Stochastic differential equations

o(x,t), b(x,t) mble

Definition
A stochastic process X; is a solution of a stochastic differential
equation

aX: = b(Xt, t)dt + U(Xt, t)dBt, Xo = Xo
on [0, T] if X; is progressively measurable with respect to 7,
T 16(Xe, B)|dt < o0, [ |o(X, t)[20t < 0o a.s. and

t T
Xt = Xo +/ b(XS,S)dS+/ o(Xs, s)dBs 0<t<T
0 0

The main point is that o(w, t) = (X, t), b(w, t) = b(X}, t)
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If B(t) is a d-dimensional Brownian motion and f(t, x) is a function on
[0, 00) x R? which has one continuous derivative in t and two
continuous derivatives in x, then lto’s formula reads

di(t, B(t)) = g(t, B(t))dt + V((t, B(t)) - dB(t) + %Af(t, B(t))dt.
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Bessel process (d = 2)

Let B; = (B}, B?) be 2d Brownian motion starting at 0,

n=|Bil =/(B})? + (Bf)?.

By Ito’s lemma,

B B2 11
drr = —dB'+ —dB? + - —dt.
=] B 218

This is not a stochastic differential equation.
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Y(t) = /t‘B‘dB1 /|B|d52

Let f(t, y) be a smooth function Use It6’s lemma. Intuitively

’
df(t, Yy) = Ofdt + dyfdY + Eaﬁf(an/)2

B o B
(598" + 15, 9B°)°

B1\? B'B2 B2\ 2
— <|B|> (dB")? +2 BP d32+<|5|> (dB?)?

= dt

(dY)? =

f 1
f(t,Y) = £, Yo)+/(8tf+82f)(s, Ys)ds

o f—dB1 /a f—de
/ Y |B| -l
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[t0’s lemma

dX; = o(t, X;)dB; + b(t, X;)dt

(LX) = £(0,X0)+ / t{asf(s,Xs)+£f(s,Xs)}ds

+/ Zo—,,sxs sXs)dB/

ij=1
1 02f
Ef(t,x):EZa,-j(t,xa a, Zb(t x) tx)
ij=1

d

T

aij:Zaika,-k a—=oo0
k=1
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B B2 1
dB' + —dB? + —Ldt dy; +5 1 re ot

dr,
T B 2B

f 1
f(t, YD) = £(0,Yo)+ / (9f + 5081)(s, Ys)ds

1 2
/@ww /@ww

g 2 E o
In particular e*Yt=*1/2 is a martingale
So Y; is a Brownian motion.

Therefore

dre = dY; + 1rf1dt

2
is a stochastic differential equation for the new Brownian motion Y;

February 25,2009  6/30



[to’s lemma

t t
£(t, X¢) — £(0, Xo) = / {6S+£}f(s,Xs)ds+ / V(s Xs) - 0dBs
0 0

v

Proof
= Z f(ti+1’Xfi+1) - f(ti7Xti)

_Z t,,Xt, (tip1 — ) + VIt X)) - (Ko — Xp)

Q

o°f :
2 Z 8)(/8)( (tl?th (Xl{ le‘,)(Xl!,(+1 _Xl,()

+ h1gher order terms
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Proof continued
of
Z 8t(tl7Xt/)(tl+1 —>/ 9t (s, Xs)ds
Zw (6, Xe) - (X — Xa)
lit1 t
:ZVf(ti,Xti)-(/ o (s, Xs)dBs) —>/ Vf-odB
i f 0

lit1 t
+Zw<r,-,x,,)-(/t b(s, Xs)ds) —>/0 Vi-bds
] 1

Pl X)X XY (XE XK CPE o
Z(?Xjax I, lit1 l',')( liv1 ™ tl) - 6Xjax (S S)ajk(s S) S

v
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Proof continued
To show the last convergence, ie

, ) t
S gt X)X, — XDXE, — XE) /0 9(5. Xs)ai(s, Xs)ds
i

lit1
Z(t tir) = ( / Za,, (5, Xs)dBLY( / Zakm(s Xs)dB™)

lit1
/t ZUIIUKI S, Xs)d

/

E[1Z(t, tii1)P] = O((ti1 — 1)?)
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Proof continued

lit1 t
S0t X)EL  an(s. Xe)osl— [ gls X)ay(s Xe)ols
i fi

EIO  a(ti, Xi)Z(t, 144))?] = Elg(t, X,)Z(ti, tie1)9(t, Xg) Z (b, )]
i i

i<j E[E[g(ti, Xt)Z(t, ti1)9(t, Xe)Z(G, 1) | Fy]] =0

i=j E[E[9?(t, X;)Z2(ti, ti1) | Fi ]l
= E[g?(ti, Xy E[Z2(ti, ti1) | F3]]
= O((ti1 — £)?)
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£(t, X¢) — £(0, Xo) — /Ot{as+ﬁ}f(s,xs)ds: /OtVf(s, Xs) - 0dBs

2 d

d
1 bl 9
L= > ”2221 aij(h X)ax,-axj - ;b,'(t, X)a_)(, = generator

M; = f(t, Xt) — fot {83 + L‘}f(s, Xs)ds is a martingale
t
0 = E[f(t, X) — £(s, Xs) —/ [0+ £}1(u X)lu | 7]
S

= /f(tvy)p(&X?t?y)dy_f(S7X)

t
—/ /{8u+£}f(u7y)p(s,x,u,y)dydu, Xs=x
S
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For any f,

/f(t,y)p(S,X, t?.y)dy - f(S,X)

_/t/{aﬁﬁ}f(u,y)p(s,xa u,y)dydu

Fokker-Planck (Forward) Equation

) I
SP(s:x.ty) = Z a,,(t y)p(s, x;t,y))
d_ 0
52367, i(t,y)p(s, x, t, y))
= yp(SaX7 t?.y)

limp(s, x,t,y) = d(y — x).
tls
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Kolmogorov (Backward) Equation

0 82 p(s,x,t,y)
_%p(saxatay) - 2 jz;'alj(s 8X18Xj

8p(s x,t.y)
o+ Z bi(s —ax,

= LXP(S,X, t:y)

Iimp(S, X, t?.y) = 6(_}/ _ X)‘
st
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Proof.
f(x) smooth

0
— U= Lsu 0<s<t u(tx)=Ff(x)

Ito’s formula: u(s, X(s)) martingale up to time ¢

U(s, X) = Esx[u(s, X(s))] = Es.x[u(t, X(£))] = / H2)p(s, x, 1, 2)dz

Let f,(z) smooth functions tending to §(y — z). We get in the limit that
p satisfy the backward equations. O

v
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Example. Brownian motion d = 1

_19
- 20x2
ap(s,x, t7y . 1 82:0(37)(’ t’y)
Forward ot —2 o t>s
P(Saxas7}/):5(y_x)
2
Backward — OPSXLY _1TpEXLY) oy

0s 2 ox? ’

p(t,x,t,y) = 0(y — x)
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Example. Ornstein-Uhlenbeck Process
A
“ 20 “ox

op(s,x,t,y 10%p(s,x,t,y) 0
F oS o P
orward T 5 ay? + 6y(ozyp(s,x, ty), t>s,
p(saxas7y) = 6(.y_X)
2
Backward _P&X Ly 19°p(s,x,ty)  op(sx.ty) . _ '

0s 2 ox? ox ’

p(t,X, tay) :(S(y—x)
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Existence and Uniqueness Theorem

o :RY %[0, T] — R b:RY x [0, T] — R? be Borel measurable,
JA < oo,

lo(x, Bl + [b(x, ) <A1+ |x])  xeR%, 0<t<T
and Lipschitz;
|o(x, 1) — oy, )l + [b(x, t) — by, t)| < Alx — y|.

Xo € R? indep of By, E[|x[?] < oo.
Then there exists a unique solution X; on [0, T] to

dX; = b(X;, t)dt + o( Xz, t)dB;, Xo = Xo

and E[ [ | Xi[2f] < co.

Uniqueness means that if X, and X? are two solutions then
PX] =X?,0<t<T)=1
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Proof of Uniqueness
Suppose X;' and X? are solutions

t t
X X2 = /0 (b(X!,s) — b(X2, s))ds + /0 (o(XL.9)
+x0 — x@

EIX! — XF[°] < 4E]] /Ot(b(XQ,S) — b(X¢, s))ds|?]

+4E]] /t(ff(Xs1 ,5) = 0(X¢, 8))dBs[*] + 4E[|Xg — x5 |°]

£l / (b(X 2 5))dsf?] < A2 / E[IX! - X22]ds

E[/ (X!, 8) — o(X2, 9))2ds] = E]| / (0(X, ) - o(X2, 5))ds?]

IA

A2 /0 ElIX! — X2]ds

XZ,5))dBs
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Gall ¢(t) = E[|X} — X?P]

t
¢m§8MA¢wWH4dm

(1) = /Otgb(s)ds
(67810 (1)) = (/(t) — 8A2®(1))e ! < 4¢(0)e~ "
e #to (1) < 4¢(0)
6(1) < 8A2D(1) + 49(0) < 86°41(0)
E[1X; — X2 < 86®1E[|x! — x2[3]

Foreach0 <t < T, X/ = X2 a.s. so X! = X2 for all rational t € [0, T]
a.s. By continuity this implies that X, = X2 for all t € [0, T] a.s.
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Proof of Existence
Xo(t) = Xo
t t
X(t) =0+ [ o(8, Xo1(9))lB(s) + | b5, Xo1(s)ds
0 0
E[ sup_|Xn(t) = Xp—1(1)?]
0<t<T
.
Doob's inequality < 4E[/ o (s, Xn_1(8)) — o(8, Xn_2(8))||?ds]
0

;s
T TE| /0 1B(S, Xn_1(5)) — (S, Xn_2(s))|20l]

:
<c /0 E[|Xo_1(S) = Xo_a()[2]ds

< CTE[ sup [Xn_1(t) — Xn_o(1)[?]
0<t<T

v
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Proof.
E[ sup |Xn(t) — Xp—1(8)[?] < CTE[ sup [Xp_1(t) — Xn_2(t)[]
0<t<T

0<t<T

E[ sup |Xn(t) —Xn_1(l‘)]2] < (CT)"
0<t<T nl

P(Oiltip [ Xn(t) = Xn-1()] > l) <22”E[0§1:5T|Xn( ) — Xn—1(1)[°]

summable

Borel — Cantelli = P( sup |Xn(t) — Xp—1(t)| > l i.o.)=0.
0<t<T

Hence for almost every w, Xa(t) = Xo(t) + 3720 (Xj1(t) — Xi(1))
converges uniformly on [0, T] to a limit X(t) which solves the required
stochastic integral equation O]
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Lipschitz condition is not necessary

Theorem
Letd =1 and

|b(t, x) — b(t, y)|
’U(tv X) — U(t’y)|

Then there exists a solution of dX; = b(t, X;)dt + o(t, X;)dB; and it is
unique

Clx -yl

<
< Clx—yl|* a>1/2

But you do need some regularity

o(x) =sgn(x) and dX = o(B)dB Not a stochastic differential equation
But X is a Brownian motion dB = ¢(B)dX is a stochastic differential
equation

But also d(—B) = o(—B)dX so no uniqueness
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