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Abstract

We introduce and study a class of projective completions of affine algebraic varieties
which generalize the construction of toric varieties from convex rational polytopes.
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Our motivation to study completions via degree like functions is rooted in our
project to understand ‘affine Bezout-type’ theorems. The usual version of Bezout



theorem gives a formula for the number of solutions (counted with multiplicities) of n poly-
nomials on the projective space P"(K) as the product of the degrees of these polynomials.
On the contrary, affine Bezout-type theorems estimate the number of solutions of a system
of equations on an affine variety. In a forthcoming continuation of this article (announced in
[15], see also [16, Chapter 3]), we present a general framework for affine Bezout-type theorems
based on the theory developed here. In particular, we introduce in the forthcoming work a
special class of projective completions that do not ‘add solutions at infinity’ and which are
determined by ‘degree-like functions’. The ‘normalization’ of degree-like functions (Theorem
5.12) implies that for the purpose of adding no solutions at infinity, it suffices to consider
only ‘subdegrees’. But we must restrict the degree-like functions to a smaller subclass in
order to achieve the desired formulae. (Our ultimate dream is a constructive ‘affine Bezout-
type’ theorem estimating the size of a generic fiber of a polynomial mapping of C” into itself
with a constant nonzero jacobian.) We introduce in the forthcoming article a special class
of semidegrees called iterated semidegrees - an example of iterated semidgrees on K? is given
here (Example 3.3). The degree of a completion (of an affine variety) corresponding to an
iterated semidegree can be explicitly calculated and this in turn implies that the number of
solutions of a system of equations preserved by an iterated semidegree can also be explicitly
computed. Our hope is that subdegrees corresponding only to iterated semidegrees are suffi-
cient for affine Bezout-type theorems, which would make our theory constructive and bring
it closer to our ultimate dream.

1.1 Main results and hopes - briefly

Main Tool: A well known way of constructing projective completions of affine varieties is
via filtrations, or equivalently, ‘degree-like functions’ on their coordinate rings. We study
a special class of degree-like functions called ‘subdegrees’. A subdegree is by definition the
maximum of finitely many ‘semidegrees’, the latter being degree-like functions which send
products into sums.

Main Results: 1. We characterize the completions determined by subdegrees as the ones
for which ideal I of the ‘hypersurface at infinity’ is radical and establish a one-to-one corre-
spondence between the collection of minimal associated primes of I and the unique minimal
collection of non-trivial semidegrees needed to define the corresponding subdegree.

2. We show that the completions determined by subdegrees are non-singular in codi-
mension one at infinity and establish a relation between the associated semidegrees with the
orders of vanishing along the components at the hypersurface at infinity.

3. We introduce the notion of the normalization at infinity of completions of affine va-
rieties. Given an arbitrary completion of an affine variety via a degree-like function, we
construct a subdegree which normalizes the completion at infinity.

4. In dimension 2, we show (analogous to Gordan’s lemma in convex geometry) that
a subdegree corresponding to ‘finitely generated’ and ‘complete’ semidegrees is also ‘finitely
generated’.

5. We prove a formula for the pull-back (under a dominating morphism) of the ‘divisor at
infinity’ on completions determined by subdegrees and define the linking number at infinity
of two semidegrees (which is the inverse of the ‘usual’ linking numbers of corresponding val-
uations). We show that in dimension 2, the matrix of linking numbers at infinity of a finite



collection of complete semidegrees is invertible.

To advance our investigation towards its ‘ultimate dream’ it is essential to clarify the validity
of the following

Conjecture. 1. Subdegrees determined by ‘finitely generated’ and ‘complete’ semidegrees
(or something like ‘iterated semidegrees’) are also ‘finitely generated’ (in all dimensions).

2. For any polynomial map of C™ into itself with generically finite fibers there is a pro-
jective completion that does mot ‘add points at infinity’ for generic fibers of this map and
corresponds to a finitely generated subdegree determined by (constructively identified) iterated
(or something like iterated) semidegrees.

1.2 Main results - an informal discussion

Construction: A familiar construction of completions of affine algebraic varieties is via
filtrations on their coordinate rings: let X be an arbitrary affine variety over an algebraically
closed field K and F = {F}; : d > 0} be a filtration on the coordinate ring K[X] of X (which in
our case means that Fy C F; C F, C --- is a sequence of vector subspaces of K[X] such that
KIX] = Ugso Fua, and FgF, C Fyy.). Then (under certain natural assumptions) Proj &~ Fu
is a completion of X, i.e. a complete variety which contains X as a dense open subset (cf.
Proposition 2.2).

Giving a filtration on K[X], on the other hand, is equivalent to defining a degree-like
function 6 : K[X]| — Z which satisfies the following properties:

1. 0(f+g) <max{o(f),0(g)} for all f, g € K[X], with < in the preceding equation implying
5(f) = d(g)-

2. 6(fg) < 4(f) +d(g) for all f,g € K[X].

The vector spaces Fy := {f € K[X] : 6(f) < d} define a filtration on K[X] associated with
§ and from that filtration, one constructs a completion X% of X as in the first paragraph.
For X = K" and ¢ equal to the usual degree of polynomials, the completion of K™ we get via
this construction is the standard projective space P™(K). If we take 6 to be a more general
weighted degree, we end up with the corresponding weighted projective space.

Both the usual and weighted degrees satisfy property 2 with exact equality instead of
the inequality. We call the degree-like functions which have this property semidegrees. A
classical example of a class of degree-like functions which are not semidegrees comes from
toric geometry - where one associates a normal n-dimensional projective variety to a convex
integral polytope of dimension n. Each facet (i.e. codimension one face) of such a polytope P
defines a weighted degree on K[z1, 27!, ..., z,, 2, !]. Tt turns out (see Example 3.4) that the
toric variety Xp associated to P is precisely the completion of the n-torus (K*)™ corresponding
to the degree-like function §p which is the maximum of the weighted degrees corresponding
to the facets of P. In our terminology, §p is an example of a subdegree - a degree-like function
which is the maximum of finitely many semidegrees.



Guiding principle: generalization of toric completions by means of subdegrees
determined by semidegrees. One of the guiding principles of this work is the conviction
that the completion of K" coming from a semidegree should ‘behave similarly’ to the weighted
projective spaces, which are completions of K" corresponding to weighted degrees. As the
analogue of the dp corresponding to a polytope P, the same principle leads us to consider
subdegrees. The purpose of this article is essentially to put forth some evidence in favour of
this principle.

Our first main result is Theorem 4.1, where we show that the minimal presentation of a
subdegree 0 (on the coordinate ring K[X] of an arbitrary affine variety X) as the maximum
of finitely many semidegrees is unique. Moreover, in the corresponding completion X° of X,
the irreducible components of the hypersurface at infinity Xoo := X° \ X have a canonical
one-to-one correspondence with the non-trivial semidegrees associated to J, in the same way
that the irreducible components of Xp \ (K*)" correspond to the facets of P.

It turns out that X0 is relatively normal at infinity with respect to X (Proposition 5.7),
which means that for all open subset U of X, the ring of regular functions on U is integrally
closed in the ring of functions which are regular on X NU. A consequence (which we in fact
prove earlier!) of it is that X % is non-singular in codimension one at infinity (Proposition
5.1), i.e. the codimension in X? of X, N Sing X? is at least two (where Sing X° is the set of
singular points of X 5). Given a completion X < X° determined by an arbitrary degree-like
function J, we introduce a ‘normalization’ procedure to produce a subdegree 5 and a finite
morphism ¢ : X° — X% such that ¢ is identity on X (Theorem 5.12). Moreover, X 9 has the
following universal property: if ¥ : ¥ — X9 is a dominant morphism of algebraic varieties
such that Y is relatively normal at infinity with respect to X (via 1), then there is a unique

lift of ¥ to X S, i.e. there is a commuting diagram as follows:

X9

A

Y — X?°

We say that X? is the normalization of X° at infinity (with respect to X ). In particular, when
X is normal, then X° is the normalization of X?. The construction of § from & generalizes
the well known procedure of constructing the normalization of a non-normal toric variety
(determined by a finite subset of a lattice) by ‘filling the holes’ [4, Theorem 3.A.5].

Semidegrees contain more information than orders of vanishing along components
of the hypersurface at infinity: The negative of semidegrees satisfy the multiplicative
and additive properties of valuations. Indeed, if 1 is a semidegree and d, is the positive
generator of the subgroup of Z generated by {n(f) : f € K[X]}, then —% is a discrete val-
uation on K[X]. In particular, we show that if § is a subdegree with associated semidegrees
01,...,0n, then for each i, 1 <i < N, n; := —d‘s—; is the order of vanishing along the compo-

nent of the hypersurface at infinity of X associated to d; (Proposition 5.1). Curiously, d;’s in
general contain more information about the completion X than 7;’s, i.e. the orders of van-
ishing along the components of the hypersurface at infinity of X° do not in general determine



X9, In particular, for n > 3, there are non-isomorphic toric completions of K" with identical
sets of discrete valuations along the components of the hypersurfaces at infinity (Example 3.5).

The data contained in the associated semidegrees d1, ...,y of a subdegree § that get lost
when considering only the orders of vanishing along the components of the hypersurface at
infinity are precisely the integers ds,, 1 < j < N (in the notation of the previous paragraph).
These numbers also appear in a more ‘natural’ setting - they are inversely proportional to
the coefficients of irreducible Weil divisors in the expansion for the divisor at infinity. The
divisor at infinity is an analogue of the divisor of a polyhedron in toric geometry (see, e.g. [4,
Section 7.1]). We prove a formula (in Proposition 5.18) for the ‘infinite part’ of the pull-back
of the divisor at infinity under a dominant morphism between completions of affine varieties
corresponding to subdegrees. In connection with defining the pull-back of Weil divisors under
birational regular mappings, P. Samuel introduced in [19] the notion of linking numbers of
two discrete valuations. In [11] the definition of linking numbers was generalized to the case
of pseudo-valuations. The coefficients of the irreducible Weil divisors in our pull-back formula
turn out to be the inverses of the linking numbers (in the sense of [11]) of the (negative of
the) corresponding degree-like functions. We refer to these coefficients as the linking numbers
at infinity of corresponding degree-like functions.

Finite generation of degree-like functions: Let A be a finitely generated algebra over
K. A degree-like function on A is called finitely generated if the corresponding graded ring is
also a finitely generated algebra over K. A basic building block of the theory of toric varieties
is Gordan’s lemma [6, Proposition 1, Section 1.2], which says that the semigroup of integral
points in a convex rational cone in R" is finitely generated. Another equivalent formulation
of Gordan’s lemma is that the maximum of finitely many weighted degrees (in (z1,...,x,))
on K[zy,...,z,] is finitely generated. The analogous question, which arises naturally in the
context of the structure theorem of subdegrees (theorem 4.1) is the following:

Question 1. Is the maximum of finitely many finitely generated semidegrees also finitely
generated?

A hint that the answer to the question is not so obvious comes from the fact that the answer
is negative if “semidegrees” in the question are replaced by “degree-like functions”. Indeed,
[3] presents two finitely generated subrings A; and Ay of the complex polynomial ring in 32
variables such that A; N As is not finitely generated over C *. Therefore, if §; and o are any
two finitely generated degree-like functions on C[zy,...,x32] such that {f : §;(f) = 0} = A;,
1 <14 <2, then § := max{dy, d2} is not finitely generated. This example suggests the necessity
of restrictions on the degree zero component of the graded ring. In the case that dim A = 2,
we give (in Theorem 6.9) a positive answer to question 1 under one such restriction - that the
degree zero component of the graded ring corresponding to each semidegree is K.

Invertibility of the matrix of linking numbers at infinity: Given a finitely generated
subdegree 6 on the coordinate ring of an affine variety X, we may form the corresponding
matriz Ls of linking numbers at infinity. More precisely, if the associated semidegrees of §
are d1,...,0n, then L is the N x N matrix with entries /;; := the linking number at infinity
of §; and 0;, 1 <4,j < N. The diagonal entries of Ls are all 1’s and [;;1;; > 1 for all i # j,

*I have learned about this fact from the answer to a question posted on hitp://mathoverflow.net [1]



1 <i,5 < N. A simple consequence of this observation is that if NV = 2, then Lg is invertible.
This motivates us to ask the following question:

Question 2. Is L; invertible for all 67

When dim X = 2 and J,’s are ‘complete’, i.e. they satisfy the hypothesis of our general-
ization of Gordan’s lemma, we show (in Proposition 6.12) that the answer to question 2 is
positive. A somewhat curious (and easy to prove directly) consequence (which follows from
taking X = K? and d;’s to be weighted degrees) is the following:

Let £ > 1 and vy,...,v; be mutually non-proportional elements of Q2
with positive coordinates. Let L be the k x k matrix with entries l;; := (%)
max{v;; /v : 1 <k <2} Then L is invertible.

Our final question is about a natural generalization of (x):
Question 3. Does () remain true with Q2 being replaced by Q™ for all m > 17?

In fact, a positive answer to question 3 is equivalent to a positive answer to question 2 for
complete semidegrees and all dimensions. We think that both of these questions have positive
answers in much more general setting than we prove here, but as we explain in section 6, our
proofs break down in dimensions larger than 2.

1.3 Notations and organization

Throughout this article, unless stated otherwise, K is an algebraically closed field, X is an
irreducible affine algebraic variety over K, A is the coordinate ring of X, F is a filtration on
A and § is a degree-like function on A. For a Cartier divisor D on a variety, we denote its
corresponding Weil divisor by [D].

In section 2 we introduce filtrations and give a characterization (in theorem 2.2) for the
completions of affine varieties which are determined by filtrations on their coordinate rings.
The first half of proposition 2.2 is well-known, but we include it for the sake of completion.
After giving some classical examples of completions determined by filtrations, we present an
example due to Hironaka of projective completions which do not come from filtrations. We

also give an example of an embedding X i> X C PY(K) such that X is isomorphic to a
projective completion of X determined by a filtration on A, but the embedding 1 does not
come from any filtration.

We introduce degree-like functions corresponding to filtrations in section 3 and present
examples of completions determined by semidegrees and subdegrees. In particular we show
that normal projective toric varieties come from subdegrees on the ring of Laurent polyno-
mials and give an example of an iterated semidegree - a notion which will be tackled in depth
in the forthcoming continuation of this article. We also give an example which shows that
the valuations corresponding to the semidegrees associated to a subdegree do not in general
determine the completion corresponding to the subdegree.

In section 4 we establish the basic structure of subdegrees. Our first theorem (Theorem
4.1) classifies the filtrations determined by semi- and subdegrees. As a corollary we deduce



that for a completion 1) : X < X° given by a subdegree §, the irreducible components of
Xoo = X0 \ X are in a one-to-one correspondence with the unique minimal collection of non-
trivial semidegrees defining 6. The main result of subsection 4.2 is a technical result (namely
Theorem 4.7) which is fundamental for later development. More specifically, Theorem 4.7
states that for a finitely generated subdegree, its associated semidegrees are integer valued
(i.e. they do not take —oo as a value).

Subsection 5.1 is devoted to the study of ‘normality’ properties of a completion X? of X
determined by a subdegree on A. Proposition 5.1 shows that X?° is nonsingular in codimension
one at infinity, i.e. for each irreducible component V' of X, the local ring Oy, xs of X % along
V' is regular and hence is a discrete valuation ring; moreover, the semidegree associated to V'
is proportional to the valuation associated to Oy xs. We then introduce the notion of relative
normality at infinity, and show (in Proposition 5.7) that X 9 is relatively normal at infinity
with respect to X. We also introduce the notion of the normalization at infinity of a variety Y
with respect to a dense Zariski open subset U. Given an arbitrary completion X — Z which
comes from a filtration, we show in our Main Existence Theorem (Theorem 5.12) that there is
a subdegree § such that the corresponding completion X° of X is the normalization at infinity
of Z with respect to X. Finally, for an arbitrary X and a subdegree § on A, we describe in
Proposition 5.15 the normalization of X? in terms of § and the normalization of X. For an
arbitrary degree-like function 4, in subsection 5.2 we introduce a canonical divisor at infinity
on X° and prove a formula for the ‘infinite part’ of the pull-back of the divisor at infinity
under a dominant morphism between completions of affine varieties determined by subdegrees.

In section 6, we take a closer look at the case of surfaces. In Proposition 6.5 we show
that the completions of affine surfaces corresponding to subdegrees are uniquely determined
by the orders of vanishing along the components of the curves at infinity (recall that this is
not true in dimension > 3: see Example 3.5). The main result of this section is Theorem
6.9 which states that if dim X = 2 and all of the associated semidegrees of a subdegree § on
A are complete (i.e. the graded ring corresponding to each semidegree is a finitely generated
algebra over K and degree-zero component of the graded ring is precisely K), then ¢ is also
finitely generated. As noted earlier, this is an analogue of Gordan’s lemma in toric geometry.
Given a finite collection of (mutually non-proportional) complete semidegrees on A, we show
in Proposition 6.12 that corresponding matrixz of linking numbers at infinity is invertible. As
an application we compute the Picard group of X in the case that X is an affine surface
with trivial Picard group.

This article and its sequel are based on my PhD thesis. I express my gratitude to my
advisor Professor Pierre Milman for posing the questions, helpful suggestions, and in general
guiding me throughout this work. I would also like to thank Professor Khovanskii for helpful
suggestions (e.g. he pointed out the possibility of a connection between semidegrees and
‘orders of poles at infinity’ [12]) and Professor Bernard Teissier for bringing the article [21]
to my attention.



2 Filtrations

Throughout this section X will be an (irreducible) affine algebraic variety over K and A will
be the coordinate ring of X.

Definition. A filtration F on A is a family {F; : ¢ € Z} of K-vector subspaces of A such
that

1. F;CFiyy for all i € Z

2. 1€ Fy \ F_q

3. A=J;cz Fi and

4. F;F; C Fyyj for all i, j € Z.

Remark. We introduce the condition 1 ¢ F_; in order to exclude the trivial filtration, i.e.
filtration {F; := A}cz.

Filtration F is called non-negative if F; = 0 for all ¢ < 0. Associated to each filtration F
there are two graded rings:

AT ::@Fi and
€L

gr A}— = @(Fz/Fz_l)

1€Z

We denote a copy of f € F; in the d-th graded component of A” by (f)s. A7 is given the
structure of a graded K-algebra with multiplication defined by:

G0 =3 3 (fagehe:

d e k dte=k

F is called a finitely generated filtration if A7 is a finitely generated K-algebra.

Let t be an indeterminate over A. Then there is an isomorphism

AT =N "Rt C At (1)
€L

which maps (1); — t. The following property of A% is a straightforward corollary of this
isomorphism.

Lemma 2.1. A7 is a domain if and only if A is a domain. Ol

If F is non-negative, finitely generated and Fy = K, then X7 := Proj A% is projective,
and hence is a complete variety. In view of this fact we make the following

Definition. A filtration F = {F;}4ez on A is called complete if it is non-negative, finitely
generated and Fy = K.

We will establish below (in Proposition 2.2) the relation between filtrations on A and
projective completions of X. At first we recall some notations and facts which are used fre-
quenlty in this article.



The d-th truncated subring of a graded ring S = @, Sk is Sldl = @Dz Ska- The
inclusion S < S induces an isomorphism Proj S = Proj Sl4. For a subvarlety Z of Proj S,
the induced embedding of Z into Proj S is called the d-uple embedding of Z. If S is a finitely
generated K-algebra, then S is also finitely generated as a K-algebra and, choosing a set of
generators of S!%, one can embed Proj S as a subvariety of an appropriate weighted projective
space. Moreover, there exists d such that S is generated as a K-algebra by (S\4); = S,
(e.g. it suffices to take d = (k + 1)d’, where d’ is the least common multiple of dy, ..., dx
[17, Lemma in section II1.8]). In that case the d-uple embedding embeds Proj S into a usual
projective space.

We also use heavily in this article the language of divisors and mostly follow the notations
of [7]. In particular, for a codimension one subvariety Y of X, we write [Y] for the correspond-
ing Weil divisor. Let D := SV a;[V;] be a Weil divisor on X. We say that D is effective
and write D > 0 if a; > 0 for all i, 1 <i < N. The support of D is Supp D := U{Y; : a; # 0}.
Also, recall that if D is a Cartier divisor on X, then D is called very ample if there exists a
closed immersion ¢ : X < PN (K) such that D is the pullback via ¢ of a hyperplane section
of PNV(K). Finally, D is called ample if there exists a positive integer k such that kD is very
ample.

Proposition 2.2. If F is a complete filtration on A := K[X], then there is an open immersion
Yr of X onto a dense open subvariety of X7 . The complement Xoo of X in X7 is isomorphic
to Projgr A” and is the support of an effective ample Cartier divisor on X7 . In partcicular,

Xoo = V((1)1) = Proj gr A7 . Conversely, given any projective completion ¢ : X — X of
X such that X \ X is the support of an effective ample Cartier divisor on X, there is a
complete filtration F on A and an isomorphism ® : X7 — X such that the following diagram
commutes:

X\
P
VF ¢
f/ ® N
X X

Proof. Recall that basic open sets in X7 = Proj A7 are given by D(G) := {Q € X7|G ¢
Q} = Spec(A” )(G), where G ranges over the homogeneous elements in A%, and (A )(c) 1s the

subring of (A”)g := AF [ ] consisting of degree zero homogeneous elements. Identify A* with
ez Fit' via (1). Then (Af) ={gti/td:ge FyCA d>0}={g:gc F;CA}=Aasa
subring of A[t,t™1]; hence X = SpecA Spec(A”)y) = D(t) and X\ X = V(t). Since A"
is a domain (lemma 2.1), it follows that X is dense in X¥. Now, let 7 : AZ — gr A” be the
natural projection. It is straightforward to see that w is a surjective homomorphism of graded

rings with kernel (¢) (the ideal generated by ¢ in A7). It follows that Proj(gr A7) K V(t).
Finally, choosing d such that the d-uple embedding embeds X7 into a usual projective space
PN(K), we see that V(¢) = V(t9) is the support of (the pullback of) a hyperplane section of
PV (K), which is by definition a very ample and effective divisor. This completes the proof of
the first assertion.

Now let ¢ : X — X be a projective completion of X such that X\ X is the support of an
effective ample Cartier divisor D on X. Replacing D by kD for sufficiently large &k, we may



assume that there exists a closed immersion ¢ : X < PV (K) such that D is the pullback via
v of a hyperplane section of PN(K). Let S := K[z, ...,zn]/I be the homogeneous coordinate
ring of X. Let ag,...,any € K be such that Supp D = V(H) N X, where H := Zﬁio a;T;.

Lo
Then X = D(h) C Proj S, where h is the equivalence class of H in S, and the isomorphism
of varieties D(h) = Spec S(y,) induces an isomorphism of rings ¢* : S(;) = A. It follows that
for each g € A, (¢*)71(g) = a/h* for some k > 0 and a € Sj. Define

Fy, := ¢*(Se/h*) = {g € R| (¢*) " (g) € Sx/h"}.

Then it is easy to see that F = {F;};>0 is a filtration on A. By means of this filtration we
construct, as usual, the ring A7 := D~o Fu- Map ¢* : Sy — A induces a map ¢ : S — A7
which sends each g € Sy to (¢*(g/h?%))q, i.e. to the copy of ¢*(g/h¢) in F; C AF. Conse-
quently ®* is a surjective homomomorphism of graded rings. Moreover, irreducibility of X
implies that ker ®* = 0, so that the induced map ® : Proj A7 — ProjS = X is an isomor-
phism.

To see that the isomorphism Proj A* = ProjS is the identity map when restricted to
Spec A, note that maps ¢ : Spec A — Proj S and 17 : Spec A — Proj A’ are completely
determined by the corresponding pull back maps ¢* : S(y) — A and ¢ : (A7 )t) — A on the
localizations of the respective graded K-algebras, where as before t := (1); € A”. The latter
two maps give rise to the following commutative diagrams:

A" A g/ 2 65 (g/ 1Y)
1 4 A )
\

1[) * *
o L 1 T
St — (A7) g/ fl—2> <¢*(gt{ifd>)d

Since the top horizontal map and both of the vertical maps are isomorphisms, it follows
that the bottom horizontal map is an isomorphism as well, which concludes the proof of
proposition 2.2. ]

Remark 2.3. 1. If F is non-negative and finitely generated (but not necessarily com-
plete), then X7 is a quasi-projective variety (over K) and the arguments in the first part of
the proof of proposition 2.2 go through to show that there is an open immersion of X onto a
dense open subvariety of X* and X := X7\ X = V((1);) = Projgr A”.

2. Similarly, the arguments in the second part of the proof show that if S = ., Sq is a
graded K-algber and ¢ : X < Proj S is an open immersion of X onto a Zariski dense subset
of Proj S such that Proj S\ Spec A = V(F) for some F' € Sy, d > 1, then there is a filtration
F on A such that Sl = A7 and the induced isomorphism ® : X7 < Proj S restricts to ¢
on X.

Now we work out some examples of complete filtrations on the coordinate rings of affine
varieties, and determine the corresponding completions. For the first three examples we set
X =K"and A =Klz1,...,2,).

Example 2.4. Let di,...,d, be any n positive integers and F; be the K-linear span of
all the monomials z{'x5?--- 20" such that Y a;d; < d. Set dy := 1. Then F,; can be

identified with the set of weighted homogeneous polynomials in zg, ..., z, of weighted degree

10



d, where weight of x; is d; for each i. It follows that A’ is isomorphic as a graded K-
algebra to Klzg,...,z,], where the grading on the latter is induced by the weighted degree
(do,dy,...,dy,). Consequently, X7 is the weighted projective space P*(K;dy,dy, ..., dy).

Example 2.5. Let F} be the set of polynomials of degree less than or equal to dk, where d
is a fixed positive integer. Then X7 is the d-uple embedding of P"(K) in P™~!(K), where
m = (”Id) = number of all monomials in n variables of degree at most d. In particular, for
n =1, X7 is the rational canonical curve of degree d in P%(K).

Example 2.6. X is again K" as above. Assume n > 2. Fix an integer k with 1 < k < n.
Let F7 be the K-linear span of all monomials of degree less than or equal to two excluding
those of the form z;z; with i > j > k. Let Fy = (Fy)? for d > 1. Then X7 is isomorphic to
the variety resulting from blowing up P"(K) along the subspace V := V (zo, ..., zx).

Example 2.7. Let X be a normal affine variety with trivial Picard group Pic X (e.g. K",
(K*)", or any X whose coordinate ring is a unique factorization domain). Let X C PV(K)
be a normal projective completion of X such that X, := X \ X is irreducible. Then the
embedding X <+ X arises from a filtration. Indeed, let D be the Cartier divisor on X
corresponding to a hyperplane section of PV (K). The Weil divisor associated to D is of the
form [D] = ao[Xoo] + 271, a; [V;], where for each j, V; is the closure in X of a codimension
one subvariety V; of X. Since Pic X = 0, there is a rational function f on X such that the
principal divisor of f on X is [divx(f)] = >_7%; a;[Vj]. Let [D'] := [D] — [divg(f)], where
[div ¢ (f)] is the principal divisor of f on X. Then [D'] = a'[X)] for some @’ € Z. Since
a' = degD' = degD = deg X > 0 [10, Exercise 11.6.2], and D’ is very ample, it follows
according to proposition 2.2 that there is a filtration F on X such that X7 =~ X.

Example 2.8. Not all projective completions of affine varieties are determined by a filtration,
as the following example of Hironaka (see, e.g., [9]) shows. Let ¢ : V/ — V be a morphism of
3-dimensional projective varieties, with V' non-singular and V' non-singular except at a point
P, such that ¢~1(P) is a curve and ¢ is an isomorphism on the rest of V/ and V. Let W be a
hyperplane section of V' through P. Then X := V'\ ¢~ 1(W) = V \ W is affine, but ¢=1(W)
is not the support of any effective ample divisor on V' [9, Section 1]. Therefore proposition
2.2 implies that there is no filtration F on A such that X+ = V.

Example 2.9. A filtration F on A does not only gives an abstract projective completion of X,
but (via choices of K-algebra generators of A%) also embeddings of X into weighted projective
spaces. As the following example (which is a variation of an example by Mike Roth and Ravi
Vakil [18, Example 2.5(a)]) shows, even if a projective completion ¢ : X — X C PV (K) is
isomorphic to X7 for some filtration F on A, it is not necessarily true that ¢ is induced by (in
the sense of the first sentence of this example) a set of K-algebra generators of A”. Let X’ be
a nonsingular cubic curve in P?(K). Let O be one of its 9 inflection points. Recall that X’ can
be given the structure of an abelian group with O as the origin and that ¢ : P — [P]—[O] gives
an injective group homomorphism of X’ into its class group Cl1 X’ [10, Example 11.6.10.2].
There are only countably many points P € X’ such that P is a torsion point, i.e. k- P =0
for some k > 0 [20, Section III1.3.4]. Pick any non-torsion point P of X’. Then {P} is the
support of an ample divisor on X’ and X := X'\ {P} is an affine variety [9, Proposition 5].
Therefore, according to proposition 2.2, there exists a filtration F on A such that X7 = X’
On the other hand, one can show that there is no homogeneous polynomial f in K[zg, 21, z2]
such that V(f)N X" = {P} [15, Remark 1]. It follows due to the first assertion of proposition
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2.2 that there is no integer d > 0 such that the embedding of X into the image of the d-uple
embedding of X’ is induced by a filtration!

3 Semidegree and Subdegree

Definition. A degree-like function on A is a map 6 : A\ {0} — Z U {—o0} such that:

1. 6(K) = 0.
2. 0(f +g9) <max{d(f),d(g)} for all f,g € A, with < in the preceding equation implying
6(f) = (9)-

3. 9(fg) <o(f)+d(g) for all f,g € A.

Remark. Even though we allow degree-like functions to have values —oo, it will follow from
theorems 4.7 and 5.12 that we do not need to leave the realm of integer valued degree-like
functions by either of the operations of normalizing degree-like functions or taking associated
semidegrees of a subdegree (we introduce both notions below). Intermediately we allow for a
theoretical possibility of ending up with a degree-like function that takes the value —oo on
some nonzero f € A.

There is a one-to-one correspondence between degree-like functions and filtrations:

Filtrations — degree-like functions
F =A{Fytacz — dr:feA—inf{d: f € Fy}
Fs={ta={f€A:6(f) <d}}lacz <— é

In the remainder of this article we identify degree-like functions with the corresponding
filtrations. In particular, we refer to a degree-like function § as complete (resp. finitely gener-
ated) iff the corresponding filtration Fs is complete (resp. finitely generated). Moreover, A°
and gr A% will be shorthand notations for the rings A”% and, respectively, gr A% and 15 will
denote the natural embedding Spec A < X? := Proj A, while for the sake of convenience we
would freely refer to X% as the “completion 15" (of Spec A).

The protagonists of this article are two classes of degree-like functions which satisfy
stronger versions of the multiplicative property (i.e. property 3 above).

Definition.
o A degree-like function 0 on A is a semidegree iff §(fg) = 0(f)+0(g) for all f,g € A\{0}.
e We say that J is a subdegree if there are semidegrees 1, ...,dy5 such that
() = mux &(f) for all f € 4\ {0}. (2)

Given a subdegree § as in (2), we may assume by getting rid of some §;’s, if need be,
that every d; that appears in (2) is not redundant in the sense that for every i, there is an
f € A such that §;(f) > 0;(f) for all j # i (indeed, if there is an 4 such that for all f € A,
9i(f) < 6;(f) for some j # i, then §(f) = max;jx; 0;(f) for all f € A). In the latter case we
will say that (2) is a minimal presentation of 9.

Remark 3.1. Note that the negative of a semidegree is a discrete valuation. The negative
of a degree-like function is usually called a (discrete) pseudo-valuation and the negative of a
subdegree is sometimes called a (discrete) subvaluation (see e.g. [11]).
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Example 3.2 (Weighted Degree). Every weighted degree ¢ on the polynomial ring A :=
K[zy,...,x,] is a semidegree.

Example 3.3 (An iterated semidegree). Let X := K? and A := K[z, z3]. Define a filtration
F:={F;:d >0} on A by setting Fy := K, F} := K({1,2? — 23) , Fy := (F1)? + K(z2) ,
Fs:= F1Fy + K(z1) and F; := Z;l;% F;Fy_; for d > 4. We claim that function ¢ := dr is a
semidegree. Indeed,

A° =K[(1)1, (21)3, (x2)2, (2] — 23)1] = K[X1, X5,Y, Z] /(Y Z° — X} + X3)

where the last isomorphism is induced by a K-algebra homomorphism which sends X; — (x1)s3,
Xo 5 (22)2, Y > (22 — 23)1 and Z + (1);. The inverse image of the ideal I := {(1);) of
A% under this isomorphism coincides with ideal (Z,Y Z° — X7 + X3) = (Z, X? — X3). Since
the latter is a prime ideal of K[X1, Xo,Y, Z], it follows that I is a prime ideal of A° as well.
Theorem 4.1 then implies that § is a semidegree. The isomorphism constructed above in-
duces a closed embedding of X? onto hypersurface V(Y Z°> — X7 + X3) C WP, where WP
is the weighted projective space P3(K;1,3,2,1) with (weighted homogeneous) coordinates
[Z : X1 : X2 :Y]. The semidegree § is an example of an iterated semidegree (to be introduced
in the forthcoming continuation of this article).

Example 3.4 (Subdegrees determined by rational polytopes). Let X be the n-torus (K*)"
and A := K[z, a:l_l, .o, xn, 2, 1] be its coordinate ring. Let P be a convex rational polytope
(i.e. a convex polytope in R™ with vertices in Q™) of dimension n containing origin in its

interior. Define a function 6% : A\ {0} — Q4 as follows:
§p(z%) :=inf{r € Q4 : « € rP}, and

5 aar®) := max 0p (z%).
p(D aaa®) = max o (a”)

For each facet Q of P, let wg be the smallest ‘outward pointing’ integral vector normal
to @ and let co = (wg, ), where « is any element of the hyperplane that contains Q. Since
P is rational, in each Q there is an o with rational coordinates, and therefore each cg is a
positive rational number. Let 5/9 be the Q-valued weighted degree on A given by:

wgo,
o) o= g 5

It is straightforward to see that for each a € R", dp(2®) = max{dy(z¥) : Q is a facet of
P}. Let k € N be such that k/cg is an integer for each Q. Then kdy is an integer valued
semidegree for each Q and hence kd} is a subdegree.

It follows via Gordan’s lemma [6, Proposition 1, Section 1.2] that AR ig finitely generated.
Let dp := k0%, where k is an integer as in the above claim. Let d be a positive integer such
that (A57’)[d] is generated as a K-algebra by elements in the d-th graded component of A%P,
or equivalently the K-span of monomials ® such that o € %79. Then the image of the d-uple
embedding of X% is the closure (in the appropriate dimensional projective space) of the
image of (K*)™ under the map whose components are the monomials with exponents in %73.
It follows that X7 is isomorphic via the d-uple embedding to the toric variety X determined
by P (see, e.g. [6, Section 3.4]).
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Example 3.5 (Semidegrees contain more information than valuations). Let ¢ be a complete
subdegree on A with a minimal presentation § = maxi]il{éi}. Proposition 5.1 shows that the
d;’s are proportional to the orders of vanishing along the components of the hypersurface at
infinity of X?. It is perhaps surprising that the orders of vanishing along the components of
the hypersurface at infinity do not in general determine X°. We now give an example from
toric geometry where this can be seen with X = K3 and 0;’s are weighted degrees. Note
that 3 is the smallest dimension for which this is possible, i.e. in lower dimensions, for every
subdegree 0, the orders of vanishing along the components of the hypersurface at infinity do
uniquely determine X° (in dimension 1 this is true because the number of points of X, is
precisely the number of the components of the hypersurface at infinity, and X?° is non-singular
at each of those points (proposition 5.1); in dimension 2 this is precisely proposition 6.5).

Let §;, 1 < i < 3, be weighted degrees on K[z1,x2, z3] with weight vectors respectively
(3,3,2), (1,1,1) and (6,3,2). Define ¢ := max{4d1, 902,303} and &’ := max{61, 1502, 5d3}.
Then the hypersurfaces at infinity of both X% and X% have 3 components and the orders
of vanishing along these components in both cases are {—J; : 1 < i < 3} (Proposition 5.1).
But the polytopes P and P’ associated respectively to § and ¢’ are combinatorially different:
the intersection of the facets associated to ds and d3 is a point in the former case, whereas
it is a line segment in the latter. It follows that the intersection of the components (of the
hypersurface at co) associated to d2 and d3 is a point in X 9 and a curve in X?'. In particular,
X% and X9 are not isomorphic.

4 Structure of Subdegrees

4.1 Uniqueness of minimal presentations of subdegrees by semidegrees

We start with the structure theorem for completions determined by subdegrees. Recall that
an ideal I of a ring R is decomposable if it is the intersection of finitely many primary ideals
of R.

Theorem 4.1 (Structure theorem for subdegrees). Let & be a degree like function on A and
I be the ideal of A° generated by (1);.
1. § is a semidegree if and only if I is a prime ideal.
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2. 0 is a subdegree if and only if I is a decomposable radical ideal.

3. If § is a subdegree, then semidegrees 01, .. .,0n of a minimal presentation § = maxj<i<n 0;
of § are unique.

4. If A% is Noetherian, then & is a subdegree if and only if I is a radical ideal.

Corollary 4.2. Assume A% is Noetherian. Then 0 is a subdegree on A iff 6(f*) = k§(f) for
all f € A and k > 0.

Proof. This claim is a straightforward consequence of assertion 4 of theorem 4.1 and the
observation that the ideal I of theorem 2 is radical iff §(f*) = k§(f) for all f € A and
k> 0. O

The heart of the proof of theorem 4.1 lies in the proof of assertion 3. The other three
assertions follow also from the following result of Szpiro [21]. Therefore we only give here the
proof of assertion 3.

Definition. Let v be a discrete pseudo-valuation (see remark 3.1) on A. Then —v is a degree-
like function on A. The pseudo-valuation v is called homogeneous if the graded ring gr A=
has no nilpotents.

Theorem 4.3 (Szpiro [21, Theorem 1 and Proposition 3]). Let v be a discrete homogeneous
pseudo-valuation on A. Then there exists a family {v;}iez of discrete valuations on A such
that v = inf,c7 v;. It is possible to choose I such that |Z| is the number of minimal ideals of
gr A7V, O

Proof of assertion 3 of theorem 4.1. Let § = max;<;<n 0; be a minimal presentation of §. For
each i with 0 <1i < N, fix an f; € A such that

d; == 5z(fz) > (5J(fl) for 1 < J 75 1 < N. (3)

Then, in particular, 6(f;) = d; € Z.

Lemma 4.1.1.

(1) For eachi, 1 <i <N, (I:(fi)a,) is a homogeneous ideal, and the homogeneous elements
of (I:(fi)a,) are precisely the elements of L; :={(f)a: f € A, d> §(f)}.

(2) For each i, (I:(f;)a,) is a distinct minimal prime ideal of A° containing I. In particular,

(fi)a; € (M = (F)a,) \ (L = (fi)a,) for each i. Moreover, N1y (I : (f;)a,) = I.

Proof. We first prove assertion 1. Fix an i, 1 <7 < N. Since (f;)q, is a homogeneous element
in A% and I is a homogeneous ideal of A5, it follows that (I : (f;)a ) is also a homogeneous
ideal of A°%. Let (f)q be an arbitrary homogeneous element of (I : (fi)g,). If 6(f) < d, then
0i(f) < 6(f) < dand (f)g € Li. So assume 6(f) = d. Since (f)a(fi)a, = (ffi)d+a, € I, it
follows that d(ffi) < d + d;. But then §;(ff;) = 0:;(f) + :(fi) < d + d;, which implies that
0i(f) <d=4(f), and thus (f)q € L;. To summarize, all homogeneous elements of (I : (f;)4,)

belong to Lj;.

Now let (f)q be an arbitrary element of L;. If d > §(f), then (f)q € I C (I : (fi)a,)- So
assume d = 6(f). Then 6;(f) < d=4(f), and thus 6;(ff;) = &:(f) +6:(fi) < d+d;. Also, for

"Theorem 4.1 was proved in all details in my PhD thesis [16, Section 2.2]. Professor Bernard Teissier later
brought the article [21] to my attention - I thank him for this.
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each j # i, §;(fi) < d;, so that §;(ffi) = 0;(f)+;(fi) < d+d;. It follows that 6(f f;) < d+d;

and (f)q (fz)dl = (ffi)a+a; € I, i.e. (f)a € (I :(fi)a;), which proves inclusion L; C (I : (f)a;)
and completes the proof of assertion 1.

We now show that (I : (f;)q,) is prime. Let (g1)e,,(92)e, be homogeneous elements of
A° such that (g1)e,(92)e; € (I : (fi)a;)- Due to assertion 1, (g192)er+es = (91)e(92)es € Li,
which means that §;(g1g2) = ;(g1) + di(g2) < e1 + ea. Since e; > 0(g;) > 0;(g;) for each j,
it follows that there is j, j = 1 or 2, such that d;(g;) < e;. Then assertion 1 implies that

(95)e; € (L2 (fi)a;), ie. (I:(fi)a;) is a prime ideal.

Next we show that (I : (f;)4,) is a minimal prime ideal of A° containing ideal I. Indeed, if
ICpC(I:(f;)q) for aprime ideal p of A%, and some i < N, then (f;)q, & p (since assertion

1 implies (fia, & (7 (f)a))- But if (g)e € (I (fi)a,), then (9)e(fi)g, € I C p and it follows
that (g)e € p. Hence (I : (fi)a;) € p, and therefore (I : (f;)q,) = p, as required.

To see that the ideals (I : (f;)q;) are distinct, note that (fi)a, € (4 Lj) \ Li for
1 <4 < N, which implies due to assertion 1 that (fi)a, € (M;.(L = (fi)a;)) \ (L = (fi)a,)
for every i.

Finally, pick any homogeneous (g)e € ()({ : (fi)a,). Then by assertion 1, for each i, §;(g) <
e. Therefore 0(g) = max;d;(g) < e, and hence (g)e € I. It follows that (I : (fi)a,) = I,
which concludes the proof of the lemma. O

Let 0 = maxj<;<n 0, be another minimal presentation of §. Then

di == 6;(f]) > 0%(ff) for 1 <j#i < N'. (3"
there exist f1,..., fy, € A such that d} := &;(f]) > &;(f]) for 1 < j #i < N'. Then d; are
integers, and according to lemma 4.1.1,

N N/
I=(\I:(f)a) and I=(\I:(Ha)
i=1 i=1

are unique minimal primary decompositions of I. The latter uniqueness implies that N = N’
and, after an appropriate re-indexing of d;s, that ideals (£ : (fi)q,) and (£ : (f])g;) coincide
for all : < N.

Fix an i, 1 <7 < N. According to assertion 2 of lemma 4.1.1, elements

(fa; € (Y= UPaN\ U = (Da) = (V= D)\ T = (fi)a,) -
J#i J#i
Therefore assertion 1 of lemma 4.1.1 implies that (f/)a; € (2 Lj) \ Li, where L;’s are as
in lemma 4.1.1. It follows that ;(f!) = 6(f/) = 5’(f) and 0 (f) < 0i(f}) for all j # i. The
latter implies property (3) with f’s replacing f;’s. Since f;’s were assumed to be arbitrary
elements in A such that (3) is true, we may assume without loss of generality that f; = f/ for
each i. It follows that §; = o} for all ¢ by making use of
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Lemma 4.1.2. If f1,..., fn € A satisfy (3), then
() = Jim 3((£)) — 8((£)) (@
forall f € A and alli, 1 <i<N.

Proof. Fix an i, 1 <i < N. Let us write 6i(f) == limy_yo0 6((f3)EF) — 8((f3)F) for all f € A.
We first show that §; is well defined for each i. Indeed, fix an i, 1 < ¢ < N. Let f € A
and k > 1. Since (fi)q, € I and I is radical (assertion 2 of lemma 4.1.1), it follows that

((fi)di)k = ((fi)k)kdi ¢ I, so that §((f;)*) = kd;. Therefore,

S(CE)FTLE) = SR < S((Uf)RF) +6(f:) — o((f)F)
=0((f:)*f) +di — (k+ 1)d;
k (5)
= 5((fz) f) — kd;
=5((f)*f) = 8((f:)")

It follows that 0;(f) is a well defined element in Z U {—o0}.

Note that for all k > 0 and all f € A, 6((f;)*f) — 6((f)*) > 6:((f:)*f) — 5((f:)F) = 8:(f),
so that &; > 8;. To see the opposite inequality, let f € A and d € Z be such that d > 0i(f).
Then kd; +d > 6((f;)*f) for all k. Moreover, (3) implies that for sufficiently large k,
kd; +d > kS§;(fi) + 6;(f) = 6;((fi)*f) for all j # i. It follows that for sufficiently large k,
8((fi)Ff) < kdi + d, and hence 6((f;)*f) — 6((f:)*) < d. Since {6((f:)*f) = 6((f:)*)} is a
decreasing sequence due to (5), it follows that 6;(f) < d. With d = &;(f) when &;(f) € Z, and
otherwise letting d converge to 8;(f) from above, we see that &;(f) < 8;(f). It follows that
6i(f) = 8;(f), which completes the proof of the lemma and therefore, assertion 3 of theorem

4.1. O

Corollary 4.4. Let § be a non-negative subdegree on A and § = maxfil &; be its minimal
presentation. Then the number of the irreducible components of Xoo := X°\ X is N if none
of the &;’s is the zero degree-like function and N — 1 otherwise.

Proof. According to proposition 2.2, X, = V(I) C ProjA’, where I is the ideal in A°
generated by (1);. According to lemma 4.1.1, I has a minimal prime decomposition of the form
I = ﬂf\i 1 i, with each p; being a prime ideal corresponding to d;, 1 < i < N. Consequently
Xo=V{I) = Uf\i 1 V(pi). The corollary now follows from the following

Claim. For each i, 1 <i < N, the semidegree §; is identically zero on A iff V(p;) = 0.

Proof. Let A% = @ -,{(f)a: f € A} be the irrelevant ideal of A°. Fix an 4, 1 <1i < N.
Then -

V(pi) =0 < p; 2 A%
< {(fla:feA d>6(f)} 2{(f)a:fe€ A, d>1} (according to lemma 4.1.1)
< §(f)<Oforall feA
— Od=max({0;:j#i 1 <j<N}U{d}) (since ¢ is non-negative),
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where d¢ is the zero degree-like function on A, i.e. do(f) := 0 for all f € A. Since dy is a
semidegree and the minimal decomposition of § is unique, it follows that V(p;) = 0 <=
&; = &g, which completes the proof of the claim. O

Example 4.5. Let X = (K*)” and let P be a convex integral polytope of dimension n
containing the origin in its interior. We saw in example 3.4 that the toric variety Xp is
isomorphic to X% for a subdegree dp on K[xl,:cl_l, ooy xp, 2], Moreover, the minimal
presentation of dp is of the form: d0p = max{dg : Q is a facet of P}. Therefore, due to
corollary 4.4, we recover the standard fact that the components of Xp \ (K*)" are in a one-
to-one correspondence with the facets of P [6, Chapter 3.

4.2 For finitely generated subdegrees, the semidegrees of the minimal pre-
sentation do not take —oo value

In the proof of the next two theorems we make an essential use of the theory of Rees valuation.
We first describe following [14, chapter XI] the relevant results of Rees (starting with a
reminder of the notion of a Krull domain).

Definition. A domain B is a Krull domain iff
1. By is a discrete valuation ring for all height one prime ideals p of B, and
2. every non-zero principal ideal of B is the intersection of a finite number of primary
ideals of height one.

Every normal Noetherian domain is a Krull domain [13, Section 41]. In particular, the
integral closure of A° is a Krull domain provided that A° is finitely generated.

For an ideal I of a ring R define v; : R — N U {oo} and 77 : R — Q4 U {oc} by:

vi(x) :=sup{m: 2z € I}, and

o) = Jim P,

for all # € R. Recall that the integral closure J of an ideal J of R is the ideal defined by:
J := {x € R: x satisfies an equation of the form: x° + jiz°~! + -+ + j, = 0 with j; € J* for
all k =1,...,s}. The following is due to Rees, see e.g. [14, Propositions 11.1 — 11.6]:

Theorem (Rees). For any ring R and any ideal I of R, vy is well defined. Assume R is a
Noetherian domain. Then

(1) there is a positive integer e such that for all x € R, vy(x) € %N, and

(2) if k > 0 is an integer then vr(x) > k if and only if x € I*, where I is the integral
closure of I* in R.

(3) Assume in addition that I is a principal ideal generated by u and R is an integral
extension of R which is a Krull domain. Let p1,...,p, be the height 1 prime ideals of R
containing w. Then for all x € R, vr(x) = min{%f) 24 =1,...,r}, where for each i =
1,...,7, v; is the valuation associated with the discrete valuation ring Rpi and e; := v;(u).
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The following theorem gives a characterization of the semidegrees §; associated to a sub-
degree 8, provided that A? is finitely generated. In particular, it states that each §; is integer
valued (which is not a priori obvious relying on the limit definition of d;’s in (4)). We start
with the following

Lemma 4.6. If A% is Noetherian, then 6(f) € Z for all f € A, i.e. § does not take the value
—00.

Proof. Recall that A is a domain and hence A? is also a domain by lemma 2.1. Let I be
the ideal generated by (1); in A% Assume that there exists f € A such that §(f) = —oo.
Then (f), € A for all k € Z, and therefore (f)o € 3>, I* (since for each k > 0, (f)o =
(f)—k - ((1)1)* € I*). In particular, 72, I* # (. On the other hand, since (1) & I, ideal I is
a proper ideal of A% and therefore, if A% is Noetherian, then (3>, I* = ) [2, Corollary 10.18].
It follows that A° is not Noetherian. This completes the proof of the lemma. O

Theorem 4.7. Let § be a finitely generated subdegree on A with a minimal presentation
0 = maxi<;<n 6;. Let B be any Krull domain which is also an integral extension of A% and
P1,-..,pr be the height one primes of B containing (1)1. For each j, 1 < j < r, define a
function §; on A\ {0} by

~ vil(Pan)
€j
where v; is the discrete valuation of the discrete valuation ring By, and e; := v;((1)1). Then

foreachi, 1<i< N, § = 5]- for some j, 1 < j <r. In particular, semidegrees &; are integer
valued for all i.

Proof. Let I be the ideal generated by (1); in A% and ;7 be the Rees’ valuation corresponding
to I. Let f € A. According to lemma 4.6, 6(f) € Z. Since J is a subdegree, 6(f*) = k§(f)
for all £ > 0 (corollary 4.2) and hence ((f)(;(f))k = (fk)k(;(f) ¢ I for all k > 0. It follows that

vi((f)s(r)) = 0. Now assertion 3 of Rees’ theorem implies that min’_, %);(f)) = 0, where
ej = vj((1)1) for every j. Therefore 6(f) = 0(f) — minj_; %?sm) = maxj_; (5J(f) for all

f € A. Next we show that for each j, function ej(§j is a Z-valued semidegree, which suffices
to complete the proof of theorem 4.7 due to the uniqueness of the minimal presentation of
subdegrees (assertion 3 of theorem 4.1) applied to the minimal presentation ed = max; ed;
and the presentation e§ = max; egj with an appropriate e € Zy (e.g. e = Hj ej).

Multiplicativity: Fix j, 1 < j < r. Let f,g € A\ {0}. First we show that Sj(fg) =
0;(f) +95(g). Let e :=4(f) +(g) — d(fg). Then

3(50) = 8(79) = 15 adsss) = 81+ 8(0) = lese + 1((F9)sgry)

J

= 5(£) + 6(9) — —(5((1)0) + v;((F9)sis)

= 5(f) +3(g) - jjw((fgmg)ﬂ) — 5(f) +8(g) - iw((fg) f460)
= 5(f) +6(g) - jj<u]<<f>5(f>> +55((9)500) = 55(1) + 55(9)



Additivity: Let d := 6(f) — d(g). Note that

0;(f) = d;(g9) <= 6(]0)_W25(g)_yj<(26(9)) .

= vi((fs)) < dej +vi((9)s(9))-

Moreover, strict inequality in any one of the expressions of (*) implies strict inequality in
the other expressions of (). The remainder of the proof splits into several cases.

Case 1: d > 0. In this case §(f + g) = 6(f) and (f + 9)s(r+g) = (Facry + (L)1) (9)s(g)
Then &;(f +9) = 0(f +9) = Lv5((f + 9s(s19) = 0(F) = v ((Hacs ((1)1)d(9)§(g )

Subcase 1(a): §;(f) > 6 (g)- In this case due to (x) it follows that v;((f)s(s)) <
dej+v;((9)s(9) = vi (D)D) +v5((9)s(5)) = v ((1)1)*(9)s())- Therefore v;((f )5
(D) 9se)) = vi((fs())- Hence ;(f +g) = 6(f) — *VJ(( )a() = 8;(f)-

Subcase 1(b): §;(f) = d;(g). Asin 1(a) it follows by making use of (%) that v vi((fsp) =
() 5. s et 1)+ (1) WD) > 25y How

05(f +9) < 8(f) = v ((Faip) = 0;(F).

Case 2: d = 0. Let e:= 6(f) = 6(g) and € := e — 6(f + g) > 0. Tt follows that &;(f + g) =
0(f+9) = Svi((f +9)s(r+9) = 0(F) — €= Zvi((f + Da(rg) = 0(f) = *Vg(((l)l)g(er
Ds(s+9) = € = 2 Vi((f + 9s(rrg)+e) = € = *V]((f+9) )=e—v((f Je + (9)2).

Subcase 2(a): 8;(f) > §;(g). In this case due to (x) with d = 0 it follows that
vi((fle) < VJ((Q)@)- Therefore v;((f)e + (9)e) = vj((f)e). Hence 6;(f + g) =

e = 2-vi((f)e) = 0;(/)-
Subcase 2(b): §;(f) = d;(g
)

I Asi
sequently v;((f)e + (9)e

)- As in .
> vi((f)e

2(a) (x) implies that vi((f)e) = vj((g9)e). Con-
)- Hence 6;(f +g) < e = Lvi((f)e) = 0;(f)-
Combining above conclusions it follows that Sj is indeed a semidegree. As we remarked
earlier in the proof, conclusions of theorem 4.7 now follow from the uniqueness of the minimal
presentation of a subdegree. O

5 Properties of Subdegree

5.1 Regularity at infinity and the normalizing subdegree

Let X be an affine algebraic variety and 0 be a finitely generated subdegree on A := K[X]
with minimal presentation § = maxj<;<n d;. Fix 7, 1 <14 < N, such that §; is not the zero
degree-like function. Theorem 4.7 implies that §; is integer-valued. Let d; be the positive
generator of the subgroup of Z generated by {J;(f) : f € A}. Recall that v;(-) := —d%_éi(-) is a
discrete valuation on K(X) (remark 3.1) and that §; corresponds to an irreducible component
V; of Xoo := X%\ X (corollary 4.4). We next show that the local ring Oy, xs of X0 at V; is
precisely the valuation ring of v;. In particular, Oy, xs is regular, i.e. is a discrete valuation
ring.
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Proposition 5.1. Let X, § and A be as above. For each i such that §; is non-zero, the local
ring Oy, xs 1s reqular and hence is a discrete valuation ring. The valuation associated with

Oy, xs is precisely v;(-) := —d%éz() .

Proof. Fix an 7, 1 < ¢ < N such that §; is not the zero degree-like function. Let p; be the
prime ideal of A% corresponding to d;. Then Oy, xs is the degree zero part of the local ring
Al Let us identify A° with ) Fyt?. Then

kd

t
OVi,X‘s = {(g{.td)k : gtd gpz, d> 5(9)7 k> 0}

— e @ # . 807) < R0(), 2 0)

Let R; € K(X) be the valuation ring of the discrete valuation v;. We have to show that
Oy, xs = R;. Recall that R; := {g1/92 : 91,92 € A, g2 # 0, vi(g91/92) > 0}. Pick g1,92 € A
such that ¢g1/g2 € R;. Then v;(g91/92) = vi(91) — vi(g2) > 0 and hence ;(g1) < d;(g2). Pick
fi € Asuch that §;(f;) > 0;(f;) for all j # i. It follows due to (4) that there is £ > 1 such that
(guff) = 6i(guff) for 1 =1,2. Then (g1 fF) = di(g1fF) = di(g1) + 6i(fF) < dilg2) + 6i(fF) =
8i(g2fF) = 6(gafF). Moreover, lemma 4.1.1 implies that (glff)(;(glfik) ¢ p; for [ = 1,2. Then,
according to (6), g1fF/(g92fF) = g1/92 € Oy, xs. Consequently R; C Oy xs5. Therefore
Oy, xs = R; due to

(6)

Lemma 5.1.1. Let R be a discrete valuation ring and K be the quotient field of R. If S is
a proper subring of K such that R C S, then R=S.

Proof. Let v be the discrete valuation associated to R and h € R be a parameter for v, in
particular v(h) = 1. Assume contrary to the claim that R # S. Let f € S\ R. Then f = u/h*
for some unit u of R and k > 0. It follows that h~' = u= ' fR*F~1 € S. Let g € K \ {0}. Then
V(gh_”(g)) = 0 and therefore gh =9 € R C S and also g = gh™"@ . B*(9) € S. Therefore
S = K contrary to the assumptions, which completes the proof. O

To summarize, we have proved that Oy, xs is precisely the valuation ring of v;. Since
valuations are completely determined by their valuation rings [22, Section VI.8], it follows that
v is the valuation corresponding to Oy, xs, which completes the proof of the proposition. [

Remark 5.2. If V is a codimension one irreducible subvariety a variety Y, then Oyy is
a regular local ring iff V' Z SingY iff codimension of SingY NV in Y is at least 2 (where
Sing Y is the set of singular points of Y'). Therefore, an equivalent formulation of proposition
5.1 is to say that in a completion X9 of an affine variety X determined by a subdegree ¢,
the codimension of the ‘singular points at infinity’ is at least two, or in other words, X? is
non-singular in codimension one at infinity.

Example 5.3. As in example 4.5, let § = §p for a convex integral polytope P of dimension
n containing the origin in its interior. Recall that the minimal presentation of §p is dp =
max{dg : Q is a facet of P}, where for every facet Q of P,

do(z%) = kM for a suitable k € N,
1)
wg = the smallest ‘outward pointing’ integral vector normal to Q, and

co = (wg,a) for any « in the hyperplane spanned by Q.
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Since the greatest common divisor of the components of wg is 1, it follows that the positive

greatest common divisor of {dg(f) : f € A} is dg = Ci Therefore, due to proposition 5.1,
the order of zero of % along the component of the hypersurface at infinity corresponding to

Q is ordg(z®) = —dg(z®)/dgo = —(wg, ) (cf. [6, Section 3.3]).

Let X and ¢ be as in proposition 5.1. If X is normal, then proposition 5.1 implies that
X9 is non-singular in codimension one, i.e. X? satisfies one of the two criteria of Serre for
normality (see, e.g. [13, Theorem 39]). As the following proposition shows, X° is indeed
normal. In fact, X? is more than just normal - it is projectively normal, i.e. A° is integrally
closed.

Proposition 5.4. If A is an integrally closed domain and § is a subdegree on A, then A°
s also integrally closed. In particular, if X is a normal affine variety and & is a complete
subdegree on the ring of reqular functions of X, then X is projectively normal.

Proof. In (1) we introduced an isomorphism A° = @, , Fit' C A[t,t71], with (1); being
mapped to t. Since A is an integrally closed domain, it follows that A[t,t71] is also integrally
closed [2, Exercise 5.9]. So it suffices to show that A? is integrally closed in A[t,t1]. Pick
f= E::q fitt € A[t,t71] integral over A%, where f; € A for each i. Then f satisfies an
equation of the form

T" 4+ GiT™ 4 4 G =0 (7)

for G1,...,Gy, € A. Taking the highest degree terms in ¢, we see that f-t" is integral over f.
Replacing f by f — f,t" and repeating the procedure, it follows that each f;t' is integral over
A%, Therefore it suffices to show that if ft* € A[t,t~!] is integral over A° for some f € A,
then ft* € A% To that end, let f € A be such that ft* satisfies an equation of form (7).
Comparing the coefficients at t* in that equation, we may assume that G; = g;t'* for some
gi € A. Since g;t'* € A%, it follows that 6(g;) < ik.

Assume contrary to the assertion of the proposition that ft* ¢ A°. Then d := §(f) > k.
Set T = ft*, G; = g;t"* and t = 1 in (7). It follows that f™ = —> " g;f™ % in A. For
each i > 1, 6(g;if™ ") < 8(gi) +0(f™ ") < ik + (m —i)d < id + (m — i)d = md. Therefore
S(f™) = §(=3" gif™ ) < max™,6(g:f™") < md. On the other hand, since § is a
subdegree, §(f™) = md(f) = md. The contradiction we arrived at proves ft¥ € A% as
required. ]

Example 5.5. The converse of proposition 5.4 is not true. Indeed, let A := K[z] and ¢ be a
degree-like function on A defined by

5( k) L 3k/2 if k is even,
TVE 3(k—1)/2+2 ifkis odd.

Then A% = K[(1)1, (z)2, (22)3] = K|z, y, 2]/(z® — yz), where the isomorphism is induced by
the K-algebra homomorphism K[z, y, 2] — A® which sends 2 — (2)2, y +— (2%)3 and z — (1);.
If K is not of characteristic 2, then A9 is integrally closed [10, Exercise I1.6.4]. On the other
hand, 6(z%) = 3 < 4 = 26(x) and it follows by making use of corollary 4.2 that § is not a
subdegree.
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If X is not normal, then clearly X?° is not normal. But we will see now that all is not lost:
X9 is relatively normal at infinity with respect to X.

Definition 5.6. Let Y be an algebraic variety containing X as a (Zariski) dense open subset
and v : Z — Y be a morphism of algebraic varieties. We say that Z is relatively normal at
infinity with respect to X wia 1 if for any open subset U of Y, T'(y"1(U), Oz) is integrally
closed in T'(yy "5 (U N X),0z). When Y = Z and ¢ is clear from the context, we will simply
say that Z is relatively normal at infinity with respect to X.

Note that when X is normal, then Y is relatively normal at infinity with respect to X
(via the identity map) iff Y is normal.

Proposition 5.7. Let d be a finitely generated non-negative subdegree on the ring A of regular
functions on an affine variety X. Then X° is relatively normal at infinity with respect to X .

Proof. Let D(G) := {Q € X7|G ¢ Q} = Spec(A”) ) be a basic affine open subset of X0,
where G is a homogeneous element in A%f positive degree d and (A‘S)((;) is the subring of
(A = A‘s[é] consisting of degree zero homogeneous elements. Then G = (g)q for some
g € A with d > 6(g) and therefore (A7) = {gi,c : f € A 0(f) < kd}. In particular,
% c (AT )(@)- Consequently, the regular functions on D(G) N X are generated as a K-algebra

by A and %, i.e. D(G)NX = Spec A;. We now show that (A]:)(C;) is integrally closed relative
to Ag.

If d > 6(g), then G = (¢9)q((1)1)%%9), so that Spec(A”) ) C Spec(AT)((1),) = Spec A =
X (proposition 2.2). It follows that Spec(A”) ) = Spec Ay, and therefore (A7) ) = Ag.
Then it follws straight from the definition that (A7 )(c) is integrally closed relative to A,4. So
assume d = §(g). Let the semidegrees associated to d be d1,...,dn. W.Lo.g. assume that

0i(g) =d for 1 <7< m, and
di(g) < d form <i < N.

Claim 5.7.1. (A]:)(G) =A,NN%, Oy, xs, where for every i, 1 <i < m, V; is the component
of the hypersurface at infinity of X° corresponding to 8; and Oy, xs is the local ring of X9
along V;.

Proof. At first note that

(A7) ) = { (g))j;lk . 8(f) < kd, k >0}
:{;;EAg:cS(f)gkd, k> 0}
N
:Agﬂﬂ{;;:feA, 5i(f) < kd, k >0}
i=1
=A44N ﬁ{g]; tfe A 6i(f) <kdi(g), k> 0}
=1

~N oS
N () {pefed o) <hd k>0
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= A, mﬂOVXm ﬂ { . feA, 8(f) <kd, k>0}.

i=m-+1

It follows that (A7) € Ag N2, Oy, xs. It remains to show inclusion in the opposite

direction. Let f € A and gi,c € iz, Oy, xs. Then 6;(f) < kdi(g) = kd for all i, 1 < i < m.

Recall that 6;(g) < d for all j with m +1 < j < N. It follows that if [ is a sufficiently

large integer, then for all j, m +1 < j < N, §;(f g) (f) +10;(g9) < (I + k)d. Pick an

integer [ as in the preceding sentence. Then §(fg') = 3;i(fg ) < (I+k)d, and therefore
2

g]; = g],cfil € (AT )(@)- This implies that (AT J@) 2 AgN ﬂl 1 (’)V xs and completes the proof
of the claim. 0

Now, note that for all 4, 1 < i < m, Oy, xs is a discrete valuation ring, therefore in
particular, integrally closed. It then follows that (A7 )(@) is integrally closed relative to A
and this completes the proof of the proposition. O

Remark 5.8. In the same way that normality implies non-singularity in codimension one,
it can be shown that for a completion X of X, if X is normal at infinity with respect to X,
then X is also non-singular at infinity in codimension one (with respect to X). Therefore
proposition 5.7 strengthens proposition 5.1.

In general, completions corresponding to degree-like functions may have arbitrarily bad
singularities at infinity. Now we introduce the notion of normalization at infinity, which
makes the hypersurface at infinity of a given completion a bit ‘less singular’, in the same
sense that normalization of a singular variety is less singular than itself.

Definition 5.9. Let Y be a variety containing X as a dense open subset. The normalization
of Y at infinity with respect to X is another variety Y containing X as a dense open subset
and a finite morphism ¢ : ¥ — Y such that Y is normal at infinity with respect to X and
¢|x is the identity map.

Proposition 5.10. Let X be an arbitrary irreducible variety and Y be a variety containing
X as a Zariski dense open subset. Then the normalization Y of Y at infinity (with respect to
X ) exists and is unique. Moreover, Y has the following universal properties:
1. If ¥ : Z —'Y 1is a dominant morphism of algebraic varieties such that Z is normal at
infinity with respect to X wvia 1, then there exists a unique morphism 6 : Z — Y such
that the following diagram commutes.

A
N
y—2 Sy

2. If Z is another variety containing X as an open subset and ¢ : Z — Y is a finite
morphism such that |x is the identity map, then there exists a unique morphism 6 :
Y — Z such that the following diagram commutes.

N
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Remark 5.11. The proof that follows is completely analogous to the standard proofs of the
existence and universal properties of normalization (e.g. the proof in [20]). We nonetheless
spell it out for the sake of completion.

Proof At first we prove the proposition for the case that Y is an affine variety. So let

= Spec B. Define B to be the integral closure of B in A := T'(X,0x) € K(Y). Since B is
a B submodule of the integral closure B of B in its quotient ring, and since B is a finite B-
module (see, e.g. [5, Corollary 13.13]), it follows that B is also a finite B-module and therefore
is a finitely generated K-algebra. Let Y := Spec B. We claim that Y is a normalization of ¥
of Y with respect to X. Indeed, pick f € B such that Yy := Spec By C X. Then Ay C By.
On the other hand, By C (B) ¢ € Ay. The two preceding observations together imply that
Bf = By = Ay. Since X has an open cover by subsets of the form {Spec A : f € A}, it
follows that X is naturally embedded into Y as a Zariski open subset and the finite morphism
¢ : Y — Y induced by the inclusion B C B is identity on X. Moreover, it follows from the
construction of B that Y is normal at infinity with respect to X and therefore Y is a nor-
malization of Y at infinity with respect to X. The uniqueness of Y follows from either of the
two universal properties. So it suffices to show the universal properties of the normalization
(to prove the proposition for the case that Y is affine).

Let v : Z — Y is a dominant morphism of algebraic varieties such that Z is normal at
infinity with respect to X via 1. Since 1 is dominant, ¢* : K(Y) — K(Z) is a well-defined
injective ring homomorphism. Recall that B is integral over B. Consequently, ¢* (B) is inte-
gral over 1*(B) and therefore over I'(Z, ). Since ¢*(B) is also included in (Y~ H(X),0z)
and since I'(Z, Oy) is integrally closed in T'(¢p~1(X), Oz), it follows that ¢*(B) C T'(Z, Oz).
Therefore ¢* induces a morphism Z — Y which is a lift of ¢ and proves the first universal
property.

For the second property, assume that Z is another variety containing X as an open subset
and 1 : Z — Y is a finite morphism such that 1| x is the identity map. Then Z = ¢ ~1(Y) is
affine (by definition of a finite morphism!) and K[Z] is integral over ¢*(B) = B (where the
last equality holds because ¢* is identity on K(X) = K(Y)). Since X is Zariski open in Z,
K[Z] is also a subset of I'(X,Ox). Therefore, by the normality at infinity of ¥, K[Z] C B.
Let 6 : Y — Z be the morphism induced by the preceding inclusion of rings. Then ¢ = 1 o 6.
It shows that the second universal property also holds and completes the proof of the propo-
sition in the case that Y is affine.

Now assume that Y is an arbitrary variety. Let {U;};cz be an affine open cover of Y. By
the affine case, for each i € Z, we may construct the normalization ¢; : U; — U; at infinity of
U; with respect to XNU;. Fix i,j € Z. Both (ﬁi_l(UiﬂUj) and qﬁj_l(UiﬂUj) are normalizations
at infinity of U; N U;. Now take an affine open cover {Vj}res of U; N U;. Then there is an
isomorphism jx : ¢; (Vi) 5 ¢J._1(Vk) C qﬁj_l(Ui NU;) for each k € J. Fix k, k' € J.
Since both 1, and ;s restrict to the identity map on Wiy := XN qﬁ;l(Vk) N ¢;1(Vk/) and
since Wy is dense in ¢, YV n o; Y(Vi), it follows that the restrictions of Yijr and Py
on ¢; 1(Vi) N ¢; H(Vis) are identical. Therefore 1;;1’s glue together to give an isomorphism
i gbi_l(UZ- NnUj) 3 gbj_l(UZ- NUj). Let X be the scheme formed by gluing {(7,-},-61 via 15,
i,j € . Then Y is an reduced irreducible scheme of finite type over K and {¢; : i € T}
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glue together to give a finite morphism ¢ : ¥ — Y. Since finite morphisms are separated
[10, Exercise I1.5.17], it follows that Y is also a separated scheme, and therefore, a variety.
Consequently, Y is a normalization of Y at infinity with respect to X. The universal properties
(and hence the uniqueness) of the normalization map follows similarly from those for the affine
case. O

As in proposition 5.10, let X be a Zariski open subset of a variety Y. The proof of
proposition 5.10 shows that if Y is affine, then the normalization Y of Y at infinity with
respect to X is also affine. If Y is projective, then similarly one can show that Y is also
projective. We next show that if X is affine and Y is isomorphic to the completion of X
determined by a degree-like function ¢ on K[X], then Y is also isomorphic to the completion
of X determined by a degree-like function 4. The next theorem gives the construction of one
such & which is also a subdegree.

Theorem 5.12 (Main Existence Theorem). Let X be an affine variety and 6 be a finitely
generated degree-like function on A := K[X]. Let I be the ideal generated by (1)y in A°. Then

1. there is a positive integer e and a subdegree 6 on A such that for all h € A,

6(h) :=e lim @

m—oo  m

2. There is a natural inclusion A% C Ad of graded rings such that A3 s integral over 465.
In particular, 0 is finitely generated. If § is non-negative (resp. complete), then o is
also non-negative (resp. complete).

3. The variety X° is the normalization at infinity of X° with respect to X.

Proof. Fix h € A and m € N. Then 6(h™) < md(h). Moreover, since ideal I is generated
by (1)1, it follows that k := md(h) — d(h™) is the largest integer such that (h™),,5n) €
I*. The definition of v; implies that vi(((h)sm)™) = k = md(h) — §(h™). Therefore
S(h™)/m = §(h) — vi(((h)5n))™)/m. It follows according to assertion 1 of Rees’ theorem
that §(h) := limp 00 6(A™)/m = d(h) — v1((h)s5(n)) is well defined and there exists a positive
integer e (independent of h) such that 6(h) € %Z. Taking & := ed proves the displayed formula
of assertion 1. Moreover, note that 5(h™) = md(h) for all h and m. Therefore, if we show
that A% is finitely generated, then it follows via corollary 4.2 that 0 is a subdegree. Hence it
suffices to prove assertion 2 to complete the proof of assertion 1.

We now prove assertion 2. Let F := {Fy}4ez be the ﬁlt_ration on A Corrgsponding to 4.
As usualj we identify A° with @, , Fit'. For m € Z, let Fm :={h e A:0(h) <7} and
define A° := Dnez Fut. Since § < §, it follows that Fj, C Fj, for each k € Z. Therefore
A% C A%, We will make use of the following

Claim 5.12.1. A9 s integral over A%,

Proof. Tt suffices to show that for each h € A, htg(h)_ is integral over A% Pick h € A.
Then ht*() is integral over A° if and only if H := (ht®™)¢ is integral over A%. Note that
ed(h) = 8(h¢) by construction of 8, and therefore H = h¢t9"). Let H := het’") ¢ A% and
k := ;(H), where I is the ideal generated by (1); in A°. Since v;(H™) = mé(H) — 6(H™)
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and 06(H) = §(h¢), it follows that k = §(h¢) — 6(h¢) = 6(h®) — ed(h). Then k is an integer.
Hence according to assertion 2 of Rees’ theorem, H is in the integral closure of I*¥ in A9, i.e.
H satisfies an equation of the form H!' + G1H'™' + .- + G; = 0, where G; € I'* for each i.
Comparing the coefficients at ¢/9("°) in the above equation, we may assume w.l.o.g. that each
G; is of the form ¢;t®"") for some g; € A. Since G; € I'*, it follows that i0(h®) > 8(g;) + ik,
implying that g; #10()=k) is an element of A%. Moreover, in the ring A°, (via embedding
A% s A%) element H = hetd(h°) = hetd(h)+k — pegd(h) ¢k — ¢k - Substituting these values of
H and G; into the equatlon of integral dependence for H and then canceling a factor of /¥
we conclude that (H)! + Z L git OPI)=R) (=% = 0. But then H is integral over A%, which
completes the proof of the clalm O

Let F := {Fd}dez be the filtration corresponding to § = ed. Okzserve that F; = {f:
ed(h) < d} = Fa, and it follows that the homomorphism y : 4° = @,y Fate —»

DBacz Fyst = A° that sends  — s¢ and is the identity map on the coefficients (i.e. on F’g for

d € Z) is an isomorphism of K-algebras. Therefore, it follows due to 5.12.1 that Ad = X(A%)
is integral over y(A°). On the other hand, since 6 < ed, there is a natural inclusion A% C Ad
of graded rings and x(A°) C A®. Therefore AS s integral over A, Since A? (and therefore
also A%) is a finitely generated K-algebra, it follows that Adisa finitely generated K-algebra.

If § is non-negative (resp. complete), then by construction § is also non-negative (resp.
complete). This completes the proof of assertion 2 and therefore also assertion 1 of the
theorem. Moreover, proposition 5.7 implies that X % is normal at infinity with respect to X.
Since the natural morphism X 9 — X9 induced by the integral inclusion A% C A9 is finite, it
follows that X is the normalization of X° at infinity with respect to X. This completes the
proof of the theorem. O

Remark - definition 5.13. Let X, A,§ and é be as in theorem 5.12. If in addition X is
normal, then according to proposition 5.4 X % is also normal. The universal property of the
normalization then implies that X? is in fact the normalization of X°. Motivated by this, we
will refer to 6 as a normalization of é.

Example 5.14. Let A be a finite subset of Z" such that Z™ = ZA and the convex hull P
of A in R™ contains the origin in its interior. There is a (possibly non-normal) toric variety
X 4 corresponding to A (see e.g. [8, Section 5.1]) - X 4 is the closure of the image of the
map ¢4 : (K*)* — PHI=1(K) whose components are the monomials z® with o € A. Let
1 be the degree-like function on A corresponding to the completion (K*)" < X 4 and dp
be a subdegree associated to P (as in example 3.4). We claim that dp is a normalization
of n. Once verified, remark-definition 5.13 would imply that Xp is the normalization of X 4
(cf. [8, Proposition 2.8(a)]). Indeed, by definition §(}° anz®) = emax,, -0 ed’(x*), where
O (x) :=inf{r € Q4 : @ € rP} and e is a suitable positive integer chosen to ensure that ¢ is
integer valued. Moreover, the definition of 1 implies that

k
n(z®) =min{k : 3 oy, ..., € A such that o = Zai}, and
i=1

() aaa®) = maxn(z®).

aa7#0
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Note that if n(z®*) < k then o € kP. Hence ép < en. Since dp is a subdegree, it follows
that dp < en, where as in theorem 5.12, f(h) := limy,—o0 n(A™)/m for all h € A. Let a € Z"
and d := op(z®). Then a € gP and hence there is an expression of the form: a = gE T30
such that o; € A for each ¢ and r;’s are positive rational numbers such that ). r; < 1. Let
k € N be such that kdr; is an integer for all i. Then kea = ), kdr;cy, and the definition
of 1 implies that n(z***) < Y, kdr; = kd. Therefore f(z®) < % = g = 16p(2), so that

op(x®) > en(z®). It follows that dp = ef and dp is the normalization of 7, as claimed.

Let 0 be a finitely generated subdegree on A and § = max{d1,...,dny} be the minimal
presentation of . For each j, 1 < j < N, ¢; can be uniquely extended to K(X) (since —d; is
a valuation on K(X)). It follows that the maximum of §;’s, 1 < j < N, is a subdegree which
extends 0 to all of K(X). By an abuse of notation we refer to this extension also by 4. We

finish this subsection with a description of the normalization of X in terms of (the extension
of) 0.

Proposition 5.15. Let ¢ be a finitely generated subdegree on A. If X is the normalization
of X, then X9 is the normalization of X°.

Proof. Identify A° with >, , Fit' C A[t,t7!] as in (1). Let R be the integral closure of A°.
Then R is also a graded ring and the grading of R is compatible with the grading of AP [22,
Theorem VIL.11]. Moreover, A := Ry is the integral closure of A((st) = A and therefore we
may identify X with Spec A. On the other hand, since R is a domain and ¢t has degree L, it
follows from remark 2.3 and the constructions from the proof of proposition 2.2 that R = A"
for a degree-like function 7 on A with n(f) := min{k : f = F/tk for some F € Ry} for each
feA

Claim 5.15.1. The restriction of n to A agrees with 6.

Proof. Since A" D A% it follows that for each f € A, n(f) < §(f). Assume there exists f € A
such that n(f) < 6(f). Then ft°~! € R, where e := 5(f). fte=1 satisfies an equation of the
form (fte=1)! + Zé:l hitle=Di(fre=1)l=t = 0 for hyte, ... ht(e=Dl € A%, Multiplying the
equation by t!, we see that (ft¢)! = —Z ht(e—1)i (fte)l i(t)" € A% and hence (ft¢)! € I.
Since I is radical (theorem 4.1), it follows that ft¢ € I, which implies in turn that §(f) < e
This contradiction shows that n(f) > 6(f) and completes the proof of the claim. O

Let 17 be a normalization of n as in theorem 5.12, i.e.
7(f) = e lim n(f*)/k,
k—o0

where e is a suitable positive integer as to ensure 7 is integer valued. Let the filtrations on A
corresponding to 1 and 7 be respectively G := {Gq:d € Z} and G := {Gy : d € Z}. Arguments
as in the proof of theorem 5.12 show that there are integral inclusions A° C A" C A7 induced
by Dacz Fytd C DBz Gqt? C Dacz G s, where the last inclusion is achieved by sending ¢ to

. Since A" 2 R is integrally closed, it follows that X7 := Proj A7 is the normalization of X?.

Recall that the minimal prime ideals containing the ideal I := (t) of A% are p1,...,pN.
Since VIA"T = (s) =: J and the natural mapping Proj A7 — Proj A’ is finite, it follows
that for each minimal ideal q of .J, q N A% is a minimal prime ideal of I. Therefore we may
assume that the minimal prime ideals containing J are q;j for 1 <¢ < Nand 1 < j < N;
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where q; ; N A% = p, for all i,j. Let 7i,; be the semidegree on A associated with q;,j- Then
7) = max7); ; is the minimal presentation of 7).

Claim 5.15.2. 7; ;|4 = ed; for alli,j.

Proof. As in lemma 4.1.1, pick f; € A such that p; = (I : ft°)). Then f;1°() ¢ Nir£iPir \ Pi-
According to lemma 4.1.2, for all f € A,

(1) = Jim 3((fi)* ) - 8((5)"), 8)

Since A° is finitely generated, d;(f) is an integer for all i, 1 < i < N (according to theorem
4.7). Then it follows from (8) that there is ky € N such that &;(f) = 6((£:)* f)—((f;)*) and

hence (f;) fft5((fi)kff) ¢ p;. On the other hand, according to claim 5.15.1 and the definition
of 77, 7|4 = €9, so that

kg p10(D) S F) — (pkr £oe0((F) ) — (ks £ (£ T )
(fi)™ ft (fi)* fs (fi)" fs .

Since q;,; N A% = p;, neither of the above elements belongs to qi,j» and therefore according to
lemma 4.1.1, 7;,;(f;) = 7(f:) and 7;,;((fi)* ) = 7((f:)* f). Hence 7;,;(f) = 711, ((fi)* f) —
i, ((fi)*) = A((f)™ ) = 7((fi)*7) = ed((fi)* £) — ed((fi)**) = edi(f). O

Since every integer-valued semidegree on A is uniquely determined by its restriction to A,
claim 5.15.2 implies that N; = 1 for all i, 1 < i < N, and consequently, 7 = ed. Then X?
is isomorphic to X7 via the e-uple embedding. Since we have already seen that X7 is the
normalization of X?, it completes the proof of the proposition. O

5.2 Divisor at infinity

In the previous subsection we saw that the associated semidegrees of a subdegree are mul-
tiples of the orders of vanishing along the components of the hypersurface at infinity of the
corresponding completion. We also know (from example 3.5) that the semidegrees contain
more information than the orders of vanishing. This extra information is encoded in the
divisor at infinity.

Let § be a non-negative degree-like function on A. For a sufficiently large positive integer
d, the d-uple divisor at infinity D __ on X? is the divisor of (1)g. More precisely, let Uy U

d, 00
Uy U---UU,, be an open cover of X such that Uy := X and U; := X7\ V((gj)i,;) for some
g; € Aand [; > 0 for all j, 1 < j <m. Let d be a common multiple of l1,...,l,,. Define

hy :=1, and

1 1
h; = OF = - for 1 < j <m.
J

(g, )Y (g

Then the local equation of Dflm on Uj is hj, 0 < j < m. Since V((1)1) = Xo, it follows that
0

d,00

the support of D is X, which justifies index oo as a subscript of Dg o

Lemma 5.16. Let § be a non-negative finitely generated degree-like function on A and d be
a sufficiently large positive integer.
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1. The sheaf (’)Xa(ng) of Dg’oo is ample and its global sections are precisely {f € A :
o(f) < d}.

2. Assume in addition that ¢ is a subdegree and &1,...,0n are the non-zero semidegrees
associated to 6. Then the Weil divisor associated to Dg’oo s

N
Ddoo :Z

J=1

&\&

where for every j, integer d; is the positive generator of the subgroup of Z generated by
{0;(f): f € A} and Xgo,j is the irreducible component of X associated to 0;.

Proof. Since Oy (Dfl ) is precisely the twisting sheaf Oxs(d), assertion 1 follows from stan-
dard results in algebraic geometry (see, e.g. [10, Exercise I11.5.14]). So we have to prove only
assertion 2. Fix an integer j, 1 < j < N. Local ring OX5 X0 is a discrete valuation ring

and its associated valuation is v;(-) = J() (proposition 5 1). Pick k, 1 < k < N, such

that X2 ; NUy # 0. Recall that U, := X0 \ V((gk) ) and a local equation for Dflpo on Uy is

1/(gk)d/lk Let p; be the ideal of A° corresponding to X‘s . Since X?_ . ;NU, # (0, it follows
that (gx);, & p; and therefore d;(gx) = I according to assertlon 1 of lemma 4.1.1. Hence the

coefficient of [X?, ;] in the expression for [D;S | is y](l/gd/l’“) = —%Vj(gk) = % . (lT];- =4

% 7 ']
Therefore [Dflm] =¥ =14, dx9 ]» which proves assertion 2 and therefore completes the
proof of the lemma. I

Example 5.17. We continue with giving illustrations from toric geometry in the notation
of example 3.4. Recall (from example 5.3) that for each facet Q of P, the positive greatest
common divisor of {dg(f) : f € A} is dg = % Therefore, [Dg?’oo] = %ZQ CQ[X;SQQ],

where Xg]; o is the component of the hypersurface at infinity of X %7 corresponding to dg. In

particular, Dgzo = 4Dp. where Dp is the divisor corresponding to P [6, Section 3.4].

The next result gives a formula for the infinite part of the pull-back of the divisor at
infinity under a dominant morphism between completions of affine varieties corresponding to
subdegrees.

Proposition 5.18. Let 6 be a finitely generated non-negative subdegree and d1,...,0n be
the non-zero semidegrees associated to §. If Y is an affine variety, n is a finitely generated
non-negative subdegree on B := K[Y] and ¢ : X% Y is a dominant morphism, then

N ¢
I5(n,05)
oy _ 095) 1y6
Dy o) —dz T[Xoo,j]+Wa (9)

7=1
where W is a Weil divisor on X° such that Supp(W) = Supp(W)N X, and for each j,
I<j<N,
0;(o*
lfo(n,éj) = max{w : feB, n(f) > O}, and

4y = ged{55(f) : f € A},
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Remark. Identity (9) in particular implies that 12.(n, 8, ;) exists.

Proof. Let the non-zero semidegrees associated ton be ny,...,ny. Foreach j, 1 < j < M, let
e; = ged{n;(f): f € B}, Y. ; be the component of the hypersurface at infinity corresponding
to nj, and p; is the order of Vamshlng along Y" . Pick f € B such that n(f) > 0. Since f is
regular on Y, it follows that

divyn (f E wi(f Y77 > 0 (where divy«(f) is the principal divisor of f on Y™)
M
. 1 d . g : .
= divyn (f) + E n;(f)—[¥Y ;] = 0 (according to proposition 5.1)

M
= divyn(f) + 725[}/02,3] > 0 (since n(f) > n;(f) for all j, 1 < j < M)

= divyn(f) + > 0 (according to lemma 5.16).

Pulling back the divisors that appear in the preceding inequality to X (which is possible, since
¢ is dominant and both are Cartier divisors), we see that divys(¢*(f)) + @gb*(DZOO) > 0.
Fix an integer j, 1 < j < N. Let v; be the order of vanishing along Xgod and c; be the
coefficient of [X go’j} in the expression of ¢*(Dy ). It follows that v;(¢*(f)) + @Cj >0,

or equivalently, ¢; > —%V]‘(gﬁ*( f) = %. Moreover, c¢; > 0, since DZ,oo is effective.

Consequently, ¢; > lfo(n, ;).

To complete the proof of the proposition, it suffices to show that there exists f € B such
that n(f) > 0 and ¢; = %. We divide the proof in two cases:

Case 1: qb(X‘oso,j) C Y. In this case ¢; = 0, since Supp(Dy ,,) = Y. On the other
hand, for all f € B, ¢*(f) is regular on XOO], so that vj(¢*(f)) > 0, and therefore,
3;(¢*(f)) < 0. Now, pick any f € B such that n(f) > 0. Since §;(¢*(f)) < 0 and () =0
for all a € K, it follows that there exists o € K such that J;(¢*(f) + «) = 0. Consequently,

520(77,53‘) _ 6;(¢*(f+a))

nFra) = 0 = ¢;, as required.

Case 2: qb(X‘oso,j) Z Y. Pick z € X2 ; such that ¢(x) € Y3l Since Dy . is ample, it
follows due to assertion 1 of lemma 5.16 that there exists k£ such that Oy« (DZd, ) is globally
generated by {f € B : n(f) < kd}. In particular, there exists f € B such that n(f) < kd
and the local equation of fh is invertible near ¢(x), where h is a local equation for D} oo
Moreover, since ¢(x) € Ysh, we may in addition assume that 7(f) = kd. In particular,
n(f) > 0. Now, ¢*(fh) is invertible near z, which implies that v;(¢*(fh)) = 0. Note that
vi(¢*(fh)) = vi(o*(f)) + vi(¢*(h)) = 7%’;0)) + kcj. Taken together, the preceding two

sentences imply that ¢; = 5j(f;§f)) = d(sé(,qézj(c{)), as required. O
J
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Corollary 5.19. Let n, 6 and 6;, X% 1< j <N, be as in proposition 5.18. Assume in

OO,j’
addition that codimension of X \ ¢~ *(Y) in X is bigger than or equal to 2. Then ¢* (Do) =
N 1&(n,9;
Ay, 737 D(x3, ). O

Remark - definition 5.20. Given a Krull local ring o0, a valuation w and a height one prime
ideal p of o, the linking number of w and the valuation v, corresponding to on p is

inf w(f)
fep, 120 v (f)

The linking number was introduced in [19] in connection with defining the pull-back of Weil
divisors under a birational regular mapping (more precisely, if ¢ : Z — Y is a birational
map and w (resp. ) is the order of vanishing along a codimension one subvariety W of Z
(resp. V of V), then l(w, 14) is a ‘candidate’ for the coefficient of [W] in ¢*([V])). In [11] the
linking numbers of general pseudo-valuations w and v on a ring A was considered, provided
v is non-negative on A. In the notation of proposition 5.18, if ¢ is also birational, then

1
lfo(na5j) = m7

and moreover, —n is non-positive on A. We call lg’o(n,éj) the linking number at infinity
(relative to ¢) of n and J;. In the case that ¢ is birational (so that ¢* is identity on the

function field), we simply write lo (7, d;) for 12 (n, ;).

lw,vp) ==

6 The Case of Dimension 2

6.1 Orders of vanishing along components of the hypersurface at infinity
determine the completion

The main results of section 6 are a generalization of Gordan’s lemma to arbitrary (finitely
generated) positive semidegrees in dimension 2 (theorem 6.9) and invertibility (also in dimen-
sion 2) of the matrix of linking numbers of complete subdegrees (proposition 6.12). These
are proved in later subsections. In this subsection we study a property of two dimensional
varieties which is fundamental to our proofs of those results. As an immediate application we
show that, as opposed to higher dimensions, in the case of surfaces the orders of vanishing
along components of the hypersurface at infinity determines the completion corresponding
to a subdegree (cf. example 3.5). Our first lemma states the most basic form of the said

property.

Lemma 6.1. Let X be an affine surface and XV, ..., X*¥) be complete irreducible varieties
containing X . Let X be the closure in XV x - x X®) of the image of the diagonal embedding
of X. Then for every irreducible component C of Z := X \ X, there exists j, 1 < j < k, such
that |z is a finite-to-one map of C' onto an irreducible component of Z; := X where ;
is the natural projection map XM x .. x X®) — X0,

Proof. Let C be an irreducible component of Z. Since X is affine, it follows that each of
Z,7Z1,...,Z has pure dimension one (see e.g. [9, Proposition 1]); in particular dimC' = 1.
Then there exists j, 1 < j < k, such that dim(r;(C)) is also 1. Since X1 x ... x X*) is
complete, it follows that 7;(C') is a closed irreducible subvariety of Z;. The assertions of the
lemma is now a consequence of the fact that dim C' = dim7;(C') = dim Z;. O
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We will also frequently use the following property of codimension one subvarieties whose
local rings are regular.

Lemma 6.2. Let W be a codimension one irreducible subvariety of an irreducible variety Z
such that Oy, z is a regular local ring. Then for each surjective birational morphism ¢ 1Y — Z
1s of irreducible algebraic varieties, there exists a unique irreducible subvarity V of Y such
that (V) = W. Moreover, Ovyy = ¢*(Ozw), so that Oyy is also reqular. In the case that
¢ is the normalization map, ¢|y 1 V — W is also birational.

Proof. Let ¢ : Y — Z be a surjective birational morphism of irreducible algebraic varieties.
Then there is a codimension one subvariety V' of Y such that ¢(V) = W. It follows that
¢*(Ow,z) € Oyy. Since ¢* : K(Z) — K(Y) is an isomorphism, lemma 5.1.1 implies that
Ovy = ¢*(Ow,z). Since V is uniquely determined by Oy y, it follows that V' is unique. This
proves the first two assertions of the lemma.

Let Sing(Z) be the set of singular points of Z. The regularity of Oy z implies that
W ¢ Sing(Z). Then the last assertion follows from the observation that, if ¢ : ¥ — Z is
the normalization map, then ¢ restricts to an isomorphism between Y \ ¢~!(Sing(Z)) and
7\ Sing(2). 0

Corollary 6.3. Let § and &' be finitely generated subdegrees on A and ¢ : X% — X° be a
surjective morphism which is identity on X. Then for every associated semidegree p of 0,
there is a positive rational number q such that qu is an associated semidegree of .

Proof. Let u be a semidegree associated to 6, and V' be the component of the hypersurface at
infinity of X corresponding to u. Since Oy, xs is aregular local ring (according to proposition
5.1), lemma 6.2 implies that there exists a unique component V’ of X g; such that ¥(V') =V
and Oy ys = Oy, ys. Let i’ be the semidegree associated to ¢ which corresponds to V.
Then it follows due to proposition 5.1 that u = qu’ for some rational g > 0. ]

We mainly use lemma 6.1 in the form of the following

Corollary 6.4. Let X be an affine surface, n1,...,nx be complete subdegrees on A := K[X]
and X be the closure in X™ x --- x X" of the image of the diagonal embedding of X. Let
01,...,0m be a minimal collection of semidegrees such that for each j, 1 < j <k, there exist
Tj1s--,Tjm > 0 such that n; = max{rji6i,...,7jmém}. If n is a complete subdegree on A
such that X" is isomorphic to the normalization at infinity of X (with respect to X ), then
the minimal presentation of n is of the form:

N = max{r101,..., m0m} (10)
for some ri,...,rym > 0.

Proof. Recall (from the definition of normalization at infinity) that there is a finite-to-one
map ¢ : X7 — X which is identity on X. Let y be an associated semidegree of  and C
be the corresponding component of the curve at infinity of X"”. Then ¢(C) is an irreducible
component of X \ X and therefore lemma 6.1 implies that there exists j, 1 < j < k, such that
7j(¢(C)) is an irreducible component of Z; := X™ \ X. Moreover, O (4cy) x7 is regular
(according to proposition 5.1) and (7; o ¢)* is the identity map on K(X). Therefore lemma
6.2 implies that Oﬂ.j(¢(c))’X77j = Oc¢ xn. Proposition 5.1 then implies that x is identical to
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a rational multiple of the semidegree associated to n; corresponding to m;(¢(C)). It follows
from the assumption on 41, ..., d,, that y = r;d; for some [, 1 < < m and r; > 0. Therefore,
there exists a presentation (which is a priori not necessarily minimal) of 1 of the form (10).

On the other hand, for each j, 1 < j < k, applying corollary 6.3 to morphism m; o ¢ :
X" — X" we see that a multiple of each of the assoicated semidegrees of 7; appears in the
minimal presentation of 1. Therefore (10) is indeed the minimal presentation of 7. t

As an application of the preceding considerations we prove the following result which was
promised in example 3.5.

Proposition 6.5. The projective completion of an affine surface corresponding to a complete
subdegree is uniquely determined by the orders of vanishing along the components of the curve
at infinity.

Proof. Let X be an affine surface and ¢ and ¢’ be two complete subdegrees on A := K[X] such
that the curves at infinity on X? and X %" have the same number k of irreducible components
C1,...,Cy (respectively C1,...,C}) and for each j, 1 < j <k, and for all f € A, the orders
of vanishing of f along C; and C] are equal. or equivalently, OC]-, x5 = (’)C} o'~ We have to

show that X% =~ X9

Let d; (resp. 5;) be the associated semidegree of ¢ (resp. §') corresponding to C; (resp.
C;.), 1 < j < k. Proposition 5.1 implies that for each j, 1 < j < k, 6;- = s;0; for some
positive rational number s;. Let X be the closure in X% x X% of the image of the diagonal
embedding of X and n be a normalization of the degree-like function corresponding to the
completion X < X. Denote the projection map X — X% by 7 and the normalization-at-
infinity map X7 — X by ¢. Corollary 6.4 implies that the minimal presentation of 7 is of
the form n = max{r;d; : 1 < j < k}, for some r1,...,r; > 0. In particular, the number of
components of the hypersurface at infinity on X7 is k. It follows that 7o ¢ : X7 — X% is a
finite map, and therefore, is the normalization at infinity of X% with respect to X. But X9
is itself normal at infinity with respect to X, so that the uniqueness of the normalization at
infinity implies that X" = X9, Tt follows similarly that X7 = X% . Therefore X? = X% as
required. O

Remark 6.6. In fact proposition 6.5 remains true for more general subdegrees. More pre-
cisely, if 4 and ¢’ are non-negative finitely generated semidegrees on the coordinate ring of
an affine surface X such that the orders of vanishing along the components of the curves at
infinity on X° and X% are identical, then X0 & X

6.2 Maxima of finitely generated complete semidegrees are also finitely
generated

In this subsection we prove that in dimension 2, the subdegrees determined by finitely gen-
erated complete semidegrees are also finitely generated. In the proof we use some standard
notions and facts from the theory of polytopes and toric varieties which we now recall. Let P
be a convex polytope in R"™. For each nonempty face F of P, its inner normal cone N (F;P)
is the set of vectors defining linear functions which are minimized over P on F. If P has full
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dimension, the dimension of N'(F;P) is dim P — dim F. The set of all normal cones of a P is
a polyhedral complex of relatively open cones and it is known as the normal fan Np of P.

Facts. 1. Let Pq,...,Pr be convex polytopes in R™ and let P := Py + --- + Pr. The
normal fan Np of P is the common refinement of normal fans of the summands, i.e. the set
of nonempty intersections of normal cones of the faces of the P;’s (see e.g. [23, subsection 7.2]).

2. Let P and @ be full dimensional lattice polytopes in R™ i.e. the vertices of P and O lie
on a subgroup L of R™ such that £ = Z". Identification of £ with Z" induces an identification
of (K*)™ with the tori in P and Q. If Np is a refinement of Ng, then there is a morphism
¢ : Xp — Xg of toric varieties which is identity on (K*)" (see e.g. [6, subsection 1.4]).

3. Let P1,...,P, and P be as in fact 1. Moreover, assume that these polytopes are
lattice polytopes. As in fact 2, identify the tori of these toric varieties with (K*)™. Then
Xp is isomorphic to the closure of the image of (K*)" via the diagonal embedding (K*)" —
Xp, X -+ x Xp,. (This can be seen by determining which monomials appear in the diagonal
map. Indeed, there exists m (in fact, all m > n—1 will do) such that for all j, 1 < j <k, Xp;
is isomorphic to the closure of the map from (K*)™ to a projective space whose coordinates
are monomials with exponents belonging to mP;. Composing the above maps with the
Segre embedding of Xp, x ---x Xp,, we see that the monomials corresponding to the diagonal
embedding of (K*)™ into Xp, x- - -x Xp, are precisely the monomials with exponents belonging
to mPy + --- + mPr, = mP. Since Xp is by definition the closure of the image of the map
with the same coordinates, fact 3 follows.)

For all full dimensional lattice polytopes P of a fixed R", from now on we fix an isomor-
phism of the lattice with Z™ and identify (as in fact 2) the tori of the toric varieties Xp with
(k)"

Lemma 6.7. Let Aq,..., A be simplices in R™ such that the vertices of each A;, 1 < i <k,
are the origin and integral points on the positive coordinate axes. Let A := Ay + -+ + Ag.
For every k-tuple r := (r1,...,713) of positive integers, define A") := ﬂi.“:l r;A;. Then the
normal fan Na of A is a refinement of the normal fan N ) of A" and there is a morphism
XA — XA which is identity on (K*)".

Proof. We prove the lemma by induction on I(r) := the number of facets of A" which are
different from the coordinate hyperplanes. If I(r) = 1, then A(") = r;A; for some i, 1 < i < k
and the lemma follows from fact 1. So assume that the lemma holds for all 7/ € (Z)* with
I(r") < (r). Let o be an arbitrary full dimensional cone in N .

Claim. For every cone 7 of Na, if TN o # 0, then 7 C 0.

Proof. W.l.o.g. assume A(") = ﬂi‘:l riA; where [ := [(r). For each ¢, 1 <i <r, let H; be the
hyperplane containing the (only) facet of A; which is not on a coordinate hyperplane, and
let n; be the edge of My which is normal to H;. We divide the proof of the claim in the
following two cases:

Case 1: there exists ¢, 1 < ¢ <[, such that ; € 0. W.l.o.g. assume ¢ = 1. Let v

be the vertex of A" which is dual to o. Then v & r1Hy. Pick v} > ri such that "] Ay D ;A
for all j, 2 < j <1, and set r’ := (},79,...,7). Then v is a vertex of A"") as well, and the
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facets of A") containing v coincide with the facets of AU”) containing v. It follows that o is
also a cone of Nyy. But AU = \_,7A; and I(r') = 1 — 1, so that, by induction, N is a
subdivision of N, . The claim is then true for .

Case 2: m; € o for all 4, 1 < ¢ <. Let ¢/ be an arbitrary full dimensional cone in
Naw such that o’ # 0. Then there exists i(0') such that ;) € o’. The argument of Case
1 applied to ¢’ then shows that for every cone 7 of Na, if 7N o’ # (), then 7 C ¢’. But then
o must have the same property as well. ]

The claim implies that Na is a refinement of Ny(y. The lemma then follows from fact 2
above. O

Corollary 6.8. Let ny,...,n be positive weighted degrees on B := Klz1,...,z,] and n =
max{ni,...,Mk}. Let ngiag be the degree-like function corresponding to the diagonal embedding
of Y :=K" into Y™ x --- x Y, Then there exists a morphism Y dias — Y which is identity
onY.

Proof. For each j, 1 < j <k, Y is isomorphic to the toric variety Xa; corresponding to a
simplex A; which satisfies the same property as of the hypothesis of lemma 6.7. Then Y7 is
isomorphic to the toric variety corresponding to A; N ---N Ay =: All1) (in the notation of
lemma 6.7). Finally, fact 3 implies that Y"diss & X x, where A := Aj + -+ + Ag. The claim
now follows directly from lemma 6.7. O

Now we are ready to state and prove the main result of this section:

Theorem 6.9. Let X be an affine variety and 01, . . ., 0y be finitely generated complete semide-
grees on A := K[X]. Define § :== max{d1,...,0}. If dim X = 2, then ¢ is finitely generated
and X° is isomorphic to the normalization at infinity (with respect to X ) of the closure of the
diagonal image of X in X% x .- x X%,

Proof. W.l.o.g. assume that § = max{dy,..., 0} is the minimal presentation of 4, i.e. for all j,
1 < j <k, there exist f; € A such that 6;(f;) > d;(f;) for all i # j, 1 <14 < k. Pick additional
elements fii1,...,fi € A if necessary so that for every j, 1 < j < k, A% is generated as a
K-algebra by {(1)1} U{(f;)s;(s,) : 1 <7 <1}

Let Y := K! with coordinates y,...,y,. Embed X into Y via the map ¢ : z — (fi(z),

.., fi(z)). For each j, 1 < j <k, let n; be the weighted degree on B := K[y1,...,y] which

assigns weights d;(f;) to y; for 1 < i < 1. Define n := max{n; : 1 < j < k} and ¢’ to be the
degree-like function on A induced by 7, i.e.

§(f) :=min{n(F): F € B, F|x = f}
for all f € A.

An application of corollary 6.8 to Y and 7;’s imply that for each j, 1 < j <k, there is a
commuting system of morphisms of algebraic varieties as follows:

YN % oo x YV <— DY Ndiag (11)
\Lﬂ-j/ l’p

Y7 yn
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where 7; is the projection onto the j-th coordinate and p is the morphism provided by
corollary 6.8. The construction of n;’s implies that for each j, 1 < j <k, X % is isomorphic

to the closure in Y of the image of X under the embedding X g Y < Y. Let dqiag be
the degree-like function corresponding to the diagonal embedding of X into X x --- x X%,
It then follows that X%iss is isomorphic to the closure in Y"isz of the image of X under the

embedding X £> Y — Y'diag Similarly, X %" is isomorphic to the closure in Y7 of the image

of X under the embedding X £> Y — Y. Let 5diag and &' be normalizations of respectively
ddiag and o', i.e.

Sdiag(f) = €Ediag n%gnoo (%.iain(fm)
5’(f) =¢ lim v

m—oo m

for all f € A and suitable integers eqiag and €’ to ensure Sdiag and ¢/ are integer valued. Then
the morphisms in diagram (11) induces the following (commuting) systems of morphisms for
each j, 1 <j<k:

X0 x oo x X% <— X 0diag Lame X diag (12)
\Lﬂj/ J/p lﬁ
05 S5 ¢’ S5
X% X0 =X

where ¢giag and ¢’ are the natural finite maps associated with normalization of degree-like

functions and p is the (unique) lift of p to X g (which exists because of the universal prop-
erty of the normalizing Subdeggee). According to corollary 6.4, there exist positive rational

numbers r1,...,7r; such that d4jag has minimal presentation dqiag = max{r101,...,7,0k}.
Applying corollary 6.3 to p : X%z — X9 then yields that § = max{s161, ..., Sk0k}
for some s1,...,s; € Qi. W.lo.g. assume that the minimal presentation of ¢ is ¢ =
max{s101, ..., Sg 0 } for some k' < k.

Claim 6.9.1. ¥’ =k and sy =s9=--- =5, = €.

Proof. 1t follows from the definition of §" that for all f € A and j, 1 < j <k, ¢'(f) > 6;(f),
which implies that

~ ! m . m .
§(f) =€ lim 75 () > ¢ lim L(f ) =¢' lim mij(f) = e’(Sj(f). (13)
m—oo  m m—00 m m—o0o m
It follows that
sj>¢€ forall j, 1 <j<k. (14)

Moreover, (13) implies that §(f;) > ¢/8;(f;). On the other hand, for all j and m such that
1<j<kandm>0,

O'(f7") < i) = mm(y;) = md;(f;),
so that &'(f;) < €'6;(f;). Therefore

8'(f;) = €'6;(f;) for all j, 1 < j <k. (15)
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Identities (15) and (14) together imply that
sj=¢ forall j, 1 <j<k. (16)
This in turn implies that ¥ = k. Indeed, if &’ < k, then

8 (frr1) = €Srr 41 (frrr1) (due to (15))
> eléj(fk/H) for all j, 1 < j <k’ (due to the construction of fi’s)

= 8 (fwr41) (due to (16)).
This contradiction shows that &' = k and completes the proof of the claim. O

Claim 6.9.1 implies that &' = €’d. Since & is finitely generated (theorem 5.12) and § is
integral over &', it follows that & is also finitely generated, which proves the first assertion of
the theorem. Moreover, the orders of vanishing along the components of the curves at infinity
on X%ias and X? are the same (both being {3—; 11 <j <k}, where dj :=ged{d;(f) : f € A},

1 < j < k). Therefore proposition 6.5 implies that X daing & X0 = X 9 and this completes
the proof of the theorem. O

Remark 6.10. A necessary condition for the existence of complete semidegrees on A is that
the only invertible regular functions on X are the constants. Indeed, if there is f € A\ K
such that f~!is also in A, then for every semidegree n on A, either n(f) or n(f~!) = —n(f) is
negative, or both of them are zero; in particular, 1 is not complete. It follows e.g. that there
is no complete semidegree on the coordinate ring of (K*)"™, even though there are lots on the
coordinate ring of K".

6.3 The matrix of linking numbers at infinity is invertible

Let Z := {d1,...,0x} be a finite collection of complete semidegrees on A and Lz be the
k x k matriz of linking numbers at infinity of §;’s: i.e. the entries of Lz are l;; := l(d;, 6;),
1 <14,7 <k, where, as in subsection 5.2,

d;(f)
6:(f)

A necessary condition for the invertibility of Lz is that J; and d; are not proportional for all
i # 4,1 <145 <k. Also recall that, as we remarked in subsection 1.2, if £k = 2 then the
preceding necessary condition is also sufficient for the invertibility of Lz. Our final result will
be to show that if dim A = 2, then the same is true for arbitrary k. We start with a rather
technical lemma.

loo(65,05) == max{ cfe A, o(f) > 0}.

Lemma 6.11. Let X be an affine surface, d1,...,0 be mutually non-proportional complete
semidegrees on A := K[X] and X be the closure of the diagonal embedding of X into X' x
X X% Then for all s1,...,s; €N, there exists a subdegree § on A such that

1. X9 is isomorphic to the normalization at infinity of X, and

2. for all d > 0, the d-uple divisor at infinity on X0 is:

k

Dy oo =ma )67 (D3 oc):
i=1
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where mgqg € Q4 and for each i, 1 < i < k, ¢; is the composition of the projection
7 X0 x oo x X% — X% with the normalization-at-infinity map ¢ : X0 — X.

Proof. Fix positive integers si,...,s;. Pick ¢ > 0 such that for all i, 1 <1 < k, the ¢gs;-uple
embedding maps X?% isomorphically onto a subvariety V; of P, [; € N. For all i, 1 < i < k,
let the homogeneous coordinates of Pl be [zio : -+ ¢ zi,]; without loss of generality we may
assume that the restriction of the divisor of z; to X% is the divisor of (1)gs,, which is precisely
Dgs oo Let | := Hle(li +1) — 1. The Segre embedding s : Pt x ... x P < P! induces an

isomorphism 1) of X with a subvariety V of P!. Let ddiag be the degree-like function on A
induced by .

The Segre mapping s maps z := ([z10 ¢ -~ : 211,),--+, [2k0 -+ ¢ 2k, ]) to the point s(z)
whose homogeneous coordinates are monomials of degree £ of the form z1;, 225, - zk]k where

0<yg; <liforeach i, 1 <¢ < k. Let d > 0. Then the d-uple divisor at infinity D, d‘ag
Xdaiag is precisely the divisor of (210220 - - - zxo)%. It follows that

D5d1ag =d Z div 6d1ag ZZO =d Z 7T dIVX5 zzO =d Z 7T QS'“OO (17)
=1

Let Sdiag be a normalization of dgijae. Recall from the construction of the normalization
map (from the proof of theorem 5.12) that the map ¢ : X 0 _ Xod%ise ig induced by an

inclusion A®dis C A’dias for some e > 1. It follows that o*(D 6d“’g) = ¢*(D€6diag) =

ed,oc0
¢*(diV yresging ((1)ea) = div e ding (LDea) = Dg;‘;‘i Combining the preceding equalities with
(17), we see that ngiag = d EZ (i 0 )" (D, qS“OO) = % Zle qﬁf(Dgzm). Therefore, taking
d = Sdiag and my := % completes the proof of the lemma. O

Proposition 6.12. Let X be an affine variety and T := {61, ...,0r} be a finite collection of
mutually non-proportional complete semidegrees on the coordinate ring A of X. If dim X = 2,
then the matriz Lz of linking numbers at infinity of 0;’s is invertible.

Proof. At first note that replacing any of the §;’s by s;9; for some s; € Q4+ does not affect the
invertibililty of Lz. Therefore, without loss of generality we may assume that d; := ged{d;(f) :
fe A}y =1foralli, 1 <i<k. Assume contrary to the claim that Lz is not invertible. Then,
renumbering ¢;’s and replacing Z by one of its subsets if necessary, we may assume that there
, ag, such that p +¢ = k and S ail; = ZJ 1ajlpﬂ,
where [; is the j-th row vector of Lz, 1 < j < k. Let X (resp. X’) be the closure of the image
of the diagonal embedding of X into X% x --- x X% (resp. X%+ x ... x X%+4). According
to lemma 6.11, there is a subdegree § on A such that X? is isomorphic to the normalization

at infinity of X and for all d > 0,

are positive integers aq, ..., ap, a’l, o

p

D oo =ma ) _ &} (Dg o)

i=1

where mg € Q4 and for each i, 1 < i < p, ¢; is the composition of the projection m; :
X0 x ... x X% — X% with the natural map X% — X. Similarly, there is a subdegree §’ on
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A such that X% is isomorphic to the normalization at infinity of X’ and for all d > 0,

! ! p+J
Dioe =my ) ¢ (D

Jj=1

where mj; € Q1 and for all j, 1 < j < ¢, ¢} is the composition of the projection 7’ :
X%%+1 x ... x X%+a — X%+ with the natural map X% — X'

Let dgiag be a degree-like function on A corresponding to the diagonal embedding of X
into X% x .-+ x X% . Let Sdiag be a normalization of dgjag. According to corollary 6.4,
the minimal presentation of dgiag is ddiag = max{r101,...,r0;} for some r1,...,r, € N. The
natural projection of X %iaz in the first p-coordinates induces a morphism ) : X %diaz — X. Due
to the universal property of normalization at infinity, v lifts to a morphism @Z) s XO0diaz — X0
Then for all d > 0,

p
w*(Dg,oo) = Z((Z)Z W (Dgl,oo)
=1
Pk diop N
. & (51‘7 74m(5m) ddiag .
=my Z Z QZT[XOOM] (according to corollary 5.19)
i=1 m=1
Pk 5
=my Z ailim[Xoom),
i=1 m=1

where for each j, 1 < j <k, X gi;g is the component of the hypersurface at infinity of X Saing

corresponding to r;0;. Similarly, there is a morphism 1/;’ : Xdais — X% which is identity on
X and

q k -
Tr* / 0, iay
Y (Dg,oo) = mélz Z a;‘lp+j7m[Xog,n"gL]‘

j=1m=1

Fix d > 1 and ¢, ¢ > 1 such that mgc = m/,¢’. The choice of a; and a ’s then implies that

w ( cdoo) qr/Jl ( /doo) (*)
Now, according to corollary 6.4, there are s1,...,sp, s}, .., s; € N such that the minimal
presentations of 6 and ¢’ are respectively § = max{sid1,...,sp0p} and ¢’ = max{s|dpi1, ...,

8y0p+q}- Therefore, corollary 5.19 implies that

7 (5 71 5 ia,
w cdoo = Cdz s d,jg]
- chz (5,5;) ‘5d‘ag]

—chma {

JeA 5(f) > 0} oo

40



Similarly,

i N .
V" (D2geo) = Zmax{ feA d(f)> }[Xii:;mz,[x;ssj;iﬂ

Identity (%) then implies that

S
C:max{sj i) feA, 5’(f)>0} for all j, 1 <j <p, and

/ 7(f) "
c _ 5;‘5p+j(f) ) . .
C—max{é(f).feA, 5(f)>0} forall j, 1 <j<gq.

The first of the two identities of (**) implies that g,(( )) < G for all f € A such that 6(f) >

Pick f; € A such that s11(1) _ 5. Since 8193 (/1) < S forall j, 1 <j < p, it follows that

o'(f1) & (f1)

0(f1) = s161(f1) and therefore 6,((?1)) = 5. Consequently,

g = max{:;((‘?) cfeA §(f)> O} , and similarly

a 5'(f) }

— = max feA 6(f)>0,.

= {55 v
Since each of § and ¢’ is non-negative and takes zero value only on K, it follows that 6,(( f)) =3
for all f € A, or equlvalently, § = 50, It follows that 6 = max{sidi,...,s,0,} and § =
max{ < 0pi1, ... ] 20p+q} are two different minimal presentations of §. But this contradicts

the uniqueness of the minimal presentation of a subdegree. Therefore L7 is invertible, as
required. O

Corollary 6.13. Let X be an affine surface with trivial Picard group and 0 be a subdegree
on A := K[X] with minimal presentation § = max{d,...,0}, where each 6; is a complete
semidegree, 1 < j < k. Then Pic X = ZF.

Proof. Let D be the collection of Cartier divisors D on X% such that SuppD C X.. We
claim that if D is a non-zero element of D, then D # 0 € Pic X°. Indeed, if D = div(f) for
some f € A, then f is invertible on X and therefore f € K (see remark 6.10). Then D is
necessarily the zero Cartier divisor, contradicting the assumption on D. It follows that there
is an exact sequence of the form

0= D= PicX? = =0,

where £ is the subgroup of Pic X comprising of the (linear equivalence classes) of the Cartier
divisors on X which are restrictions of Cartier divisors on X° and Pic X — & is the restric-
tion map. Since Pic X = 0, it follows that £ = 0 and therefore Pic X = D. In particular,
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Rank Pic X% = RankD < k.

Now recall (from theorem 6.9) that X?° is the normalization at infinity of the closure of
the diagonal image of X in X% x --- x X% and therefore, for each 7, 1 < i < k, there is a
natural morphism ¢; : X® — X% which is identity on X. Pick a suitable 7 > 1 such that
ijoo is a Cartier divisor (as opposed to a Q-Cartier divisor) on X% for each i, 1 < i < k.
Then for each i, 1 < i <k, ¢;‘(ij00) = 7’2?:1 %[Xgod] € D, where [;; are as in proposition
6.12 and d; := ged{5;(f) : f € A}. Proposition 6.12 then implies that {¢7(D2i,) : 1 < i < k}
is a Q-linearly independent subset of D, i.e. Rank D > k. It follows that Rank D = k£ and the
corollary follows. O

Example 6.14. Let X = K2, §; be the usual degree on A := K[z1,z2] and § be the
iterated semidegree on A defined in example 3.3. Recall that da(z1) = 3, d2(x2) = 3 and
S2(z3 — x3) = 1. Let § := max{61,d2}. Then theorem 6.9 implies that ¢ is finitely generated
and X? is isomorphic to the normalization at infinity of the closure of the diagonal image of
X in X% x X% Moreover, it follows according to corollary 6.13 that Pic X? = 72

References

[1] http://mathoverflow.net/questions/13337 /intersection-of-finitely-generated-
subalgebras-also-finitely-generated.

[2] M. F. Atiyah and I. G. Macdonald. Introduction to commutative algebra. Addison-Wesley
Publishing Co., Reading, Mass.-London-Don Mills, Ont., 1969.

[3] Thomas Bayer. On the intersection of invariant rings. Beitrdge Algebra Geom., 43(2):551—
555, 2002.

[4] David Cox, John Little, and Hal Schenck. Toric Varieties. In preparation. Preliminary
version (as of October 2009): http://www.cs.amherst.edu/~dac/toric.html.

[5] David Eisenbud. Commutative algebra, volume 150 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1995. With a view toward algebraic geometry.

[6] William Fulton. Introduction to toric varieties, volume 131 of Annals of Mathemat-
ics Studies. Princeton University Press, Princeton, NJ, 1993. The William H. Roever
Lectures in Geometry.

[7] William Fulton. Intersection theory, volume 2 of Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Math-
ematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics/.
Springer-Verlag, Berlin, second edition, 1998.

[8] I. M. Gel'fand, M. M. Kapranov, and A. V. Zelevinsky. Discriminants, resultants,
and multidimensional determinants. Mathematics: Theory & Applications. Birkh&user
Boston Inc., Boston, MA, 1994.

[9] Jacob Eli Goodman. Affine open subsets of algebraic varieties and ample divisors. Ann.

of Math. (2), 89:160-183, 1969.

42



[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

Robin Hartshorne. Algebraic geometry. Springer-Verlag, New York, 1977. Graduate
Texts in Mathematics, No. 52.

James A. Huckaba. Some results on pseudo valuations. Duke Math. J., 37:1-9, 1970.
A. G. Khovanskii. Private communications. April, 2009.

Hideyuki Matsumura. Commutative algebra, volume 56 of Mathematics Lecture Note
Series. Benjamin/Cummings Publishing Co., Inc., Reading, Mass., second edition, 1980.

Stephen McAdam. Asymptotic prime divisors, volume 1023 of Lecture Notes in Mathe-
matics. Springer-Verlag, Berlin, 1983.

Pinaki Mondal. An affine Bezout type theorem and projective completions of affine
varieties. C. R. Math. Acad. Sci. Soc. R. Can., 30(4):1-12, 2008.

Pinaki Mondal. Towards a Bezout-type theory of affine varieties. PhD thesis, University
of Toronto, 2010.

David Mumford. The red book of varieties and schemes, volume 1358 of Lecture Notes
in Mathematics. Springer-Verlag, Berlin, 1988.

Mike Roth and Ravi Vakil. The affine stratification number and the moduli space of
curves. In Algebraic structures and moduli spaces, volume 38 of CRM Proc. Lecture
Notes, pages 213-227. Amer. Math. Soc., Providence, RI, 2004.

Pierre Samuel. Multiplicités de certaines composantes singulieres. [llinois J. Math.,
3:319-327, 1959.

Igor R. Shafarevich. Basic algebraic geometry. 1. Springer-Verlag, Berlin, second edition,
1994. Varieties in projective space, Translated from the 1988 Russian edition and with
notes by Miles Reid.

Lucien Szpiro. Fonctions d’ordre et valuations. Bull. Soc. Math. France, 94:301-311,
1966.

Oscar Zariski and Pierre Samuel. Commutative algebra. Vol. II. Springer-Verlag, New
York, 1975. Reprint of the 1960 edition, Graduate Texts in Mathematics, Vol. 29.

Gilinter M. Ziegler. Lectures on polytopes, volume 152 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1995.

43



