration over the k-plane P,;, with an integer
multiplicity and suitable orientation.

It follows that either M(V,) = 0 or M(V,) = 400 as claimed.

3. However, it is clear from that for any compact K C €2,

/F M(V,) dHi(z) < |T|I(R") < oo

so that M(V,,) < oo for H? a.e. z. Consequently M(V,) = 0, and hence V, = 0,
for H’ a.e. z. It then follows immediately from ({.5)) that T'(¢dz, A dés) =0
whenever |a| =n — k,|8| = k. In other words, P, T = 0. O

5. DESCRIPTION OF P, [du]

The main result of this section has two essentially equivalent forms, the
first of which is

Proposition 5.1. Suppose that €2 is an open subset of R™ and that u €
MA(Q). Then

(odeinde) = [ e D) oG v ()

(5.1) + /qu (/01 ¢(z, 0Du™ + (1 —6)Du") d@) 0 (1,1) Ug,a, (d)

for every smooth ¢ with compact support in  x R™.
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Recall that if u is Monge-Ampere, then D?u is a measure. The Cantor
part of D?u is contained in the first term on the right-hand side. The difficulty
in proving an analogous result for P,_ x[du], k > 2, lies largely in dealing with
the Cantor part of k x k minors of D?u.

Remark 5. Recall from (4.2) that we write 1 to denote the measure in 2 x R"
defined by [ ¢ p"(dx,d§) = o(i,i)[dul(¢dx; A dE;). The main result of [14]
implies that among all matrix-valued measures (1) satisfying

| ontDu@) dot [ g (e, de) = 0 Vo OV XRY)
OxR"? Q

there is a unique measure with minimal mass. It turns out that the minimizing
measure is exactly (u*); this follows and by combining with results from
[T4]. Note that (u%) satisfies the above identity as a consequence of the fact
that d[du] = 0.

Proposition is very closely related to Proposition below, which
gives a description of certain 1-dimensional slices of [du]. It order to state the
latter result, it is convenient to use

Lemma 5.1. For an interval (a,b) C R, suppose that v : (a,b) — R¥ is a
function of bounded variation, with total variation L. Define a 1-current I in
RF by

I (¢ dy’) = / Pl as)

(5.2) /‘7 U < / &1 (0™ (s) + (1 — O)v(s)) d0) v (ds).

Then there exists a Lipschitz curve v : (0, L) — R* such that

(5.3) I (T dy) / & (4(5)) 7 (s) ds.

In particular, I} is an integral 1-current, and OI;(vy) = lim, ¢ (v(s)) —
limp o ¥ (v(t)) = Y(v(L)) — ¥ (7(0)).-

Any integral 1-current can be represented as a sum of terms having the
same form as the right-hand side of ; here only one such term is needed.

Note that I is the current corresponding to the image of v, with jumps
“filled in” in the simplest possible way.

Proof. If v is C' then I} is just the current associated with integration over
the image of v, and the conclusions are clear. If not, let v, : (a,b) — RF

be C! functions such that v, — v strictly in BV, which means that v, — v
in L' and L, := f(a p velde — L = [[v'[|((a,b)). It is well-known that such
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sequences exist. It then follows from [I4] Theorem 1.1 that I, — I weakly.
On the other hand, let 4, be an arclength reparametrization of vy, so that
Ye(s) = ve(o(s)), where o : (a,b) — (0, Ly) is nondecreasing and is chosen so
that |y;] = 1 a.e.. Let v be a limit of a uniformly convergent subsequence.
Then and the assertions about 0I; follow by passing to limits from the
corresponding statements for vy, yy. 0

Using notation from the lemma, we can state

Proposition 5.2. Let U C R™ be an open subset, and let f : U — R" be a
CY diffeomorphism onto its image, which we call V', with inverse g : V — U.

Also, let q(yry - Yn) == W1y Yn-1) =Y.
If u is a Monge-Ampeére function on U, then

(5.4) ([du],qo fopn,y) = ];(~;y’) for L7 ae. y € R*!

in the notation of Lemma (53, for w(yasy/) == (9(y/yn), Dulg(y/sa))-

For £ ! ae. v € R" ! the level set (qo f)~'(y') is a Lipschitz curve
(or union of Lipschitz curves) in U and ([du],q o f o pp,y’) is the slice of [du]
sitting above this curve. Note also that y,, — ¢(¥/,y,) is a parametrization of

(gof)~'(y'), so that the current I () O the left-hand side of corresponds
to the graph of Du above (go f)~'(y), with jumps “filled in” in the simplest
possible way.

We start with the proof of Proposition 5.1, which however mostly amounts
to establishing Proposition in the special case f(z) = z.

Proof of Proposition [5.1. We suppose that (I',m,7) are a n-rectifiable set,
integer-valued multiplicity function, and orienting unit tangent n-vectorfield
such that [du] = T(I",m, 7). By using a partition of unity, we see that it suf-
fices to consider test functions ¢ supported in B x R", where B C €2 is a ball.
Thus in fact we can assume that € is an open ball and that M([du]) < oco.

It suffices to prove the proposition for ¢ = n. Note that o(n,n) = 1, so
the signs will vanish from our calculations.

Given z = (z1,...,2,) € R, we will write x = (2/,x,) with 2/ =
(z1,...,2,_1). We define ¢ : Q — R" ! by ¢g(z) = 2/, and Q(z,§) = ¢(z).
Throughout the proof we will write J() to denote the Jacobian Jr_gn-1Q).
Because we have assumed that © is a ball, g71(2’) is connected for every /.

Let ([du|,@,x’) denote as usual the slice of [du] by the level set Q~'(z).
Recall that

65 (@dsndg) = [ (], Qo) e i)

So it suffices to describe L7 ! a.e. slice ([du], @, z"). We will do this as follows:
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First, we record a number of properties that ([du], Q, 2) inherits, for £
a.e. 2/, from the defining attributes (2.5)-(2.8) of [du]. Most important are
tangent properties, which follow from the crucial Lagrangian assumption.

Next, we write down a family {R,/} of integral 1-currents with the prop-
erty that the right-hand side of is exactly [5. 1 Ry(od&;) L7 (da'). Thus
to prove the theorem we must show that R, = ([du], @, z") almost everywhere.
Toward this end, we deduce a number of properties of a.e. R, like those al-
ready found for the slices of [du].

Finally, we define S,» = ([du], @, 2") — R,/, and we argue that S, = 0 for
a.e. 2. This is similar in spirit to the proof of the Uniqueness Theorem [4.1]

1. properties of a.e. slice:

For L' ae. 2’ € R"!, since d[du] = 0 and M([du]) < oo, it follows
from [5] 4.3.2 that

(5.6) I{[du],Q, 2"y =0, and
(5.7) ([du], @, ') is i.m. rectifiable, with finite mass.
We claim that in addition, for £" ! a.e. y € R,

q (")

for all ¢ € C°(€2). To see this, we use to compute
| 00.Q.)(6 deu(e) £ ) = [d(@F(()a") 16 )

= ¢(x, Du) ¥ o q(x) dry A dx;

R

= Oin | @(z, Du) (a) L"(dx)

Rn

=5 /R ( /q » oz, Du) Hl(dac)) W(@') L (de).

Since this holds for all ¥» € C°(R"'and ¢ as above, it implies (5.8]).
Another fact from [5] is that for £ a.e. 2/, {[du], @, 2’) has the explicit
representation

(5.9) (). @) = [ (o.cymart
INED)
where
(5.10) D(2):=Q *2)n {(x,&) €T :JQ > 0}

and for (z,¢) € I'(2'),
(5.11) ¢(x,€) is a unit vector in T{, ¢ I such that dQ(x,£)(¢) =0
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Recall that JQ(z,£) > 0 exactly when dQ(z,€) : Tz oI’ — R" ! is of full
rank. Thus ([5.10) implies that ¢ is uniquely specified, up to a sign, by .
Properties follow directly from [5] 4.3.8, where the sign of ( is also
specified; we will not need to keep track of this sign in our later arguments.
Following notation in Lemma (with k =1,7 =n — 1), we will write

[ ={xeQ :H(p,'(x)NT) > 0},
Da(a') = {z € Q : H'(p; (x) NT(2")) > 0}.

Clearly T (2') C ¢~ *(2') N Ty, and the fact that T’ is n — l-rectifiable (see
Lemmal3.1) implies that for £~ a.e. 2/, I';(2') is at most countable and T,
exists at every x € T',(2'). We finally claim that for £771 a.e. 2/, at every
x € Iy(a'),

(5.12) C(z,€) € JT,Th)* for H' a.e. £ € T(2") Np;, ' (2).

Observe that ((z, -) does not depend on &, up to a sign, for x satisfying (5.12)).
To prove (5.12)), observe that, for £"~! a.e. 2/, the Lagrangian condition
(2.6) and Lemma (3.1 imply that at every = € I',(2'),

(5.13) for H' ae. £ € p;, ' (z)NT, holds and T{, ¢ I" is Lagrangian ,
and

(5.14) holds (with j =n — 1, k = 1) a.e. on the set I',(x), see (3.3).
So it suffices to prove that holds at any z where , are

verified.

Fix such an z, and fix also ¢ € p, *(z) N T,(2') at which holds and
where the tangent n-plane is Lagrangian. Since () = q o py, the vector 7" =
7' € Ty )" appearing on the right-hand side of satisfies dQ(x, &)1 = 0.
Because this equation defines ((x,&) up to a sign, we find that ((z,£) =
+77(, €). Tt follows also that 7}, ..., 7';:_1 appearing on the right-hand side of
(3.2)) are nonzero (since otherwise dQ(x, §) would have a nullspace of dimension
at least 2) and hence that (z,¢) € I',(x) as defined in (3.3)). This in turn implies
that holds, and then (as in the proof of Theorem the Lagrangian
condition implies that is satisfied.

2. definition, properties of R,

In this step we appeal to results about one-dimensional sections of BV
functions as found for example in [5] section 4.5 or [I], Chapter 3.

We henceforth identify Du with its precise representative, see [I] Corol-
lary 3.80, which in particular implies that Du(x) equals its Lebesgue value
whenever z is a Lebesgue point of Du. For 2’ € R"!, we define

Qp ={z, eR: (2, 2,) € Q},
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We will write Du(z,; 2') = Du(a’, z,,), so that we view Du(-;2’) : Qp — R™ as
functions of a single variable, parametrized by 2/ € R"~!. Then for £ ! a.e.
2’ Du(-;2') is a BV function on §,,. We will write 0,, Du(z’) to indicate the
associated vector-valued derivative measure on €2/, and we write 0, u.; (2'),
j = 1,...,n for the components of 9,, Du(z’). We define a BV function
(') Qp — R x R™, given by
xp — (2, 2, Du(x,; 1)) = v(x,; o)

and a l-current R, = [ :(-;ar’)’ using notation from Lemma . We will write
Jw to denote the jump set Du(-,2'), which clearly coincindes with the jump
set of v(+;2). From the definition in Lemma [5.1| we check that

Q,

Ry(¢'dg;) = / & (w3 2") Do,y (') (d)

QT
n /J ) ( /0 1¢j(90+ +(1—0)v) d9> O, Uz, () (dy)

where in the last integral, we write v :=lim__ =+ v(s;2’) for z, € Ty

It follows from Lemma [5.1] that R,/ is an integral current with R, = 0
in Q x R" and M(R,/) < oo for L" ! a.e. 2/. We also claim that

(5.15) the right-hand side of (5.1)) = Ry (pdg;) L7 (da).

Rn—1
To verify this, note that (x, Du(x)) = v(x,;2), so that upon comparing ({5.1))
and the formulas given above for R/, we see that (5.15] follows from the facts
that when f, g : Q — R are bounded and D?u-measurable,

[ t@unn) = [ ) 0nu (@) e £ )
N\Tpu R=1 JQ N\T,
and

/JDu 9(2)Ua;z, (dx) = /Rn_l /x/ 9(2', 1) Op, g, (2")(d2yn) L7 (d”).

Proofs of these identities can be found for example in [I], see Theorems 3.107
and 3.108.

We note for future reference that for £7~! a.e. 2/, by its definition R,/ is
supported in Q~*(z'), and

R, Lp,jl(a:’,xn) 0 x, € Ty
(5.16) & Ryop, (2, x,) = [v(z); 7)), v(x); 2))]

n
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where [v(z;,;2"),v(x;}; 2')] denotes the oriented line segment joining v(z; ; z')
to v(x;};2’). Moreover, Theorem 3.108 in [I] together with classical results

about the rectifiability of the jump set imply that for £ ! a.e. 2/,
Ty € Ty = (@, 2,) € Tpu and Ty 4,) Ty €xists,

and moreover, the fact that Du is a gradient implies that the jump in Du
across Jp,, is normal to Ty 5,y Jpy. This in turn implies that

(5.17) [v(x}t, o) —v(x,,2')] € (T(xlyxn)jDU)L.

3. conclusion of proof. Now we define S,y = ([du], @, 2') — R,. In view
of and , it suffices to show that S,» = 0 for £"! a.e. 2’. Note that
this is also the conclusion of Proposition in the case f(z) = x.

The various facts about ([du|, @, z’) and R, assembled above imply that
for a.e. 2/, S,/ is an i.m. rectifiable 1-current with finite mass, and such that

(518) an/ =0 in €} X Rn, PL()S$/ = 0.

If S, has these properties then it follows from Lemma or from the 7 =0
case of Proposition that there exist points x* € ¢~!(z’) and i.m. rectifiable
1- currents V; (depending on 2’ in a way not captured by our notation) such
that V; is supported in {z} x R™ and

(5.19) S => Vi, V=0, M(V;) < 0.

We fix one of these points 2. Note that

(5200 Vi= Swopp (o) = [[dul, @0’ Cpy (a)] — [Rarpi (a")].
It suffices to prove that

(5.21) the unit tangent to V; is H! a.e. constant, up to a sign

(ie, independent of &), up to a sign, since then we can deduce from Solomon’s
Separation Lemma [19] and the Constancy Theorem that V; is either zero or
has infinite mass, exactly as in Step 2 of the proof of Theorem [4.1} Since
M(V;) < oo, we conclude that V; = 0, and since this holds for all 7, it will
follow that S, = 0 as needed.

We define

Yyi={r=(2,2,) €EQ:x, € T}, Yo:={x=(2,x,) €Q:xeTy(z)}

From what we have said above, ([du],Q, ') _p;, ' (%) # 0 if and only if 2° €
Y, and R, Lp,'(z?) if and only if ' € ¥;. In particular, V; = 0 unless
,Ii c 21 U 22.

The unit tangent vector ¢ to ([du], Q, 2') L p, ' (z?) for 2% € X, is character-
ized in . And according to , for 2* € ¥ the unit tangent vector to

Ry p; H(at) is i R G Cr(z%) and is characterized in (5.17). Both

lo(an &) —v(zn 2')]
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¢ and (g are independent of (z%,&) € p; '(x%) up to a sign, so that (5.21)) is
immediate unless both terms on the right-hand side of (5.20)) are nonzero.
When this holds, we must show that ((z%,£) = +(g(z") for a.e. &, and in view
of , , it suffices to show that the approximate tangent spaces of I'y,
and of Jp, coincide at z°.

To do we claim that

(5.22) H" (2, \ Zy) =0,

This follows from what we have already said, because if x = (2/,z,) € ¥y \
Y, then (unless 2’ belongs to a set of £"~! measure zero at which -
fails to hold) ([5.20]) and imply that S,y = R, Lp,"(z) and hence that
OR, Lp,*(r) = 0, and as remarked earlier, it follows that M(R, L p;, ' (z)) =
+o0o0. this is impossible away from a set of H"~! measure zero.

Now we appeal to the fact that if H*(A\ B) = 0 and A, B are H* recti-
fiable, then T, A = T, B at H"* a.e. point of A. Clearly H" (3, \ Jp.) = 0,
and also 0 = H" (X, \ X)) = H* (X5 \ ). Tt follows that

TLUEI = T:iju = Twrh
at H" ! a.e. z € X1, which proves that (5.21]) holds at every 2, for L"! a.e.
2’. This completes the proof. O

The proof of Proposition has already established Proposition when
f(z) = x. We deduce the general case of Proposition 5.2/ from this special case
by a change of variables, using a result from [7] that describes the behaviour
of Monge-Ampere functions under coordinate transformations.

Proof of Proposition[5.3. We write F : U X R" -V x R" and G : V x R" —
U x R™ by
F(z,€) = (f(x), Dg(f(2))"€),  G(y,n) = (9(v), Df(g(y)) ).

Note that G = F~1. According to Fu [7], Proposition 2.5, u o g is a Monge-
Ampere function on V, and [d(u o g)] = Fy[du]. (This is proved for locally
Lipschitz Monge-Ampere functions, but the proof remains valid without that
restriction.) Thus [du] = Gy Fy[du] = Gg[d(uo g)], so that for a.e. y € R"™!

([du], qo fopn,y') = (Guld(uog)],qo fopn,y') = Gu(ld(uog)],qo foproG,y')

using basic properties of slices, see Federer [5] 4.3.2 (7). From the definitions
one checks that go fop, oG = qgop, = @, in the notation of Proposition 5.1},
where we have proved that

([d(uog)],Q,y) = I}
for a.e. v/, with v(y,;v') == (v, yn, D(uwo g)(¥', yn)))-
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To prove the corollary, we must therefore verify that Gl N I w(a)"
If v:(0,L) — V x R" is smooth, then I} = v[[0, L]], where [0, L] is the
1-current corresponding to integration over [0, L], and so
Gyl yy = Gyugll0, L]] = (G o v)4[[0, L]

It is easy to check that G o v(y,;vy') = w(yn;y'), so the corollary follows in
this case. This remains valid if v is continuous with bounded variation. If v is
merely a function of bounded variation, let us write 7, for the jump set of v.
We split I into a continuous part and a jump part:

Iy = vg[[0, LI\ Jo] + (L7 = vg[[0, LI\ Zu]).
These are the first and second terms, respectively, on the right-hand side of
(65-2). 1t follows from what we have said that Gzv4[[0, L]\ J,] = w[[0, L]\ ).
The other term (I} —vx[[0, L]\ J,]) consists of a sum of straight line segments,

each having the form [(y, D(uog)~(v)), (y, D(uo g)*(y))] for some y € V, and
from the explicit form of G one can verify that

Gyl(y, D(uog)™(y)), (y, D(uog) ™ (y))] = [(9(y), Du(9(y))), (9(y), Du™ (g(v)))].
Combining these, we obtain the desired result. U

6. WEAK SOLUTIONS OF A DEGENERATE MONGE-AMPERE EQUATION

In this section we give the proof of the second main result of our paper,
which is

Theorem 6.1. Suppose that Q2 is a bounded open subset of R?. Assume that
u € MA(Q) satisfies

(6.1) [du](pdéy N dEy) =0 for all p € C°(Q2 x R?).

Then for every x € €0, at least one of the following must hold:

1. u is affine in an open neighborhood of x; or

2. There exists a line segment (., passing through x and meeting 0S) at
both endpoints, along which Du is constant in the sense that

e cvery point along £, is a Lebesque point of Du, with the same Lebesgue
value; or

e cvery point on l, belongs to the jump set Jp, of Du, with same ap-
proximate limits on both sides of (.

In particular, every point in ) is either a Lebesque point of Du or belongs to
the jump set of Du.

As mentioned in the introduction, this extends earlier work of Hartman
and Nirenberg [11], Kirchheim [15], and Pakzad [16].

The theorem shows that a function u satisfying the hypotheses has the
regularity of a BV function of a single variable. This is optimal: if f : R — R is
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an arbitrary function of bounded variation and u(z,y) = f(z), then u satisfies
all the hypotheses of the theorem.
Our assumption (6.1]) should be compared with the weaker condition:

(6.2)  [dul(pd& Adés) = 0 for all ¢(z,€) = d(z),d € C(Q).

This weaker condition requires only that the marginal on €2 of the measure in
the product space vanish. The conclusions of the theorem need not hold under
assumption (6.2). To see this, let B denote the unit ball in R?, and suppose
that u : B — R is the restriction to B of function that is homogeneous of
degree 1 and smooth away from the origin. Then one can check that u is
Monge-Ampére, and that if ¢(z,£) = ¢(x), then [du](¢ d&; A d€s) makes sense,
and

1

63)  (dul(odende) = AG0), A= / "(0) A (0) do

where v(0) = Du(cos8,sin#). This is proved for example in [13], Lemma 4.1
and Remark 4. From this one can check that, given any u as above, one can
find ¢ € R such that A = 0 for u.(z) := u(x)+c|z|. Such a function u, satisfies
but not in general the conclusions of Theorem .

For functions u as described above, the distributional determinant DetD?u
exists and is given by DetD?u = Ady; see Remark . Thus the conclusions of
the theorem do not hold if we assume that u is a Monge-Ampere function such
that DetD?u is well-defined and vanishes.

Throughout the proof we will write [du] = T(I",m, 7). The starting point
of the proof is the following

Lemma 6.1. Suppose that Q is a bounded, open subset of R?, and assume
that uw € MA(QY) satisfies (6.1)).

Then there exists a 1-rectifiable set T',, C R? and a H'-measurable mapping
7, : Ty — ANR? such that |7,] =1 a.e.,

at H' a.e. £ €Ty, T¢L, exists and equals span{r,(§)};

and for H' a.e. £ € T, there exists a horizontal i.m. rectifiable 1-current Hg
in Q x R? supported in Q2 x {£} and satisfying

(6.4) OH: =0 in QxR

(6.5) |dul (¢ da; Ndj) = | He(ddwi)(dE;, 7 (&) H' (d€)

Ty
for every ¢ € C=(Q x R?). (In particular, & € T, — He(¢pdx;) is H'-
measurable for every such ¢.) Moreover, for every £ € I', at which He is
defined, there ezists a horizontal unit vector 1,(€), a collection of nonzero in-
tegers {m;(£)}, and a collection of line segments {{;(§)}:, each parallel to ,(§)
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and with its endpoints in OQ, such that p; (&) NT = Uil;(€) x {€}, and such
that
(6.6)

H§(¢dﬂfi) = ;/&(g)x{g} o(x, §){dxs, T (£))mi(E)H (dx), H§<¢d5j) =0

for ¢ € C(2 x R?). And finally, 7,(€) - J7,(§) = 0 for H' a.e. £ €T,,.

We will eventually show that for a.e. &, each ¢;(§) is contained entirely
in either the lebesgue set of Du or the jump set of Du. Moreover, we will
prove that in the former case, Du = £ along /;(€), and in the latter case,
¢ € [Du(z), Dut(z)] for every x € £;(§). A main point will be to show that
for a.e. &, ¢ and every 4,7 either ¢;(&) = £y (&) or £;(§) N4y (&) = 0. This will
be established by carrying out a blowup argument, and then classifying all
homogeneous functions satisfying ; these are the key points in the proof
of the theorem.

Proof of Lemmal[6.1 The proof follows closely that of Theorem [4.1], with the
roles of horizontal and vertical reversed. We define

I,={¢eR® : H'(p,(§)NT) > 0},

which in view of Lemma [3.1| is a 1-rectifiable set. Proposition [3.1, with
prreplaced by p,, implies the existence of a current He for H' a.e. £ € T',, such
that (6.4)), hold. Then as in the proof of Theorem the Lagrangian con-
dition (2.6)) and facts assembled in Lemma , again with p, and p, switched,
imply that for H' a.e. £, there exists a horizontal 75,(£), determined up to a
sign by the condition 7,,(§) - J7,(§) = 0, and such that unit tangent vectors
to He equal £75,(€), H' a.e. Then Solomon’s Separation Lemma [19] and the
constancy theorem imply that H, is a sum of indecomposables, each of which
is supported in ©Q x {£} and consists of an oriented integer multiplicity line
segment parallel to 7,(§) and with no boundary in Q. Each such segment is
bounded, since €2 is bounded, and so the endpoints must lie in 9€2. These facts
are summarized in . Since ([6.5]) is insensitive to the behavior of He on H*
null sets, we can modify H, on such a set to arrange that holds at every
point where H is defined. (This is simply for convenience.) 0

Fix a € Q and let R = dist (a,00). Let p(z,€) = | — a|. For r € (0, R),
we let x,(s) = a +r(cos 2,sin ?), s € R/(2mrZ) be an arclength parametriza-
tion of 0B,(a). We write Du(-;7), or simply Du(r), to denote the function
R/(27rZ) — R? defined by s — Du(s;r) = Du(z,(s)). Then for L' a.e.
r € (0,R), Du(+;r) is a function of bounded variation, see again [I] chapter
3. We will write d;Du(r) to denote the associated vector-valued derivative
measure, with components aguxj(r), 7 =1,2. We also write J, to denote the
jump set of Du(r).
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Note that p, R, z,., Du(r) all depend on a in a way that is not indicated in
our notation.

Lemma 6.2. For L' a.e. v € (0, R), if we define v, : R/(2mrZ) — Q x R? by
vr(8) = (2r(s), Du(z,(s))), then ([dul, p,r) = I , using notation from Lemma
[5.1. In particular.

(6.7)
(ldul, p, r)(@d&;) = / ¢ (,(5), Du(w,(s))) Dstts, (r)(ds)

1 R/ (27rZ)\ T
T / T ( /O ¢ (x,(5), 0Du* (2,(s)) + (1 — ) Du (2,(s)) da) Osuz,(r)(ds),

where as usual Du*(x,(s)) = lim,_ g Du(z,(c)). Note from Lemma that
I’ is the current associated with integration over a single Lipschitz curve, so
that its support is just the image of this curve.

The above lemma is just a special case of Proposition [5.2] where we have
written out the right-hand side in detail. (Strictly speaking, we need to cover
'\ {a} by simply connected open sets, on each of which (z1,22) = x,.(s) —
(r,s) defines a smooth changes of coordinates, and apply Proposition on
each such open set.)

We now start the

proof of Theorem[6.1] 1. We first claim that

(6.8) ([dul, p,r) (¢ dE;) = / (He, p.r)(9)(d&;, 7 (&) H' (d€)

v

for L' a.e. 7 € (0, R) and ¢ € C°(Q x R?). This follows by slicing (6.5). To
see this, fix f € C°((), R)); then

/0 (ldu], p, ) (6 dE;) f(r)dr = [du](p* (f(-)dr) A $dE;)
- / He(6 f o pdp) (dE;,7u(€)) H(de)

:/0 / (He, p,r)()(d€;, 7,(€)) H'(dE) f(r) dr.

Since this holds for all f as above, we deduce .
2. We now define

Sr(a) :={£ €l : H¢is well-defined and (He, p,r) # 0}
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We will normally write .S, when there is no possibility of confusion. It follows
from the explicit description of He in Lemma that

(6.9) S, ={¢£ €T, : He is well-defined and (U;¢;(§)) N B,(a) # 0}.
In particular, it follows that
(6.10) Sy C Sy when 1" < r.
We will say r is a “good radius” if Du(r) is a function of bounded variation
and (6.7)), hold. For a good radius r, we define

Imy(a) == {Du(z,(s)) : s & T} U (Useg, [Du” (2:(s)), Du™ (2:(5))])
where [p, q] denotes the line segment {fp + (1 —0)q : 0 < 0 < 1}. Again, we
will often write simply I'm}. It follows from Lemma [6.2] that

Imy = py(supp ([du], p, 7).

Thus implies that
(6.11) HY(S, \ Im?) +H (Im}\ S,) = 0.
It is not hard to see from the definition that Im] is closed and connected;
in fact it is the image of a single Lipschitz curve. Note in particular that
diam (Im}) < H'(Im}). These need not hold for S, over which we have little
or no control on H! null sets. On the other hand, S,, unlike Im}, is defined
for every r and is directly related through @D to the line segments ¢;(£) that

we seek to understand. In any case, (6.11) and (6.10) imply that if r, " are
good, then

(6.12) Im? C Im? when 1’ <r.

3. Tt follows from the above that 7 — H!(Im}) is nondecreasing. We will
prove that

(6.13) if H'(Im?*(a)) = 0 for some r > 0, then u is affine in B,(a)
(6.14) if H'(Im?*(a)) — 0 as 7 — 0, then a is a Lebesgue point of Du
(6.15) if H'(Im?(a)) > a >0V r >0, then a is a jump point of Du

These imply in particular that every point of €2 is either a Lebesgue point or
a jump point of Du. Conclusions and follow easily from what we
have already said. Indeed, if H'(Im?) = 0 for some r € (0, R), then since I'm?*
is connected, it consists of a single point, say Im} = {{,}. Then implies
that Im} = {£,} for r < r’. Thus, in view of the definition of Im’, Du = ¢,
L? a.e. in B.(a), and so u is affine in B,(a), with gradient &,.

Similarly, if H'(Im}) — 0 as r — 0, then, since I'm} is connected,
implies that there exists some point &, such that dist (Im},&,) — 0 as r — 0,
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and then the definition of Im implies that a is a Lebesgue point of Du, with
Du(a) = &,.
4: Blowup. In the next two steps we used a blowup argument to prove

(6.15)). Fix a € € at which
(6.16) HY(S,) = H (Im:(a)) > a >0 forall r > 0.

We will use a blowup argument to study the behavior of u near such a point.
First fix some good 7. Then and the definition of Im} imply that
Du(z) € Im}, for L? a.e. x € B, (a). Since Du(rq) has bounded variation,
Im; is a bounded set, and so w is Lipschitz in B, (a).

Now define u.(z) = Z[u(a + ex) — u(a)]. Note that u. is Lipschitz in
B,,/:(0), with a uniform Lipschitz constant. We claim that there exists a
function uy : R? — R, homogeneous of degree 1 and satisfying , such that

(6.17) ue — ug locally uniformly and in the sense of Corollary 4.2

The point is that we do not pass to a subsequence.
4.1. Toward this end, we first observe that

du] = negldul, nee,6) = (0.

This is checked by verifying that the right-hand side satisfies the defining
properties (2.5) - (2.8) of [du.]. The above implies in particular that if ¢ €
C°(R? x R?) and if € is small enough that ¢ o7, € C>°(2 x R?), then

dz;
[duc] (¢ A d&) = [du)(¢on. = \dE;)

(6.15) = [ He(don ") de,, mo(e)yH (o)

Ty ?
= | S u()YH ()

where we write q
Z;
€)== Helgron. "),

4.2. It follows from the explicit description of H¢ in Lemma that

O =3m@ [ oL mie) )

7

N Zmi@ / (4(©) b(w, ) {dai, Th()H (d).

Define Sp(a) = N,=0S5,(a). It follows from that (writing Sy for short)
(6.19) So={¢& el : Heis well-defined and a € U/;(€)}.
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Then by sending ¢ — 0, we find that for H! a.e. £ €T,
J:(&) = fo(§) = Hoe(g dux;) as € — 0, where

m(€) [, 0. ) (dre, (€)M (da)  if z € So

(6.20)  Hoe(9 dx;) := {0 if not

where £(£) is the line through the origin with tangent 75,(£), and m(&) = m*(§)
for the unique ¢ such that a € £;(§).

4.3 . We now show that | f.(-)| is dominated by a locally integrable func-
tion. We fix M such that ¢ is supported in {(z,§) : |z| < M}, and we
define

F(§) 1= 2 37 mi(e) M (6(9) N Baar(a)) = I Hell(Baas(a) x B2),

For any straight line ¢, it is clear that ¢ — 2H'(¢N Bep/(a)) is a nondecreasing
function. Thus if ¢y < rq/M, and € < &, then

(O] < Pllec Fe(€) < llllooFey (6)-
Also, F_,(-) is nonnegative, and it follows from (3.7 that

(6.21) [ Faomi <o
Hence we deduce from the dominated convergence theorem and (/6.18)), (6.20))
(6.22) [duc)(¢dz; A dE;) — ; Hyg(¢dx;)H' (d€){dEs, 7 (€))

0

as € — 0. Note from (6.10]) and (6.16) that H'(S) > 0.
4.4 Tt is easy to check that [du.](¢ d&; AdE;) = 0 for ¢ € C(n.(Q) x R?),
so (6.21)) and (6.18) imply that
ldue] | (K x R?) < C(K) < o0

for every compact K. Since the Lipschitz constants of {u.} are locally uni-
formly bounded, we can pass to a subsequence {u., } that converges to a limit
locally uniformly and in the sense of Corollary £.2l In order to show that
the whole sequence converges, we must show that there is a unique such limit
Uy : R?2 — R. Thus, suppose we have a different subsequence {ue } converging
to a limit u;. We claim that uy = wu;. Since u.(0) = 0 for every ¢, clearly
up(0) = u1(0) = 0. And since ¢ was arbitrary in Step 4.3, we deduce that

(6.23) [duo)(¢pdz; Ad;) = | Hoe(pda;)(dE;, 7(6))H' (d€)

So

for all ¢ € C°(R? x R?) and all 4,5. Clearly the same holds for u;. It
follows that {([dug],p,r) = {([dui],p,r) for L' a.e. r. Fix r such that (6.7)
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holds for both [duo] and [du;]. By inspection of (6.7)), we then infer that the
R"-valued measures dsDug(r) and OsDuy(r) on R/27wrZ are equal, which in
particular implies that Dug(z,(-)) and Duy(z,(-)) have the same jump sets,
and moreover that Dug (z,(s)) = Duj(z.(s)) at points s in the jump set.
We further read off from that Dug(z,(s)) = Duy(z,(s)) for ||0sDug(r)|
a.e. s € R/2nxrZ away from the jump set. Also, from one can check
that ¢ — ([dugl, p,r)(¢dE;) is nonzero, which implies that [|0;Dug(r)|| is a
nonzero measure on R/27rZ. These facts together imply that Dug(z,(s)) =
Duy(x,(s)) for L a.e. s. Since this is true for a.e. r, we deduce that Dug =
Duy, £? a.e.. Since ug(0) = u1(0) = 0, it follows that uy = u; as claimed.

4.5 To finish the proof of we only need to show that ug is homo-
geneous of degree 1. This however follows from the fact that u. — wug locally
uniformly, since

up(Ax) = lli% us(Axr) = )\li_l)% upe () = Aug(z).

5: Description of homogeneous solutions. In this step we prove that
there exist vectors p*,p~ € R? such that the blowup limit uy found above
satisfies

o pt ifx-(pt—p7) >0
(6.24) Dug(z) {p if z-(pt —p7) <.

This amounts essentially to a classification of homogenous, degree 1 solutions
of the equation Det D?u = 0 in the sense of (6.1]).
5.1. We first show that

(6.25) there exists xp # 0 such that ug(zo) = —uo(—z0).

Toward this goal, we first notice that

0260 ((duol poor)(0d5) = [ (Hoeopn,1)(0)(d5 m(6)

So

for r > 0. This follows by slicing (6.23), in exactly the same way that we
deduced from (6.5)). (Note that for a homogeneous function, every r is a
good radius.) It follows that

supp (Hoe, po, ) C supp ([duol, po, ) (PdE;) for H! a.e. £ € Sp.

From the explicit form of Hy¢, we see that supp (Hoe, po, 1) = {(E£xo, &)} where
{£z0} = 0B,(0) N {(&). Therefore, to prove (6.25) it suffices to show that

(6.27) if (x,&) € supp ([duo], p,7), then u(zx) =z-¢&.
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This follows essentially from the description of ([dug], po,r) in Lemma |6.2]
which implies that

(6.28)  supp ([duq], po, 1) = {(x:(s), Duo(zr(s)) - s € Tp}

U (Usez, {22 (s)} x [Dug (2:(5)), Dug (z,(s))])
The homogeneity of ug implies that
(6.29) up(x) = x - Dug(x) whenever z is a Lebesgue point of Du.

Similarly, if = # 0 is a jump point of Dug, then since ug is continuous, we can
pass to limits in along sequences of Lebesgue points approaching = from
both sides of the jump, to find that

(6.30)

z-Dug () = z-Dug () = ug(z) and hence z-& = ug(x) for £ € [Dug, Dug].

Now (/6.27)) follows from (6.28)), (6.29)), (6.30)).
5.2. Now define vy(z) := ugp(z) — (- mﬂo‘%)uo(ﬂfo), and note that

(6.31) vo(Ax) = Ayg(z) for A > 0, vo(xo) = vo(—z0) = 0,

(6.32) and Det D%y = 0 in the sense of (6.1]).
Let us write vg(r cos@,rsin®@) = rf(0). We will prove that
27
(6.33) / (f*— f*)do = 0.
0

We first prove this under the assumption that vy is smooth away from the
origin. Then the condition Det D?vy = 0 implies that the constant A in (6.3)
must equal zero, where we recall the definition:

1 2w

(6.34) A= A(v) = 5/ v(0) A+ (6)d6, 7(0) = Duy(cos §,sin ).
0

We will temporarily use the notation n(f) = (cosf,sinf) and t(d) = n'(6),

so that v(0) = n(0)f(6) + t(0)f'(¢). Then we easily compute that v A+ =

f(f + f"), so that (6.33]) follows from the identity A = 0 via integration by

parts.

If vy is not smooth, then let vy(rcos@,rsinf) = rfy(0) for a sequence
of smooth 2m-periodic functions fi, converging to f in W%? and such that
[1f21d8 < C. Such a sequence exists since Dvy € BV. This convergence
implies that vy — v in the sense of Corollary [4.2] — this is proved in [I3],
Proposition 4.1. If we define Ay, = A(vg) as in ((6.34)), then it follows that

27 27
0= lim 24; = lim / (fE — f2)do = / (f* = f)do

which proves (6.33) in the general case.
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5.3. In view of (6.31)), we see that there exists o € [0,7) such that
f(a) = f(a+ m) = 0. Then Poincare’s inequality implies that

/ e e <o | =i <o

In view of (6.33), equality holds in both integrals, and so the optimality con-
ditions in Poincare’s inequality imply that there exist a,b such that f(0) =
asin(f — «) for 6 € (o, + ) and f(0) = bsin(f — a) for € (¢ — 7, ). In
other words,

ar - t(a) ifx-tla) >0

ey — {a 1) ifr-i(a)

br-t(a) ifz-t(la) <0

Since ug is the sum of vy and a linear function, (6.24)) follows.
6. It follows from Steps 4 and 5 that if a is such that (6.16)) holds, then

a € Jpy. It also follows from Step 3 that if (6.16]) does not hold, then a € Jp,,.

We now prove, continuing to assume ([6.16]), that there is a line segment
¢, passing through a and meeting OS2 at both endpoints, such that

(6.35) £y C Ipu, and [Du~ (a), Dut(a)] = [Du~(b), Du™(b)] Vb € L.
6.1 To do this, we will show below that Sy as defined in (/6.19)

(6.36) So = [Du~ (a), Du™(a)] up to a set of H' measure 0
and
(6.37) for H! a.e. £ € Sy, m,(€) is tangent to Jp, at a.

First, we demonstrate that these will prove . To do this, let ¢, be the line
segment passing through a, tangent to Jp, at a, and terminating when it meets
0€). Then implies that for H! a.e. £ € Sy, the associated line segments
;(€) passing through a all coincide with ¢,. Let b denote any other point on
ly. Then b € £;(€) for H' a.e. £ € Sy(a). It follows that Sy(a) C So(b) C S,.(b)
for » > 0, and hence that b satisfies . Thus b € Jpu, and implies
that [Du™(a), Du*(a)] C [Du~(b), Du™(b)]. Reversing the roles of a and b
establishes the opposite inclusion and so will prove , once we have proved
7 '

6.2 We now prove , . Since all information about Sy, and
(€),& € Sp is recorded in the blowup limit ug, we may argue with wug, about
which we know everything, instead of w.

It is convenient to assume that Jp,, is the xs-axis. This can be achieved
by a change of coordinates. Then there exist numbers p],p;,ps, such that

1 if z; <0
DuO(l'l,QEz) = (pi’pQ) 1 11 Moreover, g, = 0 unless i = j =
(py,p2) ifxy >0. e
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1, and ug 4,4, is 1-dimensional Hausdorff measure restricted to the z, axis,
multiplied by the constant p; — p; .

By combining (5.1]), and (6.24)), we arrive

[duo)(ddz; A dE;) {_ Siwramer? « oy @(@) H'(dz) ifi=2,j=1
’ 0

if not

where
o) = [ ol €m) £1d6)

for z € {(z1,29) € R* : x; = 0}. By Fubini’s Theorem,

dul(@desnds) = [ [ 00,22, 61.p2) oo dy

On the other hand, from and we write
[duo](¢d; A dE;) = / m(f)/ ¢(, ) (dws, Tn(€))H (dx)(d€;, 7 (€))H' (d€)
So £(8)

From the fact that [dug|(¢dz; A d€;) = 0 for (i,j) # (2,1), we conclude that
(&) = teq, 7,(§) = +e; for H! a.e. € € Sy, which includes the claim (6.37).
And by comparing the above two identities for [dug|(¢pdzs A d€;) we deduce
, and as already noted, follows.

7. Let A= {x € Q: wis affine in some neighborhood of z}. To com-
plete the proof, it remains to show that if a ¢ (AU Jp,), then there exists
a line segment /¢, passing through a and meeting 02 at both endpoints, such
that every point every point of ¢, is a Lebesgue point for Du, and

(6.38) Du(z) = Du(a) for all x € /,,.

7.1 We first prove that there is a subset of T, of full H! measure, say T'?,
such that

(6.39) if £ € I'? then Du(x) = ¢ for every x € (Uil;(§)) \ Tpu-

We will use the notation f,;(§) = He¢(¢pdx;). Recall that f,; : ', — R
is ‘H!'-measurable for i = 1,2 and every ¢ € Cy(Q x R?), which denotes as
usual the sup-norm closure of C2°(2 x R?). Let {¢1}72, C C°(Q x R?) be a
countable dense subset of Cy(Q x R?). We fix € > 0, and for each k = 1,2, ...,
we apply Lusin’s Theorem to find that there exists a set F) C I', such that
HY(Ey) < €27%, and such that the restriction to ', \ Ej of fer,i 18 continuous
fori =1,2. Let B, := UE}, and let I'{ :=I',\ E.. It follows that the restriction
to IS of & — H¢(¢dx;) is continuous for every ¢ € Co(Q2 x R?) and i = 1,2,
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and also that H'(E.) = H([', \ %) < . By discarding a set of H' measure 0
from I'¢ if necessary, we can arrange that

(6.40) HY((T)NBy(E) >0 Vs>0

for every £ € T, while preserving the condition H*(T', \ %) < e. We claim
that

(6.41) if £ € T¢, then Du(a) = £ for every a € (Uil;(£)) \ Tpu-

This will prove (6.39), since if we define ') = U, for some sequence ¢ — 0,
then (6.41)) implies that I') has the properties required in ([6.39).

To prove (6.41)), fix £ € TS and a € (U;l;(€)) \ Tpu. Step 3 shows that, in
order to prove that Du(a) = &, it suffices to show that & € Im}(a) for every
good r < dist (a,d9). Fix some such r, and fix a smooth ¢ dx; with compact
support in B,(a) x R? such that H¢(¢dx;) # 0. This is possible because a €
¢;(§) for some i. Since fy; is continuous in I, we deduce that He (¢ dz;) # 0
for all ¢’ € T'¢ sufficiently close to . For such &', it follows that Uf;(£') must
intersect B,.(a), or equivalently that &' € S,(a). Thus implies that every
neighborhood of ¢ intersects S, (a) in a set of positive measure, and hence (in
view of (6.11])) every neighborhood of £ contains points of Im?(a). But Im;(a)
is closed, so £ € Im}(a), and follows.

7.2. Note that if £ € T? then for every i, either £;(§) C Jp, or fi(x) N
JIpu = 0. Indeed, if £;(§) ¢ JTpu, then since ;(x) is a line segment, and Jp,
is also a union of line segments, ¢;(§) and Jp, can only intersect transver-
sally. But this would imply that Du jumps where ¢;(§) crosses Jp,, which is
impossible, since Du = £ on £;(€) \ Jpu.

Similarly, if £, € T'? and ¢;(€),¢;(¢') do not intersect Jp,, then £;(£) N
0;(&) = 0, since if a € €;(§) N £;(£), then a is a Lebesgue point of Du with
Du(a) = £ = ¢, which is clearly impossible.

Thus if £,& € T?, then 4;(€) and £;(£') either coincide or are disjoint.

7.3. Now fix a € Jp, U A. In view of , ,

0 < H'(Im:(a)) = H*(S.(a)) =0 asr—0,

Let S*(a) = S,(a)NIm*(a)NT?, and let £, = {£:(§) : € € S¥(a), L:(§)NB,(a) #
0}. For ¢ € L,, let 7, denote a unit tangent vector. We have just argued that
these segments are pairwise disjoint. This implies that if r is small enough,
then the signs of these tangent vectors can be chosen so that 7 - 7 > % for all
¢, 0" € L,, and then it further follows from disjointness that there exists some
unit vector 7 such that

sup |7 — 7| — 0 as r — 0.
LeLly

Let ¢, denote the segment passing through a with unit tangent 7. Note that
¢, is not a subset of [Jp,, since by assumption a € Jp,. So ¢, can only
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intersect [Jp, transversally. If this occurs, then there must exist some ¢ € L,
that intersects Jp, transversally, which is impossible. So every point of /, is
a Lebesgue point of Du.

We finally argue that Du(z) = Du(a) for every x € ¢,. To see this, recall
first from Step 3 that

(6.42) sup |£ — Du(a)] < sup | — Du(a)] —0 as 1 — 0.
£€Sr(a) ¢Sz (a)

Fix x € £, and, given ¢ > 0, fix p > 0 so small that |{ — Du(z)| < ¢ for all
§ € Im;(r). Since the tangents to segments in £, converge to 7 as r — 0, it
is clear that for r sufficiently small, every ¢ in £, must intersect B,(x), which
implies that S}(a) C S,(x) for r sufficiently small. Then implies that
Im’(x) N .S} (a) # 0 for r sufficiently small. Then

|Du(a) — Du(z)| < sup  [|Du(a) —&[ + |€ — Du(z)|]
§eSk(a)nim(z)

<e+ sup |Du(a)—¢& —e asr—0.
£eS7(a)

Since ¢ is arbitrary, the conclusion follows.
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