Stochastic Calculus

Lecture 2

Stochastic Calculus

January 13, 2009

1/21



Theorem (Kolmogorov Regularity Theorem)

Let X(t,w) be a stochastic process defined on a probability space

(Q, F, P). Suppose that for some positive constants «, 3, C,
E[IX(t) — X(8)|"] < CJt — s|'*.

Then there is a version X(t) of X(t) on C|0, T], by which we mean that
X and X have the same finite dimensional distributions.

v

Example. Brownian motion

E[|B(t) - B(s)*] = 3]t - s|?

Counterexample. Poisson process

(e}

E[IN(t) - N(s)|*] = S

n=0

_ aln
|"n|5|e—|t—s| >1_ eS|t g

v
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Theorem (Kolmogorov Regularity Theorem)

Let X(t,w) be a stochastic process defined on a probability space
(Q, F, P). Suppose that for some positive constants «, 3, C,

E[IX(1) = X(s)|] < Clt — 5"

Then there is a version X(t) of X(t) on C|0, T], by which we mean that
X and X have the same finite dimensional distributions.
Furthermore X is Hélder of order v < a/3, i.e.

IX(t)—X(s)| < Clt—s|" 0<st<T

Example. Brownian motion
E[|B(t) — B(8)|*™] = Cplt — s|"
so B(t) is Holder of order ~ for any v < 1/2.
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Key point of the proof of Kolmogorov’s theorem

An—{\X(I+1)—X(IZn1)!Z2_7”forsomei:0,...,2”—1}
2"—1 i+ 1
Z P( |X( 2n - ( Al =277
i+ 1 i+1 i+1 i+ 1
PUX(LED) — XLy = 20 < 2mmex Y - (B

P(Ap) < C2(—2+8)

summable if v < /3 so by Borel-Cantelli A, only happens finitely
many times.
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Functions of finite variation

f: Ry — R right continuous

A=0=1 <t <---<tp=tsubdivision of [0, f]
|A| = sup; |tii 1 — ti| = mesh size

f is of finite variation if for each t < oo,

1l 7v 0,5 = supa > [f(tip1) — F(t)] < o0
Proposition

@ A function of finite variation is the difference of two monotone
increasing functions

Q u([0, 1]) = f(t) provides a 1-1 correspondence between measures
on R, and functions of finite variation

Q /.7 9(t)df(t) = [ gdu is the Riemann-Stieltjes integral
Q A function of finite variation is differentiable almost everywhere
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Quadratic variation

Definition
A stochastic process X;, t > 0 has finite quadratic variation

if there exists a finite process (X, X);, t > 0 such that for each t < oo
and each sequence {Ap},—1 2 . of subdivisions of [0, t] with |A,| — 0,

. prob
n“—»moo Z |Xfi+1 - Xt/|2 <X X>
i

The process (X, X)¢, t > 0 is non-decreasing.
It is called the quadratic variation of X.

Recall limp_.co Xp "2° X if P(|X, — X| > ¢) — 0 for each ¢ > 0
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Theorem
The quadratic variation of Brownian motion (B, B); =t

Proof.

P(Xn>¢€) < %)2("2] so it is enough to show
E[(X 1By,y — Byl? — |tis — 1:])?] — 0
Call X; = |By,, — Bt,.|2 — |t — ti|. They are independent so
E[(X; X)) = 32, E[X7]
Xi = (ti1 — t)(Z% — 1) where Z; ~ N(0,1) so
E[XP] = (ti1 — 6)°E[(ZP —1)°] = Cltis — 1)

50 E[(Y; )% = CY(tis — t)2 — 0 =
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Quadratic variation

Note that if X, P1% X one can always choose a (non-random)

subsequence such that X, 2% x
So one can choose partitions so that

n”—»mooz_ ’Xfm - Xti‘z = <X7 X>l‘
i

For Brownian motion it turns out that any sequence A, C A, ¢ gives
a.s. convergence
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Proposition

With probability one Brownian motion B;, t > 0 is not of finite variation

in any interval

Proof.
Let f be any continuous function on [0, {]

2
Z ‘ftiﬂ - ft[‘ < m’.ax ‘ffm ft;‘ Z ’ft/+1 ff/
i

Since max; |f;,, — f| — O, if

(f, () =lim> " |f,, —f>>0
i

then
I|mz |ft,'+1 — fti| = ||f||TV1[07t] =
i

and if ||| 7y jo,q < oo then (f,f); =0
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Proposition
With probability one Brownian motion By, t > 0 is not locally Hélder of
order o forany o > 1/2

Proof.

Let f be any continuous function on [0, f] s.t. forsome 0 <a< b <t
andsome a > 1/2,foralla<s,t < b,

| — fs] < k|t —s|*

Then
> iy — £i2 < K2(b— @) max [t g — 2>
- ]
I
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Theorem. (Paley, Wiener, Zygmund 33)
Brownian motion is nowhere differentiable with probability one

Proof. (Dvoretsky, Erdds, Kakutani 61)
Suppose that B(t) was differentiable at a point s € [0, 1].

Then Je > 0 and an integer ¢ > 1 such that

|B(t) — B(s)| < ¢(t —s) for 0<t-—s<e

Choose an integer n > / large enough so that

i i+1 i+2 i+3 .
=< i < i < i <S+e where = |ns|+1.
n n n n

,/;) 3(1771)|<E for j=i+1,i+2,i+3.

v
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Proof.
Therefore the event that B(t) is differentiable at some point is
contained in the set

1 70

e-JUN U N {isdh-slshn<T}

£>1 m>1n>mo<i<n+1i<j<i+3

We show P(B) = 0 as follows.

P(ﬂ U N {B(ﬁ)B("n‘)Jf})

n>mo<i<n+1i<j<i+3

ce( U0 {ed-elShi<2})

0<i<n+1i<j<i+3
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Proof.

P(ﬂ U N {B({,)B(’,ﬂ)<7,f})

n>m0<i<n+1i<j<i+3

o IV ES N
<I|nrglogfp( U /D+3{|B(”) B(——)| < n})

0<i<n+1i<

n+1 . .
<Iinrg§QfZP( N {rB(f,)—B(’_,f)\ <7,f})

i=1 i<j<i+3

<y [P (1< )]

:ILnlLrgfn[P <|B(1)\ < ;%)T :Iinrrliorgfn[;gﬁ]3 =0
L]

v
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Modulus of continuity (P.Levy)
With probability one,

limsup sup 1Bt — Bl

Pt PsE
e—0  o<s<t<t y/2eloge!

t—s<e

2 2 2
Lemma ﬁe—% < [Ferdy<xlez x>0

Proof.
o0 2 o 2 X2 o0 2
x‘2/ e zdy 2/ y2ezdy=xle % —/ ez dy
X X X

2

> 72 IR 1 o2
e zdy<x ye zdy =x"'e 2
X X
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Proof of limsup__, SUpo<s<t<t —2=22 > 1

t—s<e +/2eloge=! —

let 5 > 0, Ap = {maxj<keon |Bx — Bii| < (1 — 8)h(2~™)},
- - 2n 2!7

h(t) = /2tlog t-1

e—y2/2
P(Ap) <(1-2

(1-8)\/2log2" V21

_Cn—1/20n(1—(1-6)?)

)

dy
<e

so Y 2, P(An) < co. By the Borel-Cantelli lemma, almost every w is in
at most finitely many A.i.e.

limsup sup B —Bsl 4 5

=0 0s<i<i V2eloge 1

t—s<

nowleto | O

Note: This proves that Brownian motion is not Hélder of order o« > 1/2
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Proof of limsup,_, SUPoss<ict —2=2el

<
t—s<e +/2eloge=1 —

let § > 0 and choose ¢ > 0 so that (1 +€)?(1 —6) > 146
let

1Bjjan — Bijn|
o Jv= = 7 >
= A Ry ST

K={0<i<j<2"0<k=j—i<2m}

}’2
P(Bn) “zdy

IN

— e
Z Vaer /1+e),/|og(k—12"
< CZ[Iog 12n] 1/2 —(1+e)2Iog(k 12m)

< Cc2~ n(1 —4)(1—e¢) Z[|Og(k_12n)]_1/2
K
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5= i |Bj/2n — Bjjan|

Djer — i/
maX —hikjzm) = 1 T e

K={0<i<j<2'0<k=j—i<2m}

P(Bn) < C2‘”(1—5)(1—6)2 Z[|Og(k—12n)]—1/2
K

< Cn—1/22n((1+8)—(1-0)(1+¢)?) K| < on(1+6) log(k~"'2") > log on(1—

summable so with probability one there is an N s.t. for n > N, for

i,j €K,
‘Bj/gn = B,'/gnl < (1 = e)h(k/2”)
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Let v > 0. Pick N large so that 3"% . ; h(2=™) < yh(2-(+1)(1-9)),
n>N

Supposethatt=i27"4+2 M 4272 ... withN<n<n <m<---
and i€ K,

|Bt — Bjjan| < (1 +¢) Z h(2 (1 + €)yh(2~(mN{1=9)

m=n+1

now suppose we have 0 < s < t < 1 and the special n so that

o-(M+1)(1-8) < ¢ _ g « p—n(1-9)

has n > N then we can write

|Bt — Bs| < |Bjjan — Bs| + |Bjjon — Bijon| + |Bt — Bjan|
< 201+ )yh@ U) 4 (1 )h(( - )27
<

2(1+e€e)y+1+¢e)h(t—s)

leté | 0andthen~ | O
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