Martingale Transform

M, martingale with respectto 7,, n=0,1,2,... 0y € Fp
(o-M)y =310 /(M1 — M) is a Martingale

E[(o - M)n|]:n 1]

—E[ZU/ i1 — M) | Fril

?
N

= oi(Mij1 — M)+ on1E[Mp — My_q | Fn]

Called Martingale Transform “Fortune at time n using strategy o ”
Stochastic Integral fO’ odB is continuous time version based on
martingale B(t).
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Note one can also define stochastic integrals with respect to
continuous martingales M(t) other than Brownian motion. The only
thing that changes is that we have the quadratic variation

(M, M) = lim 3> (M(ti.1) — M(t;))?.
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[t6’s Lemma
Let f(x) be twice continuously differentiable. Then

df(B) = f'(B)dB + %f”(B)dt

Proof

First of all we can assume without loss of generality that f, f and "
are all uniformly bounded , for if we can establish the lemma in the
uniformly bounded case, we can approximate f by f, so that all the
corresponding derivatives are bounded and converge to those of f
uniformly on compact sets.
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Lets=fh <t <b<---<t, =t We have

n—1
f(B(1)) - (B(s)) = > [f(B(t+1)) — f(B(t))]

j=0

n—1
= Y _F(B(t))(B(ti+1) — B(t))

j=0

€ [t tin] +Z;f” (E)(B(11) - B)Y?,

Let the width of the partition go to zero. By definition of the stochastic
integral

n—1
S (B (B(11) — B(H) — / f'aB.
j=0
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Finally we want to show that

n—1

Zf//(B(fj))( (1) — B(t)) H/ (B

j=0
It's a lot like the computation of the quadratic variation.
Suppose we had f”(B(t;) inside instead of f(B(¢;))

2
n—1
(Z "(B(§)) | (B(t41) = B§)? = (1 — tn})
j=0

= Z E [f"(B(t)Xif"(BU)X;]  X=(Bt1)~B1)*~(t1—1)
i,j=0

Suppose i < |

E[f"(B(t)Xit"(B(4))X;] = E[E["(Bt;))Xif"(B())X; | F(1)]]
= E["(Bt))Xif"(B(H))E [X; | F(1)]] =0
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Hence

2
n—1
E {( "(B(5)) [(B(t11) = B(H)) = (f1 t,-)])

i

II
o

n—1

=3 [(r"(B(6)? [(Bt) - B2 - (g1 - )] | —0
> _

—

SO

n—1 . t
> (B()(B(t41) — B(t))? = / f"(B(u))adu
j=0 S
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We still have to show -7 |f(B(&)) — " (B(t)|(B(ti+1) — B(t))? —

Taking expectation we get

Z E[If"(B(&)) — "(B(1)I(B(ti+1) — B($))]

n—1

¢E[(f~ ) — F(B(4))\/ E(B(ti+1) — B(1))*]

J=

oY VEI(BE)) - #(BE)(G1 — ) — 0
j=0

by continuity
So we have proved that

- v [ o

which is It6’s formula.

0
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© In differential notation 1t6’s formula reads

df(B) = f/(B)dB + %f”(B)dt.

The Taylor series is df(B) = .o ; Lf("(B)(dB)". In normal
calculus we would have (dB)" = 0 if n > 2, but because of the
finite quadratic variation of Brownian paths we have (dB)? =
while still (dB)" =0if n > 3.

© If the function f depends on t as well as B(t), the formula is

of of 1 0%f
o2 (tB(D)dt + 5 (t, B)IB() + 55

The proof is about the same as the special case above.

df(t, B(t)) = (t, B(t))dt.
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Exponential Martingales

M, = e’\Bf_’)‘z

Ito’s formula

of 10°f of

df(t, B(1)) = (5 + 5 723)(t Bt + (. B(t))aB{(1)

f(t, x) = e 3\t o 4 1 Pr_ Of _ \f

() Stochastic Calculus February 11, 2009
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Geometric Brownian motion

2
St = Soe(ﬂ—%)”'UBt

is called Geometric (or Exponential) Brownian Motion

St > 0 so it is (Samuelson) a better model of stock prices than B;
(Bachelier)

p = drift o = volatility

Ito’s formula

of 1 0°f of

af(t, () = (5 + 5 55)(t B)At + (1, B())dB()

_ 2
f(t,x) = =2 G4 308 =uf G5 =of

as; = /,LStdt + 0 S;dB;

Sometimes people write ' = ydt + dB; but note that 5t # dlog St
February 11,2009  10/33



Local time
f continuous function on R

Li(x) = /Otéx(f(s))ds =lim(2e) '[{0 < s < t:[(s) ~ x| < €}

/Ot 1,(f(s))ds = /ALt(x)dx

fe Cl LX) = s eo.q:f(s)=x | (81)| =" discontinuous in ¢
[t6 ’s lemma applied to |B; — x| gives

Tanaka’s formula for Brownian Local Time

t
Li(x) = |Bt — x| — |By — x| —/ sgn(Bs — x)dBs
0

In particular, L¢(x) continuous in t a.s.
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But |x| not bounded, so no fair!!!
Proof.
fe”(x) = (26)_1 1 [—e.€]

1t6
t
(26)7 {0 <s<t:|Bs| <€} =£(B) — f.(By) — / f/(Bs)dBs
0

€l 0

t
Li(x) = |Bt—x|—|Bo—x|—/0 sgn(Bs — x)dBs
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Feynman-Kac formula
V a nice function (say bounded). u € C'? solves

W — 1%y vy, u(0,x) = up(x)
[ u(x)exp{—x2/2t}dx < cc. Then

u(t, x) = Ex [efo' V(B())ds o (B(t))

Proof.
For0 < s < tlet Z(s) = u(t — s, B(s))elo V(BW)d By jto’s lemma

U 10%u 15 V(B(u))du
Z(t)—Z(0) = + W eh ds =0
2 ox2
/ (t—s, B(s))efo EEEgrs = martingale

S0 Ex Ziti! = EX|Z§0“
February 11, 2009
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Q IfV=V(tx)
u(t, x) = Ex |elo VUI==B(N 5 (B(1))
© Historical remark. Feynman'’s thesis was that solution u of it

Schrédinger equation % = i[%% + W] should have
representation

u(x,t)y=" / e'lo V(fs)ds_%ﬁ;'f/'zdsuo(ft)

where " [ is supposed to be average over functions starting at x.
Kac pointed out that it is rigorous if j — 1
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Arcsin law
() = 1Tf(f1[(),c>o)(B(s))ds = the fraction of time that Brownian motion
is positive up to time ¢

a<o;
arcsiny/a 0<a<t,;
a>1i.

P(s(t) < a) =

— 3/ O

Simple explanation why distribution of () indep of t

1 1 1 .
é(t) = /0 150,00/ (B(ts))dls = /0 1[0,00)(%3(1‘3))%: /O 10,00/ (B())ds

SOELG)
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Proof
By Feynman-Kac if we can find a nice solution of

ou 10°%u
5t — 25,2 Uloeo) u(0,x) = 1
Then t
u(t, x) = Ex[e~ Jo 0.0 (B(8))a5]
and

u(t,0) = /O " e atap(c < a)

a >0, ¢a(X) = a f;° u(t,x)e"dt— — 5% + (a + 1jg o)) ba = @

( ) % + AeX\/Z(a+1) + BefX«/Z(a+1) x>0
- X — (6% b — b
¢ 1+ CeXV2a 4 pg—xVaa x> 0.

U<1=¢,<1=A=D=0
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Proof.
$a(0-) = ¢a(0+), ¢,(0-) = ¢,(04)

al/?

_ 1
(1+a)(va+va+1)’ - (1+a)2(vVa+va+1)1/2

$a(0) = \/: / E[e ®ae dt

By Fubini’s theorem this reads E [a%g} = \/a5g0r

LR 1
dP(¢ < a) =
/01—1—73 E=q 1+

Looking up a table of transforms we find

= B =

dP(gga):g;da 0<ac<i
my/a(l —a)
which is the density of the arcsin distribution O
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Stochastic differential equations

o(x,t), b(x,t) mble

Definition
A stochastic process X; is a solution of a stochastic differential
equation

aX: = b(Xt, t)dt + U(Xt, t)dBt, Xo = Xo
on [0, T] if X; is progressively measurable with respect to 7,
T 16(Xe, B)|dt < o0, [ |o(X, t)[20t < 0o a.s. and

t T
Xt = Xo +/ b(XS,S)dS+/ o(Xs, s)dBs 0<t<T
0 0

The main point is that o(w, t) = (X, t), b(w, t) = b(X}, t)
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If B(t) is a d-dimensional Brownian motion and f(t, x) is a function on
[0, 00) x R? which has one continuous derivative in t and two
continuous derivatives in x, then lto’s formula reads

di(t, B(t)) = g(t, B(t))dt + V((t, B(t)) - dB(t) + %Af(t, B(t))dt.
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Bessel process (d = 2)

Let B; = (B}, B?) be 2d Brownian motion starting at 0,

n=|Bil =/(B})? + (Bf)?.

By Ito’s lemma,

B B2 11
drr = —dB'+ —dB? + - —dt.
=] B 218

This is not a stochastic differential equation.

0 Stochastic Calculus
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Y(t) = /t‘B‘dB1 /|B|d52

Let f(t, y) be a smooth function Use It6’s lemma. Intuitively

’
df(t, Yy) = Ofdt + dyfdY + Eaﬁf(an/)2

B o B
(598" + 15, 9B°)°

B1\? B'B2 B2\ 2
— <|B|> (dB")? +2 BP d32+<|5|> (dB?)?

= dt

(dY)? =

f 1
f(t,Y) = £, Yo)+/(8tf+82f)(s, Ys)ds

o f—dB1 /a f—de
/ Y |B| -l
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[t0’s lemma

dX; = o(t, X;)dB; + b(t, X;)dt

(LX) = £(0,X0)+ / t{asf(s,Xs)+£f(s,Xs)}ds

+/ Zo—,,sxs sXs)dB/

ij=1
1 02f
Ef(t,x):EZa,-j(t,xa a, Zb(t x) tx)
ij=1

d

T

aij:Zaika,-k a—=oo0
k=1
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B B2 1
dB' + —dB? + —Ldt dy; +5 1 re ot

dr,
T B 2B

f 1
f(t, YD) = £(0,Yo)+ / (9f + 5081)(s, Ys)ds

1 2
/@ww /@ww

g 2 E o
In particular e*Yt=*1/2 is a martingale
So Y; is a Brownian motion.

Therefore

dre = dY; + 1rf1dt

2
is a stochastic differential equation for the new Brownian motion Y;
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[to’s lemma

t t
£(t, X¢) — £(0, Xo) = / {6S+£}f(s,Xs)ds+ / V(s Xs) - 0dBs
0 0

v

Proof
= Z f(ti+1’Xfi+1) - f(ti7Xti)

_Z t,,Xt, (tip1 — ) + VIt X)) - (Ko — Xp)

Q

o°f :
2 Z 8)(/8)( (tl?th (Xl{ le‘,)(Xl!,(+1 _Xl,()

+ h1gher order terms
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Proof continued
of
Z 8t(tl7Xt/)(tl+1 —>/ 9t (s, Xs)ds
Zw (6, Xe) - (X — Xa)
lit1 t
:ZVf(ti,Xti)-(/ o (s, Xs)dBs) —>/ Vf-odB
i f 0

lit1 t
+Zw<r,-,x,,)-(/t b(s, Xs)ds) —>/0 Vi-bds
] 1

Pl X)X XY (XE XK CPE o
Z(?Xjax I, lit1 l',')( liv1 ™ tl) - 6Xjax (S S)ajk(s S) S

v
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Proof continued
To show the last convergence, ie

, ) t
S gt X)X, — XDXE, — XE) /0 9(5. Xs)ai(s, Xs)ds
i

lit1
Z(t tiny) = (/ : Za,, (5, Xs)dBLY( / Zakm(s Xs)dB™)

lit1
/ ZUIIUKI S, Xs)d
fi

/

E[1Z(t, tii1)P] = O((ti1 — 1)?)

0 Stochastic Calculus February 11, 2009
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Proof continued

Tt t
S0t X)EL ayfs. Xe)osl— [ g5 Xay(s Xe)os
i b

EIO  a(ti, Xi)Z(t, 144))?] = Elg(t, X,)Z(ti, tie1)9(t, Xg) Z (b, )]
i i

i<j E[E[g(ti, Xt)Z(t, ti1)9(t, Xe)Z(G, 1) | Fy]] =0

i=j E[E[9?(t, X;)Z2(ti, ti1) | Fi ]l
= E[g?(ti, Xy E[Z2(ti, ti1) | F3]]
= O((ti1 — £)?)
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£(t, X¢) — £(0, Xo) — /Ot{as+ﬁ}f(s,xs)ds: /OtVf(s, Xs) - 0dBs

2 d

d
1 bl 9
L= > ”2221 aij(h X)ax,-axj - ;b,'(t, X)a_)(, = generator

M; = f(t, Xt) — fot {83 + L‘}f(s, Xs)ds is a martingale
t
0 = E[f(t, X) — £(s, Xs) —/ [0+ £}1(u X)lu | 7]
S

= /f(tvy)p(&X?t?y)dy_f(S7X)

t
—/ /{8u+£}f(u7y)p(s,x,u,y)dydu, Xs=x
S
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For any f,

/f(t,y)p(S,X, t?.y)dy - f(S,X)

_/t/{aﬁﬁ}f(u,y)p(s,xa u,y)dydu

Fokker-Planck (Forward) Equation

) I
SP(s:x.ty) = Z a,,(t y)p(s, x;t,y))
d_ 0
52367, i(t,y)p(s, x, t, y))
= yp(SaX7 t?.y)

limp(s, x,t,y) = d(y — x).
tls
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Kolmogorov (Backward) Equation

0 82 p(s,x,t,y)
_%p(saxatay) - 2 jz;'alj(s 8X18Xj

8p(s x,t.y)
o+ Z bi(s —ax,

= LXP(S,X, t:y)

Iimp(S, X, t?.y) = 6(_}/ _ X)‘
st
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Proof.
f(x) smooth

0
— U= Lsu 0<s<t u(tx)=Ff(x)

Ito’s formula: u(s, X(s)) martingale up to time ¢

U(s, X) = Esx[u(s, X(s))] = Es.x[u(t, X(£))] = / H2)p(s, x, 1, 2)dz

Let f,(z) smooth functions tending to §(y — z). We get in the limit that
p satisfy the backward equations. O

v
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Example. Brownian motion d = 1

_19
- 20x2
ap(s,x, t7y . 1 82:0(37)(’ t’y)
Forward ot —2 o t>s
P(Saxas7}/):5(y_x)
2
Backward — OPSXLY _1TpEXLY) oy

0s 2 ox? ’

p(t,x,t,y) = 0(y — x)
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Example. Ornstein-Uhlenbeck Process
A
“ 20 “ox

op(s,x,t,y 10%p(s,x,t,y) 0
F oS o P
orward T 5 ay? + 6y(ozyp(s,x, ty), t>s,
p(saxas7y) = 6(.y_X)
2
Backward _P&X Ly 19°p(s,x,ty)  op(sx.ty) . _ '

0s 2 ox? ox ’

p(t,X, tay) :(S(y—x)
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