Doob’s inequality Let X(t) be a right continuous submartingale with
respect to F(t), t >0

Q@ P(supgcs<t X(S) = ) < f{sup0<s<tX(s)>)\} X*(t)dP

@ For 1< p < oo, ElsuPocsc IX(9)P] < (525) EIX(DIF]
1=2: P(\) = P(X >)), X = supp<s<tX(s), Y = X(1),

E[y)‘qp]:—/o NPAP(A p/ NP

- X
gp/ )\p_1(1/_ YdP)d)\_p/ Y/ MP=2d\dP
0 A Jxsa 0

= /YXP lap < Py /|Y|de 1/P(/xPo/P) 5
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Existence and Uniqueness Theorem

o :RY %[0, T] — R b:RY x [0, T] — R? be Borel measurable,
JA < oo,

lo(x, Bl + [b(x, ) <A1+ |x])  xeR%, 0<t<T
and Lipschitz;
|o(x, 1) — oy, )l + [b(x, t) — by, t)| < Alx — y|.

Xo € R? indep of By, E[|x[?] < oo.
Then there exists a unique solution X; on [0, T] to

dX; = b(X;, t)dt + o( Xz, t)dB;, Xo = Xo

and E[ [ | Xi[2f] < co.

Uniqueness means that if X, and X? are two solutions then
PX] =X?,0<t<T)=1
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dX; = o(t, X;)dB; + b(t, X;)dt

f(t,X) = £(0,X)+ / t{asf(s,Xs)-i-Lf(s,Xs)}ds

+/ Za,,sxs sXs)dB/

ij=1

LF(t,x) = Za (t, x) k| ——(t,x) + zd:b'(t x)ﬁ(t X)
2”1” aa T ox
a;j:ZU,'kU/‘k a:O'UT
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Markov property

Xt can be obtained by solving the stochastic differential equation up to
time s < t and then solving in [s, {] with initial condition X;

By uniqueness this gives the same answer

Define the transition probability

p(s, x,t,A) = P(X>” € A)

where X;>* is the solution starting at x at time s
From the construction we have

P(XX" € A | Fs) = p(s, X, t, A)

which is the Markov property
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Diffusions

A diffusion is a Markov process with transition probabilities
p(s, x, t, dy) satisfying, for each § > 0as h — 0,

i. 1 p(t,x,t+ h,dy) — 0 = continuous paths
hJly—xi>s
i 1 (y — x)p(t, x,t+ h,dy) — b(t, x)
h Jly—x<s
1
i A (i = x)(y; — x)p(t, x, . t + h,dy) — a;(t, x)
ly—x|<é
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£(t, X¢) — £(0, Xo) — /Ot{as+ﬁ}f(s,xs)ds: /OtVf(s, Xs) - 0dBs

2 d

d
1 bl 9
L= > ”2221 aij(h X)ax,-axj - ;b,'(t, X)a_)(, = generator

M; = f(t, Xt) — fot {83 + L‘}f(s, Xs)ds is a martingale
t
0 = E[f(t, X) — £(s, Xs) —/ [0+ £}1(u X)lu | 7]
S

= /f(tvy)p(&X?t?y)dy_f(S7X)

t
—/ /{8u+£}f(u7y)p(s,x,u,y)dydu, Xs=x
S
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For any f,

/f(t,y)p(S,X, t?.y)dy - f(S,X)

_/t/{aﬁﬁ}f(u,y)p(s,xa u,y)dydu

Fokker-Planck (Forward) Equation

) I
SP(s:x.ty) = Z a,,(t y)p(s, x;t,y))
d_ 0
52367, i(t,y)p(s, x, t, y))
= yp(SaX7 t?.y)

limp(s, x,t,y) = d(y — x).
tls
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Kolmogorov (Backward) Equation

0 82 p(s,x,t,y)
_%p(saxatay) - 2 jz;'alj(s 8X18Xj

8p(s x,t.y)
o+ Z bi(s —ax,

= LXP(S,X, t:y)

Iimp(S, X, t?.y) = 6(_}/ _ X)‘
st

() Stochastic Calculus March 4, 2009 8/22



Example. Brownian motion d = 1

_1
- 20x?2
ap(s,x, t7y . 1 82:0(37)(’ t’y)
Forward o =3 ay2 , t>s
P(Saxas7}/):5(y_x)
2
Backward — OPSXLY _1TpEXLY) oy

0s 2 ox? ’

p(t,x,t,y) = 0(y — x)

0 Stochastic Calculus March 4, 2009

9/22



Example. Ornstein-Uhlenbeck Process
A
“ 20 “ox

op(s,x,t,y 10%p(s,x,t,y) 0
F oS o P
orward T 5 ay? + 6y(ozyp(s,x, ty), t>s,
p(saxas7y) = 6(.y_X)
2
Backward _P&X Ly 19°p(s,x,ty)  op(sx.ty) . _ '

0s 2 ox? ox ’

p(t,X, tay) :(S(y—x)
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Formal derivation of the backward equation
p(s, x, t,A) = /p(s, x,8+ h,dy)p(s+ h,y, t A)

0= /p(s, x5+ h.dy){p(s +hy,t.A) — p(s x. t,A)}

d

op(s, x,t, A op(s,x,t, A

[ plo.x.s+ hay) (KD L Sy PR LA
i=1

ad
1 02p(s, x, t,A)
+§Ijz:1(yl_xl)(y]_xl) 8X,8X] -I_}

d
8p(s x,t,A) ap(s x, t,A) 1 ) 22p(s, x, t, A)
Zb ; +5 ;; aj(t, x) oxo%

Xi
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Real derivation
f(x) smooth

0
—5gU="Lsu 0<s<t u(tx)="F(x)

Ito’s formula: u(s, X(s)) martingale up to time ¢

u(s, x) = Esx[u(s, X(s))] = Esx[u(t, X(t))] = /f(z)p(s,x, t,dz)

Let f,(z) smooth functions tending to §(y — z)

u(s,x) =p(s,x,t,y) if —%U:Lsu 0<s<t u(tx)=dx—-y)

v
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Existence result from PDE

Suppose that a(t, x) and b(t, x) are bounded and that there are o > 0,
v € (0,1], C < oo such that for all s,t > 0, x, y € RY,

i. ¢Ta(t, x)€ > alé]?, ¢eRY,
i. la(s, x) — a(t, y)|| + |b(s, x) — b(t,y)| < C(|x — y|" + |t — s[").

Then the backward equation has a solution and furthermore
pls.x.tA) = [ pls.x.t.y)ay
A

with p(s, x, t,y) > 0 jointly continuous in s, x, t, y. Furthermore,
p(s, x, t,y) is the unique weak solution of the forward equation,i.e.

/fty (s,x,t,y)dy — (s, x) = //{8u+£}fuy (s,x,u,y)dydu
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The solution X;, t > 0 of dX; = b(X;)dt + o(X;)dB; with Xy = x is a
Markov process with infinitesimal generator

22 8X8Xj zb, a=oo".

ij=1 i=1

[t6’s formula

f(t,X) = £(0,X0)+ / t{asf(s,Xs)Jr,Cf(s,Xs)}ds

+/ Zo,,sxs sXs)dB/

ij=1
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Under the previous conditions, the following are equivalent
Q 3B, t>0,dX; = b(t, Xt)dt = (T(t, Xt)dBt
© For each X € R,

Z\(t) = MXi— J3 b(s.Xs)ds}—1 [ AT a(s,Xs)Ads

is a martingale with respect to F;
© For all smooth f(t, x),

t
(2, X)) — /0 {05 + L} (s, Xs)ds

is @ martingale with respect to F;
Q For all smooth f(x),

f(X;) — /O t Lf(Xs)ds

is a martingale with respect to 7;
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Brownian motion in R?
Q B:=(B],...,BY), Bl independent Brownian motions

: ] _y=x?
Q B; Markov with P(Bre A| Bs = x) = [, TrgEE® o dy

© B has stationary independent mean zero increments with
E[|B; — Bsf’] = d(t — s)

12t .
Q e'B—2IM"Tis a martingale for any A

Note that 1 does not depend on the basis: If B/, .. ., Bt2 independent
and O is orthogonal, then the coordinates of OB; are independent
Brownian motions  in fact

Theorem
Suppose Xi, Xz independent and 30 # N7 /2 such that

Xi1c0s8 + Xosind, —Xi sinf + X, cos 6 independent

Then X, Xo are Gaussians (Maxwell)
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Dirichlet problem

Given a bounded open subset G c R? and a continuous function
f: 9G — R find a continuous function v : G — R such that

Au=0 inG
ulgg =f

d 52
def ocu .5 1 /
Au = — =2d| — dS —
-’ Z X} o’ <|8S(r7 X)| Jas(r.x) - U(X)>

i=1

Lemma

u harmonic in G < u satisfies the mean value property: for all
sufficiently small r > 0,

=i
— udS = u(x
FE )

v
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Lemma
u harmonic in G < u satisfies the mean value property: for all

sufficiently small r > 0,
1

— uadS = u(x
980 )| Jsien, ()

Proof.
Green’s identity [ vAudx = [z UuAvdx + [,5 V3% — uds dS

log r—log |x| d=2
G={6<x<r} =3 8 Jogritogd,
—d_2—d d>2
letp |0 O
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B; d-dimensional Brownian motion starting at x € G

76 =inf{t>0 : B(t) ¢ G}
u(x) = Ex[f(B(7g))]

"Theorem” If 9G "nice” then u solves the Dirichlet problem J

Ef(B(r))] = /8 _()malx.dy). me(xT) = PBlra) €T). T 0@

Example. G = B(x,r), =ng(x,lN) = %, rc S(x,r)

Brownian motion is invariant under rotations
. mg(X, ) is invariant under rotations
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Proposition

G bounded open C RY, f bounded measurable on dG. Then
u(x) = Ex[f(B(7g))] is harmonic in G.

Proof.
B=B(x,r)c G 8 < TG

Strong Markov property:  u(B(7s)) = Ex[f(B(1g)) | Frs]

u(x) = Ef(B(re)] = EdlExlf(B(ra)) | Fol]
— E[u(B(rs))
— / u(y)rs(x. dy)
0S
1

= — u(y)ds
0S| Jas ¥)

So u satisfies the mean value property in G. O
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ac oG
To complete the proof that u solves the Dirichlet problem we need

lim Ex[f(B(rg))] = f(a) It is not always true!
x—a, xe@G

Proposition

If IimXHg Px[7g > €] = 0, Ve > 0 then for any bdd mble function
(S

f: 0G — R which is continuous at a, Iimng Ex[f(B(1g))] = f(a)

Proof.
Need: limy_,; xeg Px (|B(1g) — x| < d) =1
Px(|B(rg) — x| <d8) > Px(sup |B(t)— x| <9, 76 <¢€)
0<t<e

> Py(sup |B(t) — x| < &) — Px(1g <€)

- 0<t<e
— 1 as x—axec@Gthen €0

March 4,2000  21/22




Proposition

ac d0Gisregularif P3(cg=0)=1 og=inf{t>0 : B(t) £ G}
aregular < limy_,, xeg Ex[f(B:;)] = f(a) Vf bdd mble, cont at a

Proof of =

Enough to prove Px(og < ¢€) lower semi-continuous in x
Then lim SUpx_a Py(og <€) > Pa(og <e)=1and og > 7
But [ p(0, x,d,y)Py(3s € (0,e — ¢), B(s) ¢ G) continuous
and 1 Px(cg<e)asd |0

Examples

@ If G is a smooth manifold near a then ais regular by LIL

@ If 3 cone C of height h > 0 and vertex at a such that
C — {a} c G then ais a regular (exterior cone condition)

©Q d < 2 always,d > 3 Jcounterexamples
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