
Brownian motion in Rd

1 Bt = (B1
t , . . . , Bd

t ), Bi
t independent Brownian motions

2 Bt Markov with P(Bt ∈ A | Bs = x) =
∫

A
1

(2π(t−s))d/2 e−
|y−x|2
2(t−s) dy

3 Bt has stationary independent mean zero increments with
E [|Bt − Bs|2] = d(t − s)

4 eλ·Bt− 1
2 |λ|

2t is a martingale for any λ

Note that 1 does not depend on the basis: If B1
t , . . . , B2

t independent
and O is orthogonal, then the coordinates of OBt are independent
Brownian motions in fact

Theorem
Suppose X1, X2 independent and ∃θ 6= Nπ/2 such that

X1 cos θ + X2 sin θ, −X1 sin θ + X2 cos θ independent

Then X1, X2 are Gaussians (Maxwell)
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Dirichlet problem

Given a bounded open subset G ⊂ Rd and a continuous function
f : ∂G → R find a continuous function u : Ḡ → R such that{

∆u = 0 in G
u|∂G = f

∆u def
=

d∑
i=1

∂2u
∂x2

i
= 2d lim

r→0
r−2

(
1

|∂S(r , x)|

∫
∂S(r ,x)

udS − u(x)

)

Lemma
u harmonic in G ⇔ u satisfies the mean value property: for all
sufficiently small r > 0,

1
|∂S(r , x)|

∫
∂S(r ,x)

udS = u(x)
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Lemma
u harmonic in G ⇔ u satisfies the mean value property: for all
sufficiently small r > 0,

1
|∂S(r , x)|

∫
∂S(r ,x)

udS = u(x)

Proof.
Green’s identity

∫
G v∆udx =

∫
G u∆vdx +

∫
∂G v ∂u

∂n − u ∂v
∂n dS

G = {δ < x < r}, v =

{ log r−log |x |
log r−log δ d = 2
|x |2−d−r2−d

δ2−d−r2−d d > 2
let ρ ↓ 0
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Bt d-dimensional Brownian motion starting at x ∈ G

τG = inf{t ≥ 0 : B(t) 6∈ G}

u(x) = Ex [f (B(τG))]

”Theorem” If ∂G ”nice” then u solves the Dirichlet problem

Ex [f (B(τG))] =

∫
∂G

f (y)πG(x , dy), πG(x , Γ) = Px(B(τG) ∈ Γ), Γ ⊂ ∂G

Example. G = B(x , r), πG(x , Γ) = |Γ|
|∂S(x ,r)| , Γ ⊂ S(x , r)

Brownian motion is invariant under rotations
∴ πG(x , ·) is invariant under rotations

() Stochastic Calculus March 11, 2009 4 / 19



Proposition

G bounded open ⊂ Rd , f bounded measurable on ∂G. Then
u(x) = Ex [f (B(τG))] is harmonic in G.

Proof.
B = B(x , r) ⊂ G τB ≤ τG

Strong Markov property: u(B(τS)) = Ex [f (B(τG)) | FτS ]

u(x) = Ex [f (B(τG))] = Ex [Ex [f (B(τG)) | FτS ]]

= Ex [u(B(τS))]

=

∫
∂S

u(y)πS(x , dy)

=
1
|∂S|

∫
∂S

u(y)dS

So u satisfies the mean value property in G.
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a ∈ ∂G

To complete the proof that u solves the Dirichlet problem we need

lim
x→a, x∈G

Ex [f (B(τG))] = f (a) It is not always true!

Proposition
If lim x→a

x∈G
Px [τG > ε] = 0, ∀ε > 0 then for any bdd mble function

f : ∂G → R which is continuous at a, lim x→a
x∈G

Ex [f (B(τG))] = f (a)

Proof.
Need: limx→a, x∈G Px (|B(τG)− x | < δ) = 1

Px(|B(τG)− x | < δ) ≥ Px( sup
0≤t≤ε

|B(t)− x | < δ, τG ≤ ε)

≥ Px( sup
0≤t≤ε

|B(t)− x | < δ)− Px(τG ≤ ε)

→ 1 as x → a, x ∈ G then ε ↓ 0
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Proposition
a ∈ ∂G is regular if Pa(σG = 0) = 1 σG = inf{t > 0 : B(t) 6∈ G}
a regular ⇔ limx→a, x∈G Ex [f (BτG)] = f (a) ∀f bdd mble, cont at a

Proof of ⇒
Enough to prove Px(σG < ε) lower semi-continuous in x
Then lim sup x→a

x∈G
Px(σG < ε) ≥ Pa(σG < ε) = 1 and σG ≥ τG

But
∫

p(0, x , δ, y)Py (∃s ∈ (0, ε− δ), B(s) 6∈ G) continuous
and ↑ Px(σG < ε) as δ ↓ 0

Examples
1 If ∂G is a smooth manifold near a then a is regular by LIL
2 If ∃ cone C of height h > 0 and vertex at a such that

C − {a} ⊂ ḠC then a is a regular (exterior cone condition)
3 d ≤ 2 always,d ≥ 3 ∃counterexamples
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Application to recurrence/transience of Brownian
motion

G = {y ∈ Rd : δ < |y | < R} f =

{
0 |y | = R
1 |y | = δ

u(x) = Ex [f (B(τG))] = Px(τδ < τR) =

{ log R−log |x |
log R−log δ d = 2
|x |2−d−R2−d

δ2−d−R2−d d > 2

Theorem In d ≥ 2, Brownian motion does not visit a point

Proof.

Px(τ0 < τR) = lim
δ↓0

Px(τδ < τR) = lim
δ↓0

log R − log |x |
log R − log δ

= 0
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Theorem In d = 2, Brownian motion is recurrent, ie. comes
arbitrarily close to any point arbitrarily many times

Proof.

Px(τδ < ∞) = lim
R↑∞

Px(τδ < τR) = lim
R↑∞

log R − log |x |
log R − log δ

= 1

Theorem In d ≥ 3, Brownian motion wanders off to infinity

Proof.

Px(τδ < ∞) = limR↑∞
|x |2−d−R2−d

δ2−d−R2−d =
(
|x |
δ

)2−d
if |x | > δ,0 otherwise

Px(hit |y | = δ after time t) =
∫ e−

|x−y|2
2t

(2πt)d/2 Py (τδ < ∞)dy → 0 as t →∞
Px(lim inft→∞ |B(t)| > δ) = 1
δ ↑ ∞lim inft→∞ |B(t)| = ∞ a.s.
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Strong Markov Property of solution of SDE

dXt = b(t , Xt)dt + σ(t , Xt)dBt , X0 = x

τ a stopping time

f (Xt)−
∫ t

0
Lf (Xu)du = martingale

E [f (Xt+τ )−
∫ t

0
Lf (Xu+τ )du | Fτ+s]

= f (Xs+τ )−
∫ s

0
Lf (Xu+τ )du optional stopping

⇒ X̃t = Xτ+t , t ≥ 0 is a solution of

dX̃t = b(t + τ, X̃t)dt + σ(t + τ, X̃t)dB̃t t ≥ 0
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Generalized Dirichlet problem.
Let D be a domain in Rd , i.e. a bounded connected open set with a
smooth boundary ∂D
Suppose {

Lu = 0 in D,

u = f on ∂D

Lu =
1
2

d∑
i,j=1

aij(x)
∂2u

∂xi∂xj
+

d∑
i=1

bi(x)
∂u
∂xi

Let Xt be the solution of the stochastic differential equation

dXt = σ(Xt)dWt + b(Xt)dt , X0 = x .

Let τ be the exit time from the region D
Then Xτ is the exit point on the boundary ∂D

u(x) = Ex [f (Xτ )]
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To show it we cannot use the same conditioning argument as with
Brownian motion because we don’t have the symmetry anymore

Ito’s formula:
u(Xt∧τ ) = martingale

Optional stopping

Ex [f (Xτ )] = Ex [u(Xτ )] = u(x)
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Poisson equation

Suppose {
Lu = g in D,

u = 0 on ∂D

where g is some given function defined in D

Ito’s formula:

u(Xt∧τ )−
∫ t∧τ

0
g(Xs)ds = martingale

Optional stopping: Ex [u(Xτ )− u(X0)−
∫ τ

0 g(Xs)ds] = 0.

u(x) = Ex [

∫ τ

0
g(Xs)ds]
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Generalized Feynman-Kac formula

−∂u
∂t = Lu + Vu + g, u(T , x) = f (x)

u(t , x) = Et ,x [e
R T

t V (s,X(s))dsu0(X (T )) +

∫ T

t
g(s, X (s))e

R s
t V (u,X(u))duds]

Proof.
Apply Itô’s formula to

u(s, X (s))e
R s

t V (u,X(u))du
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Diffusion process as probability measure on C([0,∞))

Brownian motion=collection of rv’s Bt , t ≥ 0 on (Ω,F , P)
or

Brownian motion=probability measure P on C([0,∞))

If A is a (measurable) subset of continuous functions, then P(A) is just
the probability that a Brownian path falls in that subset

Same for any diffusion.If X (t) is the solution of the stochastic
differential equation dX (t) = b(t , X (t))dt + σ(t , X (t))dB(t), X (0) = x
then we can let Pa,b

x denote the probability measure on the space of
continuous functions with

Pa,b
x (A) = Prob(X (·) ∈ A) a = σσT

Question:What is the relation of Pa,b
x for different x , a, b?
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1 If x1 6= x2 then Pa,b
x1 ⊥ Pa,b

x2 .
2 The quadratic variation

lim
n→∞

b2nTc∑
i=0

|X (
i + 1
2n )− X (

i
2n )|2 =

∫ T

0
a(t , X (t))dt a.s. Pa,b

x

Hence if a1 6= a2, Pa1,b
x ⊥ Pa2,b

x
3 To see what happens if we change b, let dXi(t) = bidt + σdB(t),

i = 1, 2

P(X1(t1) ∈ dx1, . . . , X1(tn) ∈ dxn)

P(X2(t1) ∈ dx1, . . . , X2(tn) ∈ dxn)

= e
−

Pn−1
i=0

(xi+1−xi−b1(ti+1−ti ))
2−(xi+1−xi−b2(ti+1−ti ))

2

2σ2(ti+1−ti )

= eZ dx1 · · ·dxn
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P(X1(t1) ∈ dx1, . . . , X1(tn) ∈ dxn)

P(X2(t1) ∈ dx1, . . . , X2(tn) ∈ dxn)
= eZ dx1 · · ·dxn

Z = −
n−1∑
i=0

(xi+1 − xi − b1(ti+1 − ti))2 − (xi+1 − xi − b2(ti+1 − ti))2

2σ2(ti+1 − ti)

= −
n−1∑
i=0

σ−1(b2 − b1)σ
−1(xi+1 − xi − b2(ti+1 − ti))

−1
2

n−1∑
i=0

(σ−1(b2 − b1))
2(ti+1 − ti)

n→∞−→ −
∫ t

0
σ−1(b2 − b1)dB(s)− 1

2

∫ t

0
(σ−1(b2 − b1))

2ds
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Cameron-Martin-Girsanov formula

For each x the measure Pa,b
x is absolutely continuous on Ft with

respect to the measure Pa,0
x and

dPa,b
x

dPa,0
x

∣∣∣
Ft

= exp
{∫ t

0
a−1(Xs)b(Xs)dXs −

1
2

∫ t

0
b(Xs)a−1(Xs)b(Xs)ds

}

Proof
We want to show is if we define a measure

Q(A) =

∫
A

exp
{∫ t

0
a−1bdXs −

1
2

∫ t

0
a−1b2ds

}
dPa,0

x0

then Q is a diffusion with parameters a and b in other words, for each
λ,

exp{λ(Xt − X0 −
∫

bds)− λ2

2

∫ t

0
ads}

is a martingale with respect to Q
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Proof.

Yt =

∫ t

0
(λ + a−1b)dXs =

∫ t

0
(λ + a−1b)σdBs.

eYt−Y0− 1
2

R t
0 a(λ+a−1b)2ds = martingale w.r.t. Pa,0

x0

eλ(Xt−X0−
R t

0 bds)−λ2
2

R t
0 ads+

R t
0 a−1bdXs− 1

2

R t
0 a−1b2ds = martingale w.r.t. Pa,0

x0

eλ(Xt−X0−
R t

0 bds)−λ2
2

R t
0 ads = martingale w.r.t. Q

dQ = e
R t

0 a−1bdXs− 1
2

R t
0 a−1b2dsdPa,0

x0
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