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1 Section5.4

Problem 48. Let us first make an inventory of everything we have. The vewehe I, one U and one O.
The consonants: one N, one S, two Ts, two Rs and one C. Now, ox& Hrat the vowels must occur in
alphabetical order, so let’s first put them down:

I O U

We also know that we must begin or end with a block of 2 Ts. Wetrdaside whether we begin or end
with them: 2 choices.

T | O U

We are left with 5 letters to arrange. Let us first think abonvimany ways there are to distribute 5 empty
slots among the letters we have arranged so far. We will tbentahe number of ways to arrange the letters
that are left over in those empty slots. So we want to disteitiuidentical empty slots into 4 boxes:

1T box 1 | box 2 @) box 3 U box 4

Since we must have atleast 2 consonants between any twosjomeemust make sure that there are atleast
2 empty slots in each of boxes 2 and 3. So put two slots into ebittose boxes. We have just one slot left,
which we much distribute into 4 boxes: 4 ways. Now we mustakebiow the letters are placed in the slots:

T — 1 — 0 —— U
5l

Since there are two identical Rs, there é{revays to do this. So the answer ix2 x 5

Problem 50. Again, let us begin by making an inventory of everything weeéharhe vowels: two Es, two
Is. The consonants: one R, one V, one S, one T and one D.
(a) Let us count the complement, which is the number of agarants with vowels in increasing order.

. 9! . L , ,
Firstly, the total number of arrangementsé%. Now if the vowels are in increasing order, let us first
write them down o

E E I |

Again, let us first distribute 5 empty slots for the 5 remadnietters into 5 boxes(:5+g‘1) ways. Now

. . 9! 5+5-1
we need to place the letter in those slots: 5! ways. So the em 21~ " 5 )x 5!] (You

could also do this problem by first arranging the consonamdistiaen distributing slots for vowels).



(b) Let us first arrange the vowels and then we will distribsltas for the consonants. But we must break
up into four cases depending on whether the arrangemeneafativels has consecutive Es and Is or
not.

e Case I: no consecutive Es or Is. This means there is an | betthegwo Es and an E between
the 2 Is. There are 2 such arrangements of the Es and Is. Fampéxasuch an arrangement
might look like:

E I E I

Now, we are free to distribute 5 slots for the 5 consonantsinway we please into 5 boxes:

(5+g‘1) ways. Next we place the consonants in these 5 slots: 5! way$for$his case we have

5+5-1 I
2% ( 5 ) x 5! possibilities.
e Case Il: consecutive Es but not consecutive Is. There isamdysuch arrangment of the vowels:

I E E |

Now, we can distribute 5 slots for the 5 remaining letters bo%es making sure that the box be-

tween the two Es is not empt ‘.‘*i‘l) ways. Finally, there are 5! ways to place the 5 consonants

, . 4+5-1
in these 5 slots. So for this case we hévé'_ i ) x 5l ways.

e Case lll: consecutive Is but not consecutive Es. This isljkstCase Il with | and E switched.

Sowe have<4 * Z - 1) x B! possibilities for this case too.

e Case IV: both Is and Es are consecutive. There are 2 suchgamants of the vowels. For
example:

I I E E

Now we distribute 5 slots for the 5 consonants into 5 boxeswaumust make sure the both the
box between the Is and the box between the Es are non—e(ﬁbiy?) ways. Finally, there are

. : 3+5-1
5! ways to arrange the consonants in those slots. So for #isis we have 2( * 3 )x 5!
ways.

4+5-1

So the final answer is>2(5+:_1)><5!+2><( A

)xa+2x(3+g_ﬂx5!

(c) Again we can count the complement. We know the total nurobarrangements without consecutive
Es or Is from part (b). From this we must subtract the numbeuch arrangements where the vowels
arein increasing order.

Let us first put down the vowels:
E E I |

Now, we distribute 5 slots for the 5 consonants into 5 boxekimgasure that the box between the
Es and the box between the Is is non—emp@g‘l) ways. Now there are 5! ways to arrange the 5
consonants in these 5 solts. So the answer is
3+5-1
x 5!
757

[2x(5+2_1)x5!+2x(4+i_1)x5!+2x(3+g_1)><5!]—




Problem 60. Break up into cases depending on how many clusteissdhere are and how marmys per
cluster. There are seven cases, though each case is easylte bg itself!

e Case I: 4 clusters of 2s each
aa aa (0704 aa

e Case II: 2 clusters of threes and one cluster of 2 (keep in riiatithere are 3 ways to arrange the
clusters)

aox aaoa aa
e Case lll: one cluster of 4 and 2 clusters of 2 each
aoaax aoa aa
e Case IV: one cluster of 5 and a cluster of 3
aaaoaax aaa
e Case V: one cluster of 6 and a cluster of 2
aaaaaax aa
e Case VI: one cluster of 8
(07070707070 70704
e Case VII: two clusters of 4 (keep in mind there is just one wagtange the two clusters)
aaaa  aaaa

Problem 63. Arrangem blocks of 01.:
01 01 01 0%--01 01

Now, we have used um2out of then spaces. We must decide what to do with the remainin@m spaces.
We think of the all the places where we can put them as boxes:

box 1 01 box 2 01 box 3 01 box 4 01---01 box m 01 box m+1

Now there are exactlyn occurrances of 01. So 01 cannot occur in any box. This meatsrttany given
box, all the 1s must occur on the left and all the Os must ocauhe right. So we can think of each of the
boxes illustrated above as being split into two:

1s | Os 01 1s| Os 01 1s| Os 01 1s| Os 01---01 1s | Os 01 1s | Os

Thus each of then+ 1 boxes we had before has been divided into two. So now we lmaweZboxes. And
we just need to decide how many spaces to put into each box.owerteed to decide whethera 1 ora 0
goes into a given space because that is determined by whicthbaspace is in. So we need to distribute
. (n—2 2m+2)-1 1
n— 2mspaces into &1+ 2 boxes. So the answer |gn m) +(2m+2) (" :
n-2m n-2m
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Problem 65. Decide exactly how many balls go in the firastboxes. This can be anything betwegand
. . , . [ -1 o .
r. Say we decide to putballs into the firstm boxes. There ar I +T ) ways to distribute those

balls into them boxles. We are now left with — i balls to glistribute_into the last 1 m boxes. There are
r—i)+(n-m)-— . i+m-— r—i)+(n-m)- .
(r=1 r( i ) ways to do this. So there afe : X (r=1) r( i ) to distributer balls

into n boxes with the firstn boxes havingxactly i balls. Now we sum over all the possibilities fiorSo the

answer is
Zr (i+m—1)x((r—i)+(n—m)—1)
i=s i r—i

2 Section 5.5

Problem 9. (a) The left hand side is the number of ways to choose 2 thirgs & set of 2 things. For
example, say we hawedistinct apples and distinct oranges, and suppose we want to pick a set of

. 2n . .
2 fruits from among them. There g e2 ways to do this. We could also count the same thing by

breaking into cases as follows. Case I: no apples are chpGsee 1l: no oranges are choosen; Case
lll: one of each is choosen. There e@ ways to do case |, and the same for case Il. For case lll,

there aren ways to choose an apple anavays to choose an orange. So therer&ravays to choose

: 2
one of each. Therefore, adding up the three ca(sg%,: 2(2) + 1.

: : -1\ (2 . , S
(b) First of all notice that the produ 'EH ' X ' , which occurs on the right hand side, is equal to
2r r
n+r—-1 n
i X

-1\(n-1 . -1 , :
n (n - : )(n i ) Now since the terrr(n - : ) occurs both on the left and on the right, we just

; l) (see example 1 of Section 5.5 in the book). So the right hashel isiequal to

-1
need to show thain(-r) (?) =n (n i

Now, suppose we have arelement set. How many ways are there to choose one elementliie

set followed by a set of other elements (all dierent from that one element that was first choosen)?
We can count the number of possibilities in twdfdrent ways. First choose the one elememt:
ways. Next choose the set bklements from what remains (since this set can't includestement

(N .
choosen){";!) ways. So the answer rs( . Butwe could also first choose thelement set(})

ways. We can then choose the one element from what remaiam (@gmake sure it is not part of the

, -1
r element set)n — r ways. So the answer is alérg) (n—=r). So(?) (n-r)=n (n i )

Problem 11. (a) Say we hava distinct symbols and we have 3 slots in which to place them:

How many are there to do this if we are allowed to repeat systh@ince we can put any of time

symbols in each slot, there ané ways to do this. Let us count the same thing by breaking intesa
depending on exactly how many symbols we use. Case |: we astlerne symbol; Case II: we use
exactly two symbols; Case Il we use eaxctly three symbiets. case |, we first choose the symbol



out of then symbols:(?) ways. There is just one way to arrange that one symbol in tie thlots.
So case | haf]) possibilities. For case Il, first choose the 2 symb§§ways. There are 6 ways to
arrange the 2 symbols in the 3 slots. So we have@) for case Il. For case lll, there a@) ways
to choose the 3 symbols and then=3!6 ways to arrange the 3 symbols in the 3 slots. So(§)

possibilities for case Ill. Adding up the 3 cases, we seerthat (2) + 6% (2) +6x (g)

(b) This is just like Example 5 in the book (see page 228).

2
. n n . . 2 _ o2n .
Problem 19. On the left hand side we ha eZk—O Wl which is equal to [2]° = 2<". On the right hand

. 2n (2n L
side we havezkzo( ‘ ) which is equal to 2".

Problem 26. We will show by a counting argument that

Zn n\(m\ _(n+m
k=0\k/\k/ | m
The left hand side counts the numbermflement subsets ofm+ m element set. Let us take ar+ m

element set which has been divided into two parts of siamdm. For concreteness, suppose we have
distinct apples andh distinct oranges. We want to choose a sebtdfuits from among these. There are

(n Jrrnm) ways to do this. Now, let us count the same thing infeedént way by breaking into cases depending

on exactly how many apples we choose. Suppose we decide aseleaacthyk apples. There ar@) ways
to choose the apples. Now, we must pitk- k oranges. There ar@nr[‘k) ways to do this. So there are

() x () ways to choosen fruits, if we decide to pick exactlk apples. Since < m, we can choose any
number of apples from 0 to. Summing over all the cases we see that

)= Zheld

However,(mrfk) = ('I?) Therefore

n+m n (N m n [N m
( m ) i} Zk=o(k) * (m— k) } Zk=o(k) . (k)
Problem 32. Given a seiX with n elements, we want to count the number of pairs of subsety, where
a andb are disjoint subsets of with |[au b| = m. We count the number of such pairs in twdfdrent ways.
First we break into cases depending on the size afcan have anywhere between 0 anélements. Once
the size ofais fixed, the size ob is also determined, since they have to union up to a set ofsi&uppose
we decidela] = k. There are([:) choices fora. Now b must be a set of sizen — k choosen from among
n-k
m-Kk
(a, by, if |a] = k. Now summing over all possibilities férwe get that the total number of such pajesb) is

Zm n % n-— k
k=0\k) \m-Kk
Nowm let us count the number of such pairs in fietent way. Let us first choose a subsetf X with m
elements and then let us partition it into a pair of disjoietisga, by, with auU b = ¢. There are(rr;) ways to

the remainingn — k things. So there argl;"¥) choices forb. So there are a total {E) X such pairs
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choose the sat Oncec is choosen, we must how to partition it into a pair of disjaets(a, b). a can be
any subset of. So there are2 choices fora. But oncea is fixed, b is also fixed. So there aré"2vays to

partition c. So the number of such pai¢g, b) is also equal t(érr;) x 2™,



