A NEW SHORT PROOF
OF THE LOCAL INDEX FORMULA OF ATIY AH-SINGER

RAPHA BL PONGE

Abstra ct. In this talk we presert a new short proof of the local index formula of Atiy ah-Singer
for Dirac operators ([AS1], [AS2]) which, as a byproduct and unlik e Getzler's short proof, allows
us to compute the CM cyclic cocycle for Dirac spectral triples.

Intr oduction

The aim of the talk is to presen the results of [Po] where a new short proof of the local index
formula of Atiy ah-Singerfor Dirac operators ([AS1], [AS2]) was given. The point is that this proof
is as simple as Getzler's short proof [Gel] but, asa byproduct and unlike Getzler's proof, it allows
us to compute the CM cocycle for Dirac spectral triples. This is interesting because:

- The probabilistic argumerts in (part of) Getzler's short proof don't go through to compute the
CM cocycle;

- The previous computations of the CM cocycle (Connes-Mosceici [CM], Chern-Hu [CH], Les-
cure [Le]) made use of the asymptotic 2 DO calculususedby Getzler in its rst proof [Ge2], which
we can bypasshere.

The main ingredients of the proof are:

- Getzler's rescalingasin [GeZ2];
- Greiner's approad of the heat kernel asymptotics [Gr].

The talk is divided into four parts. In the rst one we recall Greiner's approacd of the heat
kernel asymptotics and in the secondone we prove the Atiy ah-Singerindex formula. The third
part reviewsthe framework for the local index formula in noncomnmnutativ e geometryfollowing [CM].
Then in the last part we compute the CM cocycle for Dirac spectral triples.

1. Greiner 's appr oach of the heat kernel asymptotics

Here we let M " be a compact Riemannian manifold, let E be a Hermitian bundle over M, and
consider a secondorder selfadjoirt elliptic di®erenial operator ¢ : Ct (M;E) ! C! (M;E) such
that the principal symbol of ¢ is positive de nite. This has the e®ectthat ¢ is bounded from
below and generatesa bounded heat semi-groupei ', t | 0, on L?(M;E). In fact, for t > 0 the
operator e ¢ is smoothing, i.e. hasa smooth distribution kernel.

On the other hand, the heat semigroupei ', t . 0, allows us to invert the heat equation, since
if we considerthe operator Qg chl (M £ R)! DAM £ R) given by

1
(1.1) Qou(x;t) = e fu(x;tj s)ds; u2Cl! (M £ R;E);
0

then, for u2 C! (M £ R;E) we have
(1.2) (¢ + @Qou= Qo(¢ + @u=u in DYM £ R;E):
Obsene alsothat at the level of distribution kernels(1.1) implies that:
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1. Qo hasthe Volterra property, i.e. it hasa distribution kernel of the form K q,(x;y;ti s) with
Koo(X;y;t) = Ofort < O.
2. Fort > 0 we have

(1.3) Ko (X y;t) = ke(x; y):

The equality (1.3) leadsus to use? DO techniques for looking at the asymptotics of ki(x; x)
ast! 0. For achieving this aim the relevant 2 DO calculus is the Volterra calculus developed
independenly by Greiner [Gr] and Piriou [Pi].

In the sequelwe let U be an open subsetof R" and let C; be the complex halfplane f= ¢, > 0Og
with closure&, . Then the Volterra symbols can be dened as follows.

Denition 1.1. S,:;m(U£ R"™1), m 2 Z, consistsof smath functions gy, (x; »; ¢) on U £ (R[‘»"_i) no)
so that gn(X; »; ¢) can be extendel to a smaoth function on Uy £ [(R] £ éi ) n0] in suchway to

be analytic with respect to ¢ 2 C; and to be homayeneus of degree m, i.e. gm(X; ,»;, %) =
Mg (x;»;¢) for any , 2 RnO.

In fact, De nition 1.1is intimately related to the Volterra property, for we have:

Lemma 1.2 ([BGS, Prop. 1.9]). Any homageneus Volterra symtol g(x; »; ¢) 2 Sy:m(UE R"*1) can
be extende into a unique distribution g(x; »;¢) 2 Ct (U)%S qR"*1) in suchway to be homaen®us
with respect to the covariables(»; ¢) and so that g(x; y;t) := F(i»;lé)! (y;t)[g](x; y;t)=0fort< 0.

De niton 1.3. SM"(U£ R"*1), m 2 % consists of the smaoth functions q(x; »; ¢) on Uy £ R

(»¢)
that havean asymptotic expansion ¢ » i 0Gmij: Omij 2 Svm;j (U£ R"™1), wher » means that,
for any integer N and for an);g compact K %2 U, there exists a constant Cyk @k > 0 suchthat
(1.4) I@@Q@@i  Gni i+ Cukark(i+jeft M T wkiN,

j<N

for x 2 K and j» + j¢j*™ , L

De niton 1.4. A Volterra 2 DO of order m is a continuous operator Q from C} (M £ R;E) to
C! (M £ R;E) suchthat:

- Q has the Volterra property, i.e. has a distribution kernel of the form Ko(x;y;t i s) with
Ko(x;y;t) = 0for t < 0;
- The distribution kernel of Q is smooth o® the diagonal;

- Locally we can write Q = g(x; Dx; D¢) + R for some Volterra symtol g of order m and some
smaothing operator R.

Example 1.5. The heat operator ¢ + @ is a Volterra @ DO of order 2 and its principal symbol is
p2(X; ») + i¢, (where p denotesthe principal symbol of ¢).

Example 1.6. Let g be a homogeneousvolterra symbol on U £ R" £ R and de ne g(x; Dx;D¢) to
be the operator with kernel g(x;xj y;ti s). Then q(x; Dx;Dy) is a Volterra @ DO of order I.

Using the Volterra 2 D O calculus we can prove:

Prop osition 1.7 ([Gr], [Pi]). The heat operator ¢ + @ is invertible on smath sections and its
inverseis a Volterra® DO of order j 2.

On the other hand, we have the following.

Lemma 1.8 ([Gr]). Let Q 2 be a Volterra2 DO of order m on U £ R. Then, with asymptoticsin
C! (U), we have

n m X
(1.5) Ko(X; X t) » ¢ o ti (ZHFHD »[qu[%]i ,1(X: 0; 1);
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where q » P i oOmij denotesthe symhol of Q.
Applying this to Q = (¢ + @)  and using (1.3) we get:
Prop osition 1.9 ([Gr]). In C! (M;jej(M)- EndE) we have:
(1.6) Ke(X; X) » 41 o t%x thay (¢)( X); a(¢)( x) = ¢ 2 2(x; 0;1);
where g » P J . Oq, 2; j denotesthe symtwl of any Volterra @ DO parametrix for ¢ + @.

The interest of this approad is twofold. First, to determine the asymptotics of k{(x; x) at a
point xg we only needa Volterra parametrix Q for ¢ + @ near Xq, for we have:

(1.7) ke(xo; Xo0) = Ko(Xo;Xo; t) + O(th ):

Second, we can di®ereriiate the heat kernel asymptotics as follows. Let P be a di®ereriial
operator of order m and let h(x; y) denotethe kernel of Pei '* , t > 0. Then:

(1.8) hy = Pxki = PxKe+ @)i1 = Kp(er @)i 1

Therefore by applying Lemma 1.8 to the operator P(¢ + @)i 1 we get a di®ereniable version of
Proposition 1.9 asfollows.

Prop osition 1.10. With asymptoticsin C! (M;jaj(M)) we have

n m X
(1.9)  h(xx)»y o tH 2D ta(Pie)(x);  B(PE)(X) = ey 2 2(%: 0;1);
1.0

P
whe g» | (Gn; 2 denotesthe symiol of P(¢ + @) *.

2. Proof of the Aty ah-Singer index formula

Let M" be a compact Riemannian spin manifold with spin bundle S = S™ © Si, let E be
a Hermitian bundle equipped with a unitary connection and consider the Dirac operator with
coezcients in E,

(2.1) Bc:Ct(M;8- B)! ct(M;s- E):
Then the Atiy ah-Singerindex formula is the following.

Theorem 2.1 ([AS1], [AS2]). We have:

2:2) indBg = (2i%)' 2 [A(Rm)" Ch(F =)™,
M

wher A(RM) = det%(sinr'?(h:eif,,zzz)) is the A-form of the Riemann curvature RM and Ch(FE) =

Trexp(j FE) is the Chern form of the curvature F E of E.

Let ki¢(x; y) denotethe heat kernel ofDE. Then by the McKean-Singer formula we have

Z

(2.3) indBg = Strk(x; x) forany t > O
where Str = Trg+ ¢ | Trg ¢ denotesthe supertrace. Therefore, the index formula of Atiy ah-
Singer follows from:
Theorem 2.2. Ast! 0" wehave
(2.4) Str ki(x; x) = [A(Rm) ~ Ch(F 5™ + O(t);
with O(t) in C1 (M;jaj(M)).



This theorem, also called Local Index Theorem, was rst proved by Patodi, Gilkey and Atiy ah-
Bott-P atodi (JABP], [Gi]), and then in a purely analytic fashion by Getzler ([Gel], [GeZd) and
Bismut [Bi] (seealso[BGV], [Ro]). Moreover, asit is a purely local statemert it holds verbatim for
(geometric) Dirac operators acting on a Cli®ord bundle. Thus it allows us to recover, on the one
hand, the Gauss-Bonnet,signature and Riemann-Raoch theorems ([ABP], [BGV], [LM], [Ro]) and,
on the other hand, the full index theorem of Atiy ah-Singer ([ABP], [LM]).

Proof of Theorem 2.2. First, it is enoughto prove Theorem 2.2 at a point Xg. Furthermore, to this
end we only needa Volterra parametrix Q for Bé + @ in local trivializing coordinates near xg, for
we have

(2.5) ke(X0; X0) = Kq(Xo;Xo;t) + O(th):

In fact, we can usenormal coordinates certered at X and trivializations of § and E by meansof
parallel translation along the geadesicsout of the origin. This allows us to replaceB ¢ by a Dirac
oper{;ltorla on R" acting on the trivial bundle with berS, - CP, whereS, is the spaceof spinors
OnNRoW, recall that asalgebraEndS, canbeidenti ed with the Cli®ord algebraCl(n). The latter
is isomorphic to the exterior algebras(n) = ©L,a'(n),

(2.6) o(n) i ¥ ci(n) FF " a(n);

sothat for »;” 2 ©(n) we have

(2.7) (>N 1) = »D A 7)) mod al*ii 2

(2.8) 3() = componert of 3 2 a(n) in &'(n):

Here c is called the Cli®ord quanti cation map and ¥the Cli®ord symbol map.
Lemma 2.3 (Getzler [Gel]). For any ain EndS,, we have:

(2.9) Stra= (j 2i)2%a]™:

From all this we seethat ast! 0" we have:

(2.10) Strk:(0;0) = (i 2i)2%K o(0;0;)]™ + O(t" );
where Q is any Volterra 2 DO parametrix for B2+ @.

Now, recall that the Getzler rescaling[Ge2] assignsthe following degrees:
(2.11) deg@ = %deg@z degc(dx!) = i degx! = 1;

while degB = 0 for any B 2 My(C). It de nesa ltration of Volterra @ DO's with coexcients in
End(S,- &°)' CI(R") - Mp(C) asfollows.

Letg» | 00 beaVolterra symbol with valuesin EndS,- M(C). Then taking componerts
in ead subspacea () (n) and using Taylor expansionsnearx = 0 allows usto get formal expansions,

X X X @ .
(2.12) Ad»  Aal» AV >»  SAGa0» )
I+ mo I5j Li®

Obsene that ead symbol ’é@—(?%[@q (0;»; ¢)]4) is Getzler homogeneouf degreejj ® + |+ j. There-
fore, we have

X

(2.13) AdOG» 1> ami H(6»¢); Am) 6 0
i, 0

where qm; j) is a Getzler homogeneoussymbol of degreem j j.
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De nition  2.4. Using (2.13) we set-up the following de nitions:
- The integer m is the Getzler order of Q,
- The symol gy, is the principal Getzler homageneus symtol of Q,
- The operator Q(m) = qm)(X; Dx; D¢) is the model operator of Q.

Example 2.5. The operator B2 has Getzler order 2 and its model operator is

X
(2.14) B = Hr+ FE0): Hr=i (@i
=1

2RI ()XY
(215)  RY (0= R"(@Q@@ @O " dd;  FE0)= JFH@; @O)dx ~ X'

This usesthe behavior near x = 0in normal coordinates of the metric and of the coezcients of the
Levi-Civita connectionin the syndironous frame (cf. [Ge2], [Po]).

The interest of the above de nitions stemsfrom the two results below.
Lemma 2.6 ([Po]). Forj = 1,2 let Q; be a Volterra @ DO of Getzler order m;. Then

(2.16) Q1Q2 = c(Q(m;)Q(m,)) + Oc(mz+ mz i 1);
where Og(mz + my i 1) has Getzlerorder - my+ moj 1

Lemma 2.7 ([Po]). Let Q have Getzler order m and model operator Q).
-1f mj j is odd, then %K o(0;0;1)]0) = ot ey,

jimin

-1f mj j is even,then K o(0;0;1)]4) = t—2 1 'Kq ,,(0;0; 1)) + O(t
In particular, for m=j 2andj = n we get:
(2.17) AKo(0; 0,01 = Ko, (0: 0, )™ + O(t):

jimin

).

In particular, using Lemma 2.6 we can easily get:
Lemma 2.8 ([P0]). Let Q be a Volterra2 DO parametrix for B2+ @. Then:
1) Q has Getzler order 2 and model operator Q(; 2y = (Hr + FE(0) + @) .
2) Kq, , (X 0;t) = Gr(x;t) » exp(i tFE(0)), where Gr(x;t) is the fundamental solution of
Hr+ @ i.e. (HrR + @QGRr(Xx;t) = &(x; t), wher £(x; t) is the Dirac distribution at the origin.
Noticing that Hg is a harmonic oscillator assaiated to the curvature at x = 0 we get:

Lemma 2.9 (Melher's Formula). We have:
- n 1 tRM (0)=2
N = 1 ! M i — )
(2.18) Gr(x;t) = A(t)(@¥4)' 2 AR (0)) exp( 2 htanh(tRM 0=2)

where A(t) is the characteristic function of the interval (0;+1 ).

X; Xi);

Now, from (2.10) and Lemma 2.7 we deduce
(2.19)  Strki(0;0) = (i 2)2%Ko(0;0;1)]™ + O(t") = (i 2))2K g, (0;0;1)™ + O():
Thus using Lemma 2.8 and Lemma 2.9 we get:
(2.20) Strki(0;0) = (i 2)2[Gr(0; 1) exp(; FE(0))]™ + O(t);
= (2i¥)' 2[A(Rwm (0)) » Ch(FEO))]™ + O(1):

Comparing this with the heat kernelasymptotics (1.6) for 22 we get Theorem 2.2, and socomplete
the proof of the Atiy ah-Singerindex formula. a



The main new feature in the previous proof of the Atiy ah-Singerindex formula is the use of
Lemma 2.7 which, by very elemenary considerationson Getzler orders shows that the corvergence
of the supertrace of the heat kernel is a consequenceof a generalfact about Volterra 2 DO's. It
incidentally givesa di®ereriable version of Theorem 2.2 as follows.

Prop osition 2.10 ([Po]). LetP be a di®erential operator of Getzler order m and let h;(x; y) denote
the distribution kernel of Bel ®w .

- If m is odd, then Str hy(x; X) = O(t’ E ).

- If m is even,then Strhi(x; x) = tjz_mBodaé;lé)(x) + O(tjz_m“l), where in synchronous normal
coordinates centered at xo we have Bo®E;R)(0) = (i 2i%4) 2[R, Gr)(0; 1) » Ch(FE(0))]™, with
B m) denoting the model operator of P.

Proof. By Proposition 1.10we have

X Lm0
(2.21) he(X X) = Kepzy g i Xit) »u ot T2V (Pre)( x);

i, 0
with asymptoticsin C! (M ;jej- EndS- EndE). On the other hand, using Lemma 2.6 we seethat
F-’(Dé + @) ! has Getzler order m j 2. Combining all this with Lemma 2.7 givesthe result. o

3. The local index formula in noncommut ative geometr y

Rather than at topological or geometricallevelsthe local index formula holdsin full generality in
a purely operator theoretic setting ([CM]; seealso[Hi]). This usestwo main tools, namely, spectral
triples [CM] and cyclic cohomology[Co].

A spectral triple is a triple (A;H;D) where:

- H is a Hilb ert spacetogether with a Z,-grading® : Hy ©H; ! H; ©H,;

- A is an involutiv e unital algebrarepreserted in H and commuting with the Z,-grading °;

- D is a selfadjoint unbounded operator on H s.t. [D;a] is bounded8a 2 A and of the form,

W .
-0 Db .
(31) D = D+ 0 ’

In addition we assumethat A is smaoth in the sensethat A is contained in \ odom=X,
Recall that the datum of D above de nes an index map indp : Ko(A) ! Z sothat

(3.2) indp[€e] = indeD" e;

for any selfadjoint idempotent e 2 Mq(A).

Dg:H ! HS:

Example 3.1 (Dirac spectral triple) . A typical spectral triple is a triple (C! (M);L%(M;S);B ).
where M is a compact Riemannian spin manifold of even dimension, § is the spin bundle of M
andB,, : C1 (M;S)! C! (M;8) is the Dirac operator on M. Moreover, under the Serre-Svan
isomorphismK o(Ct (M)) ' KO(M) for any Hermitian bundle over M we have:

(3.3) indg , [E] = indBg:
Next, the cyclic cohomolayy groups H C%(A) are obtained from the spaces,
(3.4) CK(A) = f(k + 1)-linear forms on Ag; k2 N;

by restricting the Hochsdild coboundary;, X
(35  bA@%¢ee;at) = (j 1)L A@RT A% eee; @)+ (j 1Y A(RD ¢ee; d @l eee; @)
to cyclic cochains, i.e. those suc that

(3.6) A(al; ¢ee; ak;al) = (j )FARL; al; ¢ee; ak):
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Equivalently, H C”(A) can be obtained as the second Itration of the (b;B)-bicomplex of (arbi-
trary) cochains, where the horizontal di®ererial B is given by
(3.7 B =ABg:C™(A)!I CM(A); (AA)(@%; ¢ee;a™) = (j D)™ A ;¢ee;ali ty:
(3.8) BoA(a%; ¢ee; aM) = A(1;a%; ¢ee; a™M):

The periodic cyclic cohomolay is the inductive limit of the groups HCX(A) with respect to

the the cup product with the generator of HC?(C). In terms of the (b;B)-bicomplex this is the
cohomologyof the short complex,

b+ B B M
(3.9) C™(A) ¢ C°UM(A);  Cco™d(A) = CH(A):;
k even=odd
the cohomologygroups of which are denoted H C€Y(A) and H C°4d(A).

We have a pairing betweenH C®(A) and Ko(A) such that, for any cocycle' = (' 2) in C®V(A)
and any selfadjoint idempotent e in M4(A), we have

X 2k)!
(3.10) 3l = DO e Tr(esons o)

k, 0 '
where' . # Tr is the(2k + 1)-linear map on Mq(A) = M4(C) - A given by
(3.11) Yot Tr(10- a%¢ee; 12K - ) = Tr(1 012Ky, (@0 ¢ee; a%);

for 11 2 My(C) and @ 2 A.

Example 3.2. Given a compact manifold M let A be the algebraC! (M) and let D,(M) denote
the spaceof k-dimensional de Rham currents. Then we have a morphism from Dgy=gqq(M) to

Cevzodd(A),
(3.12) C=(C)! '¢c= (%Ack); Ac, (FOf LMy = hofOod troon d ki

such that b'c = 0 and B' ¢ = ' qc, Where d' denotesthe de Rham boundary for currents.
Therefore, we get a morphism from the even and odd de Rham's homology groups H €V=°94(M ) to
Hcev=edd(C1 (M)). This even givesrise to an isomorphism if we restrict ourselvesto cortinuous
cyclic cochains.

Furthermore, we have:
(3.13) H' c];Ei = HC];Ch°Ei 8E2 K°(M);
whereCh® : KO(M) ! H®'(M) is the Chern character in cohomology

Now, we can compute the index map by pairing the K -theory a cyclic cocycle as follows. First,
we sa& that the spectral triple (A;H;D) is p-summablewhen we have

(3.14) 1L (DY = Ok P) ask! +1;

where! (D1 1) denotesthe (k + 1)'th eigervalue of Di 1,
Next, let @ %(A) be the algebra generatedby the Z»-grading ° and the £¢(a)'s, a2 A, where +
is the derivation HT) = [jDj; T].

De nition  3.3. The dimension spectrum of (A;H;D) is the union set of the singularities of all
the zeta functions 3p(z) = TrgDji Z, b2 2 $(A).

Assuming p-summability and simple and discrete dimension spectrum we de ne a residual trace
on2 3 (A) by letting:

(3.15) i b= Res= TrhDji?  forany b2 2 J(A):



This trace is an algebraicanalogueof the Wodzicki-Guillemin noncomrutativ e residuetrace ([Wo],
[Gu]) for the algebra? %(A). Moreover, it is local in the senseof noncomrutativ e geometry since
it vanisheson those elemeris of 2 %(A) that are traceable.

Theorem 3.4 ([CM]). Supmsethat (A;H;D) is p-summableand has a discrete and simple di-
mension spectrum. Then:

1) The following formulas de ne an evencocycle' cvy = (' 2) in the (b;B)-complexof A.

- For k = 0O, we let
(3.16) ' o(% = Tite part of Treale % ast! 0F;

- For k 6 0, we let

Z
X .
(3.17) '@ = oeei °PreDji 208K,
®
(318) Pk;® = O[D : al][®l] s [D : aZk][®2k];

where j( j&® + K)ci.g = 2(i 1)®@I(®, + 1) Ce¢(®, + ¢6¢+ @y + 2k) and the symiol TU! denotesthe
j'th iterated commutator with D?2.
2) We haveindp[E] = H' cm]; Ei for any E2 Ko(A).

Remark 3.5. Here we have assumedthat the spectral triple (A;H;D) was Z,-graded. In the
terminology of [CM] such a spectral triple is even and an ungraded spectral triple is said to be
odd. In the latter casewe can similarly compute the Fredholm index with coezxcients in K 1(A) by
pairing K 1(A) with an odd cyclic cocycle, also called CM cocycle, and which is given by formulas
of the sametype as (3.17){(3.18) (see[CM] for a more detailed accourt).

4. Comput ation of the CM cocycle for Dira ¢ spectral triples.

Here M" is a compact Riemannian spin manifold of even dimension and B, : Cl (M:S) !
C! (M;8) is the Dirac operator on M. Then (C! (M);L?(M;S);B,,) is an even n-summable
spectral triple with dimensionspectrum fk 2 Z;k - ng. Therefore, the CM cocycle is well de ned
and allows us to compute the index map, so that for any hermitian bundle E equipped with a
unitary connectionwe have

(4.2) H' cm];[Eli = indp, [E] = indBg:
Prop osition 4.1. The components of the CM cyclic cocycle' cu = (' 2«) asseiated to the spectral
triple (Ct (M);L%(M;S);B,,) are given byZ

1

(4.2) Ca(f O ) = fOd 2 A ¢oen df KA A(Ry )" 24,
(2K)! m

Proof. First, using the Mellin transform,

. 1 2
4.3 Byjii®= = tiled®Budt; <s>0
“3) Pull ™=@y
we canrewrite ' ¢y = (' 2«) as

X 2Ck:®
(4.4) EPCRTEEES o IR —

o i((IG+K)
Notice alsothat By.q = f OB, ;f H[® i B, i f ][] = £ O(cf 1)[®1] ;1 ¢(df 2)[®k]. Therefore, we
can make use of Proposition 2.10 to compute the CM cocycle. Indeed, let het(X;y) denote the
kernel of B, g€’ ®% . Then using Lemma 2.6 and Proposition 2.10 we obtain:

fcoe®.of ti (%) in Stre, o6l i ast! 0 g;
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- If ®= 0, thenR.q = f Oc(d 1) :::¢(df %) has Getzler order 2k and model operator f Ocf 2~ :::7
d 2%, sothat we have

ti K
(2iv) 2

- If ®6 0, thenB, g has Getzler order - 2(j®j + k) j 1, and so
(4.6) Str het(x; x) = O(ti (®+K+1y:
Combining this with (4.4) we get the formula (4.2)) for ' o (f %;:::;f 2%). a

Finally, let us explain how this enablesus to recover the local index formula of Atiy ah-Singer.

Notice that Formula (4.2) meansthat ' ¢ is the image under the map (3.12) of the current that
is the Poincar§ dual of A(RM). Therefore, using (3.13) we seethat for any Hermitian bundle E

(4.5) Strhgy(x; X) = fOF 1A A d2kn A(Ry)M 20 + Ot K*1):

with curvature FE we have: 7
4.7) ' emB[El = N ggu L [Eli = @)1 2 [A(Rm) " Ch(FE)]™:
M
On the other hand, we have
(4.8) ' cm ] [Eli = indg, [E] = indBg:
Thus, we obtain 7
(4.9) indBg = (2iv)' 2 [A(Rym) " Ch(FE)™;
M

which is precisely the Atiy ah-Singerindex formula.

Remark 4.2. When dimM is odd we can also compute the odd CM cocycle assaiated to the
corresponding Dirac spectral triple (cf. [Po]). In this setting we recover the spectral °ow formula
of Atiy ah-Patodi-Singer [APS].
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