Martingales: Discrete time
Definition.

An non-decreasing family of sub-o-fields 7, c F,.1 C Fis called a
filtration

Definition

M, a sequence of random variables in L'(Q, F, P). If
E[Mpi1 | Fn] = My

then M, is a martingale with respect to the filtration F,

submartingale: E[Mp.1 | Fn] > My

supermartingale: E[My 1 | Fn] < M,

Example. S, = Xi +--- + X;, X; iid

E[X]] = 0 = S, martingale. E[Xj] > 0 = S, submartingale.
E[Xi] < 0= S, supermartingale
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Doob’s inequality (Discrete time)

Let X, be a submartingale with respect to F,. Then for any A > 0 and

+
P<maxXk2)\>§E[f\(”].

n=12, ...,

1<k<n

Proof.

A= {X; > \,maxock<i—1 X < A} disjt UL A; = {maxi<i<p X > A}

n n
1
> — ) < _ 7
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Definition

Let (Q, F, P) be a probability space and F,, n=0,1,2,... afiltration
A random variable 7 taking values in {0,1,2,...} is called a stopping
timeif foreachn=0,1,2,.. .,

{weQ : 7(w) < n} € Fn

Example
Let X, be a random walk starting at 0. Let 7 =min{n >0 : X, > a}
be the first passage time of level a. 7 is a stopping time.

Leto =max{n >0 : X, < a}, the last passage time.
o is not a stopping time.

Fr={AeF : An{r<n}eF, n>0}

is a o-field representing the information up to the stopping time =
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Optional stopping
M, martingale wrt filtration 7,. 7 > o bounded stopping times

EM; | ;] = M,

bounded means 7 < B Otherwise it is FALSE

Proof.

Need: [, MX,dP = [, M,dP, ¥ Ac F,

fAm{UZE} MX,dP = fAm{U:Z} MpgdP since AN{oc =/} €
so [, M,dP = [, MgdP same for M, since F, C F:
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Example

X1, Xo, ... iid P(X;=1) = P(X; = —1) =1/2
Sn = X1 + -+ X, Random walk
Trg=min{n: |Sy| = a} E[rig =7

S2 — n martingale

78, = min{7.,, B} bounded stopping time
Optional stopping: E[S%; —£,] =0

limp;o E[78,] = E[r4+4] by monotone convergence theorem
limpo, E[S?; ] = @ by bounded convergence theorem
T+a

E[ris) = &

Counterexample

Try same for 7, = min{n: S, = a}
limgeo E[SEB] = E[r4]

but limp;o. E[S%] = 0o # E[S2] = &
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Counterexample
Ta =min{n: S, = a}
Mn —_ eAS,,—m/;(A) w()\) _ |Og ek_ze—x

B
E[e"™5 " = 4

A > 0 can take limit inside expectation by BCT
E[e)\s-,-a—Ta’l/)()\)] — 1
E[e—Taz/;(A)] _ e—Aa

Elral = g5y = o0
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Martingales: Continuous time

Definition

Let (Q2, F, P) be a probability space

Fi, t > 0 a filtration (= non-decreasing family of sub-o-fields of F)

M;, t > 0 € L' is a martingale with respect to F;, t > 0 if whenever
s<t,

submartingale if >  supermartingale if <

Examples
@ B;is a martingale wrt 7 = o(Bs, s < t)
e B?is a submartingale
@ B? — tis a martingale

1y24 . R
o e*8~2*"is a martingale for any A € R
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Martingale characterization of Brownian motion

If e*B—2%t is a martingale wrt 7; = o(Bs, s < t) forany A € R
then By, t > 0 is Brownian motion

Proof.
E[e)\(B,—Bs)lj_-s] _ e%)\Z(t—S)

so B; — Bs independent of Fs and N(0,t — s)
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Doob’s inequality
If X; is a submartingale with respect to F; and the paths of X; are right
continuous with probability one, then

E[X+
P(sup X > A) < —)
0<t<T
Proof.
LetO<ty<t <--- Xp=X;,isamartingale wrt 7, = F;.
E[X+
P(sup X, = A) < 1]
0<t<T A
By right continuity Ihs T P(supp<¢<7 X > A) as mesh| 0 O
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Optional stopping

Xt, t > 0 be a right continuous martingale with respect to F;, t > 0 and
o < 7 bounded stopping times

E[X: | o] = X

Proof.

op=2""(|2"¢| +1)

Tm=2""(12"7] +1)

op < 7p < B

E[X:, | Forl = X5, i€ [, X, dP = [, X;,dP, A€ F,,since o < o
By right continuity X, — X; and X,, — X,

Recall {X,} =12, is uniformly integrable if

liMup100 SUP,, f\anzM | Xp|dP =0

and if X, 2% X then {Xy}n_1 2... uniformly integrable < X, &> X

V.
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X, n=1,2,...and X;,, n=1,2,... are backwards martingales with
respectto Fp, n=1,2,...,i.e. E[X,,_, | Fo,l = X5,

Lemma
A backwards martingale is uniformly integrable

Proof.
E[Xm | Fn] = Xaowhenever m<n so |X,| < E[|Xo| | Fnl

SO
/ XoldP < / Xo|dP = / 1015011 Xo AP
{‘Xn|>f} {|Xn|>f}

E[IXnl] _ EllXol]
¢ =

P(1Xn| > €) <

S0 1x >3 X0 250

Jiix,>¢y [ Xo|dP — 0 by dominated convergence theorem O
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Strong Markov property of Brownian motion

B:, t > 0 be a Brownian motion with respectto 7, t > 0
T a bounded stopping time.

B: = QI+T - B;.

Then B; is a Brownian motion independent of F...

In other words, Brownian motion starts afresh at every stopping time.

Proof.

optional stopping + martingale characterization of Brownian
motion O
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Reflection Principle
Forallx >0,t >0,

P( sup Bs > x) =2P(B; > x)

0<s<t

; d
In particular supg<s<; Bs = | Bt|

Proof.
7 =inf{t > 0: B; > x}

P(sup Bs>x)=P(B;>x)+ P(sup Bs>x,B; < x) = P(rx < 1)
0<s<t 0<s<t

P(sup Bs > x,Bt < x) = P(rx < t,B., {(t_r,) — Br, <0) = 1P(TX <t
0<s<t 2

O]

v
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[e.°]

X \/27Tt

Differentiate in t to see that 7, has density

() = —(— 2 [Tewdyr o [ yretd
0 = g (e Ty ey

2
P(ry<t)=2 e 2 dy

X x2
= e =
V2rt3

In particular E[7x] = oo
T =inf{t >0: x "By =1} = inf{x®t : By = x "Bz, = 1} = x*%

Note 7 has stationary, independent increments, i.e. it is a Lévy
process
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Another way to compute the distribution of 7, x > 0

1y24 . o
M; = e*B—27"t is a martingale

Optional stopping = E[e*Bmin(. B)— 3 A2 min( (7:B)] — 1

BCT = E[e*B~—2¥™] =1, >0

so E[e~*™] = @~ V2 A>0

In particular if 7, and 7, are independent then 7 + 7 dist Txty
Stable laws

X has stable distribution if for each nthere is 0 < o < 2 and u, such

that if X1, Xo, ... are iid with X; %' X then

Xy + -4+ Xo— un dist
n1/0£ -

Examples: Gaussian « =2;Cauchy a=1;77 a=1/2
Subordinator means X; non-decreasing (so it can be used as a time).
Tx, X > 0 is a stable subordinator eg. B;, = x
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T =inf{t > 0: Bt hits b+ mt}, b,m>0. Whatis P(r < 00)?

E[e/\Bmin(r,N)—%)\z min(T,N)] — 1

Brin(r.n) < b+ mmin(r, N) so if \m < 3A% we can let N — oo to get

E[e)\(b+m7')—%)\27'17_<oo]+Nlim E[e)\Bmi"(""N)_%)\zmin(T’N)1T:OO] —1
—00

1 .
lim E[eBmintr.my=zX*min(r.N)4__

N—oco

< lim E[e,\(b+mmin(T,N))—%A2min(T,N)1T_
~ N—oo -

]

oo]
=0
SO
E[e()\mfé)\z)T1T<oo] _ g

Let A | 2mto get

P(r < o0) = e
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Brownian motion starting at x: B; + x, By =0
Px(A) = P(A| By = x)

a<x<b What is Px(14 < )7

If By = x then B; is still a martingale
Ex[Bmin(ram,N)] = X

N — oo, BCT= EX[Bmin(’Ta,Tb)] =X= EX[BTa1Ta<Tb] + EX[BTb1Ta>Tb]
— af?x(7é < Tb) +‘19F?x(73 > Tb)

f(X) = Py(ta <)  af(x)+ b(1 — f(x)) = x

f(x) = Px(7a < 1p) = 2=X

x
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Law of the iterated logarithm (Khinchine)
B;, t > 0 Brownian motion

. B;
lim su

P =1
t—0 +/2tloglogt—1

a.s.
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