ALMOST DISJOINT FAMILIES AND DIAGONALIZATIONS OF
LENGTH CONTINUUM

DILIP RAGHAVAN

Abstract. We present a survey of some results and problems concerning the
existence of almost disjoint families all of which require a construction involving a
diagonalization of length continuum to be carried out. We emphasize the role of
cardinal invariants of the continuum and their combinatorial characterizations in
such constructions.

81. Introduction. The phrase “diagonalization of length continuum”
is used in set theory to refer to recursive constructions during which con-
tinuum many “requirements” must be met. Such arguments go back to
the beginnings of set theory. Although the construction of any type of
object may require a diagonalization of length continuum, this obligation
is most often encountered during the construction of sets of reals that
satisfy certain combinatorial properties. Consider, for example, the fa-
miliar construction of a Bernstein set, a set of reals such that neither it
nor its complement contains a perfect set. One enumerates the continuum
many perfect sets in type ¢, say as (P, : @ < ¢). Then one constructs
the Bernstein set X in ¢ steps. At stage a, one diagonalizes against P,,
ensuring that neither X nor its complement contains P,. It is possible to
do this since, at stage «, fewer than ¢ reals have been put into X or its
complement, while P, has size c.

The Bernstein set is an example of a diagonalization of length ¢ that
can be carried out in ZFC. However, many such diagonalizations require
additional hypotheses and it is, in general, not possible to tell when such a
diagonalization can be done in ZFC alone. One of the key issues involves
the smaller diagonalizations that must be performed at each stage of
the main diagonalization. In the case of the Bernstein set, at stage «,
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we need to diagonalize against the reals that have already been placed
into X or into its complement to produce two fresh reals in P, that
are different from all of them. This is a diagonalization of length less
than ¢, and a typical feature of diagonalizations of length ¢ is that such
smaller diagonalizations must be performed at each stage of the main
diagonalization. We will refer to these smaller diagonalizations as sub-
diagonalizations in this article. For the Bernstein set construction, the
sub-diagonalizations proceed at each stage because perfect sets have size
¢. In general, however, one needs to make further assumptions about the
continuum in order to ensure that the sub-diagonalizations can be done.
The most common such assumption is CH, and this suffices for essentially
all diagonalizations of length ¢. There is a deep fact underlying this. Let
us say that a statement is ¥? if it has the form 3X C P(w)y(X), where
(X)) is an arbitrary second order formula over the structure (w, <, +, X).
In all diagonalizations of length ¢ that interest us, each of the ¢ many
“requirements” can be coded as a real number, and the statement that
there is a set of reals “meeting all the requirements” rephrased as, “there
is a set X C P(w) such that for every real r € P(w)---”. Here the
quantifier “for every real r € P(w)” is ranging over the ¢ requirements that
X must fulfill. Therefore, a diagonalization of length ¢ proves a statement
of the form 3X C P(w)Vr € P(w)¢(X,r), which is an example of a %2
statement. A deep result of Woodin states that relative to the consistency
of large cardinals, any ¥.2 statement that can be forced follows from CH.
This means that if the end product of a diagonalization of length ¢ can
be forced to exist, which will almost certainly be the case if its existence
is at all consistent, then its existence already follows from CH. Here is
the precise statement of Woodin’s theorem; for more details see [12].

THEOREM 1.1 (Woodin). Assume that there are class many measurable
Woodin cardinals. If a 3 statement ¢ is true in some forcing extension,
then it is true in any forcing extension satisfying CH.

In fact, it turns out that CH facilitates these diagonalizations in two
different ways: one by allowing the sub-diagonalizations required at each
stage to be carried out, and second, by providing a small set of reals that
“captures” the continuum in some way. CH achieves both goals simul-
taneously by the making the entire continuum small. In this article, we
will classify the diagonalizations of length ¢ into two types depending on
whether they need both kinds of help from CH or just the first kind.
There is a fundamental distinction between the two, and it is desirable
to distinguish between them. We will begin by describing a famous ex-
ample of each kind of diagonalization of length ¢. Then in Section 2 we
will point out that cardinal invariants of the continuum can be used to
separate the two kinds of diagonalizations, and in the remainder of the
article, we will focus exclusively on diagonalizations of the first kind. We
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will describe some constructions of almost disjoint families requiring a
diagonalization of length ¢ that can be carried out in ZFC. We will first
describe a well-known example due to Balcar and Vojtas [4] and then a
more recent example due to the author [24]. The unifying theme in these
examples is that a diagonalization of length ¢ that appears to require ad-
ditional hypotheses a priori may be doable in ZFC through the use of
deep combinatorial characterizations of appropriate cardinal invariants.
Finally, in Section 6, we will end with some open questions regarding
whether certain constructions of almost disjoint families that require a
diagonalization of length continuum can be carried out in ZFC.

We begin with an example of a diagonalization of length ¢ of the first
kind, namely one which requires an additional hypothesis only for a sub-
diagonalization at each stage. Recall that a non—-empty set F C P(w) is
a filter on w if F is closed under supersets and pairwise intersections, but
does contain any finite sets. Recall also that an wltrafilter on w is a maxi-
mal filter on w — i.e. a filter such that Va Cwla € F V (w\ a) € F]; any
filter on w can be extended to an ultrafilter using Zorn’s lemma. A famous
problem in the history of set theory concerns the existence of a certain
kind of ultrafilter on w whose construction requires a diagonalization of
length ¢. We say that b is almost contained in a, and we write b C*a, if b\a
is finite. An ultrafilter U is called a P-point if for every countable family
{an, : m € w} C U, there is b € U such that Vn € w[b C*a,]. P-points
were intensively studied in connection with the question of whether Sw
is homogeneous, and an historically important question in set theory was
whether P-points exist. Let us consider what is involved in constructing
a P—point. We must diagonalize all countable subsets of the ultrafilter
we are building (in addition to ensuring that we do end up with an ul-
trafilter). As there are ¢ such subsets, we need to do a diagonalization of
length continuum. We cannot enumerate all the countable subsets of the
ultrafilter at the start of the construction; so we instead list all countable
subsets of [w]* in type ¢ with each countable subset occurring ¢ times in
the list. This is to ensure that each countable subset will have sufficiently
many opportunities to be taken care of. Also, let (¢, : @ < ¢) enumer-
ate [w]”. At any stage o < ¢, we have a filter F,, that is generated by
fewer than ¢ sets, some countable family {a, : n € w} C [w]*, and a
set ¢y € [w]”. To make sure we end up with an ultrafilter, we need to
decide whether to put c, or its complement into F,1; but this is easy
to take care of and does not require any sub-diagonalization. The diffi-
culty is in dealing with {a, : n € w}; ¢, can be dealt with after that. If
{an : n € W} ¢ Fy, then we do nothing; but if {a, : n € w} C F,, then
we have to perform a sub-diagonalization to produce a b € [w]” which is
positive for the filter F, such that Vn € w[b C*a,]. To be positive for Fy,
it is enough for b to have infinite intersection with all the members of some
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filter base for F,, which we know can be chosen to be of size less than c.
So our sub-diagonalization is of length less than ¢, and we are required to
have constructed F, in such a way that this sub-diagonalization is pos-
sible. But unlike in the case of a Bernstein set, it is far from clear that
there are any “right choices” that we could have made at stages before «,
either regarding the cs or the earlier sub-diagonalizations, to guarantee
that F, is such that the sub-diagonalization required at stage o can be
carried out. Indeed Shelah constructed a model of set theory in which
P-points don’t exist (see Theorem 4.4.7 of [7]). Nevertheless, note that
the sub-diagonalization can be done if F, is countably generated, and
that this will be the case for every « provided ¢ = wy. Thus CH allows us
to build a P-point by making the necessary sub-diagonalizations be only
of countable length.

Now, we give a well-known example of a diagonalization of length ¢
that requires extra hypotheses both to guarantee the existence of a small
set of reals “capturing” the continuum in some way, and to perform a
sub-diagonalization at each stage. Whether S and L spaces exist was
a famous problem in the history of set-theoretic topology. We will not
deal directly with this problem, but with another problem about sets
of reals which is very closely related to it. Let us say that a family
X C [w]” is well founded if the poset (X, C) has no infinite descending
chains — i.e. if there is no sequence (a, : n € w) C X so that ap41 C
ap. Given X C [w]”, we say a family A C X is an antichain if Va,b €
Ala #b= (a ¢ bAb ¢ a)]. We are interested in the question of whether
there is an uncountable well founded family X C [w]” with no uncountable
antichains. First of all notice that if any such a family exists, then there
is one of size wy. Notice also that a well founded family X C [w]” of
size w; can be enumerated as (x, : @ < wjp) in such a manner that
Va, B < wi[zq C 23== o < f]. Readers familiar with S and L spaces
will immediately see that such a family X = (z, : @ < w;) is a right
separated subspace of [w]” when endowed with the Vietoris topology. This
is the topology on [w]* generated by sets of the form [s,a] = {b € [w]* :
s C b C a}, where s € [w]=¥ and a € [w]*. Moreover, not containing
any uncountable antichains, X has no uncountable discrete subspaces.
Therefore, in the Vietoris topology, X is an example of an .S space which
is moreover first countable, since the Vietoris topology is first countable.
This is because for each a € [w]*, {[s,a] : s € [a]~“} is a local base at a.

Let us now return to the purely combinatorial question of whether there
exists a family X = (2, : @ < w1) C [w]” such that for all o < 3 < wy,
x3 ¢ T, which doesn’t contain any uncountable antichains. At first this
may not seem like a diagonalization of length ¢ because to ensure that
X contains no uncountable antichains, we seem to need to diagonalize
against its uncountable subsets, which are 28! in number. However, Van
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Douwen and Kunen [30] first observed that only 2% requirements need
to be met if we replace the condition of not containing any uncountable
antichains with the following stronger requirement:

for each countable set A C wq, there is o < wy such that for
(¥) all B> «, if 25 is in the closure (with respect to the usual

topology on [w]*) of {z., : v € A}, then Iy € Az, C zg].

Let us first see that requirement (x) is indeed stronger than not containing
any uncountable antichains. Let Y € [w1]*'. There is a countable set
A C Y such that {z, : v € A} is dense in {z3 : B € Y}. Applying (*)
to A, we get an « < wy satisfying the condition given there. Now choose
B eY \ Awith 3> «. Since {x,:v€ A} isdense in {zg: S €Y}, x5 is
in the closure of {z, : v € A}. As ais as in (x), thereisay€ A CY so
that o, C xg, whence Y is not an antichain.

To fulfill condition (x), we must diagonalize against all countable subsets
of wy, and there are precisely ¢ of these. But now the problem is that we
must “catch” each countable subset of wy at some countable ordinal c,
and then we need to “respect” that countable set at all stages 6 > a.
Thus we need to be able to “trap” ¢ subsets in w; steps, and of course we
can do this if ¢ = w;. Given CH, we can let (A, : @ < wy) enumerate all
countable subsets of wy in such a way that Vo < wy [Aq C a. At a stage
a < wi, we want to “respect” all the countable sets {43 : 3 < a}, which
by assumption, are all subsets of . We must do a sub-diagonalization
against {z : 3 < a} and against {Ag : 3 < a} to produce a set z, € [w]”
satisfying:

1. w\ z4 is infinite

2. for each § < a, if z, is in the closure of {x, : v € Ag}, then

Iy € Aglzy C x4

3. VB < afzg € zp].

Since « is countable, it is easy to see that this sub-diagonalization can be
performed, provided that V3 < «[w \ x3 is infinite] (which we guarantee
during the construction). In the argument sketched above, the ¢ countable
subsets of w; can be dealt with in w; steps because ¢ = w;. However, as
we will see in the next section, it is not necessary to make the entire
continuum small; all that is needed is a set of reals of size w; “suitably
capturing” the continuum.

We have seen that CH facilitates diagonalizations of length ¢ by allow-
ing the necessary sub-diagonalizations to be be carried out and also by
allowing some features of the continuum to be “captured” in a “small”
number of steps. CH achieves both of these things by making the contin-
uum as small as possible. But it is not necessary to ensure that all the
sub-diagonalizations be of countable length in order to guarantee that
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they can be done. There are appropriate assumptions guaranteeing that
sub-diagonalizations of any uncountable length less than ¢ can be per-
formed. These are assumptions about cardinal invariants of the contin-
uum, which we discuss in the next section. There are also assumptions
about these cardinal invariants that provide a small set of reals capturing
some combinatorial property of the entire continuum. In general, these as-
sumptions tend to contradict those assumptions ensuring the feasibility of
sub-diagonalizations of uncountable length, and hence cardinal invariants
can be used to separate the two roles played by CH in diagonalizations of
length ¢ that become conflated when CH itself is assumed.

§2. Cardinal Invariants of the Continuum. A cardinal invariant
of the continuum marks the place where a given type of diagonalization
argument that works for any countable ordinal first fails; a cardinal in-
variant can be associated with each type of diagonalization argument.
Moreover, there is always a set of size ¢ for which these diagonalization
arguments fail, so that every cardinal invariant lies between w; and ¢
(since the diagonalization always works for countable ordinals). We will
illustrate the idea here with some examples, and we will introduce more
of them as and when we need them for our discussion. A general survey
of cardinal invariants may be found in [9] and [6]. We start with one of
the most important types of diagonalization argument. Let us say that a
family o7 C [w]* has the finite intersection property (FIP) if for any finite
{ag,...,ar} C &, |lagN---Nag| =w. Given a countable family & C [w]”
with the FIP, it is easy to diagonalize against it to produce a set b € [w]”
which is almost contained in all @ € o7. Indeed, if & = {a,, : n € w}, then
simply let b = {kg < k1 < - -}, where k,, is the least element of apN- - -Nay,
that is greater than k,,_1. Note that by assumption agN---Na, is an infi-
nite set. This is a diagonalization of countable length. Now, the cardinal
invariant p, called the pseudointersection number, marks the first place
where this diagonalization cannot be carried out. Notice there is always
a set of size ¢ for which this diagonalization fails (e.g. an ultrafilter).

DEFINITION 2.1.
p=min{||: & C [w]* has FIP A -3 € [w]“Va € & [b C*al}.

Another important type of diagonalization involves functions from w to
w. Given f and g in w¥, we write f<*g to mean V*°n € w[f(n) < g(n)].
We say that f bounds a family o C w¥ if Vg € o/ [g<*f]. Again, an
easy diagonalization of countable length shows that for every countable
family o/ C w®, there is f € w* that bounds it. Notice that the same
diagonalization also produces a function (namely f) that is not bounded
by any element of o/ (which is weaker than bounding «/). The bounding
number b is the first place where the diagonalization needed to produce
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a function bounding a given family &/ cannot be carried out, and the
dominating number 0 is the first place where a function not bounded by
any element of & cannot be produced. Again notice that there is an &/
of size ¢ for which neither of these diagonalizations can be done (e.g. w®).

DEFINITION 2.2.
b =min{|«|: & Cw” A& is unbounded}.
d=min{||: & Cw AVf €w’Ig e F[f< g]}.

The failure of such diagonalization process implies the existence of a
small set of reals which shares some combinatorial property of the whole
continuum. We will illustrate this point with b and 0. If 0 is “small”, say
0 = wq, then there is a set & C w* of size w1, such that for every f € w*,
there is g € o7 such that f<*g. Note just such an 7 is simply a cofinal
subset of the poset (w”,<*). Thus ? = w; is equivalent to the statement
that the poset (w*”,<*) has a cofinal subset of size w;. Much essential
combinatorial information about a poset is contained in any of its cofinal
subsets. Therefore, even if w® is a large set, if 0 is “small”, then there
is a “small” set capturing essential combinatorial information about the
structure (w®, <*). Similarly, if b = wy, a different sort of combinatorial
feature is captured by a set of reals of size wy — i.e. there is a set of reals
of size wy that is unbounded in the poset (w“, <*).

We observed in Section 1 that CH is used in diagonalizations of length
continuum essentially for two related purposes: one is to ensure that the
various sub-diagonalizations needed at each stage of the main diagonal-
ization are all of countable length, and hence can be carried out; the other
is to ensure the existence of a “small” set of reals capturing some essen-
tial combinatorial property of the entire continuum. We pointed out that
CH achieves the first by achieving the second, and that it is desirable to
separate them. Since cardinal invariants mark the places where a diago-
nalization which always works for countable sets first fails, and since the
failure of such diagonalizations at small values points to the existence of
small sets capturing some combinatorial essence of the continuum, CH
can usually be replaced in these arguments with appropriate assumptions
about cardinal invariants.

Notice that CH has two implication for cardinals invariants: it implies
that every cardinal invariant is equal to ¢; it also implies that every car-
dinal invariant is equal to wi. Of course, under CH, these implication are
not different; but in the absence of CH, they can be used to separate the
two goals simultaneously achieved by CH. Observe that an assumption
of the form ¢ = ¢, where ¢ is some cardinal invariant, allows the diagonal-
ization process associated with ¢ to proceed up to any length less than c,
and hence can replace CH in diagonalizations of length ¢ of the first kind.
On the other hand, assumptions of the form ¢ = w; provide a small set
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of reals that capture some combinatorial feature of the continuum, and
hence can be used for diagonalizations of length ¢ of the second kind. This
pattern obtains for the examples given in Section 1. Ketonen proved (see
Theorem 4.4.5 of [7]) that if 9 = ¢, then there is a P—point. The following
result of Todoréevi¢ [27] shows that the object constructed in the second
example from Section 1 can be constructed as long as b = w; (it is easy
to see that the hypothesis of the theorem below holds iff b = wy).

THEOREM 2.3 (see Lemma 1.0. of [27]). Let L = (fo : @ < w1) C w®
be such that

1. fa(n) S fa(n+ 1)
2. VB < a<wi [fp<*fal
3. L is unbounded.

For each oo < wy, put o = {(n,m) € w xw: m < f(n)}. Then the set
X = (xq 1 @ <wip) Cw X w satisfies

(a) for each A € [w1]”, there is an o < wy so that for all B > «, if xg is
in the closure of {x~ : vy € A}, then 3y € Az, C wg]
(b) VB < alza £ xp].

When CH is replaced with assumptions about cardinal invariants of
the continuum, the differences between the two types of diagonalizations
of length ¢ become apparent. For one thing, assumptions of the form
¢t = ¢ are often inconsistent with assumptions of the form y = w; (unless,
of course, ¢ = wy). But there is a far deeper and more fundamental
distinction between the two. Natural forcing axioms such as Martin’s
Axiom (MA) and the Proper Forcing Axiom (PFA) imply that all cardinal
invariants are equal to ¢. Therefore, all diagonalization of length ¢ of the
first kind can be carried out under natural forcing axioms like MA or
PFA. On the other hand, MA (or more accurately, MAy, ) and PFA tend
to contradict the very existence of the objects that are constructed in
diagonalizations of length ¢ of the second kind. For example, we have the
following theorem of Kunen.

THEOREM 2.4 (see Lemma 1 of Baumgartner [8]). Assume MAy,. Let
X C [w]” be well founded and uncountable. Then there exists an uncount-
able A C X which is an antichain.

This result shows that M Ay, kills off all objects of the kind constructed
in the second example of Section 1, or given by Theorem 2.3 (in addition
to making b > w;). More generally, MAy, implies that there are no
first countable S or L spaces (Szentmikldssy [26]). Other natural forcing
axioms such the P-Ideal Dichotomy of Todorcevié¢ [28] also contradict the
existence of such objects provided that p > w;. Thus diagonalizations
of the second kind really require some aspect of the continuum to be
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“small” (to be wy). For diagonalizations of the first kind, all aspects of
the continuum are allowed to be “big”.

In the rest of the this article we will focus on diagonalizations of length
¢ of the first kind, particularly ones showing up in constructions of almost
disjoint families of various sorts. We will present two such constructions
that can be done without any additional hypotheses, even though they
appear to require assumptions of the form r = ¢ at first sight. The two
problems (and their solutions) share several formal similarities. Both
constructions manage to avoid all extra assumptions by making use of
non—trivial combinatorial characterizations of certain cardinal invariants.
These two constructions are illustrative of a larger pattern: occasionally,
some diagonalizations of the first kind can be done in ZFC by making
clever use of combinatorial properties of well chosen cardinal invariants.

Before taking leave of diagonalizations of the second kind, we mention
that it is also occasionally possible to do some of these in ZFC. The main
technique here is that of minimal walks invented by Todorcevié. This
technique is useful for dealing with (among other things) problems that
are "really about” the combinatorics of wi. For each limit ordinal o < w1,
one chooses a strictly increasing w-sequence C, C « that is cofinal in a.
One can then define various functions from wj to w using the fact that for
any 3 < a < wi, Cq NG is a finite set. With the help of these functions
it is possible to build using just ZFC combinatorial structures on wq that
may require a diagonalization of the second kind. A recent success of this
technique is Moore’s construction of an L space on the basis of ZFC alone.
For more details about the technique of minimal walks see Todorcevié [29]
and Moore [21].

83. Almost Disjoint Families. In this section we introduce almost
disjoint families. We say that two infinite subsets a and b of w are almost
disjoint or a.d. if aNb is finite. We say that a family <7 of infinite subsets
of w is almost disjoint or a.d. if its members are pairwise almost disjoint.
Examples of a.d. families include {{n : n is even},{n : n is odd} } and
{{p* : k € w} : pis aprime}. Observe that the first of these is maximal
in the sense that no a.d. family can properly contain it. However, in
set theory, we are mainly interested in infinite examples that have this
property. So we shall reserve the term Mazximal Almost Disjoint family,
or MAD family for an infinite a.d. family that is not properly contained
in a larger a.d. family. And we will refer to a family as in the first example
—i.e. a finite a.d. &7 C [w]” such that |J & *D w — as a finite partition of
w. Note that any infinite a.d. family, such as the second example above,
can be extended to a MAD family using Zorn’s Lemma. It should be clear
that w can be replaced in this entire discussion by an arbitrary countable
set X.
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Now, any family of pairwise disjoint infinite subsets of w must be count-
able. But it is an interesting combinatorial fact that every MAD family of
infinite subsets of w must be uncountable. And, of course, the argument
is a diagonalization of length w. Let &7 = {a,, : n € w} be a countable a.d.
family. We define a sequence of natural numbers kg < k1 < --- by recur-
sion as follows. kg is the least element of ag. Given k,,, we define k41 to
be the least element of a, 41\ (ag U - - Uay,) that is greater than k,. This
definition makes sense because a,y1 is almost disjoint from ayg, ..., ay,
and so an11 \ (agU---Uay,) is an infinite set. Now, it is easy to see that
the set a = {k,, : n € w} is an infinite set almost disjoint from all a,. In
the spirit of Section 2 we want to associate a cardinal number with this
specific type of diagonalization, telling us the first place where it fails.

DEFINITION 3.1. a = min {|«/| : & C [w]” is MAD in [w]*}

MAD families have been intensively studied in set theory. They have
numerous applications in set theory as well as general topology. For ex-
ample, the technique of almost disjoint coding has been used in forc-
ing theory (see [19]) and MAD families are used in the construction of
the Isbell-Mréwka space in topology (see [14]). Another connection with
topology is the relation between almost disjoint refinements and c-points
in the Stone-Cech compactification of w (see [4] and [1]). We will consider
this last topic in greater detail soon.

There are several important variations on the notion of a MAD family
of subsets of w that will interest us. Two functions f and ¢ in w* are said
to be almost disjoint or a.d. if they agree in only finitely many places.
Such functions are sometimes also referred to as being eventually different.
Identifying functions with their graphs —i.e. with certain subsets of w x w
— we see that f and g are a.d. iff [f Ng| < w. Similarly, we say that a
family o/ C w* is a.d. if its members are pairwise a.d., and finally we
say that an a.d. family &/ C w* is MAD if Vf € w¥3h € & [|f Nh| = w]
(we do not need to stipulate that the family be infinite because no finite
a.d. family of functions in w* can be maximal). We will refer to an a.d.
family of infinite subsets of a countable set X as an a.d. family in [X]*,
and to an a.d. family of functions as an a.d. family in w*. Notice that
any a.d. family &/ C w* is also an a.d. family in [w x w]®, although it can
never be a MAD family in [w X w]® because every function is a.d. from
all the vertical columns of w X w. Once again, a countable diagonalization
shows that no countable a.d. family &/ C w“ can be maximal. And,
of course, analogously to a, associated with MAD families in w® is yet
another cardinal invariant.

DEFINITION 3.2. a, = min{|</| : & C w* is MAD in w*“}.

One of the two constructions of a.d. families we will present concerns
almost disjointness in [w]” while the other is about w*.
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84. Almost Disjoint Refinements. We deal here with the first of
the two constructions of almost disjoint families we have alluded to above.
The problem, or rather, group of related problems concerns when we can
find an almost disjoint refinement of a family ¢ C [w]”. Given € C [w]”,
we say that a family & = {a. : ¢ € €} C [w]” is an almost disjoint
refinement (ADR) of € if

1. Ve € € lac C (]
2. Veg,c1 € € leo # 1= |ae, Nag | < w].

Not every ¢ C [w]” can have an ADR. Recall that we say that a family
Z C P(w) is an ideal on w if Z is closed under subsets and pairwise
unions, and also contains all finite subsets of w. We say that a family
2 C |w]” is dense if Vz € [w]|“Ty € [x]” [y € Z7], and we say that 2" is
open if Vo € ZVy € [w]” [y C*'zr =y € Z]. Note that any ideal on w is
automatically open. Now suppose ¢ has an ADR, & = {a.:c€ €}. We
claim that there is a dense ideal Z such that ZTN% = 0. To see this, let 7
be an ideal on w maximal with respect to the condition that Z N .« = 0.
Notice that if an ideal Z fails to intersect .o/, then it doesn’t intersect %
either. Now, we will argue that this 7 is dense. If not, then there is a set
x € [w]” such that no y € [z]* is in Z. Moreover, by the maximality of
7, no such y can be added to Z without violating the requirement that
I N/ = 0. Therefore, for every y € [z]”, there is an a € Z and ¢ € €
such that a. C y U a. In particular, there is ag € Z and ¢y € € such that
ae, C xUap. Since ag, ¢ Z, ac, \ ao is an infinite subset of . Choose
2 € [ag, \ ap]” with zZ = (ae, \ ao) \ z also infinite. Note that since z is an
infinite subset of x, z ¢ Z. Next, since z € [z]“, we can find a; € Z and
¢1 € € such that a., C zUa;. Once again, a., \ a1 is an infinite subset of
z C a¢,. S0 ag, and a., have infinite intersection, whence cyp = ¢;. Now,
we have a,, C 2 Ua;. But now, z C aj, contradicting our observation
that z ¢ 7.

How about the converse? Suppose ¢ C [w]” is a family so that there is
a dense ideal 7 satisfying ¥ NZ = 0. Does ¥ have an ADR? Firstly, note
that this is the same as asking whether P(w)\Z has an ADR whenever 7 C
P(w) is a dense ideal. Let us consider what such a construction involves.
Fix a dense ideal Z, and put ¢ = P(w) \ Z. Write € = {co : @ < ¢}. At
each stage o < ¢, we are given {ag : § < a}, an ADR for {c5 : f < a}.
We need to do a sub-diagonalization against the set {ag : § < a} to find
an aq C ¢, that is almost disjoint from all ag. We must have chosen the
ag carefully for this to be possible. Given an a.d. family & C [w]”, let
Z(</) denote the ideal on w generated by 7. For the sub-diagonalization
to have any hope of succeeding, ¢, must not be in Z({ag : 8 < a}), for
otherwise any set a.d. from {ag : § < a} will also be a.d. from ¢,. Hence
we must promise that at any stage a, Z({ag: 8 < a})N{c, : v > a} =0.
Of course this will not be a problem if we choose each ag € Z, because
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then Z({ag : f < a}) C Z, which we know is disjoint from €. It is
here that the density of 7 comes into play. So assume that at stage «
we have chosen {ag : f < a} C Z. Now, put &%, = {ag : f < a} and
o Neq ={agNey B < aAlagNey| = w}. Notice that o7, N ¢,
is an almost disjoint family in [c,]”, and that it is sufficient to find an
aq € [co]” that is almost disjoint from all the members of <7, N ¢,. This
requires 7, Nc, to be neither a MAD family in [¢,]” nor a finite partition
of ¢q. Since ¢, ¢ Z(,,), we know that o7, Nc, is not a finite partition of
Co- But, a priori there is no reason why it could not be a MAD family in
[ca]”. Notice however that <7, N ¢, has fewer then ¢ members. Therefore,
if there are no “small” MAD families in [w]® — i.e. if a = ¢ — then &7, Nc,
cannot be a MAD family in [c,]”. So if a = ¢, there is a b € [¢,]* which
is a.d. from the things in 9%, N ¢,. Now, since 7 is a dense ideal there is
an a, € [b]” which is in Z. Clearly, this a, is also a.d. from the things
in 2, N ¢y, and now the construction can proceed. Thus we have shown
that if a = ¢, then every set of the form P(w) \ Z, where Z is dense ideal,
has an ADR.

Can this construction be done in ZFC? This question remains open in
full generality, even though significant progress has recently been made
by Shelah [25]. It is known to be equivalent to the problem of whether
there is a completely separable MAD family 7 C Z for every dense ideal
Z.

DEFINITION 4.1. A MAD family &/ C [w]* is said to be completely
separable if for any b € P(w) \ Z(</), there is an a € &7 with a C b.

It is not too hard to see that if &/ is any MAD family, then for each
b € P(w)\ Z(&), there is an almost disjoint family of size continuum
{ca : @ < ¢} C b N (P(w)\Z(&)). Using this fact and using some
properties of the base matrix, a combinatorial object exposed below, it is
possible to show that P(w) \ Z has an ADR for every dense ideal Z iff for
every dense ideal Z, there is a completely separable MAD family &/ C 7
(we are not asserting that these are equivalent for a given Z). We skip
the proof of this as we will not need it in what follows. The proof may
be found in [3].

Even though the ZFC existence of ADRs is an open question in general,
Balcar and Vojtas established it in 1980 for several specific cases by using
a deep combinatorial property of the cardinal invariant h. Suppose { %, :
n € w} C [w]” is a countable collection of dense open sets. Suppose
b € [w” As £ is dense we can find ag € [b]Y N 2o, and as 27 is
dense there is a; € [ag]* N 27. Continuing in this way we get a sequence
bDay Da D -, where a; € Z;. We can find a ¢ € [b]* such that
Vi € wlc C* a;]. As Z; is open, we have ¢ € Z;, and we conclude that
the intersection of countably many dense open sets is dense. fh marks the
first place where this diagonalization cannot be carried out.
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DEFINITION 4.2.
h=min{|F|:VZ € F[Z C |w]” is dense open] A ﬂ}“ is not dense}.

The definition would not change if we replaced “()F is not dense” by
“NF =07. An alternative way to define b is as the least x such that the
forcing notion P(w)/[w]<* adds a new function from & into the ground
model V.

The following deep combinatorial characterization of § was proved by
Balcar, Pelant and Simon [2]. The tree 7 whose existence is proved in the
following theorem is often called a base tree or a base matriz. Its proof
was the original motivation for the introduction of the cardinal b, which
stands for the height of the base tree.

THEOREM 4.3. There is a family T C [w
properties:

1. (7T,*D) is a tree of height b

2. each level of T is a MAD family in [w]* except the root, which is w

3. each node has ¢ immediate successors

4. T is a dense family in [w]*.

:IUJ

satisfying the following

Moreover, Yy is the least height of any such tree.

As an aside, we remark that since 7 is dense in [w]”, forcing with
P(w)/[w]<* is equivalent to forcing with 7. Because of (3), forcing with
T adjoins an onto map from b to c¢. Moreover, forcing with P(w)/[w]~
does not add a new function from any o« < b into the ground model V.
It follows that forcing with P(w)/[w]< always makes ¢VI¢] = V.

We will illustrate how this theorem can be used to get ADRs by proving
a simple instance of a result of Balcar and Vojtas. Their major result was
the solution to a problem of Pierce and Hindman that had been open
for a long time. Notice that one example of a dense ideal is a maximal
one. If 7 is a maximal ideal, then P(w) \ Z is simply an ultrafilter. So
we can ask does every ultrafilter have an ADR? This question was posed
by Pierce [22] and Hindman [16] in the context of ¢-points in fw \ w, the
Stone-Cech remainder of w. A point p in a topological space is called a
c-point if there is a family of ¢ pairwise disjoint open sets each of which
has p in its closure. Pierce and Hindman asked if each point U € fw \ w
is a c¢-point. It is easy to see that this is the same as asking if every
U € fw\w has an ADR. Balcar and Vojtas [4] provided a positive answer
in ZFC.

THEOREM 4.4. Fvery non-principal ultrafilter has an ADR.

We don’t prove this here. But we illustrate some of the ideas involved
by showing in ZFC that the complement of the following dense ideal
defined on w X w has a ADR. This was also done in the paper Balcar and
Vojtas [4].
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DEFINITION 4.5. Let £ C w X w. We define E(n) ={m e w: (n,m) €
E}, and dom (EF) = {n € w: E(n) # 0}. We also define Z; as

To={F Cwxw:3kV’n ecw||E(n)| <k}
Lastly, we define & = P(w x w) \ Zp.

It is easily seen that Zj is a dense ideal. We get an ADR for &y just in
ZFC. We say that a set F' € [w x w]” is fast if, letting {ng < ny < ---}
enumerate dom (F'), we have that for each ¢, F'(n;) is a non-empty finite
set, and |F'(n;y1)| > |F(n;)|. It is straightforward to see that each E € &
contains a fast F' C E. Let {E, : o < ¢} enumerate &, and for each
a < ¢, choose a fast F, C E,. Clearly, it is enough to produce an ADR
for {F, : @ < ¢}. Now, Let us say that an infinite p € [w x w]” is
an infinite partial function if Yn € w||p(n)| < 1]. We build an almost
disjoint sequence of infinite partial functions {p, : « < ¢} such that
pa C Fy. The trick is to ensure that for each o < ¢, there is a t, € T
such that dom (p,) C to. Fix o < ¢, and assume {pg : § < a}, and
{tp : B < a} C T have been chosen so that dom (p3) C tg, and so that
VB <y < altg #t,]. Now, because of clauses (3) and (4) of Theorem 4.3,
there is a level § < b of 7 so that X = {t € 75 : ¢ C* dom (F,)} has size
¢, where 7; is the 6" level of 7. Since o < ¢, and since 7 is a tree, we can
choose t, € X satisfying ~30 < o [tg C* to] (simply choose a t € X which
is not a projection of some tg to 75). Now, since each level of 7 is almost
disjoint, observe that [tz Nts| < w, unless to C* tg. Therefore, unless
ta C* tg, pg is almost disjoint from Fy, [ to = {(n,m) € Fy : n € ty}.
So we just need to deal with & = {pg : to C* tg A B < a}. But since
d < b, and since the tg are all different, |o/| < h. Now, & N (F, [ ta) =
{psN(Fo [ ta) 1 pg € @ Npg N (Fy | to)| = w} is an almost disjoint family
in [F, | ta]”. Moreover, it consists entirely of infinite partial functions.
Since F, [ t, is fast, it is not a finite partition of F, | t,. But the
following lemma tells us that h is “small”.

LEMMA 4.6. h <b <a.

Therefore, |« N (Fy | ta)| < a, and so it is not an infinite MAD family
on [Fy, | ta]”. So we can find a x € [F, | to]* which is almost disjoint
from all pg. As F,(n) is finite for all n, we can find an infinite partial
function p, C x, which finishes the construction.

85. Van Douwen Families. In this section we discuss the second
of the two ZFC constructions of almost disjoint families we have been
alluding to. This one concerns MAD families in w®. It answers an old
question of Van Douwen. Van Douwen asked whether there is a MAD
family of functions &/ C w® that is also maximal with respect to infinite
partial functions. Let us call such MAD families Van Douwen. Recall
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from Section 4 that p € [w x w]|* is an infinite partial function if for each
n, p(n) = {m € w: (n,m) € p} has at most one element.

DEFINITION 5.1. An a.d. family o/ C w* is said to be Van Douwen if
for any infinite partial function p there is h € &7 such that |h N p| = w.

There are several equivalent formulations of Van Douwen’s question and
it is instructive to consider some of them. Recall from Section 3 that any
a.d. family of functions &7 C w* is an a.d. family of sets in [w X w]“, but is
never a MAD family in [w X w|* because the vertical columns are almost
disjoint from any function. Van Douwen MAD families are those a.d.
families of functions that have nothing else preventing them from being
MAD in [w x w]”. In other words an a.d. & C w* is Van Douwen iff
 U{c, :n € w}is MAD in [w x w]”, where ¢, is the n'? vertical column
of w x w — that is, ¢, = {{n,m) : m € w}. To see this, suppose &7 C w*
is Van Douwen. If z € [w x w]* is almost disjoint from {c,, : n € w}, then
there is an infinite partial function p C =, whence there is f € &/ such
that | f N z| = w. Therefore, & U{c, : n € w}is MAD in [w x w]”. On the
other hand, suppose &/ C w* is an a.d. family such that &7 U{c, : n € w}
is MAD in [w x w]”. Let p be an infinite partial function. p is a.d. from
each ¢,, and so there is h € &/ so that [pNh| = w, whence &/ is Van
Douwen.

Another formulation is to ask whether there is an a.d. family &/ C w"
which is “everywhere maximal” in the following sense. Given an a.d.
family & C w* and a set X € [w]”, we can consider the restriction of &/
toX, o | X={h| X :he o} Thisis an a.d. family of functions in
wX. Tt is easily seen that </ is Van Douwen MAD iff all its restrictions
are maximal — that is, &/ | X is MAD in w™ for all X € [w]*.

There are several motivations for considering such families. One natural
property of interest of maximal objects (of any sort) is preservation of
their maximality in forcing extensions.

DEFINITION 5.2. Let IP be a notion of forcing and let ./ be a MAD fam-
ily (either of sets or of functions). We will say that o/ is P-indestructible
it IFp o/ is MAD.

Obviously, if P is a forcing notion that does not add a real, then every
MAD & is P-indestructible. The most basic example of a P that adds
a real is Cohen forcing (i.e. Fn(w,2)). When is a MAD &7 Cohen inde-
structible? It turns out Cohen indestructibility is closely related to the
combinatorial notion of a strongly MAD family. Brendle and Yatabe [11]
have provided combinatorial characterizations of the property of being a
P-indestructible MAD family of sets in [w]* for some standard posets P.

DEFINITION 5.3. An a.d. family of sets & C [w]” is strongly MAD if
for each countable collection of sets {a, : n € w} C P(w) \ Z(«), where
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Z(47) is the ideal on w generated by &7, 3c € &/Vn € w||cNa,| =w]. An
a.d. family of functions o/ C w® is strongly MAD if for each countable
collection of functions {f, : n € w} C WY N (P(w x w)\Z()), where
(<) is the ideal on w X w generated by <7, Jh € &Z/Vn € w[|hN f,]| = w].

The requirement that the collection of the a,, and the collection of
the fp, miss Z(<7) is essential, for no element of &/ can have infinite
intersection with two distinct members of o7

For MAD families in [w]”, strong MADness is “almost equivalent” to
Cohen indestructibility. More precisely, a MAD family of sets & C [w]”
is Cohen indestructible iff there is a set X € P(w)\Z (<) such that &7 NX
is strongly MAD in [X]¥. For MAD families of functions in w*, Cohen
indestructibility is weaker than strong MADness. But for both types of
MAD families strong MADness implies Cohen indestructibility. An a.d.
family &/ C w® is strongly MAD iff &7 U{¢, : n € w} is strongly MAD in
[w X w]*. Therefore, a strongly MAD & C w“ not only remains maximal
in w* after the addition of a Cohen real, but even «7U{c,, : n € w} remains
maximal with respect to [w x w]”. In particular, a strongly MAD & C w*
is Van Douwen, and indeed, it is Cohen indestructibly Van Douwen.

Why must a strongly MAD & C w® be Van Douwen? In fact, an a.d.
family &/ C w* must be Van Douwen even if it has the property that for
every {fo,f1} C w* N (Plwxw)\Z(H)), Ih € &Vi € 2[|hN fi| = w].
Indeed, suppose for a contradiction that such an < is not Van Douwen.
Let p be an infinite partial function that is a.d. from &/. Choose hg, h1 €
o/ so that hg # h; (any such &/ must be uncountable; so this is possible).
Put a = w \ dom (p), and for each i € 2, set f; = pU (h; [ a). Since p
was supposed to be almost disjoint from 7, it follows that {fo, f1} C
W N (P(w xw)\Z(«)). Choose h € o so that |hN fo| = |hN fi| = w.
Since h is a.d. from p, we must have that |h N hgo| = |hNh1| = w. But
then h = hg, and h = hy, contradicting our choice of hy and hi. It is
not known whether it is possible to construct a strongly MAD family (of
either sort) just in ZFC. They can be constructed if b = ¢. However, the
following natural strengthening of the notion of a strongly MAD family
of functions was introduced by Kastermans [18].

DEFINITION 5.4. Let o/ be an a.d. family and put x = |</|. We say
that o7 is very MAD if for every cardinal A\ < k and for every col-
lection {fo : @ < A} C w N (P(wxw)\Z(&)), Ih € o such that
Va < A[|hN fo| = w].

Kastermans [18] showed that very MAD families exist if p = ¢, and he
asked if their existence be proved in ZFC. Regarding this it was con-
jectured by Brendle that if cov (M) < a., then there are no very MAD
families, and moreover, he verified that there are no very MAD families
in several natural models of the statement cov (M) < a,, such as the
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Laver model, and the random real model. Here cov (M) is yet another
cardinal invariant; but unlike the ones considered so far, its rationale lies
with some topological properties of the reals. Recall that a set A C X of
some topological space X is nowhere dense if the closure of A has empty
interior. A C X is meager if it is a countable union of nowhere dense
sets. For the Baire space w*, we know from the Baire category theorem
that countably many meager sets cannot cover w*, and we also have, by
definition, that any countable set A C w* must be meager. Thus, we are
led to the following natural cardinal invariants.

DEFINITION 5.5.

cov (M) =min{|F|: VA € F[A Cw¥ is meager in w*] A U}" =w*}.
non (M) = min {|A4] : A C w* is not meager in w*}.

In [23], we proved Brendle’s conjecture:

THEOREM 5.6. If o/ is a very MAD family, then |</| < cov (M). In
particular, if cov (M) < a., then there are no very MAD families.

Thus the notion of a Van Douwen family is the weakest in a natural
progression of notions of MADness of increasing strength. Whereas we
know that MAD families of the strongest variety cannot be built in ZFC,
it is unknown if those of the middle variety can, while in [24] we built
a Van Douwen family of size ¢ in ZFC showing that ones of the weakest
kind can.

Van Douwen’s question dates to the 1980s. It occurs as problem 4.2
in Miller’s problem list [20]. In 1999 Zhang [31] obtained some partial
results on this problem. He proved that Van Douwen MAD families of
various sizes exist in certain forcing extensions. Let us consider what
constructing such a family involves. Let (p, : @ < ¢) enumerate all
infinite partial functions. At a stage a < ¢, we are given an almost
disjoint family of functions <7, C w* with |<7,| < ¢ and an infinite partial
function po. If p, is not almost disjoint from .@7,, then there is noting
to do. If it is, then we must perform a sub-diagonalization against the
functions in <7, to produce a h € w* such that Vf € o7, [|h N f| < w] and
|h N pa| = w. Of course, the problem is that o7, may already be maximal
in w¥. As || < ¢, this will not be a problem if there are no “small”
MAD families in w* — i.e. if a, = ¢. If a, = ¢, then there is a ¢ € W
such that Vf € o7, [|g N f| < w]. Now, put a = w \ dom (p,), and simply
take h to be po U (g | a). Note that h is almost disjoint from 2%, because
pa was assumed to be. Thus we conclude that if a, = ¢, then there is a
Van Douwen MAD family. This situation is formally analogous to the one
for ADRs: both diagonalizations succeed provided that we do not end up
with a MAD family “too soon”.
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Continuing the analogy with ADRs, a Van Douwen MAD family can
be constructed in ZFC using a deep combinatorial characterization of
an appropriate cardinal invariant. Here the right invariant turns out to
be non(M) introduced in Definition 5.5. The analogue of Theorem 4.3
here is the following combinatorial characterization of non (M) proved by
Bartoszynski [5].

DEFINITION 5.7. Let h € w¥. An h-slalom is a function S : w — [w]<*
such that for all n € w, |S(n)| < h(n).

THEOREM 5.8 (Bartoszyniski). Let k be an infinite cardinal. The fol-
lowing are equivalent:

1. Fvery set of reals of size less than k is meager.

2. For every family F' C w* with |F| < k, there is an infinite partial
function p such that Vf € F[|pN f| < w].

3. For every h and for every family of h-slaloms F with |F| < k, there
is a g € w” such that VS € FY*®n e w|g(n) ¢ S(n).

Crucial to the construction of a Van Douwen family is (3) in the above
theorem. The first step is to reformulate Van Douwen’s question as fol-
lows. Fix an a.d. family &/ C w* and f € w*. Recall that ZNf ={hNf:
hed ANhN f| =w}is an a.d. family of sets in [f]*. It may or may be
maximal in [f]”. If it is maximal, it may either be a finite partition of
f, or it may be a MAD family in [f]¥. It is clear that & C w“ is Van
Douwen MAD iff for every f € w¥, o N f is either a finite partition of f
or is MAD in [f]".

DEFINITION 5.9. Let o C w® be an a.d. family. The trace of of , writ-
ten tr (&), is

{f € w* : either & N f is a finite partition of f or is MAD in [f]“}.

Thus, Van Douwen families are those a.d. families in w* whose trace
is as large as possible. But it is not necessary to ensure that tr (<) is
w"; it is enough if it is non-meager in w*. Let p be any infinite partial
function. It is easy to see that {f € w* : [pN f| < w} is meager in w®.
Therefore, if F' C w* is a non-meager set, then for any infinite partial
function p, 3f € F[|[pN f| = w]. In particular, we can fix such an F' with
|F'| = non (M). It is sufficient for F' C tr (<) for &7 to be Van Douwen.

Let F' = {fs : @ <non(M)} C w¥ be a non-meager set. We need to
construct an a.d. & C w* such that F' C tr (/). So now we only have
non (M) many requirements to meet. Of course, non (M) may be ¢, so
this may not seem like much of an improvement. But as non (M) < a,, if
non (M) = ¢, then a, = ¢ as well, and we already know how to construct
a Van Douwen family in this case. So in the situation that interests us,
non (M) < ¢. However, the real point is that, we can now use Theorem
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5.8 because at each stage, we would have “used up fewer than non (M)
things”.

So instead of building a family of size ¢ in ¢ steps, we construct it in
non(M) many steps, and instead of adding one object to the family at
each stage, we add ¢. To start, how do we make sure that fo € tr(<)?
We choose a MAD family, say of size ¢, € = {co : @ < ¢} C [w]”, and
we also fix an a.d. family % = {go : @ < ¢} C w*. For each o < ¢, we
define ho = (fo | ca) U (ga | (w\ cq)) and we put o = {ho : a < c}.
As € and %) are a.d., o C w¥ is a.d. and fy € tr(=%). So, now we
want to continue this process and extend @ to <7, with f, € 7, for each
a < non (M). At stage o, put Z =z, 9. If fo € tr (%), then there
is nothing to do. Else extend Z N f, to a MAD family ¢ in [f,], and
let {¢y : vy < ¢} enumerate {dom (p) : p € €\ (BN fa)} (We may assume
this has size ¢). Let ¢4, = {g, : v < ¢} C w* be an a.d. family. We would
like to set hy = (fo [ ¢y)U(gy | (w\ ¢y)), and put o7, = BU{h, : v < c}.
But for @7, to be an a.d. family the collection of the ¥, needs to satisfy
some conditions. For two sets A, B C w¥, let us write A | B to mean
Vf e AVg € B[|f Ng| < w]. We need that

1. 9, C w¥ is an a.d. family.

2. |9, =c.

3. for all f < a<non(M), ¥4, L9

4.9, L{fs: 8 <al.
Conditions (3) and (4) imply that there is some “thin subset” of w x w
in which every function in ¥, is contained. The thinnest such sets are,
of course, functions and more generally subsets of w x w that have finite
intersection with each vertical column ¢,,. But if a set S C w X w has finite
intersection with each ¢y, and yet there is even an infinite a.d. family of
functions ¢4 C w* such that Vg € ¢ [¢g C S], then it must be the case that
limp 00 |S N ep| = 00. So we are led to consider slaloms, and the slaloms
must be “fat”.

<

DEFINITION 5.10. We say that a function S : w — [w]~ is a fat slalom

is for each n € w, |S(n)| = 2.

The choice of 2" here is arbitrary; any h € w* with lim,_..ch(n) = oo
would do. But the point is that if S is a fat slalom, there is an a.d. family
of functions ¢4 C w* with || = ¢ such that Vg € ¥Vn € wg(n) € S(n)]:
simply view the slalom as the level of a full binary tree, and take the
branches through the tree. So we would like to build the ¥, so that
every functions in it goes through some fixed fat slalom S,. However,
in order to meet the necessary almost disjointness requirements, we need
to strengthen condition (3) of Bartoszynski’s theorem to get a fat slalom
that is eventually disjoint from a family of fewer than non (M) many
slaloms rather than just a function that is eventually outside them.
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LEMMA 5.11 (See [24]). Let (S¢ : & < A) be a family of slaloms with
A < non (M). There is a fat slalom S such that

VE < AVn € w[S(n) N Se(n) =0].

Using this lemma it is now possible to build a family (S, : & < non (M))

satisfying
(a) S, is a fat slalom
(b) VB < o < non (M)V>®n € w[Sa(n) N Sg(n) = 0]
(c) VB < a < non (M)V>®n € w[fg(n) ¢ Sa(n)].

This is exactly what we need to finish the construction.

As a final remark, we mention that there are other ways in which car-
dinal invariants aid diagonalizations of length ¢. Some diagonalizations
of length ¢ may be performed by treating the various possible inequalities
that may obtain between certain cardinal invariants are separate cases.
For example, it is sometimes possible to prove the existence of a certain
kind of object in ZFC by giving separate, different constructions in the
three casesr < 1, r =y, and r > v, where r and vy are appropriately chosen
cardinal invariants. In arguments of this sort, even though the existence
of an object of the required sort is established, some of its properties, such
as, perhaps, its size, are left undetermined, as they depend on which of
the three cases holds. A recent example of a construction of this sort is
Shelah [25] (the caveat about undetermined properties is not true here).

8§6. Some Open Questions. We conclude with a discussion of some
of the main open problems involving the construction of almost disjoint
families of different sorts. A positive solution to any of these problems
requires a diagonalization of length ¢ to be carried out in ZFC.

An outstanding question that is still open concerns the existence of
ADRs (cf. Section 4)

QUESTION 6.1. Suppose I is dense ideal in P(w). Is there a completely
separable MAD family of C I?

Shelah [25] has recently shown that the answer is yes if ¢ < N,,. The
argument there proceeds in three cases depending on whether s < a,
5§ =a, or § > a, where s is the splitting number.

Another open problem concerns the existence of indestructible MAD
families (cf. Section 5). There is no forcing notion P adding a new real for
which we know how to construct a P-indestructible MAD family (either
of sets or of functions) in ZFC. A Sacks indestructible MAD family is
provably the weakest such object in the following sense.

LEMMA 6.2 (See [11] and [17]). Suppose P is a forcing notion that adds
a new real, and suppose o/ is a MAD family (either in [w]* or in w®). If
o is P-indestructible, then </ is also Sacks indestructible.
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So the weakest sort of indestructibility we can ask for is:

QUESTION 6.3. Is there a Sacks indestructible MAD family (either in
[w]“ orin w¥)? Is there one of size ¢?

It is not too hard to see that if a < ¢, then any MAD family of size a
is Sacks indestructible. Therefore, for the first question, we may assume
without loss that a = ¢. For the second question, it is known that the
answer in yes if either b = ¢ or cov (M) = ¢ holds.

For the case of MAD families in [w]* asking for a Cohen indestructible
MAD family is the same as asking for a strongly MAD family, while for
the case of w*, it is the same as asking for a Van Douwen MAD & C w"
that is Cohen indestructibly Van Douwen.

QUESTION 6.4. Is there a strongly MAD family (either in [w]” or in
wv)?

It is known that the answer is yes if b = ¢. Unlike for a Sacks inde-
structible MAD family, it is shown in [23] that the weak Freese-Nation
property of P(w) (WEN(P(w))) implies that all strongly MAD families
have size at most Nj. It is shown in [13] that wFN(P(w)) holds in any
model gotten by adding fewer than X, Cohen reals to a ground model
satisfying CH. So, in particular, it is consistent to have no strongly MAD
families of size ¢. So if there is a ZFC construction of one, then it must
leave the cardinality of the family indeterminate. More information about
indestructible MAD families of sets can be found in [11].

We conclude with a discussion of a problem regarding metrizability of
Fréchet groups. Recall that a topological space X is Fréchet if whenever
a point p € X is in the closure of a set A C X, there is a sequence
of points A converging to p. A well-known question of Malykhin asks
whether every countable Fréchet topological group is metrizable. If p >
w1, Malykhin’s question has a negative answer. Indeed, in this situation,
one can put a non-metrizable Fréchet topology on the group ([w]<, A),
where A denotes symmetric difference. Given an ideal Z C P(w), let us
say that a set A C [w]=* is Z-positive if for every a € Z,3s € A[sNa = 0].
Let us say that Z is Fréchet if for every Z-positive A C [w]<*, there is an
infinite B € [A]* so that Va € Z[laN (JB)| < w]. If 7 is a Fréchet ideal
which is not countably generated, then we can define a non-metrizable
Fréchet topology on ([w]<*, A) by stipulating that

{ACw]™:3ae€lVse W [sNa=0=sc A}

is a neighborhood base at 0. If p > wq, then any ideal that is N; generated
is Fréchet. The following question of Gruenhage and Szeptycki [15] asks
if a Fréchet ideal that is not countably generated can be constructed in
ZFC, and more specifically, whether there are any that are generated by
almost disjoint families.
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QUESTION 6.5. Is there an uncountable a.d. family o C [w]* such that
ZI(a) is Fréchet? Is there a Fréchet ideal T C P(w) that is not countably
generated?

Brendle and Hrusék [10] have recently shown that it is consistent that
every uncountably generated Fréchet ideal has no fewer than ¢ genera-
tors.
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