Conditional Expectation

Probability space (2, F, P)
Random variable X € L'
Sub o—field G Cc F
Definition
The conditional expectation of X given G is a random variable E[X|G]
satisfying
Q E[X|Gleg
Q fAXdP: JAE[X|GldP forall Ac G

X >0, QA) = [,XdP, Acg. Qmeasureon(QgP)Q<<P
Radon—leodym theorem: 398 € L'(Q,G, P) s.t. Q(A) = [, %2dP
EX|9] = &

if X = X, — X_ define E[X|¢] = E[X,|G] — E[X_|0]
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Examples.
Q ¢ ={0.9}, E[X|G] = E[X]

0 Q = F, E[X|G] =
=[0,1), F Borel sets, P = Lebesgue, F, = Dyadic level n,
E[X|fn]( ) [1 I+1)X wE[zn,’+,,1)

Q Ay, A, ... partition of Q. G is o—field generated by this partition
EIX|G] = piay Ja, XAP, w € A;

In particular if Ay = A, A, = A®, X = 15 then

E[15|G] = P(B|A) = P(?Q)A) on A

Q P((X,Y)eA) = [,f(x,y)dxdy

Elg(X)| Y] = LEGHCDE _ [ g(x)P(X € axY = y)

Q X € G= E[XY|G] = XE[Y]]
@ X indep of ¢ & E[X|G] = E[X]
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Examples.

Q ¢ convex then E[¢(X)|G] > #(E[X|G])
Q E[E[X]G1]|G2] = E[X|G2] if G2 C Gy
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Markov processes
A process X;, t > 0 is called a Markov process if for any function g and
any t > s,
E[g(Xe) | Xu, 0 < u <] = E[g(X) | Xs].
Process determined by initial distr P(Xp € A) and the transition probs

p(s, x,t,A) = P(X; € A| Xs = x) s<t

Xt1 €A1,.. XIHEAn)
/ / /P(XO € dXO 0 X07t17dx1) (tnf‘]axnf‘la tnaAn)
An—1 A

Chapman-Kolmogorov equations

p(s, x, t,A) = /p(s,x, u,dy)p(u,y,t, A) fors<u<t.

(y=x)?2
Example. Brownian motion p(s, x, t, dy) = ﬁe’ ) dy
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Brownian motion as limit of random walks
Sp=Xi + -+ Xp, X;iid, E[X;] =0, Var(X;) = 02 <

Bn(t) = 028 oy

Fg 77777 tm(X1,,Xm)=P(Bn(t‘|)SX1,7Bn(tm)§Xm)

.....

_e—n )2 7(}’m*}’m71)2

/ / 2r1 2(t,—1) e 2m—tm_1) d d
. Y14y
o0 V2t \/271' (b — T1) 27 (tm — tm—1) "

{Ba(t) — Ba(ti—1) izt ,..om = {07V 2( Xty 11 + -+ + Xpnt ) it
multldlmensional central limit theorem

.....
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Martingales: Discrete time
Definition.

An non-decreasing family of sub-o-fields 7, c F,.1 C Fis called a
filtration

Definition

M, a sequence of random variables in L'(Q, F, P). If
E[Mpi1 | Fn] = My

then M, is a martingale with respect to the filtration F,

submartingale: E[Mp.1 | Fn] > My

supermartingale: E[My 1 | Fn] < M,

Example. S, = Xi +--- + X;, X; iid

E[X]] = 0 = S, martingale. E[Xj] > 0 = S, submartingale.
E[Xi] < 0= S, supermartingale
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Lemma

Let ¢ : R — R be convex and X, a martingale with respect to 7,. Then
»(Xpn) is a submartingale with respect to F,.

Proof.
By Jensen’s inequality for conditional probability

Elp(Xni1) | Fnl = 6(E[Xni1 | Fn]) = &(Xn).

Ol

v

Example. S, = X + -+ + X, X;iid, E[X]] = 0, Var(X;) = 02 < 0
S, martingale. S2 submartingale. S2 — o2n martingale.

E[S3,1 — 0®(n+1)|Fn] = E[S5 + 28nXns1 + XZ, 4 — o?(n+1)|Fn] =
S2+02—-0%(n+1)
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