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Abstract. We survey a family of problems in which one seeks to prove that, for a
complex-valued function solving a semilinear partial differential equation, energy concen-
trates around a codimension 2 submanifold solving a geometric problem. The equations
in question arise from physical models, and the energy concentration sets are often natu-
rally interpreted as “quantized vortex filaments.” One can hope to describe these vortex
filaments in a variety of types of PDE, including elliptic (describing an equilibrium of a
physical system), parabolic (often describing flow toward an equilibrium) and hyperbolic
or dispersive (describing different kinds of oscillations and wave propagation). There are a
large number of results about elliptic and parabolic equations, although some significant
open problems remain, and less is known about hyperbolic and (especially) dispersive
equations.
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1. Introduction

In this note we survey a class of problems in which one seeks to establish a relation-
ship between complex-valued functions solving certain semilinear partial differen-
tial equations in a domain of dimension N ≥ 3, on the one hand, and codimension
2 submanifolds of RN that solve certain geometric problems, on the other hand.

The relationship that we have in mind can be informally stated in a number of
related ways, including for example:

“most level sets of solutions of the PDE are either nearly trivial or

close to a solution of the geometric problem.”

or

“energy of solutions of the the PDE concentrates around

a submanifold solving the geometric problem.”

∗The author’s research was supported by the National Science and Engineering Research
Council of Canada under Operating Grant 261955.
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One can attempt to prove this sort of statement for equations of elliptic, parabolic,
hyperbolic or Schrödinger type, and one would expect the associated geometric
problem to have the same type as the semilinear PDE. Many results of this sort
are known for elliptic and parabolic equations, and much less is known about the
hyperbolic and Schrödinger cases.

We will focus on these sorts of questions for equations related to the (scaled)
Ginzburg-Landau1 functional

Eε(u) := 1
| ln ε|

∫
Ω

|∇u|2

2
+

1

4ε2
(|u|2 − 1)2, u ∈ H1

loc(Ω;C) (1)

where we take Ω to be an open subset of RN for some N ≥ 3; for evolution
equations we normally take Ω = RN . In this context, it is often natural to interpret
an energy concentration set as a “quantized vortex filament”. We are interested
in this functional, and in the equations below, when 0 < ε� 1.

Associated to Eε(·) we can consider the equations

−∆u+
1

ε2
(|u|2 − 1)u = 0 (2)

ut −∆u+
1

ε2
(|u|2 − 1)u = 0 (3)

utt −∆u+
1

ε2
(|u|2 − 1)u = 0 (4)

i| log ε|ut −∆u+
1

ε2
(|u|2 − 1)u = 0. (5)

The scaling factor | ln ε| in (5) will be motivated later. These are, respectively

• the Euler-Lagrange equation for Eε;

• the L2 gradient flow for Eε;

• the Euler-Lagrange equation for the Minkowskian analog of Eε, in which the
term |∇u|2 is replaced ηαβ ∂αu ∂βu, where η denotes the Minkowski metric;

• an infinite-dimensional Hamiltonian system for which the Hamiltonian is
exactly the Ginzburg-Landau energy Ee. This equations is known as the
Gross-Pitaevskii equation.

For (4) or (5) in high dimensions, it is convenient to replace the nonlinearity
(|u|2−1)u by one of the form f(|u|2)u, where sign(f(s)) = sign(s−1), and satisfying
growth conditions that render the equation globally well-posed in the energy space.

When one considers the geometry of codimension 2 submanifolds, the formal
counterpart of the Ginzburg-Landau functional is simply the functional that asso-
ciates to a submanifold its N − 2-dimensional Hausdorff measure:

A(Γ) := HN−2(Γ), Γ a codimension 2 submanifold of Ω ⊂ RN . (6)

1“Ginzburg-Landau” is in some ways a misnomer, but a common and convenient one, and one
that we will use frequently.
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A precise asymptotic relationship between Eε and A (or rather, an extension of A
to a more suitable functional setting) is described in Section 3 below. Associated
to this functional, parallel to the above, we can consider the following family of
problems for codimension 2 submanifolds of Ω, or of (0, T ) × Ω, in the case of
evoution problems:

mean curvature = 0 (7)

velocity - mean curvature = 0 (8)

Minkowskian mean curvature = 0 (9)

velocity - J(mean curvature) = 0. (10)

These are, at least on a formal level

• the Euler-Lagrange equation for A;

• the L2 gradient flow for A;

• the Euler-Lagrange equation for the Minkowskian analog of A;

• an infinte-dimensional Hamiltonian system for which the Hamiltonian is ex-
actly the N − 2 area functional A.

In the Schrödinger-type flow (10), at a point p in an oriented codimension 2 sub-
manifold Γ ⊂ RN , we write J for the operator NpΓ → NpΓ corresponding to
rotation by 90 degrees in the 2-dimensional normal plane NpΓ to Γ at p, with the
sense of the rotation fixed in some way using the orientation of Γ. In the physical
case N = 3, which is also the only case in which anything nontrivial is known
about (10), the equation reduces to the binormal curvature flow of curves, which
can be written parametrically in the form

∂tγ = ∂sγ × ∂ssγ, |∂sγ|2 = 1

for γ : R ×M1 → R3, where M1 is the circle or the real line. Here ∂ssγ is the
curvature vector of the curve at the point γ(t, s), and J = ∂sγ× .

As we will recall, results relating the elliptic problems (2) and (7), and the
parabolic problems (3) and (8), began to appear 20 or more years ago, and for
both classes of problems, deep and definitive results about certain questions have
been known for more than 10 years. Nonetheless, some open problems remain even
in these classical areas. Another issue that has been well-understood for more than
10 years is the convergence, in a suitable sense, of the family of functionals Eε → A,
as ε→ 0. Much less is known about the wave and Schrödinger problems, and the
few existing results are mostly rather recent.

We close this introduction by mentioning some of the many related problems
that we will not discuss in any detail. These include

• questions about relationships between real-valued functions solving equations
like (2) - (4), and hypersurfaces solving geometric problems like (7) - (9). (In
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this setting there is no Schrödinger equation, and no notion of binormal).
There is a huge body of literature on these problems, which are better-
understood than the questions about C-valued functions and codimension 2
submanifolds on which we focus.

• gauge theoretic versions of the above problems. These are significant in many
physical applications. In general, for the family of questions that we consider,
there are a number of results about U(1) gauge theories, such as the Abelian
Higgs model, whereas much less is known about nonabelian gauge theories.

• parallel relations betwen functions Ω ⊂ R2 → C and codimension 2 subman-
ifolds of Ω, i.e. collections of points. In this situation, the functional that
governs the geometry of the submanifolds, corresponding to A, simply counts
the number of points, and the ε→ 0 limit of solutions of equations such as (2)
- (5) is governed, at least in certain situations, by the “next-order” energy,
which involves interactions between points, see [7].

2. vorticity, energy, and balance laws

2.1. some physical quantities. The equations that we study arise in
quantum physics, as models of wave functions associated to superfluids (5) or sim-
plified models (in which the magnetic field is neglected) of superconductors (2),
(3). In these settings, the codimension 2 submanifolds in which we are interested
are naturally interpreted as “vortex submanifolds”.

Indeed, in models coming from quantum mechanics, if u ∈ H1
loc(Ω;C) with Ω

an open subset of RN , we introduce the quantities

|u|2 := density (11)

eε(u) :=
|∇u|2

2
+

1

4ε2
(|u|2 − 1)2 = energy density (12)

ju := − i
2

(ū du− u dū) = momentum 1-form (13)

Ju :=
1

2
d ju = vorticity 2-form. (14)

When considering the wave equation (4) we will also encounter the quantity

`ε(u) :=
−|∂tu|2 + |∇u|2

2
+

1

4ε2
(|u|2 − 1)2, (15)

which is just the Minkowskian analog of the energy density. The names that we
have given in (11) - (14) are reasonable on physical grounds. The definition of
vorticity has the appealing feature that if we write u = u1 + iu2, then

Ju = du1 ∧ du2 =
∑
i<j

(∂iu
1∂ju

2 − ∂iu2∂ju
1)dx1 ∧ dxj

= the pullback by u of the area form on C. (16)
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Thus Ju is a sort of Jacobian determinant, which motivates the notation Ju. This
has a couple of useful consequences. First, if N = 3 and we identify the vorticity
vector field as the one dual to Ju in a rather natural sense, then

vorticity vector field = ∇u1 ×∇u2,

and it follows that integral curves of the vorticity vector field are exactly level
curves of u, where u is smooth enough and nondegenerate. In RN , it is similarly
true that where u is smooth and nondegenerate, one can associate to the vorticity
2-form a distribution of N−2-planes, and that level sets of u are integral manifolds
of the vorticity distribution. It also follows from (16) that if

ϕ ∈ DN−2(RN ) := {smooth, compactly supported N − 2-forms on RN }

then ∫
RN

ϕ ∧ Ju =

∫
z∈C

(∫
u−1{z}

ϕ

)
d area (17)

if u is smooth enough, in which case u−1{z} is a smooth N − 2-dimensional sub-
manifold with a natural induced orientation, for almost every z ∈ C. Formulas of
the above sort continue to hold for less smooth u, including u ∈ H1(Ω;C), provided
the integrals

∫
u−1{z} ϕ on the right-hand side are understood in a suitable (weak)

sense.

2.2. how to picture a vortex filament. The simplest solutions of the
elliptic Ginzburg-Landau system (2) that possess a “vortex filament” have the form

uε(x1, . . . , xN ) = f(
r

ε
)eiθ, where r =

√
x2

1 + x2
2 and eiθ =

x1 + ix2

r
(18)

for some smooth f , which among other attributes2 satisfies

f(0) = 0, f ′ > 0, f(s)→ 1 as s→∞. (19)

More generally, formal expansions of the equations (2)-(5) suggest that at least
some solutions should, to leading order, resemble a function of the form (18),
(19), in a suitable coordinate system adapted to the local geometry of some vortex
submanifold, and possibly perturbed by a multiplicative phase or in other ways.

It is straightforward to compute the limiting behaviour, as ε→ 0, of quantities
such as the vorticity and energy density for a family of functions of the form (18),
(19). One finds that, writing Γ := {x ∈ RN : x1 = x2 = 0},∫

φ
eε(uε)

| log ε|
−→ π

∫
Γ

φ dHN−2 for all φ ∈ Cc(RN ) (20)∫
ϕ ∧ Juε −→ π

∫
Γ

ϕ dHN−2 for all ϕ ∈ DN−2(RN ) (21)∫
S :
∇uε ⊗∇uε
| log ε|

−→ π

∫
Γ

S : P⊥ dHN−2 for all S ∈ Cc(RN ;MN×N ) (22)

2In fact f solves the equation −f ′′ − 1
r
f ′ + 1

r2
f + 1

ε2
(f2 − 1)f = 0, the details of which will

not matter for our discussion.
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as ε→ 0. In the final assertion above.

• ∇uε ⊗∇uε is the matrix whose i, j entry is 1
2 (uxi ūxj + ūxiuxj ),

• A : B denotes the inner product A : B = Tr(ATB) in the space MN×N of
N ×N matrices,

• at x ∈ Γ, P⊥(x) denotes the matrix corresponding to projection onto the
2-dimensional normal space (TxΓ)⊥.

More generally, the same formal computations mentioned above suggest that
(20) - (22) may hold, under good conditions, for sequences of solutions of (2) - (5)
(with some modifications for the wave equation (4)), for some Γ that is enough
like an N − 2-dimensional submanifold that one can at least define some version
of TxΓ almost everywhere, and hence make sense of P⊥.

2.3. some balance laws. In every case, some parallels between the equa-
tion and the geometric problem are visible on the level of balance laws. These
can be seen as providing insight into known connections, and lending support to
conjectured connections, between the PDEs and the geometric problems.

On the PDE side:

• a solution uε ∈ H1(Ω;C) of the elliptic equation (2) satisfies∫
∇X : (I − ∇uε ⊗∇uε

eε(uε)
)
eε(uε)

| log ε|
dx = 0 for all X ∈ C∞c (Ω;RN ).

(23)
(This, and the identities below, are written in a way that seeks to emphasize
their similarities to the geometric balance laws that follow.)

• a smooth solution uε : (0, T )×RN → C of the parabolic equation (3) satisfies

d

dt

∫
φ
eε(uε)

| log ε|
dx = −

∫
φ
|∂tuε|2

| log ε|
dx −

∫
∇2φ : (I−∇uε ⊗∇uε

eε(uε)
)
eε(uε)

| log ε|
dx

(24)
for all φ ∈ C∞c (RN ).

• a smooth solution uε : (0, T )× RN → C of the wave equation (4) satisfies∫
DX : (η − (η Duε)⊗ (η Duε)

`ε(uε)
)
`ε(uε)

| log ε|
dx dt = 0 (25)

for X ∈ C∞c (R1+N ;R1+N ), where Du = (∂tu,∇u) and η = diag(−1, 1, . . . , 1)
represents the Minkowski metric. This is in fact the exact counterpart of (23)
in Minkowski spacetime.

• Finally, a smooth solution uε : (0, T ) × RN → C of the Gross-Pitaevskii
equation (5) satisfies

d

dt

∫
ϕ ∧ Juε =

∫
∇(?dϕ) :

∇uε ⊗∇uε
| log ε|

dx for all ϕ ∈ DN−2(RN )

(26)
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where ∇(?dϕ) denotes the N × N matrix obtained as the gradient of the
vector field ?dϕ that is dual in a natural way to the N − 1-form dϕ. In
particular, if N = 3 and we identify the 1-form ϕ with a vector field, then
we may identify ∇(?dϕ) with the 3× 3 matrix ∇(∇× ϕ).

The factor of | log ε|−1 on the right-hand of (26) side is more or less necessary,
for our purposes (compare (22)), and can be seen as the reason for our choice of
scaling for the Gross-Pitaevskii equation (5).

On the geometric side, we have a family of balance laws with very similar
structure.

• A smooth minimal surface Γ ⊂ Ω satisfies an identity we can write as∫
Γ

∇X : (I − P⊥) dHN−2 = 0 for all X ∈ C∞c (Ω;RN ). (27)

• if (Γt)t∈(0,∞) is a smooth family of codimension 2 submanifolds evolving by
mean curvature (8), then

d

dt

∫
Γt

φ dHN−2 = −
∫

Γt

[
φ|H|2 +∇2φ : (I − P⊥)

]
dHn−2dx (28)

for all φ ∈ C∞c (RN ), where H denotes the mean curvature vector along Γt.

• If Γ is a smooth timelike submanifold of R1+N with vanishing mean curvature,
then∫

Γ

DX : (η−P⊥mink) dλ1,N−2 = 0 for all X ∈ C∞c (R1+N ;R1+N ) (29)

where λ1,N−2 denotes the Minkoskian area measure on a codimension 2 sub-
manifold, see (38) below, and P⊥mink denotes projection with respect to the
Minkowski metric onto the (Minkowskian) orthogonal complement of T(t,x)Γ.

Explicitly, the integrand can be written ∂αXβ(ηαβ − nα1n
β
1 − nα2n

β
2 ), where

n1, n2 satisfy ηαβn
α
i n

β
j = δij and ηαβn

α
i τ

β = 0 for all τ ∈ T(t.x)Γ. Identity
(29) is in fact the exact counterpart of (27) in Minkowski spacetime.

• if (Γt)t∈(0,∞) is a smooth enough family of codimension 2 oriented submani-
folds evolving by binormal mean curvature (10), then

d

dt

∫
Γt

ϕ =

∫
Γt

∇(?dϕ) : P⊥ dHN−2 for all ϕ ∈ DN−2(RN ). (30)

2.4. passage to limits on a formal level. Note that if one has
a sequence of solutions (uε)ε∈(0,1] of the elliptic equation (2) for which one is
somehow able to verify that (20), (22) hold for some limiting Γ, then one can
directly deduce from (23) that the limiting Γ satisfies (27).
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It is similarly true for the Gross-Pitaevskii equation (5) that the identity (26)
should rather directly converge to the identity (30), if one has a sequence of so-
lutions that can somehow be shown to satisfy (21) and (22) at every t, for some
limiting family (Γt)t∈(0,T ). Of course, one would expect this to be much harder
for an equation of Schrödinger type than for an elliptic equation, and indeed this
seems to be the case.

For the parabolic equations, to carry out a parallel (or perhaps slightly weaker)
passage to the limit, one needs both to know that (20), (22) hold, and to relate
the L2 density |∂tuε|2 of the velocity field to the squared mean curvature of the
limiting object, and for the hyperbolic equation, one needs Lorenz-invariant analogs
of (20), (22). So the parallels between the PDEs and the geometric problems are
more subtle for these models, on the level of balance laws, but still plainly visible.

2.5. the necessity of geometric measure theory. In the ε →
0 limit of equations (2) - (5), the energy/vorticity concentration sets associated
to a sequence of solutions are known or believed not to be smooth embedded
submanifolds, but rather to have singular points for suitable data. Thus any
attempt to describe the global geometry of these concentration sets must employ
a notion of solution of the associated geometric problem that is insensitive to
singularities. So one is naturally lead to consider weak solutions of the geometric
problems (7) - (10).

For submanifolds of codimension at least 2, geometric measure theory provides
the most natural3 framework for studying these weak solutions. Indeed, the balance
laws (27) and (28), which appear to have some natural affinity with corresponding
PDE identities (23) and (24), form the basis for the definitions of stationary varifold
and Brakke flow — these are geometric measure theory notions of weak solutions
of the minimal surface problem and motion by mean curvature, respectively.

In other words, if one is somehow able to carry out the passage to limits dis-
cussed in Section 2.4 above, in the elliptic case, the object one ends up with, satis-
fying (27) or some relaxed version thereof, is exactly a stationary varifold. And in
the parabolic case, when a parallel passage to limits can be justified, one ends up
with an object satisfying (a suitable relaxed version of) the balance law (28), and
such an object is exactly a Brakke flow. As we describe below, this program has
been carried out for both elliptic and parabolic equations, prominently in work of
Bethuel and collaborators, such as [8, 12]. (This strategy was first implemented
in a pioneering paper of Ilmanen [30] concerning the scalar Ginzburg-Landau heat
flow.) A key ingredient in papers such as [8, 12] is provided by measure-theoretic
analysis of Ambrosio and Soner [3], which shows roughly speaking that the de-
sired conclusions follow in the parabolic (and hence elliptic) cases if one can prove
suitable lower density bounds on the limiting energy measure.

In a similar way, the identities (29) and (30) can serve as the basis for defini-
tions of weak solutions of the hyperbolic and Schrd̈onger type geometric evolution

3In the case of scalar equations and hypersurfaces, notions of weak solution based on the
maximum principle are available at least for elliptic and parabolic problems, and provide an
alternative framework for the sort of questions we consider here, see for example [27].
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problems (9) and (10). Such weak solutions, motivated in part by the problems
that we consider here, have begun only very recently to be developed, see [5] and
[35] respectively.

3. convergence of functionals

The following theorem makes precise a sense (known as Gamma-convergence) in
which the Ginzburg-Landau functionals Eε converge to the codimension 2 area
functional in the limit as ε→ 0. Some definitions from geometric measure theory,
used in the statement of the theorem, are collected in Appendix A. For now we
simply note that an “i.m. rectifiable boundary” may be thought of as a possibly
non-smooth, oriented, homologically trivial “submanifold” of RN , and the mass
M(·) is the natural generalization to this setting of the area functional A(·) ap-
pearing above. In particular, to every smooth, embedded, oriented submanifold
M ⊂ RN , one uniquely may associate an i.m. rectifiable boundary TM , and then
M(TM ) = A(M).

Theorem 3.1. Let Ω be an open subset of RN , N ≥ 3.

1. compactness. If (uε)ε∈(0,1] is a sequence in H1(Ω;C) such that

lim sup
ε→0

Eε(uε) <∞

then there exists a subsequence εk and an N−2-dimensional i.m. rectifiable bound-
ary Γ in Ω, such that

‖Juεk − πΓ‖C0,α
0 (Ω)∗ → 0 for all α ∈ (0, 1]. (31)

2. lower bound. If (uεk)k∈N is a sequence in H1(Ω;C) such that (31) holds
for some N − 2-dimensional i.m. rectifiable boundary Γ, then

lim inf
k→∞

Eεk(uεk) ≥ πM(Γ). (32)

3. upper bound. If Γ is any N − 2-dimensional i.m. rectifiable boundary in
Ω, then there exists a sequence (uε)ε∈(0,1] in H1(Ω;C) such that (31) holds (without
passing to a subsequence) and

lim
ε→0

Eε(uε) = πM(Γ). (33)

Moreover, whenever both (31) and (33) hold, one has

1

π| log εk|
eεk(uεk) ⇀ µΓ weakly as measures, as εk → 0, (34)

where µΓ is the mass measure associated to Γ, see Appendix A.
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The compactness and lower bound assertions were first proved in [37], and the
upper bound is due to [1], which in fact proved substantially more general results
and also presented new proofs of the other parts of the theorem. A key ingredient
in both proofs is provided by “vortex ball” constructions and associated estimates
from [31, 52]. Some of the results in these references assume that Ω is bounded,
but this restriction is unnecessary and has been dropped in later work.

Remark 3.2. The theorem implies various bounds for the vorticity Juε in terms
of the energy Eε(uε). For example, arguments in [37] easily imply that there exists
some α,C > 0 such that for any compact K ⊂ Ω,

lim sup
ε→0

‖ηεα ∗ Juε‖L1(K) ≤ CEε(uε).

Here ηεα is a smoothing kernel supported on a ball of radius εα. This should be
contrasted with the obvious estimate

‖Juε‖L1(Ω) ≤ C

∫
Ω

|∇uε|2 ≤ C| log ε|Eε(uε),

which is sharp in the sense that for any ε ∈ (0, 1], one can construct uε such that
‖Juε‖L1(Ω) ≥ c| log ε|Eε(uε).

Thus, the energy (scaled as above) does not control the total vorticity ‖Juε‖L1 .
But by averaging on appropriate small scales, one can exploit cancellations to gain
a factor | log ε|−1 � 1 (when ε≪ 1), and as a result L1 norm of the “macroscopic
part” of the vorticity ηεα ∗ Ju is indeed controlled by the energy.

Remark 3.3. The convergence in Theorem 3.1 is weak enough that is does not
imply anything about convergence of solutions of any of the evolution equations (3)-
(5) to the geometric evolution problems (8)-(10), and has only limited implications
about convergence of the elliptic problems, as we discuss below. Nonetheless,
estimates from Theorem 3.1 and related results provide an important ingredient in
many results about the elliptic or parabolic problems, and in all the (much smaller
number of) known results about wave and Schrödinger problems.

4. elliptic problems

One can ask two sorts of questions about the relationship between the elliptic
Ginzburg-Landau equation (2) and the geometry of minimal surfaces:

• Given a solution of (2) with 0 < ε � 1, or a sequence of such solutions,
do the energy and/or vorticity concentrate near a surface of vanishing mean
curvature?

• Given a surface of vanishing mean curvature, can one find a solution of (2)
with 0 < ε� 1 whose energy and/or vorticity concentrate nearby?
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4.1. associating minimal surfaces to solutions of (2). Theorem
3.1 directly implies that for sequences of energy-minimizing solutions uε of (2) with
appropriate boundary data, the energy and vorticity concentrate, in the sense of
(31) and (34), around a mass-minimizing current. In particular, statements of
this type are proved in [1], when one considers the Dirichlet problem for (2) with
boundary data in the natural Sobolev space H1/2(∂Ω;C).

However, both the earliest and the strongest results linking the elliptic Ginzburg-
Landau equation with the minimal surface problem rely not on purely variational
techniques, but instead mostly4 on PDE arguments, including powerful elliptic
regularity results tailored to the Ginzburg-Landau setting, initiated and developed
by [50, 43, 45] among others. Mature results in this direction, such as [15, 8, 9, 10],
show for example that for any sequence (uε)ε∈(0,1] of solutions of (2), not necessar-
ily energy-minimizing and satisfying only uniform bounds on the rescaled energy

Eε(uε) ≤ C (35)

one can extract a subsequence such that (31) holds, and moreover eε(uε) ⇀ µ∗
weakly as measures, where µ∗ is a Radon measure that is concentrated and bounded
from below on the support of Γ, and has vanishing (generalized) mean curvature in
what is known as the varifold sense. This result states exactly that the measure µ∗
satisfies a relaxed5, measure-theoretic version of the identity (27) discussed above.

4.2. associating solutions of (2) to minimal surfaces. Surpris-
ingly little is known about the complementary problem. The simplest nontrivial
questions of this sort, in the Ginzburg-Landau context, arise when Ω is a smooth,
bounded, simply connected, open subset of R3. Then for p, q ∈ ∂Ω we write

`(p, q) := the (open) line segment from p to q, d(p, q) := |p− q|.

We say that `(p, q) is a local minimizer of the “arclength functional”A if `(p, q) ⊂ Ω
and the pair (p, q) is a local minimizer of d : ∂Ω × ∂Ω → R. (Thus, we are
considering the arclength functional A with “natural boundary conditions”), We
can similarly define a critical point of A, nondegenerate critical point, isolated local
minimizer, and so on. One can then ask, given some critical point of A (possibly
satisfying other hypotheses), can one find a nearby solution of the elliptic Ginzburg-
Landau system (2) (also with natural boundary conditions, which we tacitly assume
for the duration of this section)?

A satisfactory answer to this question is known only when `(p, q) is an isolated
local minimizer of A. In this case, it was proved in [46] that for any θ ∈ N, there
exist (locally energy-minimizing) solutions (uε)ε∈(0,ε0] whose vorticity and energy
concentrate in the sense of (31), (34) about the 1-current Γ of constant multiplicity
θ associated to the segment `(p, q).

4Pure PDE techniques are often supplemented by variational estimates. In particular, a
common strategy, first developed in [6], studies the 1-form ju, defined in (13), by a Hodge
decomposition, with control over d∗ju coming directly from the PDE, and control over d ju = 2Ju
coming from Theorem 3.1 or related estimates, which do not use any equation.

5For example, the measure can have non-constant multiplicity on Γ, and tangent planes may
be understood in a weak sense.
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The main ingredients in [46] are Theorem 3.1 above and the general Kohn-
Sternberg scheme for relating local minimizers and Gamma-convergence [40], and
the proof would extend with no difficulties to yield Ginzburg-Landau local mini-
mizers in other, more general situations where one has an i.m. rectifiable boundary
Γ that is an isolated local minimizer of the mass functional M( · ) with respect to
suitable boundary conditions.

However, as soon as one considers more general critical points6 only much
weaker results are available. In fact, all that is known about this is that if `(p, q)
is a nondegenerate critical point of A, then there exists a sequence (uε)ε∈(0,ε0] of
solutions to the Ginzburg-Landau equations (2) such that

1

π
Eε(uε)→ d(p, q). (36)

This is consistent with the energy and vorticity concentrating around `(p, q) in
the sense of (31), (34), but is a much weaker statement — one about conver-
gence of critical values rather than convergence of critical points. These facts are
proved in [39], which establishes a general result relating critical points of a limit-
ing functional with those of a sequence of functionals that converges in the sense
of Gamma-convergence, then deduces the results described above from Theorem
3.1.

Some related open problems include:

• The paper [46] mentioned above shows that it can happen that θ > 1 vor-
tex filaments cluster around a segment `(p, q). Can one give a more precise
description of the way in which this clustering occurs? An interesting con-
jecture and suggestive computations are given in [20].

• Can one improve the results of [39] to construct solutions of (2) for which
vorticity and energy can be proved to concentrate around the segment `(p, q)?

It is worth noting that questions of this sort are very well-understood when
one considers scalar semilinear elliptic equations and minimal hypersurfaces; see
for example [23, 24] and [49, 41, 21, 22] respectively, which establish very strong
results by some version of Lyapunov-Schmidt reduction. These techniques seem to
be difficult to implement, however, for Ginzburg-Landau equations (for C-valued
functions), due in part to poor spectral properties of certain linearized operators
and (related) difficulties in controlling the phase of complex-valued functions.

5. parabolic problems

The balance laws (24) and (28) mentioned above play an important role in work on
the convergence of the parabolic Ginzburg-Landau system (3) to the codimension
2 mean curvature flow (8).

6For example, if p, q are two points in ∂Ω such that d(p, q) = diam(Ω) and `(p, q) ⊂ Ω, then
`(p, q) is a critical point, but not a local minimizer, of the arclength functional.
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In particular, the first results in this direction (see [38, 42]) employ an argument
first developed by Soner (see the 1995 lectures [56] for the case of a scalar Ginzburg-
Landau heat flow) which deduces strong results rather directly from the balance
law (24). The main point is a computation which shows that if (Γt)t∈[0,T ] is a
codimension 2 mean curvature flow, smoothly embedded in RN for every t ∈ [0, T ],
then there exist constants C, δ > 0, depending on the geometry of (Γt)t∈[0,T ] but
independent of ε ∈ (0, 1], and a smooth function η such that

η(t, x)

{
= 1

2 dist2(x,Γt) if dist(x,Γt) ≤ δ,
≥ 1

2δ
2 if not,

and
d

dt

∫
RN

η(t, x)
eε(uε)

| log ε|
dx ≤ C

∫
RN

η(t, x)
eε(uε)

| log ε|
dx (37)

for 0 ≤ t < T , for any solution uε of the Ginzburg-Landau heat flow (3) on RN .
It then follows by Grönwall’s inequality that if the energy eε(uε) is concentrated
around Γ0 at time t = 0, in the sense that∫

RN
η(0, x)

eε(uε)

| log ε|
dx→ 0 as ε→ 0

then it remains concentrated around Γt at time t, at least until the first time at
which Γt develops singularities or self-intersections.

The proof of (37) relies on the fact that when η is taken as a test function in
the balance law (24), certain remarkable cancellations occur. These are a conse-
quence of algebraic properties of η which encode the fact that it is built around a
codimension 2 mean curvature flow (8). Related ideas were used earlier by Ilmanen
[29] and Ambrosio and Soner [2] in proofs of results that establish compatibility
between the Brakke flow and other notions of weak solution of mean curvature
flow.

The strongest results on the parabolic equation (3) were established in a land-
mark paper of Bethuel, Orlandi and Smets [12], following important earlier con-
tributions such as [44, 57] and (particularly) the paper [3] of Ambrosio and Soner
mentioned above. Bethuel et al prove in [12] powerful regularity results which
imply that, given any sequence of solutions of the Ginzburg-Landau heat flow in
RN for any N ≥ 3, satisfying only uniform energy bounds (35) on the initial data,
one can find a subsequence for which the energy measures converge to a Brakke
flow, globally in t. As mentioned above, a Brakke flow is a measure theoretic weak
solution of the mean curvature flow, and is characterized by the fact that it satisfies
a relaxed version of the balance law (28).

Some significant questions are left open by the work described above. For
example,

• Assume that (uε)ε∈(0,1] is a sequence of solutions of the Ginzburg-Landau
heat flow in R3, and that the energy measures converge globally to a Brakke
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flow that can be identified, for 0 ≤ t < Tsing, with a smooth curve that
develops a self-intersection at time Tsing. The results described above show
that the energy concentration set is a weak solution of mean curvature flow for
all t, but can one say which weak solution emerges (maybe only generically)
from a self-intersection?

This seems to be a very difficult question, and should probably first be consid-
ered in the simplest possible situation, such as for nearly parallel vortex filaments.
A related problem, simpler but still very subtle, involving the collision of point vor-
tices in the 2d Ginzburg-Landau heat flow, has been analyzed in depth in works
of Bethuel, Orlandi, Smets [11, 13, 14] and Serfaty [54, 55].

Another question is:

• Is it possible to give a purely variational proof of the convergence of the
Ginzburg-Landau heat flow to codimension 2 mean curvature flow?

General criteria permitting the “Gamma-convergence of gradient flows” have
been developed in an important paper of Sandier and Serfaty [53]. These criteria
require variational convergence in a significantly stronger sense than is known from
the works summarized in Theorem 3.1 – a sort of “C1 Gamma-convergence” (see
[53]). An improvement of Theorem 3.1 of this sort might also shed some light on
questions discussed at the end of Section 4.

6. hyperbolic problems

We recall some aspects of the geometry of submanifolds of (1 + N)-dimensional
Minkowski space, which we write R1+N . Suppose that U = (a, b) × U , for U ⊂
RN−k open, and that Ψ : U → R1+N is a nondegenerate map of the form

(t, y) ∈ U 7→ Ψ(t, y) = (t, ψ(t, y)) ∈ R1+N

parametrizing a piece of a codimension k submanifold Γ. We will write

gab := ηαβ∂aΨα∂bΨ
β , a, b = 0, . . . , N − k, α, β = 0, . . . , N

(here and below, we identify y0 and t) for the induced metric on Γ, in local coor-
dinates, and

g = det(gab), (gab) = (gab)
−1.

A submanifold Γ is said to be timelike if the induced metric is everywhere Lorentzian
(that is, has signature (−,+, . . . ,+).) This holds if and only if g < 0 everywhere.
The Minkowskian area of a timelike submanifold is defined by

Amink
(
Ψ(U)

)
:=

∫
U

√
−g dy0 . . . dyN−k



Quantized vortex filaments 15

for the image of a coordinate patch, and more generally may be defined via a
partition of unity. In this setting, we also write λ1,N−k to denote the Minkowskian
area measure, defined by∫

Ψ(U)

f dλ1,N−k :=

∫
U
f(Ψ)

√
−g dy0 . . . dyN−k for f ∈ Cc(R1+N ). (38)

Note that all these definitions are independent of the parametrization.
The Minkowskian mean curvature vector Hmink is the first variation of the

Minkowskian area functional. In local coordinates it may be written as

Hmink =
1√
|g|
∂a

(√
|g|gab∂bΨ

)
.

For a timelike submanifold, the equation Hmink = 0 is a quasilinear hyperbolic
equation, in suitable coordinates.

Speculations about relationships between equations like the Ginzburg-Landau
wave equation (4) and Minkowskian minimal surfaces date back to the early ’70s
in the physics literature, starting with a seminal paper of Nielsen and Olesen [48],
and entered the (applied) mathematics literature through the formal asymptotic
analysis of Neu [47]. The first rigorous results about this problem were given
by Bellettini, Novaga and Orlandi [4], who showed that certain measure-theoretic
estimates, if they could be proved, would suffice to justify the passage to limits
from (25) to (29), or a relaxed version thereof, suitable for describing singular
surfaces of vanishing Minkowskian mean curvature.

The strongest results to date about the dynamics of vortex filaments in the
Ginzburg-Landau wave equation are summarized in the following.

Theorem 6.1. Let Γ ⊂ (−T, T )×RN be a smooth embedded timelike codimension
k = 2 submanifold such that Γt := {x ∈ RN : (t, x) ∈ Γ} is compact for every t
and Hmink(Γ) = 0.

Then for every ε ∈ (0, 1], there exists a solution of the Ginzburg-Landay wave
equation (4) such that for any T0 < T , there is a constant C, depending on Γ and
T0 but inependent of ε, for which∫

(−T0,T0)×RN
d̃2

(
|ut|2 + |∇u|2

2
+

(1− |u|2)2

4ε2

)
dt dx ≤ C (39)

where d̃(t, x) = min{1,dist((t, x),Γ)}, and∣∣∣∣∫ S : (η − (η Duε)⊗ (η Duε)

`ε(uε)
)
`ε(uε)

| log ε|
dx dt

−
∫

Γ

S : (η − P⊥mink) dλ1,N−2

∣∣∣∣ ≤ C

| ln ε|1/2
‖S‖W 1,∞ (40)

for all S ∈ C∞c (R1+N ;M (1+N)×(1+N)).
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The significance of (40) is that it not only establishes that the wave equation
balance law (25) converges to its geometric counterpart (29) as long as the asso-
ciated submanifold Γ remains smooth, but it also provides an estimate, in certain
negative Sobolev norms, of the rate of convergence.

Conclusion (40) implies in particular that∫
(−T0,T0)×RN

(
|ut|2 + |∇u|2

2
+

(1− |u|2)2

4ε2

)
dt dx ≥ c| log ε|.

In light of this, the first conclusion (39) shows that the logarithmically diverging
part of the energy concentrates near Γ, where d̃ vanishes.

In the definition of the function d̄ appearing in (39), for simplicity we under-
stand dist((t, x),Γ) with respect to the Eucliean metric on R1+N . One could also
use a Minkowsian notion of distance; in some way this would be more natural, but
it is a little harder to describe and in any case would yield an equivalent estimate.

Theorem 6.1 was proved in [32], which also proved similar results relating the
real scalar wave equation and timelike hypersurfaces with vanishing Minkowksian
mean curvature. These results were proved under additional topological restric-
tions on Γt; more recent work [28] has shown (among other extensions of results of
[32]) how to remove this assumption in the scalar case, and the arguments carry
over with no change to the situation described in Theorem 6.1. The proof is carried
out by weighted energy estimates in Gaussian normal coordinates adapted to the
submanifold Γ, where “normal” is understood with respect to the Minkowski met-
ric. It relies crucially on variational estimates, in the spirit of Theorem 3.1, that
establish certain strong stability properties of “vortex filaments”. The weighted
energy estimates implicitly use a form of the balance law (25).

We mention a few of the many related open questions.

• Is it ever possible to describe the dynamics of vortex filaments in solutions of
the Ginzburg-Landau wave equation, or related equations7, globally in time
or beyond the onset of singularities for associated geometric flow?

Any progress on this will almost surely require a more precise description of
vortex filaments than is given in [32], possibly involving a symplectic orthogonal
decomposition or similar ideas. Such an approach is followed in the only result of
this type that we know of, due to Cuccagna [16], who proves that for the real scalar
Ginzburg-Landau wave equation in 3 dimensions with initial data a very small,
smooth perturbation of a flat interface, solutions scatter to a flat interface. In this
situation the associated geometric dynamics are very nearly trivial. Techniques of
this general character were used in the first work [25] to show that interfaces in

7This question is probably easiest to address not for (4), but instead for some equation for
which better spectral estimates are available, such as the real scalar counterpart of (4) or for
a gauge theory such as the Abelian Higgs model, for which some results parallel to those of
Theorem 6.1 have been established in [18]. It might also be prudent to consider situations in
which the associated geometric evolution has good properties. For example, 1 + 1-dimensional
timelike surfaces of vanishing mean curvature admit a very explicit description, which for suitable
data yields nontrivial but very simple dynamics for large |t|.
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the real scalar analog of (3) evolve by (codimension 1) mean curvature flow, before
the onset of singularities.

• Recently, motivated in part by problems considered here, Bellettini, Novaga
and Orlandi [5] introduced the notion of Lorentzian varifolds, which in partic-
ular yields a definition of weak solutions of the equation “Hmink = 0” based
essentially on the balance law (29), and analogous to the classical theory of
(Euclidean) varifolds. Basic issues about this, such as weak-strong unique-
ness, remain open, and one may also wonder whether there is any prospect
for a reasonable (partial) regularity theory.

7. Schrödinger-type problems

Unlike the problems considered above, the validity of the (expected) relationship
between the Gross-Pitaevskii equation (5) and Schrödinger type geometric flow
(10) is almost completely open, and may be stated as the following

Conjecture 7.1. Let (Γt)t∈[0,T ] be a smooth compact embedded binormal curvature
flow8 in R3.

Then there exists a sequence (uε)ε∈(0,1] of solutions of the Gross-Pitaevskii
equation (5) in 3 space dimensions such that∫

ϕ ∧ Juε(t)→ π

∫
Γt

ϕ for all ϕ ∈ D1(R3). (41)

and ∫
φ
eε(uε(t))

| log ε|
dx → π

∫
Γt

φ dH1 for all φ ∈ Cc(RN ). (42)

One can more generally pose the conjecture in RN for N ≥ 3, once the equation
(5) is modified in a way that guarantees global well-posedness in the energy space.

A stronger form of the conjecture posits that for any sequence (uε)ε∈(0,1] of
smooth solutions of (5), conclusions (41),(42) are valid for all t ∈ [0, T ] as long as
they are satisfied when t = 0.

The main partial results toward the above conjecture (many, but not all, of
which are proved in RN for general N ≥ 3) are the following:

• it is known that there are families of translating solutions of (5) that converge
in the sense of (41), (42) to certain translating binormal curvature flows, see
[9, 17].

8Thus Γt is the oriented image of γ(t, ·) for some γ : [0, T ]× R→ R3 satisfying

∂tγ = ∂sγ × ∂ssγ, |∂sγ|2 = 1,

with γ(t, s) = γ(t, s+ `) for some ` > 0, and injective on {t} × [0, `) for all t ∈ [0, T ].
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• The conjecture is known to hold if (41), (42) hold when t = 0, and if Γ0 is
a circle, see [33].

• The conjecture holds for equivariant9 solutions of the Gross-Pitaevskii equa-
tion such that (41), (42) hold at time t = 0, and Γ0 is a finite union of circles.
(See [36], which in fact considers a slightly different problem, but the proof
applies with very minor modifications to the situation described here.)

• If (41), (42) hold when t = 0, then there exists a family of 1-dimensional i.m.
rectifiable boundaries (Λt)t>0 such that M(Λt) ≤M(Λ0) and, after passing
to a subsequence if necessary,∫

ϕ ∧ Juε(t)→ π

∫
Λt

ϕ for all ϕ ∈ D1(R3) (43)

for all t ≥ 0, see [33].

• Moreover, if M(Λt) = M(Λ0) for all t ∈ [0, T ], then Λt = Γt for t ∈ [0, T ].
(This follows from results of [33] combined with with the weak-strong unique-
ness theorem of [35] described below.)

These results employ a strategy based on attempting a rigorous passage to
limits from the balance law (26) for the Gross-Pitaevskii equation to the corre-
sponding balance law (30) for the binormal curvature flow. To fully implement
this strategy, one needs good estimates of the quantity∫

R3

S :
∇u⊗∇u
| log ε|

− π
∫

Γ

S : P⊥ dHN−2, S ∈ C∞c (RN ;MN×N ) (44)

compare (26) and (30). Refined variational estimates from [33], in the spirit of
Theorem 3.1, show that the quantity appearing in (44) can be controlled by some
combination of the vorticity and energy, but these estimates, which are essentially
sharp, are too weak to allow a straightforward passage from (26) to (30). These
unfavorable estimates, which are one major obstacle (among several) to the proof
of Conjecture 7.1, are related to the same bad spectral properties of certain lin-
earized operators that make Lyapunov-Schmidt reduction difficult for the elliptic
Ginzburg-Landau equations.

In the above framework, it is natural to consider a definition of weak solutions
of the binormal curvature flow — that is, the N = 3 case of (10) — based on
the balance law (30). One such definition was proposed in [33], and a slightly
improved notion of weak solution was recently put forward in [35], which establishes
some properties of this class of weak solutions, such as existence of solutions for
initial data which is merely a closed rectifiable curve, and the existence of solutions

9That is, solutions of the form u(t, x, y, z) = f(t, r, z)x+iy
r

, where r =
√
x2 + y2. Even with

this symmetry, vorticity concentration around several circles is much harder to analyze than the
case of non-equvariant solutions with vorticity concentrating around a single circle, in which
certain key technical obstacles can be circumvented.
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that exhibit change of topology. Such weak solutions need not be unique, but it
is shown in [35] that they enjoy a weak-strong uniqueness property — a weak
solution that agrees with a smooth solution (say, L∞([0, T ];W 3,∞(R/`Z;R3)) at
time t = 0 continues to do so as long as the smooth solution does not develop self-
intersections. This is proved by defining what might be called a relative entropy of
the weak solution with respect to the smooth solution, and showing that its growth
can be controlled; the proof thus shows not only weak-strong uniqueness, but also
that a weak solution that is close to a smooth solution at t = 0 (in a particular
sense) remains nearby for some interval of time. This argument has been adapted
in [34] to show that if u, v are Schrödinger maps S1 → S2 and v is smooth (say,
C([0, T ];H3(R/`Z;R3)) then

inf
σ∈T1

‖u− τσv‖L2 ≤ C(v)‖u0 − v0‖L2 .

This estimate is interesting partly because the equation supercritical in L2; the crit-
ical space is H1/2. Also, u is only required to belong to L∞([0, T ];H1/2(R/`Z;R3)
which, in addition to being a critical space, is more or less the weakest space in
which the equation can be given a meaning in the sense of distributions.

The most prominent open question in this area, and indeed in the family of
problems discussed in this paper, is Conjecture 7.1. But there are also a number
of interesting questions related to the binormal mean curvature flow and its weak
solutions, among them:

• Results of [35] imply in particular the existence of weak solutions of the binor-
mal curvature flow in 3 dimensions for initial data a regular planar polygon.
A very interesting numerical and theoretical study of this problem is carried
out in [19], which produces explicit formulas for candidate weak solutions
and investigates number-theoretic properties of these curves. Parallel be-
havior is well-understood for the linear Schrödinger equation on S1 (see for
example [51]), and also for periodic NLS with subcritical nonlinearities (this
can be treated as a perturbation of the linear case, see [26]), but remains
mysterious in the (supercritical) setting of the binormal curvature flow. A
first step could be to see whether the candidate solutions constructed in [19]
are in fact weak solutions in the sense of [35].

• As far as we know, nothing is established about well-posedness, or other
properties, of the binormal mean curvature flow when N ≥ 4, although the
equation may be seen as the canonical Schrödinger-type counterpart of the
(Eulidean and Minkowskian) minimal surface equations and mean curvature
flow.

A. Appendix

We recall some terminology from geometric measure theory, used in the statement
of Theorem 3.1 and elsewhere.
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A k-current in an open set Ω ⊂ RN is a bounded linear functional on the
space Dk(Ω) of C∞ compactly supported k-forms in Ω. An oriented k-dimensional
embedded submanifold M in Ω can be associated with the current TM defined by

TM (ϕ) :=

∫
M

ϕ for ϕ ∈ Dk(Ω). (45)

The space of k-currents also contains some objects that are a little less regular,
as well as many objects that are much less regular. We will encounter only the
former, an example of which is the current of the form

ϕ ∈ Dk(Ω) 7→
∫
F (A)

ϕ =

∫
A

F#ϕ (46)

where A is a compact subset of Rk and F : A→ RN is only Lipschitz (in general not
injective, for example), and F#ϕ denotes the pullback of ϕ by F . More generally,
an integer multiplicity10 rectifiable k-current is one that can be obtained as a limit
(with respect to the mass norm, defined below) of currents of the form (46). In
the case k = 1, such currents can always be written as

Γ(ϕ) =

∞∑
i=1

∫
γi

ϕ, ϕ ∈ D1(Ω) (47)

where γi is the (oriented) image of an injective Lipschitz map (0, 1) → RN , and
the collection (γi)

∞
i=1 has finite mass in the sense defined below.

Given a function u ∈ H1(Ω;C), we can associate to the vorticity Ju the N −2-
current defined by

ϕ ∈ DN−2(Ω) 7→
∫

Ω

ϕ ∧ Ju.

This has a geometric interpretation given by (17), as a kind of average of currents
associated to level sets of u.

The mass in Ω of a k-current T , denoted MΩ(T ), is defined by

MΩ(T ) := sup{T (ϕ) : ϕ ∈ Dk(Ω),max
x
|ϕ(x)| ≤ 1}

where for concreteness we use the Eulidean norm on k-covectors. We will almost
always drop the subscript and simply write M. It is a straightforward consequence
of the definition that for TM as in (45),

M(TM ) = Hk(M).

If M is merely immersed, then we can still define TM as in (45), and in this case
M(TM ) corresponds to the Hk measure with a weight that counts the algebraic
multiplicity. This is in fact the right notion of “k-dimensional area” in Theorem 3.1.

10we will generally use the abbreviation i.m.
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In particular, for an i.m. rectifiable 1-dimensional current Γ, the representation
on the right-hand side of (47) can be chosen with the property that

M(Γ) =
∑
i

H1(γi).

Whenever a current T has locally finite mass, there exists a Radon measure µT
such that

MU (T ) = µT (U) for every open U ⊂ Ω.

We will refer to this as the mass measure.
The boundary of k-current T is a k − 1-current ∂T defined by

∂T (ϕ) = T (dϕ).

The definition is arranged so that ∂TM = T∂M for TM as in (45) — this is just
Stokes’ Theorem.

A k-current T in Ω is said to be a boundary if there exists some k + 1-current
S such that T = ∂S in Ω.
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