BULK DIFFUSION IN A SYSTEM WITH SITE DISORDER

JEREMY QUASTEL

ABSTRACT. We consider a system of random walks in a random environment
interacting via exclusion. The model is reversible with respect to a family
of disordered Bernoulli measures. Assuming some weak mixing conditions, it
is shown that under diffusive scaling the system has a deterministic hydro-
dynamic limit which holds for almost every realization of the environment.
The limit is a nonlinear diffusion equation with diffusion coefficient given by
a variational formula. The model is nongradient and the method used is the
“long jump” variation of the standard nongradient method, which is a type of
renormalization. The proof is valid in all dimensions.

1. INTRODUCTION

Consider a system of particles occupying sites of a multidimensional integer lat-
tice. The particles are attempting jumps to nearest neighbor sites at rates which
depend on both their position and the objective site. The rates themselves come
from a quenched random field, and are chosen so that the system satisfies a de-
tailed balance condition with respect to a family of random Bernoulli measures
(the random field Ising model at infinite temperature). The interaction between
the particles is given by a hard core exclusion rule: Attempted jumps to occupied
sites are simply suppressed.

Such systems have been used to model electron transport in doped crystals. In
this case, the hard core exclusion rule is given by the Pauli exclusion principle. The
crystal itself creates a periodic field in which the particles move. In the presence of
impurities, the field is random.

The purpose of this article is to study the transport properties of such a system.
In particular we are interested in the influence of the random field on the rate of bulk
diffusion. In the absence of the exclusion rule, this is simply the result of diffusive
scaling of a single particle moving with reversible rates in the random field. At the
other extreme, if the exclusion is present but the field is constant, the bulk diffusion
also turns out to be independent of the density of particles. However, when both the
random field and the exclusion rule are present, one sees a nonlinear dependence of
the bulk diffusion on the density. This diffusion coefficient can be computed by the
Green-Kubo formula, but we have not been able to find such a computation in the
literature. We give a variational formula for the bulk diffusion, which is equivalent
to the Green-Kubo formula, and which we can establish rigorously.

We should point out that in principle it is not even clear that under diffusive
scaling such a system has a hydrodynamic limit. The main work here is to show
that in fact all the influences of the random field are, on a sufficiently large scale,
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contained in a diffusion coefficient, which depends on the statistics of the field, but
not on the randomness itself. One of the main steps in this direction is to show
that the system in a box of side length L has a spectral gap no smaller than ¢L 2.

To establish the hydrodynamic limit one needs to prove some version of Fick’s
Law, namely to replace the microscopic current by the gradient of the density field
multiplied by the diffusion coefficient. The system we are considering turns out to
be of non-gradient type. Roughly speaking, the gradient condition says that the
microscopic current is already of gradient form. At this time, the only method
for the nongradient systems is the one developed by Varadhan. The idea is to
replace the current by a gradient plus a fluctuation term. However, in our case,
such a decomposition cannot hold microscopically, because the fluctuations of the
gradient of the density field arising from the random field are very large, and one can
only make sense of these gradients over sufficiently large mesoscopic distances where
stochastic fluctuations are reduced by the central limit theorem. It is necesssary to
perform the decomposition in some mesoscopic scale.

The model we are considering has been studied in the physics literature by means
of rough approximations, and Monte-Carlo simulations. The case of a period two
field in one dimension has been solved exactly [20], [24]. Surprisingly, the resulting
equation is linear. This special case turns out to be an ‘almost gradient system’,
by which we mean that the fluctuation term is explicit. In other words, one can
find the minimiser in the variational problem for the diffusion coefficient. This
is certainly not the case for other fields, and it can be shown that the diffusion
coefficient is non-constant in general.

The main result of this paper was described in detail in [I6] along with a sketch of
the proof, and an unpublished, incomplete manuscript [I8]. An important motiva-
tion for the method described there, is that the non-gradient method as developed
n [22], [I7], [23] does not work in low dimensions. In higher dimensions, such an
approach can be made to work by subtracting a term from the microscopic gra-
dient term to make it mean zero. One then has the nontrivial problem to show
that the subtracted term vanishes in the limit, and this can be done if d > 3. This
was suggested in [I6], and a proof following these lines appeared recently [6]. This
inspired us to write up the details of our unpublished manuscript carefully as the
present paper. The advantage of the original approach in [16] is that it works in all
dimensions and elucidates the connection to renormalisation. The present article
is independent of [6]; the only result we have used beyond [16] and [I8] is the proof
of the spectral gap of the Bernoulli-Laplace version of the model by [4], which im-
proves on what was written in [I8]. Note that both [4] and [6] need the moving
particle lemma (Lemmas 5.1 and 5.2 of this article), which is in some sense what
tells you that the system is diffusive.

In addition we prove here the continuity of the diffusion coefficient in the full
interval [0, 1], and the uniqueness of the hydrodynamic equation. The uniqueness
needed to be added as an assumption in [6], and the continuity was proven only on
(0,1). Note that the continuity of the diffusion coefficient at 0 is of considerable
interest because there it becomes the asymptotic diffusivity of a single particle in
the medium, a classical homogenization problem with a different variational formula
that has to be related to ours.

The review article [I6] contains a sketch of the main idea of the proof contained
in this article. The sketch contains a small misprint which has unfortunately led to
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a great deal of confusion. The formula for a certain central limit theorem variance,
limsup E[(K Wk, (~K*Lg) 'K 'Wgk)] = Cm?*(1 — m?)o~! (1.1)
K—oo

is stated without a numerical factor C' on the right hand side. We would like to

explain the nature of this minor mistake, which does not affect the integrity of the

proof. In fact, as long as it is finite, the exact value of the constant C' is not even

relevant in the proof. To explain this, we need to describe the basic idea of the

proof. This is a bit easier in one space dimension.

The main problem in proving the hydrodynamic limit is to understand the large
scale behavior of the average current wy 41 between site x and x + 1, multipied
by a factor e~!, the size of the system. The current is a function of the particle
numbers and field values at those two sites. One is allowed to take some average
of these currents over a larger, but still microscopic block. Write the sum on the
block as W, = g;i W »+1. Averaging doesn’t appear to help too much unless
Wy z4+1 Were of gradient form, 7,1h —7,;h for some h. Then there would be an easy
term by term cancellation. But in this model the current is not of gradient form
unless a = 0. It might work however if we could find an h such that the difference
can be made appropriately small. This is the standard approach to non-gradient
systems, which as explained, works for this model only in higher dimensions. Our
alternative approach is to use a long jump version of the current, w, ,, which is
the same function evaluated with variables at sites x and y, but now z and y are
chosen far apart. It turns out to be true that one can replace w, , by Cw,,, where
C is related to the diffusion coefficient. This helps somewhat, because one needs to
normalize the sum in ¥, 4, and a normalization factor of y — z in the denominator
is now available. But to compensate for the huge e~! factor in front of the current,
one would have to take y — x = =1 which is no longer microscopic. So one needs
something more. One can get the needed extra factor by averaging the long jump
ends r and y over some large microscopic blocks, say x € A; and y € Ay, where
A7 and As are two blocks of side length K beside each other. Then one gets a free
factor K—1/2 (K~%/? in dimension d) from the central limit theorem, and together
with the K~! from the typical distance between = and y, this gives a prefactor
K~(442)/2 \which can beat the ¢! if K is chosen as large as ¢ ~2/(4+2),

So we want to replace

1
weepr by KWk =K 'Aveenwey. (1.2)

YyEAg

KﬁlA'UzeAl

e

YyEAY

Z=T

If one instead tries to replace Av, .+1ea,0A,Ws,241 by K1 Wi = K7  Avaea, wy
yEA2

the resulting central limit theorem variance will not vanish. This is not a surprise
and is simply because one forgot the extra average on the left hand side of ([1.2)), so
the corresponding variables are weighted differently than those on the right hand
side of . But it appears some readers drew the erroneous conclusion that this is
because of the missing factor C' in . We regret the misprint and the confusion
it has caused, but it does not disqualify in any way the main idea of the proof as
described in [16], [18].

The proof of the hydrodynamic limit contained in this article is essentially the
same as that of [16], [I8]. The main new material is the proof of the continuity
of the diffusion coefficient, the uniqueness of the hydrodynamic equation, and the
proof of (L.1]), the details of which were not included in either [16] or [I8]. This is
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in Section 7 and 8. It requires a non-trivial extension of the standard non-gradient
computations as one is missing in this problem the usual average over translations.

The paper is organized as follows. In Section 2 we describe the model and the
main results. In Section 3 we give a sketch of the proof of the hydrodynamic limit,
emphasizing the new problems that arise because of the random field. Sections
4-8 contain the details of the proof. In Section 4, we recall some standard results
in perturbation theory which allow us to use the variance method for nongradient
systems on functions whose range is up to a small constant times e ~2/(4+2) as long
as they satisfy an ‘integration by parts’ estimate. In Section 4, we prove the key
‘moving particles lemma’ which gives the spectral gap and the two-block estimate
and the ‘integration by parts’ estimate for the long jump current. Sections 6 - 10
are devoted to the computation of asymptotic variances which is the heart of the
nongradient method. The standard material is in Sections 6 and 7. In Sections 8
and 9, the computation is extended to the 'long jump current’ where one no longer
has an average over shifts. In Section 10 we complete the proof by showing that the
long jump current can be replaced by its average with respect to local equilibrium at
the scale e=2/4+2 where the fluctuations have been sufficiently dampened. Section
11 contains the results about continuity and a type of Holder continuity of the
diffusion coefficient and Section 12 the uniqueness of the hydrodynamic equation.

2. THE MODEL

Let a,, = € Z* be a bounded (|a,| < B) stationary, ergodic random field,
satisfying the following mixing conditions: For some v > max{4,2(d + 2)/d*},
there is a constant C' < oo such that for for all [ > 0, for all f € Fj, with I[E[f] = 0,

JEUszeAme <C(K) B (2.1)

where 1, is the shift by x, Ak is the box of side length K, and IF is expectation with
respect to the field. Typical examples are « periodic, or «, could be independent,
identically distributed random variables. But is quite general. For example,
one could divide Z¢ into boxes of side length A. On each of the boxes one could
pick at random from a finite list of patterns (functions on {1,..., A}9).

For each ¢ = L™, L a positive integer, we have a system of N = O(¢~%) particles
on eZ4/Z* moving in this field. At most one particle is allowed at each site. A
particle at x attempts to jump to nearest neighbor sites y at rate

e 2 (1+e* ), (2.2)

If there is no particle in the way the particle is allowed to jump. However if
there is a particle in the way, the jump is suppressed, and everything starts again.
All the particles are doing this independently of each other, and since time is
continuous one can ignore the occasion of two particles trying to jump onto each
other simultaneously.

The state space of our process is {0, 1}EZd/ z*, Configurations are denoted 7.
Nz = 1 or 0 depending on whether there is or is not a particle at z. Our system is
a Markov process on this state space with a generator given by e 2L, where

L. = Z azy(n)va:gﬁ (23)

|z—y|=1
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where the rates are given by
Gy () = 14+ (v ) (24)

and the lattice gradient is given by
Vay f(n) = f(Teyn) — f (), (2.5)

where T,,n represents 1 with the occupation numbers at = and y exchanged. For
each A the generator is reversible (self-adjoint) with respect to the product measure

“lexp Z (o + M) (2.6)
z€elZ? /74

Z is the normalization. The parameter A\, which is called the chemical potential,
can be adjusted to vary the average density of particles. The relation between A
and the density, m, is as follows: For 0 < m < 1, X is chosen so that

B [“} —m. (2.7

1+ e@otA

We could alternatively fix the number of particles, so that the density was m. Then
the process is reversible and ergodic with respect to that measure

Z_l eXpZamnz 5{Avmnm:m}~ (28)

Taken over the allowable m = ie?, i = 0,...,e% these give us a full set of ergodic
invariant measures. Note that the measures (2.8]) are not simple to describe. The
Dirichlet form is given by

D(f) = Elf, (- = El(Vayf)?] (2.9)

r~y

The empirical density field p. € M(T?), the set of measures on the d- dimensional
torus T?, is given by,

s(do) = Ed Z nr6sz7 (210)

where 6y gives mass one to the point § € T?. Let us choose initial distributions
of our process so that, for some given smooth m® : T¢ — [0,1], p. = m°(0)dod
in probability. The corresponding probability measure on D([0,T] — M (T?)), the
space of right continuous trajectories with left limits in M (T%), will be denoted P.
Of course P. depend on the field, a.

We can now state our main result.

Theorem 1. For almost every realization o of the random field, P. = 6., (1,6)d6,
as € — 0 where m is the unique weak solution of

om
5 =V -D(m)Vm, m(0,6) = m°(9). (2.11)

The diffusion matriz D(m) is nonrandom continuous function on [0,1]. It is given
by the following formulae. For m € (0,1),

D(m) = a(m)\ (m),
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where the conductivity, o, is a symmetric matriz whose associated quadratic form
is given by the variational formula,

d
(8, 0(m)3) = 2inf 5 [(Z(ﬂe(ne ) -0, Y ng>2>m} . (2.12)
e=1 T

The infimum is taken over all local functions g(n,«) of the configuration and the
field. The shift is given by 7,9(n, a) = g(Tam, Tz). The expectation IE is over the
random field o and the expectation ()., is over the infinite product measure @
where X\ is chosen as in . For m =0, D(0) is the limiting covariance of a free
particle in the field, given by the classical homogenization formula,

(8,D(0)8) = 22" nf B> (e +e%) (B + 77U — U)?). (2.13)

where z = IE[e*]. Form =1, D(1) is the limiting covariance of a test ’hole’ which
coincides with the limiting covariance of a free particle in the field & = —a.

The result was obtained earlier in [6] in d > 3 and under the assumption that
the diffusion coefficient is continuous and that the limiting equation has a unique
solution.

A few comments follow.

Regularity of D(m): From (2.12), o(m) is upper semicontinous for m € (0,1).
It is not hard to check that \'(m) is continous on (0,1) and therefore D(m) is
upper semicontinous on (0,1). The test function g = 0 in shows that o(m) <
Cm(1—m) for some C' < oo and it is elementary to check that X' (m) < C/m(1—m)
for another finite C. Hence D(m) < cI for some ¢ < oo for all m € (0,1). From
the moving particles lemma one obtains also a lower bound D(m) > ¢~'I for
m € (0,1). In Section 9 we show that D(m) is Holder 1/2 with a coeffiecient which
may behave badly at the edge; |[D(m1) — D(m2)|?> < C(mi(1 —mq)) " my — ma
for some C < oo. This follows from the characterisation of the diffusion coefficient
in sections 6 and 7 without too much work. It is also shown there that D(m) is
continuous on the whole interval [0, 1].

Weak solutions: By a weak solution of we mean a function m : [0,T] x
T¢ — [0, 1] satisfying

TV st [ 6= 6wl — m N
/O/Tdma_m)dwt— ¢P{/O /w[ V¢ — |¢|*m(1 —m)]dfdt} < co (2.14)

for each T < oo and for smooth test functions ¢ on T? x [0, T7,

t=T T a¢) T
/ omdo | = / / 99 ndodt — / / Vo D(m)Vmdddt.  (2.15)
Td =0 0 Td ot 0 Td

In Section 10 we show that under the Hélder continuity proved in Section 9, such
weak solutions are unique.

Associated dynamics: One can produce other dynamics with as ergodic
reversible measures. Consider the dynamics associated to the Dirichlet form

> py—wElbay(0)(Vay f)*] (2.16)

where p is finite range and symmetric and by y4,(n) = Tzbo(n) for some finite
range by , (1) bounded above and below (for y in the range of p.) The expectation
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is with respect to any one of the measures (2.8). The corresponding dynamics has a
particle at « attempting to jump to x+y at rate py (boy (721)+boy (Loy Tzn)e=+v ).
Since our methods are based on estimates involving the Dirichlet form, they extend
easily to equivalent Dirichlet forms, and one obtains an identical theorem with
(2.12)) replaced by the infimum over

2IF |:Zpy<b0y(ﬁ : y(ny - 770) - vO,y Z ng)2>m:| . (2'17)

A natural example is b, = e~ *n9(1—n.)+e~*n.(1—n9). The resulting dynamics
has a particle at x attempting to jump to each nearest neighbour site at rate e=%=.

Mixing conditions: The mixing conditions given in are chosen for con-
venience and are not meant to be optimal. They are mainly to point out that the
theorem holds under some very weak mixing conditions on the variables «,. A nice
problem is to consider the case of unbounded field « (the condition that |a,| < B
is very important for the method.)

3. HYDRODYNAMIC LiMIT

In this section we give a sketch of the proof of the hydrodynamic limit. Many of
the arguments are now standard and can be found for example, in [I1]. However,
at some points new ideas are needed, especially in low dimensions where there
is not sufficient averaging to control the fluctuations from the random field. We
will sketch the approach, emphasizing where new methods are needed, leaving the
rigorous proofs for Sections 4-8.

The evolution of the empirical density field u. is described by the following set

of stochastic integral equations
/ / (t,0)uc(t,do)dt
Td

—/ gd=2 Z (o(t,ey) — o(t,ex)) wey dt

0

cb(t 0)pue(t, dO)

|z—y|=1

/ Z o(t,ey) — ¢(t,ex)))Vayn dMazy.

|z—y|=1

Here M, are independent Poisson “sawtooth” martingales running at rates e ~%ay,,
and the current

Wey = Agy(ny — N2) = 77y(1 - 7795)(1 +e* W) =y (1 —ny)(1+ ™). (3.1)

meg the formula E[|Mf = fo [Lf? — 2fLflds if My (T) = f(n(T)) —

fo Lf(n(s))ds, true for any Markov process, one easily computes the
quadratlc Varlatlon of the martingale term,

EP=[( / Z o(t,ey) — ¢(t,ex)))Vayn dMy,)?] < Ce? (3.2)
lz—y|=1
where C' depends only on T and € 37 ;4 /74 6° ().
If one starts with a nondegenerate product invariant measure ( E[ng] # 0 or 1)
we have the equilibrium, or stationary process which we denote by ). and from
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the bound on the entropy of any initial distribution with respect to that reference
measure we obtain directly the bounds

H(P./Q.) < Ce™?, / ' D(/f)dt < Ce*~? (3.3)
0

where f; is the marginal density of the nonequilibrium process at time ¢. If V' is
any bounded function we can estimate by Feynman-Kac formula, spectral theorem
for self-adjoint operators, and the variational formula for the principle eigenvalue
of L+V,

T
T log B9 [exp{ / Vin(s)ds}] < sup {(VH) =2 3 (Vo v/ P2}

|lz—y|=1

where the expectations are with respect to the invariant measure and the supremum
is over densities relative to that measure. The superexponential bound

E0- [expg—d S ben) /: w$$+e(s)d8} <2exp(t—s) . é*x) (3.5)

z€ZLe—174 z€eZ? )74
is obtained this way using the integration by parts formula

(wey ) = =50y = 1) Ve ) (36)

true for any f and any invariant measure on any set containing x and y. By
Schwarz’s inequality we have

<ww z+ef < C $yf 1/2 (3‘7)
which gives . Once one has and -, tightness of the measures P. follows
by a standard argument from Garsia’s lemma (see [11] for details).

Once one has tightness, it remains to identify the limit measure and for this we
take the limit of the stochastic integral equation. From the martingale term is
asymptotically trivial. Hence the work is to identify the limit of the term involving
the current in terms of the empirical density field. Since the sites are distance ¢
apart,

e (9(ey) — d(ex)) = (y — 2) - Vo(ex) + o(1).
Fix a direction ey and call J = ey - V. Our job is to identify the limit of

T
/ g Z J(em)e M wy pye, dt (3.8)
0 z€Z4 /e—174
for smooth functions J on the T% as

/OT /Td 0) > Dege (m(6, 1)) 0em (6, t)dt (3.9)

e

where m(0,t) is the density of the limit of the empirical density p.. It is relatively
easy to see that the latter is well approximated by something of the form

T
1
/ e S () D (1) (20) T A — T ) (3.10)
0 T€Z%/e—174 e’

where 7, = Avyepeny and Af is a cube of side length ¢ around x, since m(t, 0)d6
is the weak limit of yi.(t,df) and 7% (t) = pe(t, {0 : |0 — x| < 6}).
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In order to make this replacement one could try to replace by something
like
T
/ g? Z J(ex)e ™ T Avye p e Wy ytep dt (3.11)
O zezdje—1ze

where Ak is a box of side length K about the origin. Note that it is not hard
to make such a replacement. Performing a summation by parts on the difference

between 1) and || one obtains an error of fOT I'dt, where

=¢d Z [J(ex) — Avyen, J(e(x + y))]e ™ Wy zpep- (3.12)
x€Z4 je—174
One easily estimates from (3.7))
(Tf) < CKe||VJ|looAVpezaje-1748 {(Vazreo vV f)2)? (3.13)
so that
Tf)—e2D(\/f) < C'K?? (3.14)

for some new ¢’ < co. So as long as K = o(¢~!) such a replacement can be
performed. On the other hand, it is not so clear how replacing the current by its
average really helps us to get closer to something like or where the nontrivial
term o(m) would come from.

Instead we will choose some functions ©% which depend on variables in box Ag
of side length K, large with 7!, so that the latter is well approximated by

T
/ g? Z J(ex)e 1, 0% dt (3.15)
0

€LY [e—174 e

The functions O are given explicitly in (see ) but for now we do not need
the explicit form to explain the basic argument.

There are also a class of objects for which one can readily check the asymptotics
is trivial. Let g(n, «) be any local function and define the shift 7,9 = g(7.7, o).
Then

T
/ e Z J(ex)e L gdt (3.16)
0 T€Z%/e—174

is asymptotically trivial. This can be seen by It6’s formula, which says that the
above is equal to

g+l Z J(ex)Trg

T

T
d+1
_/ € + ZJ(Ex)aw,w+eva:,w+eg dMa:,z+e~
0 0 x,e

Terms such as (3.16]) are called fluctuation terms. Let

Vik = AVpep, Wapteq — LT2g — Z 0%. (3.17)

where A is a box of side length K — ¢ where £ is chosen so that Vi depends only
on variables in A%-. We need to show that

T
/ ed Z J(ex)e ', Vxds — 0 in P. probability. (3.18)
0 x€Z4 Je—174
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From either the entropy bound in (3.3 together with the entropy inequality, or
directly from the Dirichlet form bound in (3.3) to show (3.18) for a function Vi it

suffices to prove

iIglf lim sup sup{e? Z€_1<TIVK]C> —e7? Z<(VI7$+€ VA =o. (3.19)

e—0 f

Taking the sum out of the supremum we obtain an upper bound of the form

inf lim sup Sup{€_1<sz€AK VKf> - 5_2AUCE€AK Z<(vz,z+e \/?)2>}
g

e—0

The expectation is now over a canonical measure (fixed density of particles) on the

box AX of side length K and the supremum is over all relative density functions, as

well as all densities. Letting Lk denote the generator corresponding to the Dirichlet

form 37, cx Yo ((VawteV/f)?) we recognize this as the variational formula for
6_2K_(d+2)/\](75

where A . is the principle eigenvalue of

KLy + K2V
Note that K2Lk is used because it has a spectral gap of order one. If we write
down the formal Rayleigh-Schrédinger series for Ag . we find
e KN\ o = e P KPR e K (Vi) + e K22 (Vi (K2 Lic) ™ Wie)+ -+ .

The functions O are specially chosen so that they have mean zero with respect to
any canonical measure on Ag. This is also true of the currents and the fluctuation
terms, and hence (Vi) = 0. Therefore

/T e Z J(ex) 7 [e Wik — ak]ds (3.20)
0

z€Z4/e—174
is asymptotically trivial where
—1
ax = KV, (-K’Lk)™ V). (3.21)

In Sections 4 and 5 this is proved for K < coe~2/(4+2) where ¢y is a small constant
as long as we have an estimate of the form

<VKf>2 < CK* Z <(ny\/?)2> (3.22)
|z—y|=1,z,yEAK
holding for some C' < oo for all densities f on Ag. For our special choice of ©%
(see (3.28])), (3.22) will follow from and the moving particles lemma proved in
section 5. We want K as large as possible to control fluctuations from the random
field and hence we will always choose

K = coe~2/(4+2), (3.23)
Let
&KZGK—E[GK]. (324)
We claim that for any fixed g, almost surely in the random field,
lime? Y J(ex)raix =0 (3.25)

e—0
x€ZL%/e—1Z4
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in P, probability. To see this note that ay, which is a function of m = 7i taking
values in iK~4, i =0,..., K%, can be easily extended to a continuous function of
m € [0,1] by linear interpolation. For each § with §~1 a positive integer, divide
Z/e=17Z% into disjoint boxes of side length §e~1 and label them 3. Let 7jz be the
particle density in box . By the two block estimate,
;in%) liH(l) e Aﬂv Avgepd(ex)|ak (s, K, Toe) — 4 (g, o) = 0 (3.26)
—0e—
in P probability. Now ax(m) is a function of a,, € Ak, hence by the mixing

condition ([2.1)), for v > 1
E[| AﬁvAvxng(sx)&K(ﬁg,Tma)m < Avg E[|Avgepd (ex)ar (73, Tor)|7]

= O((6eK)"4/?).

For fixed ¢ this is 0(57d2/2(d+2)) which is summable in e7* = 1,2,... as long as
v > 2(d + 2)/d?. By Chebyshev’s inequality and Borel-Cantelli lemma, the term
goes to zero for almost every realization of the random field. This proves (|3.25|).

Hence we have reduced the problem to proving that

inf Klim sup Elax(m,g)] =0 (3.27)
g —0 m
for our specific choice of O as well as proving that (3.10) is well approximated by
(13.15]).

The choice of functions ©% is not unique. The standard choice is something of
the form DV .n where V.n = 1. —n, making the passage from (3.15)) to (3.10]) easy.
However V.n does not have mean zero, so one has to subtract a term E[V.n | ;] for
some large [, and try to deal with that term in a different way. One can check the
size of the subtracted term after appropriate averaging is only small in dimensions
three or higher. In [I7] it was suggested that the standard approach could work in
d > 3 and it was carried out in [0].

We choose instead in (3.15))

0% = v(a, )\ Wgk (3.28)
where for any integer /¢,

W¢ =0 e 5, e (3.29)
is the block renormalized or long jump current. Here A* = {1,...,¢}? and for any

two nonintersecting subsets A and B of Z¢,
’IDA’B = AUIEA,yEmey (330)

is the average current over A and B, where wg, are given by (3.1)). The prefactor
v is given by

v(m) = oege(m)/m(1 —m). (3.31)
Computations in Section 8 explain why v has to have this form. (3.27)) is proved
in Section 6 and 7.

4. PERTURBATION THEORY

We recall some standard results from perturbation theory which we will be using
in a specific context.
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Lemma 4.1. Let Hy be a non-negative self-adjoint operator on a Hilbert space
with A\g = 0 a simple eigenvalue, and spectal gap \y > 1. Let V' be a real potential
bounded by

(u, Vu) < a ({(u, Hyu) + 1/4(u, u)) (4.1)

for some o« < 2/5. Let H = Hy + V. Then for |\| = 1/2 the Green function
(A — H)~! has the convergent series

G- H) =3 (- H) V] (- H) (12)
n=0
with
[N = Ho) 'V]" (A= Ho) || < 5(5a/2)" . (4.3)

Proof. Note that (Hg + 1/4)7'/2 is well defined. By (4.1)),
(u, (Ho + 1/4) Y2V (Hy + 1/4) "0 < a|ul?. (4.4)

Since V is real, (Ho -+ 1/4)"Y/2V (Hy + 1/4)~%/? is self-adjoint, and therefore (4.4
implies the operator bound

|(Ho +1/4) Y2V (Hy + 1/4) 72| < o (4.5)
Rewrite [(A — Hp)~1V]™ as
1 1 1" 1
(Ho+3)7% [(Ho + £)(A = Ho) ™ (Ho + )3V (Hy + 1)72] (Ho + 2)E. (46)
Since |A| = 1/2 and Hy has gap greater than one, we have ||(Ho + 1/4)*1/2” <2

|(Ho+1/4)(A— Ho) || <5/2, ||(Ho+1/4)"/2(A— Hy)~!|| < 5/2. This proves the
bound and the convergence. |

The spectral projection for the ground state of H is given by

1
P=_—— A—H)! 4.7
9 w:uz( ) (4.7)

Hence we have a convergent expansion for P. Using this expression one obtains the
familiar Rayleigh-Schrodinger series (see [19]) for the ground state energy of H+V
with the nth term bounded by 5(5a/2)™.

Corollary 4.2. Let W be a real potential and
H=—K?Lg + eK2W. (4.8)

If K2Ly has gap of order one then the Rayleigh—Schridinger series for the ground
state energy converges provided W satisfies

(u,Wu) < K=?Dgc(u)"?||ullz, K < coe 2/ (*2) (4.9)
for some ¢y small enough, or
Wle <C1. K < (Cre/10)” /42 (4.10)
Futhermore, in both cases one has

e 2K~ 2infspecH < KYW, —(Lg)"'W) + o(1). (4.11)



BULK DIFFUSION IN A SYSTEM WITH SITE DISORDER 13

Proof. Assume the gap of K%L is one. From (4.9) and Schwarz’s inequality,
K2 (u, Wu) < eK (@) [KQDK(u) +1/4 ||u||§] . (4.12)

By Lemma[£.1] the power series for the Green function converges. Futhermore, the
nth term is bounded by c(eK(¢+2)/2)" Therefore the nth term in the Rayleigh-
Schrédinger series is bounded by c(eK(4t2)/2)» One can compute that the first
term is zero from the assumption on W. The second term gives

(K2 KW, (L) W), (4.13)
while the the other terms are bounded by
(eK(4+2)/2)3, (4.14)

Now suppose that holds instead. We can choose « in the previous lemma
to be eK9t2C,. The first two terms in the Rayleigh-Schrédinger series can be
computed as before. The other terms are again bounded by o(1) after multiplying
¢ 2K 2. This proves the Corollary. O

5. MOVING PARTICLE LEMMA
We need a preliminary result.

Lemma 5.1. Suppose i is a homogeneous Bernoulli measure (o, = 0) on Z1
conditioned to have N particles Let k be a positive integer and p, a sequence of
positive numbers with Zm 1Pz =1. Then

v1 kf < sz_lE wo:+1f)2}- (5~1)

It is important that there is no multiplicative constant on the right hand side.

Proof. We prove it by induction. For k = 3 it is elementary to check the inequality
directly. Suppose it is true for k—1 and let p1 +---+pr = 1. Let ¢ = pa+- - - + pp.
From the k£ = 3 case we have

E[(V11f)?] < p1 " Bl(V12)?] + ¢ E[(Varf)?): (5.2)

From the inductive hypothesis, since q pg +od g =1,

E[(Varf)?] < q Z Pyt Vaorf)?]- (5.3)

This completes the proof. ([

Lemma 5.2. (Moving particle lemma) Suppose p is a Bernoulli measure on
7' with external field o taking values in [—B,+B]. Then

[ - saPam<e®s Y [GomatPantn 64

1<z<L-1

Proof. Suppose we change the measure i to a new measure ji by changing each «; to
the nearest value of the form Bj/L, j an integer. Since there is always such a point
with |o; — Bj/L| < B(2L)~! the Radon-Nikodym derivative du/dfi is bounded
above and below uniformly by e?/2 and e~5/2 respectively. Therefore at the cost
of a factor of e we may assume that « takes values in {Bj/L:j= —L,...,L}. By
the same reasoning, at the price of a factor e*? we may assume that oy = o, = B.
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Let A be the set
A=A{z;:a,, =K,i=1,... )k}

By definition,
Tl,Ln = Tll,xz e TIk—2,Ik—1TIk,GEk—1 e sz,ﬂﬂzTIQ,Tln'
By Lemmawith psl= - +1L*x ,

k

Bul(f(Toom) — Fm)) < 5 — 2 B [(f(Th i) — £1)?)

1 xs+1 — Ts

s=

‘We have to bound I

——— B [(f(Ter o) — F(0))?]
Ts41 Ts

We are now in the same situation as before except no a, can take value K when
s < x < xep1. Let us change o, and o, _,, to the value B(L —1)/L. The price
we pay is a factor exp{2BL~'}. Continuing this procedure we have a proof of the
lemma. ([l

From the moving particles lemma we obtain as a consequence two basic bounds,
the spectral gap and the two block estimate. The arguments leading from Lemma
to the two block estimate are completely standard (see [I1]) so we simply state
the result we need. We denote by 7, the empirical density of particles on a box of
side length n around x. Also (-),, denotes the expectation with respect to the fixed
total density of particles 77,-1 = m.

Lemma 5.3. (Two block estimate) Let 0 < K < oo and « any field with
—K < a, < K. Let F be continuous function on [0,1] x [0,1] and J a smooth test
function on T¢. Let K — 0o as e — 0 with K < 6~ '. Let

_ _ e -1 s 1
Ve =&Y J(en) (FiE, i) = F@i il ) (5.5)
x
Then for every realisation of the field o with — K < a, < K,

limsuplimsup sup sup{(VE,gﬂm — 42 Z ((Vm,ere\/?)Q)m} <0.
0=0 e "lélélﬁgf( f €7 /e~ 174 e

(5.6)

The expectation (-),, is with respect to the canonical measure (@ with fized density

m on Z/e~YZ and the supremum is over all relative densities f.

The following result from [4] gives the spectral gap of the Bernoulli-Laplace
version of our model to the correct order.

Lemma 5.4. Let 0 < K < oo. There exists a constant C = C(K) < oo such
that for any field a with —K < a, < K, any A, and any 0 < N < |A|, for any
f:{0,1}* =R,
Vara,n (f) < CIAT Ean[ Y (Vayf)?). (5.7)
z,yeA
Here Vary y x and Ep n kg denote the variance and expectation with respect to the

measure in our random field on A conditioned to have N particles.

Together with the moving particles lemma, one obtains the spectral gap of the
nearest neighbour dynamics to the correct order.
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Theorem 2. (Spectral gap) For each K > 0 there exists a C < oo such that for
all @ with —K < ap < K, all cubes Ar, of side length L, all 0 < N < L%, and all
£ {010 - R,

Vary, n(f) S CLEx, N[ Y (Vayf)?): (5.8)

z,yEAL,
lz—yl=1

Proof. By Lemma [5.4] we have

Vars, v (f) < |ACL|EAL,N[ S (Va7

z,yEAL

For each x,y € Ay choose a canonical path x = x1,29,...,z, = y with z; and
Z;+1 by moving first in the first coordinate direction, then in the second coordinate
direction, etc. By the moving particles lemma, we have

By N[(f(Tayn) = )1 < €*¥n >~ Eay N[(Varai 1))

1<i<n-—1

Summing over z and y, noting that n < dL and that each nearest neighbour pair
is used for the path between d(L/2)?*! pairs x and y we obtain the result. ]

6. THE DIFFUSION COEFFICIENT

We now discuss the computation of the asymptotic variance . Suppose
f(n, @) is a function depending on the particle and field configuration in some finite
box A, and which has mean zero with respect to every invariant measure for our
process on that box. We denote the class of such functions G,. Denote by G the
increasing union of Gy. For any v € G, we form the sum

V= Y 7o (6.1)

where A’y is a box of side length K — ¢ and we define

Vi = (Vi,(—Lx) 'Vk) = SI;P{2<VKf> - Z (Vay£))}- (6.2)
[x—y|=1

The expectation is with respect to an extremal invariant measure, i.e. the canonical
invariant measure with fixed number of particles, and the supremum is over
all densities with respect to such a measure. In particular Vi depends on fjp,, =
Avgen, Mz as well as ay, © € Ag,

Vi :VK(f]A;@a) (63)

Since v € Gy, if K >> { we can write v = Lgh for some h supported on Ag. Then

Vi = ZIEA/I( ToLixh = Ly ZzGA’K 7.h and hence we have Vi < CK%. For each
fixed m € (0,1), define

[v,v] = limsup K~ YE[V g (mg, @)]. (6.4)

mig—m

Although [v,v] is well defined for each v € G it is not so clear how to compute it.
For this purpose we introduce an auxiliary Hilbert space H and compute [v,v] for
objects in G by mapping them to H. Let 7, denote the product measure (2.6[) with
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density m. A form &, is a function of  and « depending on the basic basis elements
e of Z?. We make a Hilbert space H out of them through the inner product

(&)= BHE)m]. (6.5)

For g a local function consider the ezact form &, = ZyEZd V4 7yg indexed over near-
est neighbour bonds b = z, z + e in Z%. Since g is local there are only finitely many
nonzero terms so the sum is well defined. Note that &, is covariant in the sense that
Tz€p = &, p- S0 they can all be reconstructed out of the basic forms ., e running
over basis elements of Z?. This defines a Hilbert subspace £ of exact covariant
forms. An exact form posesses the algebraic property of closedness: If by, ba, ..., b,
are an ordered set of bonds making a loop in Z¢ then Y ;| &, (n®%-1)=0. An
example of a form which is closed but not exact is given by (Vn). = Ven = 0. — n0.
Let C be the closure in ‘H of the closed forms. One can check by standard arguments
(see [I1]) that £ has codimension d in C and that C is the closure of the linear span
of £ and V.

We now compute [v,v] for some special cases. When v = Lg for some local g we
use the map

gr&e = vO,e Z Tx9 (66)
and find
[Lg, Lg] = (£, &) (6.7)
When v = wg, we have the image w — Vn and
[w, w] = {Vn, V). (6.8)

Furthermore for v = Lg the map above gives
1
[wo,e, v] = —§E[<Ve77,§e>m]- (6.9)
The variational formula (2.12)) for o translates to

B-08= ir;f[(z Bewo.e — Lg)?. (6.10)

Fix a direction e. For each fixed ¢, W given by is embedded in &, as wj.
From and the moving particles lemma, one has a uniform bound on the norm
(W, W¢]. Furthermore one can check by a straightforward computation that for
any g € G,

Jim (W7 Lg] = 0 (6.11)

and less trivially that
elim [B- Wy, B- W, =m?*(1 —m)*B-0 3. (6.12)
—00
In other words, the limit W of the W, represents an (unnormalized) orthogonal
complement to Lg with respect to [-,-]. From the above computations we have

lim inf[(w — Lg — vW;)?] =0 (6.13)

l—oo g

where v(m) = o(m)/m(1 — m), which is the first step in the renormalization.
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To prove (6.12) we take the limit in variational formula (6.2) (see [II]) for any
v € Gy to find

ol =swp{2 30 BUVrLVirae)] - (66 (6.14)

z,x+eENy

where —Ly,V = v and £ is a closed form. Since € is closed it can be approximated
by BVn+V Zy Tyg. The first term can be computed explicitly and the variational
formula becomes

[v,0] = Sup{ [< ZTyg+Zﬁ ynyﬂ (BVn — VZTxg } (6.15)

9€G.8

Applying this to Wy gives (6.12)). It is worth noting that
E[(v ZTy9+Zﬁ yny)| =[v.8-w— Lg]

and

((BVn =V 7g)®) = [(B-w - Lg)?)

so this also shows that G is a Hilbert space and G = w & LG.

At this point it is worth making a quick remark about associated dynamics. If
one chooses instead a dynamics as in then one will have a corresponding
generator L and a corresponding current @ different from the w above but satis-
fying all the needed estimates. One checks in exactly the same way as above that
limy_ oo infy[(0 — Lg — #W;)?] = 0 where #(m) = &(m)/m(1—m) and & is given by
(2.17). The key point is that the choice Wy is independent of the particular choice
of model. This is important in later sections where the special form of Wy is used
repeatedly.

7. STRUCTURE OF THE GRADIENT SPACE

The state space on which we work is Q = [-B, B}Zd x {0, I}Zd points of which
we call (o, 1). Fix 0 < m < 1. On {0,1}%" we have the product measure

p=z " ep{ S (an+Am)n.} (7.1)
x€eZ /74
with A(m) chosen as in (2.7). Denote corresponding expectation by E,[-]. On Q
we have the corresponding annealed measure

E[F(a,n)] = E[Eq[F]]. (7.2)
A collection of functions {w;,} where b runs over unoriented bonds of Z? is called

a translation covariant form if for all bonds b and sites x in Z%,
TpWh = Wr,b- (7.3)

Here the shift operator 7, acts on functions F' by (7. F)(«a,n) = F(m,a, 7,n) where
(T2M)y = Naty and (Tpa)y = 0uyy. A translation covariant form is represented
by {w.} where e runs over the basic bonds e; = (1,0,...,0),...,eq = (0,...,0,1)
since every b = 7,e for some = and e and wp, = T,w.. The collection of translation
covariant forms is then a Hilbert space H with the norm [[{w;}|| = >, E[w?].
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An ordered finite set of bonds b1, ..., b, is called a closed loop it Ty, ---Tp,n =1
for all n. A form {wy} is called closed if for any closed loop of bonds by, ..., by,

Zwbi (O[, Tbi—l T Tbﬂ?) =0. (74)
=1

A translation covariant form is called ezactif w, =) V.7, g for some local function
g(a,n). Note that only finitely many terms in the sum are finite, so this makes sense.
Note also that an exact form is automatically closed.

Denote by C the closure in H of the space of square integrable translation covari-
ant closed forms and by £ the closure of those that are exact. We have £ C C and in
fact the containment is strict as V), the form (1¢10,....0) = 7(0,...,0): - - - » 7(0,...,0,1) —
17(07___70)) is closed but not in the closure of the span of exact forms. The main result
is
Theorem 3. C=VndE.

Note that the theorem has been proved in different situations in [22], [17],[6].
The proof here is very similar. It requires that the disorder field a be a stationary
ergodic process, but does not use the mixing conditions (2.1)).

Proof. Let wy, be a closed form. Let Ax be a box in Z? of side length K centered
at the origin. For any set A, let np,ap denote the collection of variables 7, ay,
x € A. For bonds b inside Ag let

wlf( - E[wb | O‘AK&ﬂAK]' (75)
wif satisfies the closedness condition (7.4)) for closed loops b1, . .., by, contained inside
Ag. The set {0,1}7% is divided into ergodic classes Y werr e = N and on each
we can sum along bonds to produce an unambiguous function Sk with

VbSK = w;f( (7'6)

for any bond b inside Ag. There is a free variable depending on > . Ay M and
therefore we can choose Sk so that Ej, [Sk | D ,cp, 2] = 0 as well. Let

Gk = E[S3K | OéAKaTIAK] (77)
and, for any bond b in Z,
=K VinGk. (7.8)
€L

Note that flf{ makes sense because only finitely many terms are nonzero, and that
it is by definition an exact form. If e is a basic bond, we can write £& = ¢} 5 4 ¢2.K
where ¢1% corresponds to terms in the sum with z and = + e in Ax and ¢25
corresponds to terms in the sum with one of x and x + e in Ax and one not in Ag.

5;7K =K Z Tfmvz,93+eE[S3K | Qy, Ny, Y € AK}
z,x+e€AK
= K_d Z E[T—wvx,z+eS3K | OéT,ZAKJ]r,mAK]
z,x4+e€EAK
=K Z Elwe | r  AwsMr_oak]- (7.9)
zr,x+e€ENK

By the martingale convergence theorem we have 1% — w, as K — oo.
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Note that
&N = Ven (7.10)
where c& does not depend on 79 or 7.. Suppose we take a bond b which does not
have any vertex in common with e.

Vet = K¢ Z Vea Vo Gk (7.11)
[{z,z+e}NAk|=1
SO

E[|V,¢2K)?) < cK @D > E[V.wGrl?] < C'K2 (7.12)
{z,z+e}NAk|=1

In other words E[(V,cE)?] — 0 as K — o0o. Since cX does not depend on 7y or 7.
and this is true for any b not having a vertex in common with e, any limit c. of the
cX cannot depend on the configuration 7.

We have thus shown that if wy, is a closed form then there exist exact functions
€K and a function €% such that £ — ¢2K — o, and any weak limit &2 of the
¢2K must be of the form

ce(@)Ven (7.13)
Assume for a moment that such a weak limit exists. We now want to show that a
form of the type isin Ven @ £ as well.

First of all, we can always subtract ¢V.n from (7.13), so taking ¢ = E[c. ()] we
can assume without loss of generality that Elc.] = 0.

Now we solve explicitly for a function G such that VyGg = co(m,a)Vyn for
bonds b inside A of the form (z,z4e¢). Trying Gx = > weny dz(@)n: one obtains
the set of equations

Uy — Ay = Ce(Tp0r). (7.14)
These are readily solved by taking ag = 0 and for any other x € Ak,

ay = — Z Ce, (Ta, ) (7.15)
i=1

where (z;,2; +€;), ¢ = 1,...,n is a sequence of bonds from 0 to z. It does not
depend on the path taken because is closed.

Let 55 be as in with this new G, and again break it up as éf = gé’K—&—gg’K.
The first term &K converges to in the same way as before. The difference
is that we now compute ng directly. It is given by

2K =Ky p, rK = K= Z T 20y (7.16)
reEN,x+ed Ak
plus an analogous term with x + e € Ag and = ¢ Ag. Connect boundary points

x of Ak to the origin in some deterministic way: Say (z;(z),z;(x) + e;(x)), i =
1,...,n(z), with n(z) < Kd. Then

n(x)

7‘5 =K Z Z Cei(x)(Txi(:c)—xa)' (7.17)
zeEN,zt+ef Ak i=1
As K — oo this converges to E[c.] = 0 by the ergodic theorem. This proves that
forms which can be written as in arein V,n @ €.
Finally we have to prove the key analytic point, which is the boundedness in
norm of the ¢2% defined after , and hence the existence of a weak limit point.
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This is in fact the hard point in the nongradient method and the crucial point
where the spectral gap is used. We will use the following lemma.

Lemma 7.1. Let Ay and Ay be disjoint finite subsets of Z¢ and x a point not in
either. There exists a constant C < oo such that for all functions f of N, uA,U{z} s
all a and all y € As,
Eo|(VayBalfIna, o) 1na,] < C{lA2| T Eo[(f — Ealflna,])?]
+Avzen, Ea[(vfo)2|77A1]} (7.18)
Proof. The proof is standard. We write E[] for E,[|na,] and P for the correspond-

ing probabilities. We can assume without loss of generality that E[f] = 0. Note
that

(VayBlfIni])? = (ElfIne = 1] = B[f|n. = 01)*1(ns # 1y)- (7.19)

and

Elflne = 1] = E[f[n: = 0] = E[f[n: = 1] = E[f[n. = 1,n. =0]  (7.20)
+E[f|"7w =Ln, = O] _E[flnx =0,n, = 1] +E[f|"7w =0,n, = 1] _E[f|7793 = 0]
= E[f(1 = 5%=) e = 1] + E[(Vae /) 5200 = 1] = E[f(1 = £2-[n, = 0]

D= 1-p-

where p, = E[n,]. Since 0 < m < 1 and |ay] < B < oo we have a bound
6 <p, <1-—6 for some § > 0. By Schwarz’s inequality we therefore have

(Elflne = 1=ElfIn. = 0)* < C{E[f*|ne = U+E[(Vaf)?ne = U+E[f*|na (= 0]}).
7.21
But again E[|n, = 1] < CE[] and E[-|n, = 0] < CE[-] and the lemma follows. O

Applying the lemma with f = E,[Ssk|nax], © € Ak, y =z +e & Ak, Ay =
A \{z}, Ao ={x+e,2+2¢,--- ,o+ Ke} we obtain

Ea[(vx,m+ef)2] S C{K_dEa [SSK; SSK] + A/UZEAQEOC[(V(EZSBK)Q]} (722)
By the moving particles lemma, Lemma |5.2

z n(z)
Ea[(vsz3K)2] < CKZEa[(var(ifl)e,erieSfiK)Q] =CK Z Ea[(wii((i—l)e,z+ie)2]-
=1

i=1
(7.23)
By the spectral gap, Theorem [2] there is a C' < oo such that for any «,

Eo[S%] < CK* Y Eq[lwf ). (7.24)
beEAK

Taking expectation of ([7.22)), (7.23]), (7.24) over «, and using Jensen’s inequality
and Efwy] = C < o0,

E[(Vi24+.Gr)? < CK? (7.25)

and hence another application of Jensen’s inequality gives the required bound on
the norm of ¢2X:

Blle2"?) = Bl(K~1 > 7o VaeateGr)?] < C. (7.26)

one of z,x+e€Ak
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8. THE LONG JUMP CURRENT

So far everything we have described is standard (see [11]). Applying the pertur-
bation theory and the discussion from Section 3 we have obtained that the difference

between (3.8]) and

T
/ g? Z J(EI)TIE_lueO’e(ﬁAK)A’UyeA/KTyW;dt (8.1)
0

x€Z je—174 e

goes to 0 in P.-probability as ¢ — 0 followed by ¢ — oo, where K = ¢oe=2/(4+2),
However, we will need to take the ¢ in w§ on a much larger scale in order for the
averaging to beat the fluctations from the random field. We will again use central
limit variance computation as in the previous section, but now we will not be
allowed to have the full average over shifts which is crucial in so the problem
has to be handled in a new way.

To compute the central limit theorem variance of the long jump current, we will
use its precise form and a renormalization procedure.

Using its precise form, we can rewrite the current as,

Wy =Ty — Nz + &Gy — Gy, (8.2)
where
§o = (1 —na)e, Co = nee” . (8.3)
Now we introduce some notation. Let Q be a subset of Z? containing two non-
intersecting subsets A; and As. The average current on Ay, As is given by
WA, A, = AVgeh; yen, Way-
Let
A = Avzents
be the empirical density on a set A C Z? and Ay = Ax(m) be the empirical chemical
potential defined implicitly through

65\A+az
m = AU£6A<T}$>S\A = A’Uze[\m. (84)
We will often write A\, for 5\/\(77/\). Define also
EA - szeA'Em EA = AUIEAC{E- (85)
We have o -
WAL, A, = A, — A, + €A1 CAs — CAréA,- (8.6)
The corrected average current is given by
uA)Al,Az (m) = WA, Ay — [’YA2 - ’YAJ (87)

where

ya = 2m(1 = m)Ax +me 2 (G — (Ca)s,) — (1= m)er™ €y — (Ea)s,)- (88)
Note that W, A, is a function which depends on the variables o, and 7, for x €
Ay U Az as well as an additional variable m € [0,1]. The form of the correction is

chosen so that there is a C' < co such that if Ay and A, are cubes of side length ¢,
for all m € [0, 1], all Q C Z9 containing A1 U As,

BE[ {ta,0,(m)}* | o = m]] < C07> (8.9)

We will prove this in the next section as Lemma [9.1
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We now set up the renormalization procedure.
Fix a large positive integer M and let Q) be the union of the cube A}, =
{1,..., M}? and its translate A2, = 7oA},
Let r;, i =1,... M be defined through
LM g2M = oM
MAvizlAvj:MH Z ap = Av;ria; (8.10)
k=i

for all a;, i = 1,... M. Although it is elementary to write down a closed form
expression for the r;, we will only ever use (8.10)). Next define

Pz = Tz.e, T € Q. (8.11)
Note that Avyeq,,pr = 1 and the average Avyeq,, pz0s of az, € Qp has the

special property that if a, = Ayy. — A, then

1
AverMpxax = M[AvyeA?wAy - AvmeA}WAx]' (812)

Lemma 8.1. Let M = K/{ be an integer. Recall the definition long jump
current

Wp = Flw/\zﬂem.
Let
Vice = Avgeqy, paTe Wi — Wi (8.13)

There is a C < oo such that for all m € [0, 1], and positive integers M and ¢,
KUE[E[Vk.(—La,) Vi | o, =m]] < CM*T204, (8.14)
Proof. From ,
(M Avgeqy ), PaTexTeeyn — YA
= K_l[AUyEA%/ZTZy’YA - szeA}{/ZTgx’yA] (8.15)
so we can write Avyeq, ,PaTezW§ — Wi = Ak ¢ + Bk ¢ where

AK,[ — A,U:EGQK/gprngilwAe,TgeAg7 (816)

Br = Avgepn

71 ~
K/[,yGA%/eK WrpyNg,ToyNe+ (8'17)

The w are defined in . By Jensen’s inequality,
EBIE[A%, | o, = m]] < Avseay pul 1o BIE[W] | o, )] < CC2720 (8.18)
In the same way
FE[E[BY, | fa, =m]] < CK 2072, (8.19)
By spectral gap
ElVk(=La) "'V | o] < CKE[VE | fia,]. (8.20)

We conclude that the left hand side of (8.14)) is bounded by CK%¢~2¢. Since K > ¢,
this is again bounded by CK9+2/=24=2 which is the same as the right hand side of
®.14). 0
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Now let K = (MY for some N and ¢,, = (M". Q, ., is readily seen to be a
union Ugeq,, 7¢, 282, of copies of €y, . So a point x € €y, ., can be represented as
(z1,x2) where z1 € Qp, and z2 € Q. Continuing in this way we have

Qx ~ Q x Q)

and (Z% N Qp ~ QF.
If x € QF, we can write © = (z1,...,%,) where x; € Qpr and if a, is a function
on Q7 we can define the average

AvaQ"MaIp.Scn) = AvrlGQM e sznGQMa(zh---,zn)prl c Pry, - (821)

The main result of this section is

Theorem 4. Fiz M a large integer and K = (M™Y. Let

Rics = Avyeipima, TaWEPLY) — Wg (8.22)
Then
Jim lim KYE[E[Rk.,(—La, ) 'Ris | o] = 0. (8.23)
Proof. Let
R™ = Avgeq,, paTe, o WE, — W, (8.24)
and
R™ = Avyeqn-—n-t pN==Yr  LR™ (8.25)
so that
N-1
Rie= Y R™. (8.26)
n=0

By the triangle inequality
N—-1
(K'BIE[Rk(~Lay) ' Ricd))/? < Y (KUB[E[R™ (=L, ) RV,
n=0
(8.27)
From the variational formula,

K'E[R™(~La, ) 'R | o,

< Avmeﬂﬁ*'ﬂflpchinil)Tzn-ngz—&-l sup E[R(n)(fLQen_H )71R(n) | ﬁﬂzn_H = ’ITL}

By the previous lemma,

¢ EBE[R™(~Lq, )~ 'R™ | 7, )] < CMF2-d, (8.28)

i)
Hence we have

o
(KYE[E[Rir, (~Lg) ' Rice | o, ]NY? < CME > 6 =My
n=0
(8.29)
with C'(M) < oo. Let £ — oo to complete the proof. O

Finally we apply the result to our particular problem. We need to show that the
difference between (8.1) and

T
/ e? Z J(ex)Twe ey o (Ma, ) Widt (8.30)
0 x€Z e~ 174 e
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goes to 0 in P.-probability as e — 0 followed by £ — 0o, where K = ¢oe—2/(4+2),
First of all we would like to replace (8.1)) by a term corresponding to the first term

in (8.22). The difference is

T
/ ed Z J(sx)Tms’lyeo,e(ﬁAK)[AvyeA/KTny — Avgepzana, TeWEpYdt.
0 €L /e~ 174 e
(8.31)
Performing a summation by parts this can be rewritten as fOT T'dt where
F=ct > Quula)e'mWy, (8.32)
z€Z4 /e~ 174 e
and
Qre(z) = AvyeA}( J(E(x‘i'y))yeo,e(TeryﬁAK)_AUyEZdeQKpz(/N)J(ff(x"’y))yeo,e(TeryﬁAK)-
(8.33)
Now because Vyfa, = 0 for z,y € Ag,
Qe (@) W) = Avyernt ceryont(Qice(@) (02 = 0y)Vyaf). (8:34)

Furthermore

(Qre(2) (0= = 1y)Vy= ) (Qx.e(@)(nz = ny)VIVyVT)

=2
<2 %{,Z(I)f>1/2<(vyz\/7)2>l/2 (8.35)
SO

<Ff> < 5_1Avr€Zd/€*1Zd,e<Q%(,£(m)f>1/2<€_2Avy€7—mAf,z€7—m+ezAf (vyz \/?)2>1/2

(8.36)
By the moving particle lemma [5.2] there is a C' < oo such that

2 Avyernt sern s ont{(Vya V)2 < CAVer acir, o ont (Vo /f)?) (8.37)

where the average on the right hand side is over nearest neighbour bonds only.
Hence

(Tf) =" *D(\/]) (8.38)

< CAUw’ee_l<Q%<,@(‘/E)f>l/2<A'U‘yfz|§2z(v$@+e\/})2>1/2 e (Vaare /D))
< O Avgegevin e (@) f) — 52 DO/T)

which vanishes in the limit of small € by the two block estimate (|5.6]).

Summarizing the results so far, we have shown that the difference between (3.8|)
and vanishes in the limit € | 0, assuming . This is proved in the next
section. Following that, we still have to show that the difference of and
is small to obtain the hydrodynamic equation.

9. VARIANCE ESTIMATE FOR THE CORRECTED AVERAGE CURRENT

In this section we give the proof of which is the key to the renormalization
proceedure of the previous section.

Lemma 9.1. Let Wy, a,(m) be as in , There is a constant C < oo such that
for all m € [0,1] and positive integers K and £ with K > 2,

EBIB[ {ia, 2,(m)}* | i = m]] < C7*. (9-1)



BULK DIFFUSION IN A SYSTEM WITH SITE DISORDER 25

Proof. Note that (£,)y = me% = e Mne)x and (()a = %e*% =
eM1 —n,)x so that
(En)s, =€ M, (Ca)s, =M (1 =) (9.2)
This gives R R
WA, Ay —2m(1—m)()\A2 —)\Al) =By + By — B3 (93)
where o B B o B B
B, = £A1<A2 - <§A1>5\A1 <CA2>5\A2 - CA1£A2 + <CA1>5\A1 <§A2>5\A27 (94)
By = (Qm(l - m) - 77/1\1(1 - ﬁA2) - F]Az(l - 77]1\1>)(5‘A2 - 5‘1\1)7 (95)
and, setting ¢(z) =e* — 1 — x,
B3 = ’F]Al (1 - ﬁ/\z)d)(;\f\z - 5‘1\1) - ﬁAQ(]‘ - ’F]Al)d)(_(j\/\z - X/\1))' (96)

Decompose By = By 1+ B12+ B3
Bl,l = (gl\l - <5A1>XA1)(§A2 - <§A2>5\A2) - (51\2 - <EA2>5\A2)(§A1 - <§A1>5\A1)7 (97)

Bia = ((6a1)5,, — me ™) (Chs — (Casds,,)
—((€na)s,, —me A™M)(Cay — (a3, )
+((Caa)s,, — (1= m)er™)(En, = (Ea)s,,)

7(<C_A1>:\A1 —(1- m)e)\(m))(glb - <5A2>:\A2)a

B =me 2™ [(Cay = (Caa)s,,) = (Car = (Cands,,)]
+<1 - m)e)\(M)[(g/\l - <EA1>5\A1) - (5/\2 - <5A2>5\A2 )]7
We will obtain a bound E[E[B? | ijg]] < C¢~2¢ for each of By 1, B2, B» and
Bj. Note that B 3 is the extra term appearing in y5, —ya,. Through the proof, C'
will stand for a finite constant independent of 7, though its meaning will change
from line to line.
We start with By,;. By Schwarz inequality,
El(én, — Eléa, |10 (Cas = Ella, | 0))? | 0] < €724
and the same for the analogue of the second term of Bj ;. By the equivalence of
ensembles (see Appendix 2 of [I1]),
‘<5A1>:\A1 - E[gAl | ﬁA1]| < Oéid'
Hence it is not hard to compute
B[B}, | o) < CL72
When we try to do the same thing for E[B}, | 7ja], we get terms like E[(Ca, —
E[Ca, | 1a,))* | 7o) which are bounded by C¢~2¢ but also a term E[((£a,)

me~2M)4 | fglfor which the same argument does not work. Recall <5A1>5\A =
1

Sy T

fa, e~ and rewrite the difference as two terms

[ﬁAle_A(ﬁAl) _ me_)‘(m)] + [ﬁAle—)‘(ﬁM)(e—(j‘h(ﬁh)—)‘(ml)) _ 1)]

The function pe=*() is bounded and Lipschitz and E[IE[(7a, — m)* | 7o = m]] <
C¢=2?. Hence for the first term we have the required bound IE[IE[(7ja, e 1) —
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me= M4 | g = m]] < CL~22. For the second term note that 7j5, e~ *(741) is uni-
formly bounded. For |z| < A, |e* — 1| < Clz| so E[E[1([Ax, (Na,) — A(7a,)| <
A)(e=Car (1) =A[a1)) — 1)* | 7g] is bounded above by a constant multiple of
BIE((An, (7a,) — Mia,))* | 7in])- By Lemma [103]

B, (7,) — A(7n,))'] < O (9.5)
for  =1,2. On the other hand f]Ale_(S‘Al (141) and 7, e *71) are both uniformly

bounded and by Chebyshev’s inequality and , E[E[1(|A, (7ia,) — A7a,)| >
A) | o] < CA=*~24. We conclude that

E[E[B}, | 0] < CC*1.
Turning to Bo, it is not hard to see that
EBIE[((2m(1 —m) = ia, (1 = 7a;) = 7, (1 = 7a,))* | 7)) < CC722.

We claim that

BIE[(A, — Ax,)* | 0] < O (9.9)
Then by Schwarz’s inequality, we conclude that IE[E[B2 | 7g]] < C¢~2¢. To prove
rewrite )\A2 — )\Al = /\A2 (77/\2) — )\A1 (ﬁAl) as

A (1a0) = Aaz)] + A(a.) = Aa,)] = Pa, (7a,) = A, ))-

The first and third terms can be handled by . Using the fact that the vari-
ance of 7, is bounded by a constant times 1/), it is not hard to check that also

EE[(A7a,) = A(ix, ) | 7ial] < €24 proving (0.9).

Finally we consider Bs. Let X = Ay, —Ap,. From we know that IE[E[X* | fjg]] <
C¢~24 50 it will suffice to bound IE[E[B2? | 7g]] < CIE[E[X* | o]]. There is a con-
stant C'= C(A) < oo so that if |z| < A then |¢(z)| < Cz?. So 1(|X| < A)¢?*(X) <
CX* and hence

E[E[L(|X]| < A)B3 | 7a]] < CIBE[X" | i0]].
On the other hand it is not hard to check that
Y = i, (1= i) (€M7 = 1) = 7ia, (1= 7, ) (¥4 2 — 1)
is uniformly bounded. Hence
E[E[L(|X| > A)Y? | 7a]] < CE[E[(X| > A) | 70]]

and by Chebyshev’s inequality, the last term is bounded above by A~ E[E[X* | 7ja]].
Finally E[E[1(X| > A)X? | 7)) < 2E[E[L(|X] > A) | fo]] + 2E[EX? | fo]]. The
first part is bounded by 2A~4IE[E[X* | jg]] by Chebyshev’s inequality again. [

Lemma 9.2.
‘<€A1>5\A1 7E[§A1 | 7_71\1” < C€7d~

Proof. Fix X and let P denote the product measure with P(n, = 1) = 15:% and
E the correspondingexpectation. We claim first that
PQpep e =M —1) Al ApIF
= = e "E[Ca | N = M]. (9.10)
P ven e = M) Al =M +1 2

zeEA
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Now

_ _ e P cAofm My =M —1
s, —Blea | Y ne=M] =Y - Pverom )

rEA zeA 1+ eatAn P(ZyEA Ny = M)

P(ZyGAf{z} Ny = M) }1

=y —— 1—{P(nx=1)+P(nx=0)P

€A 1+ ea"+)‘A (ZyEA—{m} Ty = M — ]‘)
Now
PQljeany=M)  exetia 1 P jen—(ayy = M)
PQlyer—oy =M —=1)  1ewtin  1qeratin PO cp oy =M—1)
(9.11)
By 7777
-1
P yen—qayy = M) Al —1 _ -
- s ) | =My (9.12)
P yer—fuymy=M—-1) | A[-M ) yE/\Z—{w} ’
By the inductive hypothesis
- C N A — M C
E[CAf{m} | Z Ny = <CA {z}>)\A7{1} ‘A| ] — eMA—{=} |A| 1 +‘A| 1
yeA—{z}
(9.13)
O

10. Fick’s Law

Our goal in this section is to prove that for any smooth J,

T
1 1

/ g Z J(ex)[e 11, 0% —Deoe(ﬁ 1€ )(252) L fcféﬁ 1e —77216625 1)ldt

0 x€e— 174 /74

(10.1)

vanishes in P. probability, as §;,d2 — 0. ©% is given is .

Let m; and ms be the particle densities on A}( = Ag and A%( = TreAg. Let
Xi(m) = Xi (m), i = 1,2 be the empirical chemical potential on A% asin . Let

F(m17m2) = <W§>Xl(m1),iz(m2)' (10.2)

The expectation is with respect to the product measure on A; with chemical po-
tential A1(m1) and on Ay with chemical potential Ag,

Z7 exp{ ) (e +M(m)ne + D (ay + Aa(ma2))my}- (10.3)
TEA yEA2

The function F (mq,m2), which depends on the densities m; and ms, as well as on
the field configurations on the blocks A} and A%, is given explicitly by

F(my,mg) = K™Y (e*2m2)=20m1) 1)) (1—my)— (e M) =220m2) 1) (1—1my)].

(10.4)
Consider as well the variant of F' where we use the annealed chemical potential
instead of the empirical chemical potential

F(my,mg) = K~Y(eAm2) =AM _ 1)y (1 —my) — (MM 7AM2) 1)y (1 —my)).
(10.5)
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For m; # my consider the quotient ®(my,mo) = F(my,ma)/(K 1(ma — my)).
From the boundedness of the field «, it is bounded above and below away from 0,
and Lipschitz. When m; = mg = m we have ®(m, m) = 2\ (m)m(1 —m). We call
G(my,m2) = 1/®(mq1,ma). G defined in this way is also bounded and uniformly
Lipschitz on [0, 1] x [0, 1].

We will prove is several steps. The first thing we want to do is replace the
term

Av, J(ex)e 11,05 = Avee ()T (Ma . ) Wi (10.6)
in (10.1) by
Avge ' TWE, T = [Avyp8% J(ey)my Doy (13]G (10.7)

o1,
Yy

e~ 18, whose centers are separated by the vector e 'dye and Zy ,021752 = 1. Here
v(m) = 0epe(m)/m(l —m), G = G(my, mz) and we have abused our definitions
mildly by writing 7, J(ey) = J(e(z + y)).

The weights, ,021752 are defined as follows. We can assume without loss of gener-
ality that K divides both e16; and 718, evenly. Divide the box centered at the
origin, of side length £71§; into boxes of side length K and label their centers 3.

For any ay, y € 74, let

where the weights p1:92 are defined on the convex hull of two boxes of side length

52671](71—1
Avypil’ézay = Avg(205) 'K Z B4 (i—1/2)Ke (10.8)

i=—8ae 1K1

This average has the property that if a, = n;(JrKe/Q — 7775(71(@/27
-1 51,8 _ —1 (=611 —§1et
(eK) " Auypla, = (262) 7 (a0, — %L, ).
A summation by parts gives

—516_1 _ 515_1

8d71K71 Z T, F = Ed Z J(&x)TxDeoe(ﬁglg_l) (77625716 7525716)

269

which is the right hand side of (10.1). In other words if we can replace v by I' as
described in (10.6) to (10.7), and then replace W by K~'F we end up with the
right hand side of (10.1]).

We start with (|10.
line to line, but will always denote a finite constant independent of the parameters
g, 01 and 5. Let ¥ = Jv (n2X) — . We have

<WK‘I’f> = K_lszeA}(,yeAE( <(V:vy77) (va\ljf» (10~9)

Now Vi, Uf = UV, f + f(Tuyn)Vay¥. The first piece ¥V, f is rather standard.
Write Vo, f = ViV fVeyV/f where VI f = f(T,yn) + f(n). Changing variables
Typyn 1 we can write (WVynVay f) = (VI V)V FVeynVeyVf). By Schwarz’s
inequality and the moving particle lemma, for any ¢ > 0,

AUmEA}(, yEAL (UVaynVay f) < Cq(Wf) + K¢ Z <(Vx,x+e\/7)2>-

z,x4+e€EA K

(10.10)
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In the second piece, f(Typyn)Vay P,

—1 -1
Vay U = G(Toyn) Vay Avupdt %2 I Dege (135 ) + Avuplt*2 I Doy (15 ) Vay G-
(10.11)
From the definition (10.8)) of the weights p1:%2 in the first term above there are only
a finite number of terms in the sum for which V., De,e (75! 571) is nonzero and those

that do give a term of the form GJ(82) e K (Deye (791 £(61) 1) — Deye (7515 ).
For fixed 1,02 > 0 this is o(eK). As for the second part, since G is uniformly
Lipschitz, |V,,G| < CK~%. So we have

A’UzeA}{, yeA’;’<<fvry77vzy‘I’> = 0(eK). (10.12)
Hence, taking ¢ = ¢K in ,
571szezd/sflzd (T YW f) — €72 Avg (Va4 VF)?)
< CAv (1o 9)* f) — 3672 Avg, e {(Vawre v/ F)?) + o).

The first terms on the right hand side vanishes as ¢ — 0 followed by é; — 0 and
d2 — 0 by the two block estimate. To conclude we have

lim sup Sup{g_lAvw<Tm\I/WKf> - 8_QAUz,e«vaere\/f)2>} =0 (10'13)
02,61, f

which shows that we can replace (10.6) by (10.7).
The next step is to replace Wk by F(ml,mg) We do it in two steps: First

replace Wi by F' (Lemma |10.2) and then F by F' (Lemma . Before proving
Lemma [10.2] we need a prehmlnary estimate which shows that the integration by

parts property of our long jump currents is preserved under conditional expectatons.

Lemma 10.1. Let Q = AU B be subsets of Z* with maxyeayep |y — 2| < K. Let
x € Aandy € B and wyy be the current given by . Then there is a C < 0o so
that

(Blwey | 7alf) < OK 3, s{(Vuy VFH)?)
<E[wmy | ﬁB]f> < CK Z'uEB<(VZL”U\/?)2>

<E[w:1:y | ﬁAaﬁB]f> <CK ZuGA,U€B<(Vuv\/?)2>
Proof. Integrating by parts

<E[w1y | ﬁA]f> = <(77y - nm)vaE[f ‘ ﬁAD (10.14)
There exist bounded a,, u € A so that
u€eA

In fact
P | > can:+1) P | > can:—1)

au = 1y (1 = 1) + (1= my) 1
! P | X.ean:) ! P X.ean-)
where n* is the configuration changed only at u. Hence

(Elway | 1a]f) = Z<buvuyf> (10.16)

u€EA

where b, = a,E[(ny — nz) | 74]. The result for Elw,, | 74] follows by Schwarz’s
inequality. The other results are proved in exactly the same way. (I
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Lemma 10.2. Let
O = Av, 7, T [Wk — F(mq, ma)]. (10.17)
For any v > 0,

lim sup lim sup lim sup sup{e ~*(fQ1) — 76 2 A0y o (Vaare v/ )2} < 0. (10.18)
§5—0 51 —0 e—0 f

Proof. Let Fy = E[Wgk|my] and F» = E [Wgk|ms]. By Lemma Wy, Fi,
Fy, and F all satisfy~ From these estimates and the two block estimate
we can replace I' by I' where Ld(ey) Deye (75))G (M1, ma),. We will write )y as
K ' Av, T'7,[(Wg — Fy — Fo + F) + (F1 + F» — 2F)]. Now
Wi — Fi = Fy + F = (€, — E[én, | 718,))(Cas = BlCa, | 72,))
—(Car = ElCay | 10,1 (Ens — Elén, | 7a,])
Hence
(W — Fy — Fy + F)?) = O(K2%).
Now F; + F5 — 2F consist of a term of the form

(gAl - E[gAl ‘ 77/\1})E[<TA2 | ﬁ/\z] - (€A2 - E[g/\z ‘ ﬁAz})E[EAl | ﬁAl]' (1019)
and another one with the roles of § and 7 reversed. Summing by parts we can
rewrite Av,I'r,[Fy + F» — 2F) as

Avyp(ex)(Tree — T-Ke)j(Er — Elén | 7a]) (10.20)

where j = h(na)E[Ca | 7a], plus an analogous term with ¢ replaced by (. Since we
have

El((Tie — T-xe)i)*(én — Eléa | Ia))*] = O(K %) (10.21)
we have the lemma. (]

Now we finish the proof with the replacement of F' by F (Lemma . Note
here the special role played by the scale K = 0(62/ 4+2) We need first a prelimi-
nary result on the difference of the chemical potential and the empirical chemical
potential.

Lemma 10.3. Let o, = € Z be a random field taking values in [—B, B) for some
B < oo and satisfying the mizing conditions . Let Ag(m) be the empirical
chemical potential on a block Ak of side length K, given by Let A(m) be the
annealed chemical potential given by . Let 7y be as in . There is a constant
C' independent of m € (0,1) so that

E[Ax(m) — A(m)|] < CK /2 (10.22)
Proof. Let I, denote the real interval [log ™= — B,log 17— + BJ. Since |a| < B
we have )\(m),XK (m) € I,,. Recall the definition (8.4) of the empirical chemical
potential and denote p(z) = e*/(1 + e*). By Taylor’s theorem,

m = Avgenp(as + ) + (Ax — N Avgenp(ag + M) (1 = plag + A)),
for some \ € I,,,. Therefore
ElAx — N < 7 Bl Avsen e (plas + A) = m)|"]
where 7, = infycr, p7(y)(1 — p(y))?. By the mixing conditions,
El|Aveen, (plaz +A) —m)["] < CK 2 E[|p(ag + A) —m|].
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By Taylor’s theorem,
plag +A) =m = (ag — ") p(a + A)(1 — p(a + X)),
for some |&| < B, where |a*| < B is chosen so that p(a* — \) = m. Therefore
Elp(ag + ) —m|"] <4B "R,

where R, = sup,¢;, p?(y)(1—p(y))?. One can check sup,,¢ (1) Bm/rm < o0, and
hence follows. O
Lemma 10.4. Let

Qo = AvawF[F(ml,mg) — F(mqy,ms)]. (10.23)
Then for any v > 0,

lim sup lim sup lim sup sup{e "} (f Q) — 76 2 A0y o (Vaare v/ )2} < 0. (10.24)
§5—0 51 —0 e—0 f

Proof. Write F — F = K—1[A; + A,] with

A1 = [(ha = M) (ma) — (A — \)(ma)|H (10.25)
where H = H(my,ms) = [mye M) (1 — my)er(m2) 4mye=2(m2) (1 — my)erm1)]
and

Ay = G(U)b(mi,ma) = $(=U)b(ma,ma), U = (Aa = A)(ma) = (g = ) (m1)
(10.26)

where b(z,y) = e @) (1 — y)e*®) and ¢(z) = e* — 1 — . Note that |\ — A\| < 2B
always and hence we have ¢(z), p(—x) < Ca? for relevant x. It is also easy to check
that b is uniformly bounded. Hence we can estimate

e VK Avyr, T Ay < Cem 'K Avg|[ Mg — A2 (10.27)
where A = Mg (7%) and A = A(7%) Next we turn to the A; term. Summing by
parts,

e 'K vy, TH (tice — I)(Ak — A)] = e "K' Avgmo Bo(A — A)  (10.28)

B = (r_ge —I)TH. Let a > 1 be as in (2.1) and ¢* = a/(a — 1) be the conjugate
exponent. The right hand side is bounded above by

Cq* Avyr.|B|* + q_a(eK)_aAvaw\XK — A% (10.29)
By the two block estimate, for any C' > 0,
lim sup sup{C Av, <TE|B|“*f> — 6*2Avx76<(vm+e\/f)2>} <0. (10.30)
e—0 f

By Lemma and since K > coe~2/%t2_ there exists Cy < oo such that
limsup E[|(eK) " (Ax — N)["] < Co. (10.31)
e—0

By the mixing conditions,
E[(Av,7, (eK) (X = N)® = E[((eK) (X = A)*))7%] < Cer¥/2ed+2) (10.32)
which is summable in e7! = L = 1,2,... as long as v > 2(d + 2)/d® and a is

sufficiently close to 1. By Chebyshev’s inequality and Borel-Cantelli lemma, for
almost every realization of the random field,

limsup ¢~ Avy 7, (e K) " (A = A)(mF))* < ¢*Cy (10.33)

e—0
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Letting ¢ — oo completes the proof for A;. The same argument with v = 2 and
the estimate (10.27) show that e ' Kt Av,7,T' Ay — 0 with probability one. [l

11. CONTINUITY OF THE DIFFUSION COEFFICIENT

We introduce a notion of regularity on D. There is a finite C' such that for any
x and y in [0,1],
|D(z) = D(y)|* < Cla(l — )" e —yl. (11.1)

Lemma 11.1. The diffusion coefficient D(m) satisfies (11.1)).
Proof. Fix a vector 3 € R? and let
F(m) = /m(1 —m)B - D~1(m)p. (11.2)

From the proof of the hydrodynamic limit we have the following representation of
the diffusion coefficient

F?(m) = C lim_ K B[V (11.3)

where

Vi = Sl;p{QZﬂ ce Z <(77y - nm)vzyf>m - DK-m(f) (11'4)

TEAN
YETK AN K

where D ,, is the Dirichlet form on Ag U7TgeAr. The expectation is with respect
to the ergodic invariant measure on that box with density m. The constant C
comes from the nonstandard average as described in the introduction. The exact
value of C' is not relevant.

In order to compare two densities m and m+h we will produce a coupled measure.
Independently, at each site x place a red particle with probability % a green
ez tA(m+h) ot A(m)
+ea$+>\(m+h) - 1+eaw+>\(7n)

particle with probability ; and no particle with probability

W Let p, € {0,1} denote the presence or abscence of a red particle

and 7, the same for a green particle. p, + v, = 7, is the whole configuration
which has measure with average density m + h. We can also couple the
dynamics as follows. The red particles have priority in the sense that when a red
particle tries to jump on top of green particle, the two particles switch positions.
Otherwise the particles evolve as before. In the common usage, red are first class
particles and green are second class particles. If we are colorblind and see only
the total particles, the evolution of 7(t) is as usual. If we cannot distinguish green
particles from empty sites, the evolution of p(t) is also as usual. Hence if W}, =
K'Y, B eAvpen e yerrorr Wh, where

wh, = pz(1—py)(L+e* %) — py (1 — pg)(1 + e )

is the red current we can write

F2(m) = [WO\7 min = i K~ EVY] (11.5)
— 00
where
VZ = Sl}p{2<ﬂ : W}l;'f>m,m+h - DK,m,m+h(f)} (116)

where Dk m+n is the Dirichlet form for the coupled process. Similarly, (11.3]) and
(11.4) can be rewritten in this language as

F2 4 0) = [ Wi = Jim KBV (1L7)
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where

Vi = Sl}p{Q(,@ ’ WKf>m,m+h - DK,m,erh(f)}' (11.8)
Let WY =W — W?”. We have

|[F(m+h) — F(m)| = [ W] — [[W?[ | < W] (11.9)
and

W10 = Jim KEV]] (11.10)

where

VZ = Sl;p{2<6 : W[Z’f>m,m+h - DK,m,m—i—h(f)}' (11'11)
Now

<6 ’ W%f>m7m+h = <ﬂ ’ WKf>m,m+h - <6 ’ W]p(f>m,m+h
= K_l Zﬂ ’ eAUy zEA <<'7y - VI)Va:yf>m,m+h-

Erkins
By Schwarz’s inequality
(v = 72)Vay ) < (v = 7)) 2 (Vay )22 < CRV2(Vay P2 (11.12)
From the moving particles lemma , we conclude that
|F(m + h) — F(m)| < CVh. (11.13)
From the definition of F this gives
Vm(=m)|\/B-D (m+ k)5~ /G- D (m)3
< CRY2 4 18- D7 m)B1Y2|(m + h)(1 = (m + R))Y2 = (m(1 = m))™/2].
Since 6711 < D < 61 for some finite §, this implies that
|D(m + h) — D(m)| < C(m(1 —m))~/2n/2. (11.14)

By particle-hole duality (n — 1 —n and a — —a) we conclude that |D(m — h) —
D(m)| < C(m(1 —m))~Y2h'/? as well. O

(11.1)) say that D(m) is Holder 1/2 in (0, 1), but it says nothing about continuity
at the end points. We prove it separately now.

Theorem 5. The diffusion coefficient D(m) is continuous on [0,1].

Proof. By the symmetry (n,a) — (1 — 7, —a) it follows that D(m) = D(1 —m)
where D is the diffusion coeflicient of the dynamics with « replaced by —«. Hence
one only needs to check the continuity at 0.

For any subset A € Z% let
. eocw—i-/\(m)
o = H Nz — Pz)s where Da (11.15)

T 1L eantA(m)”
T€A 1+e” )

These form an unnormalized orthogonal basis of L?(v,,) where v, is the infinite
product measure with density m. Let H,, denote the subspace spanned by 794
with |A] = n. Let

G2 = Up>2Hp,. (11.16)
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We can write the variational formula (2.12)) as

(B,0(m)B) =2 Ui?j) {E> _b2((ne —m0)*)] —T(m)} (11.17)
where e
be = Be + 17U —U, (11.18)
I(m) = sup ZE[Z: 2be (1 — 170) Voe gjw —{(Voe ;ng)Qﬂ. (11.19)
Setting g = 0 shows I'(m) > 0. Hence
(B,0(m)B) <2 [}?j) E[X@X(ne —10)*)(Be + 7—U — U)?]. (11.20)

We now work towards a bound in the other direction. For any f,

(e = 10)Voef) = (woe f) (11.21)

and wg,. € Hy U H; U Hy with projection onto Hy of the form crjg.. Let g =
Z\A\zz gana. Note that since g is local this is a finite sum. Furthermore, note that
I'(m) only acts on ) 7,9 where the sum is over a box large enough that Vg (7,9 = 0
for any x in its exterior. Because of the sum over shifts, we can assume without loss

of generality that g = §o efjo,e + f where f € Go and f =3 |Al>2 dana.
A#{z,z+e} for any =z

Then

(e = 10)Vo.e ¥ T2g) = —fo.e(Pe — P0) (M — 10)7)- (11.22)
and
VOeZTxQ :ge +v0,ez7—xf- (1123)
§e = (Me —m0)(N-eTeGo,e — (Pe — P0)Jo,e + M2eT—co,e) (11.24)
Hence
T'(m) =sup { — 2E[>_ be{(ne — 10)*) (p1 — po)oe] — ¥(m)} (11.25)
go,e -
W(m) = inf B[} (€ + Voo D 7)) (11.26)
(& T

The supremum is over Gy = {f €Ga: f L span[iy sie, v € Z}.
We claim that there is a C; > 0 such that for sufficiently small m > 0,

¥(m) > C1m*E[gg,]- (11.27)
To prove ([11.27)), note first that
o =&+ &+ (1 —m0)(Pe — Po)do.c (11.28)

where ¢! € H;. G is preserved by shifts, and for f € G, ((Me =m0)Vo,e Dy Taf) =
0. Hence

U(m) =B (e —m0)*) (e — p0)d3,.) + inf B> (€ +& = Voe d_ mf)?)-

feqGs
(11.29)
Now 53 = (7/767770)(ﬁ—67690,6+ﬁ26T—6g0,6)) and f; = (pefp())(ﬁ—eTeQO,e+ﬁ2@T—e§O,e)~
One can check then that there is a ¢; < oo such that

B[y ((ne = m0)*)(pe = p0)*35.c] + B[ _((€)")] < exm® B33 ). (11.30)

e e

€ €
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Hence it is enough to show that for some fixed e, there is a Cy > 0 such that for
small enough m > 0,

inf E[((¢ —VOeZTxf | > Com*E[g] ). (11.31)
f€G2

Without loss of generality we can write f =" , f 4M4 where 0 € A and 0 & 7, A
for n < 0. Now one can check using the explicit form of &2 that Vg 7,94 L &2 for
all such A except A € {{0,2e},{0,e,2e}}. So the infimum in (11.31) is achieved

with f = fo.2efio2e + fo,e,2¢M0,e,2¢- Then Voo 3, 7, f is given by
(fo,zeﬁze — T fo.2eT3¢ — Tefo.2eM—e + Toe fo.2e—2¢
—(pe — po)fo,e,2eﬁ2e — (pe — pO)TefO,e,Qeﬁ—e + TQefo,e,zef]—ze,—e
+T—ef0,e,2e772e,3e) (ﬁe — o + Pe — po) (11.32)

and we can compute E[((£2 + & — Vo >, 72 f)?)] explicitly to get

E |{pe + po — 2pepo}{p2e(1 — poe)(T—edo.e — fo.2e — (Pe — o) fo,e 2¢)?

+p_e(1 —p_e)(Tefo,e — Tef0,2e — (pe _pO)TefO,e,Ze)Q + p3e(1 — p3e)(7'—efo,2@)2
+p_9c(1 - p—ze)(Tzefo,2e)2 +p_2e(l — p_ge)p—e(l — P—e)(Tzefo,e,ze)2

+p2e(1 — pae)pae(l — P3e)(7lef0,e,2e)2}} .

Using the bound on the field a one has p, > C3m for some C3 > 0. Then it is not
hard to check that this quadratic form is bounded below by Cym?IE[g2 ] for some

Cy > 0. Using the upper bound (11.30) on E[Y"_((£!)?)] we obtain ([11.27).
Now (11.27)) implies that

L'(m) < Com?*IE sz (11.33)

Recalling (11.17)) we have therefore shown that
(B,0(m)B) =2 ot B _[{(ne —m0)®) = Cam®)(Be +7-U —=U)?. (11.34)

Together with the lower bound (11.20) and the formula (2.13) for D(0) we only
have to prove that for any C' bounded,

Jim N(m)2 it B[ _[((n = 10)%) + Cm| (5 +7-U = U’

e

=271 %) E) (e +e*)(Be + 7-U — U)?]. (11.35)

€

Using ((ne — 170)%)m = Pe + Po — 2pepo and the form (11.15)) of p, we have
e)\(m,)(eozo _|_eoce)
1+ eao+)\(m))(1 + eae-i-A(m))

((ne —mo)?) = ( (11.36)

Since —B < «a; < B,

eA(m)(eao +ea5) eA(m)(eag+eae)
Bra(m Bra(m < {(ne —m0)?) < “Bra(m “Bia(m
(1 + eBHAM)) (1 4 eBHA(m)) (1 + e~ BHAM)) (1 4 e=B+A(m))
(11.37)
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It is elementary to check that as m — 0, A(m) ~ logm — logz, and X (m) ~ m.
Hence (11.35)) follows. (]

12. UNIQUENESS

We have the following theorem of uniqueness of weak solutions.

Theorem 6. Let uy and us be two weak solutions of Oyu = V - D(u)Vu (see
2.15))) satisfying , with the same initial data and suppose that D satisfies
11.1). Then u; = us.

Proof. Taking in (2.15)), ¢ to be the solution at time € > 0 of the standard heat
equation on T¢ with initial data 8y, and denoting by f. the convolution of a function
f with ¢., we have for i = 1,2

as an equality of smooth functions. Let ¢s(z) be an approximation of |z| with
"(x) = (2m8) /2 exp{x?/26}. From (12.1) we have

[, st = ) (7000

T
7/ . ’ll)g((ul — UQ)E)(V(Ul — u2))E(D(u1)Vu1 — D(UQ)VUQ)Edet
o Jr
Let ¢ — 0. Since u; are bounded, F((u; —u2).) — F(u1 —up) in L*°. From (2.14)),
Vu; € L? = L2([0,T] x T4) and, since D is bounded, D(u;)Vu; € L? as well. Hence

(Vu;)e — Vu,; and (D(uz)Vul)E — D(u;)Vu; in L2 and we can take the limit of
the above formula to obtain

/w Vs ((ur — u2)(T))do
T
= —/O - P (ug — uz)(Vuy — Vug)(D(u1)Vuy — D(uz) Vs )dodt
T
_/0 - 5 (uy — u2)(Vuy — Vug)D(u1)(Vuy — Vug)dodt

T
+ / V5 (ur — ug)(Vur — Vug)(D(ur) — D(ug))Vugdfdt.
0 Td

By Schwarz’s inequality and the fact that ¢ < D, we obtain from the previous line
that

T
1/}5((’&1 - UQ)(T))d9 S C/ wél(ul - U2)|D(U1) - D(UQ)‘2|VUQ|2d9dt
Td 0

Td
for some finite C. From ([11.1)) this is bounded above by
|VUQ|2
— — dédt 12.2
o [ [ whtan —wap ey (150 (122)
with perhaps a new finite C'. Let F' = u‘;f‘fvlm) € L' by (2.14). Let v = u' —u? and

h(z) = (27)~Y?|z| exp{— x2/2} Note that A is uniformly bounded with h(0) =
0. Rewrite 1.' as Cfo Jpa h(6™ 1/29)Fd@dt. The integrand is dominated by
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|hllsoF € L' and h(6~'/?v) — 0 pointwise. Letting § — 0 by the dominated
convergence theorem we obtain

lim/ (5 (uy — ug)|ur — uzl) ( Vsl ) dfdt = 0. (12.3)
Td

6—0 (1 — UQ)

One the other hand by the monotone convegence theorem we have

tim [ i = ua)(T)d0 = / ey — () (12.4)
- T
From which we conclude that [i, [u1 — uz|(T)df < 0. Hence uy = us. O
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