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1. Introduction

Broadly speaking, I work in algebraic geometry and number theory. My research primarily
concerns with mixed motives and their realizations (in particular, the Hodge-de Rham realization
and periods), the role of Tannakian formalism in arithmetic geometry (e.g. Mumford-Tate groups
and motivic Galois groups), algebraic cycles, Hodge theory (in particular, of fundamental groups)
and transcendental algebraic geometry, and applications to rational points on varieties. Most of
the problems I think about are, on some level, motivated by Grothendieck’s period conjecture, the
Hodge-Nori conjecture for mixed motives, and the conjectures of Beilinson and Bloch on algebraic
cycles and cycle class maps.

This document is organized as follows. In the remainder of this introduction, I will discuss my
work in rough terms, classified by theme. I will then discuss two projects in more details in Sections
2 and 3.

1.1. Work on unipotent radicals of motivic Galois groups ([EM2], [EM3], [EM4]). In a joint
project with K. Murty, we studied the unipotent radical of the fundamental group of an object M in a
filtered neutral Tannakian category over a field of characteristic zero. The prototype examples of such
a setting are any Tannakian category of motives over a field embeddable into C (e.g. those of Ayoub
or Nori, or those constructed using realizations), and the category of mixed Hodge structures. In the
former (resp. latter) case, the fundamental groups of objects are called motivic Galois groups (resp.
Mumford-Tate groups). Several deep conjectures in arithmetic geometry concern the motivic Galois
and Mumford-Tate groups, e.g. the Hodge-Nori conjecture and Grothendieck’s period conjecture.

Our interest in the study of unipotent radicals not only comes from the interesting arithmetic
information recorded by them (e.g. see Theorem 1 below), but also from the fact that the unipotent
radical is more accessible than the full group. Indeed, the quotient of the motivic Galois or Mumford-
Tate group of a motive M by its unipotent radical is the corresponding group of the weight-graded
object GrWM . To gain a good understanding of the groups of such objects essentially amounts to
gaining a good understanding of algebraic cycles on smooth projective varieties, which is a notoriously
difficult problem. A strong witness to the accessibility of the unipotent radicals in comparison to
the full groups is Jossen’s work [Jo], in which he shows that the Mumford-Tate conjecture holds
for 1-motives at the level of unipotent radicals. On the other hand, the Mumford-Tate conjecture
remains open for arbitrary abelian varieties.

1.1.1. Fundamental groups of extensions in Tannakian categories and application to Mumford-Tate
groups of open curves. In [EM2], we give a self-contained account of fundamental groups of extensions
in a general neutral Tannakian category over a field of characteristic zero. Given an extension M of
N by L in such a category, we give a characterization of the Lie algebra of the kernel of the natural
map from the fundamental group of M to the fundamental group of L⊕N , generalizing a result of
Hardouin from [Har06] and [Har11]. As an application, we show the following:

Theorem 1. Let X be a smooth complex projective curve of genus g and S ⊂ X a finite set of
points. Let U(H1(X \ S)) be the unipotent radical of the Mumford-Tate group of the mixed Hodge
structure H1(X \ S). The dimension of U(H1(X \ S)) is at most 2g times the rank of the subgroup
of the Jacobian of X supported on S. Moreover, if the endomorphism algebra of the Hodge structure
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H1(X) is Q, then the dimension of U(H1(X \ S)) is equal to 2g times the rank of the subgroup of
the Jacobian of X supported on S.

This result generalizes a well-known result of Deligne, which asserts that the mixed Hodge
structure H1(X \ S) is semisimple if and only if the subgroup of the Jacobian of X supported on S
is torsion. We should point out that Theorem 1 also follows from a general theorem of Jossen ([Jo,
Theorem 6.2]) on 1-motives. See the introduction of [EM2] for a brief discussion of how our approach
compares with Jossen’s.

1.1.2. Extension classes of an object in a filtered Tannakian category and the unipotent radical of
the fundamental group. Let T be a neutral Tannakian category over a field of characteristic zero
with unit object 1, and equipped with an increasing Z-indexed filtration W· similar to the weight
filtration on mixed motives. Let M be an object of T. Let u(M) ⊂ W−1Hom(M,M) (with Hom
being the internal Hom) be the object of T associated to the Lie algebra of the kernel of the natural
surjection from the fundamental group of M to the fundamental group of the GrWM . A recent
result of Deligne [Jo, Appendix] gives a characterization of u(M) in terms of the extensions

(1) 0 −→WpM −→M −→M/WpM −→ 0

collectively: it states that u(M) is the smallest subobject of W−1Hom(M,M) such that the sum of
the aforementioned extensions, considered as extensions of 1 by W−1Hom(M,M), is the pushforward
of an extension of 1 by u(M) (see Theorem 4). In [EM3], we study each of the above-mentioned
extensions in relation to u(M) individually. Among other things, we obtain a refinement of Deligne’s
result, where we give a sufficient condition for when the extension Eq. (1) is the pushforward of an
extension of 1 by u(M) (see Theorem 6(c)). In the second half of the paper, we give an application
to mixed motives whose unipotent radical of the motivic Galois group is as large as possible (i.e.
with u(M) = W−1Hom(M,M)). Using Grothedieck’s formalism of extensions panachées we prove a
classification result for such motives. Applying it to the category of mixed Tate motives we obtain
a classification result for 3-dimensional mixed Tate motives over Q with three weights and large
unipotent radicals. We shall discuss this project in more details in Section 2.

1.1.3. The unipotent radical of the Mumford-Tate group of a general mixed Hodge structure with a
fixed associated graded. In [EM4] we consider the family of all mixed Hodge structures on a given
rational vector space with a fixed weight filtration and a fixed weight associated graded Hodge
structure. More precisely, we fix a finite-dimensional rational vector space M together with a finite
increasing filtration W · and a graded-polarizable Hodge structure on GrWM (with GrWn M pure of
weight n), and consider the space of all decreasing filtrations F · on M ⊗ C such that (M,W·, F

·)
is a mixed Hodge structure with the given associated graded with respect to the weight filtration.
It is not difficult to see that this space, which we denote by S, naturally carries the structure of a
complex algebraic variety, and in fact, is isomorphic to a complex affine space.

For any s ∈ S, denote the mixed Hodge structure on M corresponding to s by Ms. The Lie
algebra u(Ms) of the unipotent radical of each mixed Hodge structure Ms is contained in

W−1End(M) = {f ∈ End(M) : f(WnM) ⊂Wn−1M for every n ∈ Z}.1

As an application of one of the main theorems of [EM3], in [EM4] we prove the following:

Theorem 2. Suppose the objects

Hom(GrWj M,GrWi M) (i < j)

do not have any nonzero isomorphic subobjects for any two distinct pairs (i, j) . Then the set

{s ∈ S : u(Ms) 6= W−1End(M)}

1Comparing with the notation in §1.1.2, u(Ms) is the underlying rational vector space of the mixed Hodge structure
u(Ms).
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is contained in the union of countably many proper Zariski closed subsets of S.

The hypothesis on the objects Hom(GrWj M,GrWi M) here is an “independence axiom”, in the

sense of [EM4]. While our argument for Theorem 2 needs this independence axiom (as it uses a
result from [EM3] which is not necessarily true in the absence of independence axioms), most likely
the assertion of Theorem 2 is true in general, without assuming any independence axioms.

We should emphasize that the semisimple Hodge structure GrWM and hence its Mumford-Tate
group (which for every s ∈ S would be the quotient of the Mumford-Tate group of Ms by its unipotent
radical) is fixed, but this Mumford-Tate group may be much smaller than the product of the general
simplectic groups of the GrWn M (in other words, GrWM may be far from being “general”).

1.2. Work on algebraic cycles and Hodge theory of fundamental groups ([Es3], [Es1],
[EM1]).

1.2.1. Algebraic cycles and extensions of mixed Hodge structures coming from π1 of a curve. In
[Es3], in the spirit of Pulte [Pu], Kaenders [Ka] and Darmon-Rotger-Sols [DRS], and building on
their ideas, I considered a certain extension of mixed Hodge structures that arises from the weight
filtration on Hain’s mixed Hodge structure on (Z[π1(U, e)]/In+1)∨, where U is a complex smooth
projective curve X minus a single point, e ∈ U is a base point, π1 is the classical fundamental group
(for analytic topology), and I is the augmentation ideal (the kernel of the map Z[π1(U, e)] −→ Z
sending γ 7→ 1 for every γ ∈ π1(U, e)). This extension can be naturally thought of as an element of
Ext1((H1)⊗2n−1(n−1),Z(0)), where Ext1 is the group of extensions in the category of mixed Hodge
structures, H1 = H1(X) = H1(U), and M(n) = M ⊗ Z(n). The conjectures of Beilinson and Bloch
predict that motivic extensions in

Ext1((H1)⊗2n−1(n− 1),Z(0)) ⊂ Ext1(H2n−1(X2n−1)(n− 1),Z(0))

should be (after tensoring with Q) in the image of the Abel-Jacobi map for CHhom
n−1 (X2n−1), where

CH is for the Chow group and the superscript hom is for the homologically trivial subgroup. The
main result of [Es3] asserts that this is indeed the case for the particular extension above. The article
also contains an application of this result to construction of rational points on the Jacobian of X
(assuming X,X − U, e are all defined over a subfield K of C). See Section 3 for more details.

1.2.2. Connection to relations between periods of iterated integrals. If the K-rational points on the Ja-
cobian constructed in [Es3] are torsion, they give rise to relations between periods of iterated integrals
on U . The de Rham structure on the complexification of (Z[π1(U, e)]/In+1)∨ (= (C[π1(U, e)]/In+1)∨,
which by a theorem of K. T. Chen is the space of closed iterated integrals of length ≤ n on U) is given
by iterated integrals formed by algebraic differential forms defined over K. To explicitly write the
relations that one can get between the periods of the Hodge-de Rham structure (Z[π1(U, e)]/In+1)∨,
one would like to have an explicit description of the Hodge filtration on (C[π1(U, e)]/In+1)∨ in terms
of regular differential forms over K. In [Es1], I carry out this approach for a punctured elliptic curve
in the case n = 2, and as a result, prove a relation between the quadratic and classical periods of
differential forms for such a curve. See the referenced article for more details.

1.2.3. Ceresa cycles of Fermat curves modulo rational equivalence. Recall that (among others) one
has the notions of rational, algebraic, and homological equivalence on algebraic cycles, and that

rational equivalence =⇒ algebraic equivalence =⇒ homological equivalence.

In general, this notions of equivalence do not coincide. Griffiths was the first to show that there exist
homologically trivial cycles that are not algebraically trivial. Griffiths’ proof was not constructive:
he proved that in a general quintic in P4 there are homologically trivial cycles that are nontrivial (in
fact, of infinite order) modulo algebraic equivalence. The first explicit example of this phenomenon
was given by B. Harris in [Ha2], where he showed that the Ceresa cycle of the Fermat curve of degree
4 is nontrivial modulo algebraic equivalence. This was an application of Harris’ fundamental work
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[Ha1], where he expressed the Abel-Jacobi images of Ceresa cycles in terms of iterated integrals.
Soon after, using the étale Abel-Jacobi map, Bloch [Bl] was able to show that the Ceresa cycle of
the Fermat curve of degree 4 is, in fact, of infinite order modulo algebraic equivalence.

Joint with K. Murty, in [EM1] we combined the works [Ha1], [Pu], [Ka], and [DRS] of Harris,
Pulte, Kaenders, and Darmon-Rotger-Sols on Hodge theory of quadratic iterated integrals on alge-
braic curves with Gross-Rohrlich’s [GR] on points of infinite order on Jacobians of Fermat curves to
show that:

Theorem 3. The image of the Ceresa cycle of the Fermat curve of degree n under the Abel-Jacobi
map is of infinite order if n has a prime divisor greater than 7. In particular, the Ceresa cycles of
such curves are of infinite order modulo rational equivalence (i.e. in the Chow group).

See [EM1] for more details.

1.3. Work towards analogues of the pentagon relation for periods of iterated integrals
on higher genus curves ([Es2]). The multiple zeta values, i.e. numbers of the form

ζ(k1, . . . , kr) :=
∑

0<n1<···<nr

1

nk11 · · ·n
kr
r

,

can be expressed as iterated integrals on P 1 − {0, 1,∞}. Thanks to the work of Furusho ([Fu1] and
[Fu2]) the most general class of known polynomial relations between multiple zeta values (which
are conjecturally expected to be all polynomial relations between them) are given by the so-called
pentagon relation, a relation satisfied by the Drinfeld associator which was first discovered by Drinfeld
[Dr] by studying the monodromy of the Knizhnik-Zamolodchikov (KZ) system. The KZ system is a

differential equation on the configuration space C(n) of n ordered marked points on C. More precisely,
it is an integrable connection

∇KZ :
∧
Ug0 ⊗ O(C(n)) −→

∧
Ug0 ⊗ Ω1(C(n))

where g0 is the graded complex Lie algebra associated to the descending central series of the funda-

mental group of C(n), and
∧
Ug0 is the completion of the universal algebra of g0, and O and Ω1 are

respectively the space of holomorphic functions and 1-forms on C(n).
Drinfeld’s method was later successfully generalized by B. Enriquez to P 1 minus 0,∞ and n-th

roots of unity (see [En]). As a first step towards finding analogues of the pentagon relation for
iterated integrals on a curve X of positive genus, in [Es2] I used the Betti-de Rham comparison

isomorphism on H1(X(n)) (where X(n) is the configuration space of n ordered marked points on

X) to define an integrable connection on the trivial bundle
∧
Ug ⊗ O(X(n)), where g is the graded

complex Lie algebra associated to the descending central series of the fundamental group of X(n).
The construction of this connection is inspired by the KZ system and its integrability follows from
Riemann’s period relations (see [Es2] for details). In a future project I would like to explore whether
a variant of this connection can be used to prove analogues of the pentagon relation for some curves
of positive genus. (Note that my goal here would not be to generalize all aspects of the theory of the
KZ system, but rather just to get relations between iterated integrals on higher genus curves.)

In the remainder of this document I will discuss two of the projects mentioned above, namely
those previewed in Sections 1.2.1 and 1.1.2, in more details.

2. Unipotent radicals of fundamental groups in filtered Tannakian categories and
applications to arithmetic geometry

Here we give a summary of [EM3].



RESEARCH STATEMENT 5

2.1. Fix a neutral Tannakian category T over a field K of characteristic zero, with every object
equipped with a finite increasing filtration W·, such that the filtration is functorial, compatible with
tensor products and duals, and the associate graded functor GrW is exact. Examples to keep in
mind are any Tannakian category of motives over a field embeddable into C (e.g. Ayoub or Nori, or
categories constructed using realizations), and the category of mixed Hodge structures. We denote
the unit object by 1 and fix a fiber functor ω with values in vector spaces over K.

Let M be an object of T. Let 〈M〉⊗ be the Tannakian subcategory of T generated by M (i.e. the
smallest full subcategory of T containing M which is closed under direct sums, subquotients, tensor
products, and duals). Let G(M) be the Tannakian group of 〈M〉⊗ (with respect to the fixed fiber
functor ω). Thus, by the main theorem of Tannakian formalism, G(M) is an affine group scheme
over K, in fact here an algebraic group over K, and A 7→ ωA is an equivalence of categories between
〈M〉⊗ and the category of finite-dimensional representations of G(M).

We can naturally think of G(M) as a subgroup of GL(ωM) (via the natural action on ωM). Let
U(M) be the kernel of the restriction map G(M) −→ G(GrWM). Thus U(M) is the subgroup of
G(M) consisting of the elements which act trivially on ωGrWM . In particular, U(M) is a unipotent
group. If G(GrWM) is reductive (which will be the case in many geometric situations such as if T
is a category of motives), then U(M) will be the unipotent radical of G(M).

Let u(M) be the Lie algebra of U(M). By considering the adjoint action of G(M) on u(M),
in view of the main theorem of Tannakian formalism, we obtain an object u(M) of 〈M〉⊗ with
ωu(M) = u(M). Via the identification U(M) ⊂ GL(ωM), we have

u(M) ⊂W−1End(M),

where End(M) is the internal Hom object Hom(M,M).
A result of Deligne (see the appendix of [Jo]) gives a characterization of u(M) in terms of the

extension data of M , as follows. For any integer p, let

Ep(M) ∈ Ext1T(1,Hom(M/WpM,WpM))

be the image of the extension Eq. (1) under the canonical isomorphism

Ext1T(M/WpM,WpM) ∼= Ext1T(1,Hom(M/WpM,WpM)).

Using functorial properties of Hom we can identify Hom(M/WpM,WpM) as a subobject ofW−1End(M),
and thus by weight considerations,

Ext1T(1,Hom(M/WpM,WpM)) ⊂ Ext1T(1,W−1End(M)).

Let E(M) :=
∑
p
Ep(M) ∈ Ext1T(1,W−1End(M)).

Theorem 4 (Deligne, appendix of [Jo]). The extension E(M) is in the image of the map

(2) Ext1T(1, u(M)) −→ Ext1T(1,W−1End(M))

given by pushforward under the inclusion u(M) −→ W−1End(M). Moreover, u(M) is the smallest
subobject of W−1End(M) with this property.

With K. Murty, in [EM3], we consider and answer the following questions:

Problem 5.
(A) What information does each individual extension Ep(M) record about u(M)?
(B) Does each individual extension Ep(M) have to be in the image of Eq. (2)?
(C) If the answer to (B) is negative, find sufficient conditions that would guarantee that Ep(M) is in
the image of Eq. (2).

It may seem that these problems are purely motivated by curiosity, but we shall shortly see that
they have interesting applications. Before we address these problems, let us give a definition: Given
a full Tannakian subcategory S of T which is closed under subobjects, we say an extension E of 1
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by an object A of T originates from S if there is an object A′ of S, an extension E ′ of 1 by A′ in S,
and a morphism A′ −→ A under which E ′ pushes forward to E . Note that E splits if and only if it
originates from some (or equivalently, every) semisimple S.

We shall use the following notation for pushforwards of extensions: Given an extension E of A
by B and a subobject B′ ⊂ B, denote the pushforward of E along B −→ B/B′ by E/B′; it is an
extension of A by B/B′.

The following theorem summarizes several results of [EM3]. Let

up(M) := u(M) ∩Hom(M/WpM,WpM)

(this is an abelian Lie subalgebra of u(M)).

Theorem 6. Fix M and p.

(a) [EM3, Theorem 4.9.1] The object up(M) is the smallest subobject of Hom(M/WpM,WpM)

such that the extension Ep(M)/up(M) originates from the subcategory 〈WpM,M/WpM〉⊗.
(Here and elsewhere, Ep(M) may be considered an an extension of 1 by Hom(M/WpM,WpM)
or by W−1End(M).)

(b) [EM3, Theorem 5.3.1] Let q ≤ p. Assume that GrWM is semisimple and that it satisfies
an “independence axiom” (see below). Then Ep(M)/up(M) originates from the subcategory

〈WqM,GrWM〉⊗. (Note that this subcategory is smaller than the subcategory appearing in
(a), because q ≤ p.)

(c) [EM3, Corollary 5.3.2] Suppose GrWM is semisimple and that it satisfies a sufficiently strong
independence axiom (enough so that we can apply (b) for q � p). Then Ep(M)/up(M) splits
and Ep(M) is in the image of Eq. (2).

(d) [EM3, §6.10] In general, the extension Ep(M) need not be in the image of Eq. (2). More
specifically, in the category of mixed Hodge structures there are 1-motives M such that E−2(M)
and E−1(M) are not in the image of Eq. (2).

We refer the reader to [EM3] for the precise formulation of the independence axioms referred to
in Parts (b) and (c). Let us just here say that they are all guaranteed if the objects

Hom(GrWj M,GrWi M) (i < j)

for distinct (i, j) ∈ Z2 have no nonzero isomorphic subobjects. In particular, they are all satisfied if
the numbers

wij := i− j (i, j ∈ Z, i < j, GrWi M 6= 0, GrWj M 6= 0)

are all distinct (e.g. if M has weights 0,−1,−3).
Examples in Part (d) are constructed using Jacquinot-Ribet’s work [JR] on defficient points on

semiabelian varieties.

2.2. In the second half of [EM3], we take T to be any reasonable Tannakian category of mixed
motives in characteristic zero, and give an application of Theorem 6 to motives M which satisfy

u(M) = W−1End(M)

(i.e. with u(M) “as large as it can be”). We say that such M has a large unipotent radical. Interest
in such motives is in part due to the expected transcendence properties of their periods: In view
of Grothendieck’s period conjecture, among all motives with a fixed associated graded, the field
generated by the periods of a motive with a large unipotent radical should have the highest possible
transcendence degree.

It is not difficult to give a nice characterization of when a motive with two weights has a large
unipotent radical. Indeed, by the works of Hardouin and Bertrand ([Har11], [Har06] and [Be]), a
motive M fitting into an exact sequence E

0 −→ L −→ M −→ 1 −→ 0
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with L pure of weight < 0 has a large unipotent radical if and only if E is totally nonsplit, i.e. the
pushforward of E along any nonzero subquotient of L is nonsplit. For motives with more than two
weights, the following result can be useful:

Theorem 7. [EM3, Theorem 6.3.1] Let p < 0. Let M be a motive with

M/WpM ' 1, GrWp M 6= 0

(i.e. 0 and p are the highest two weights of M and GrW0 M ' 1). Suppose WpM and M/Wp−1M have
large unipotent radicals, and that GrWM satisfies a sufficiently strong independence axiom (same as
in Theorem 6(c)). Then M has a large unipotent radical.

Here also the hypothesis about the independence axiom is important: the same examples of
1-motives given for Theorem 6(d) show that the statement of Theorem 7 is in general false if we
remove the hypothesis about the independence axiom (see [EM3, §6.10]).

One can use Theorem 7 together with Grothendieck’s formalism of extensions panachées ([Gr,
§9.3]) to obtain motives with large unipotent radicals by patching together suitable smaller such
motives. We consider the following classification problem:

Problem 8. Given p < 0, an object B of weights < p with a large unipotent radical, and a nonzero
pure object A of weight p, classify up to isomorphism all objects M with

Wp−1M ' B, GrWp M ' A, and M/WpM ' 1

which have a large unipotent radical.

By considering the extensions panachées problem in the setting of an abelian category with
weights and using Theorem 7, we completely solve this problem in some situations (namely, when
an independence axiom holds and Ext1T(1, B) vanishes). See §6.4-6.7 of [EM3], in particular §6.7.

Applying the above to the setting of mixed Tate motives over Q, in §6.8 of [EM3] we classify all
mixed Tate motives over Q with associated graded isomorphic to

Q(n)⊕Q(k)⊕ 1 (n > k > 0, n 6= 2k).

This study of 3-dimensional mixed Tate motives with 3 weights and large unipotent radicals leads to
some interesting questions about periods. Let us give an example here. Let r be a rational number

> 1 and consider the Kummer 1-motive N := [Z 17→r−→ Gm]. Let n be an even integer ≥ 4, and

Ln−1 an object which is a nontrivial extension of 1 by Q(n − 1) (so with (2πi)−(n−1)ζ(n − 1) as a
period). Since Ext2 groups vanish in the category of mixed Tate motives over Q, by the formalism
of extensions panachées the two objects Ln−1(1) and N can be patched together, i.e. there exists
a mixed Tate motive Mn,r over Q with W−2Mn,r ' Ln−1(1) and Mn,r/Q(n) ' N (note that the
associated graded of Mn,r is isomorphic to Q(n)⊕Q(1)⊕1). In fact, by the formalism of extensions
panachées, Mn,r is unique up to isomorphism because Ext1(1,Q(n)) = 0. By Theorem 7, the object
Mn,r has a large unipotent radical. According to the period conjecture, the field generated over Q
by the periods of Mn,r should have transcendence degree equal to

dim(G(Mn,r)) = dim u(Mn,r) + dim(G(Gr(Mn,r)) =

(
3

2

)
+ 1 = 4

(because u(Mn,r) = W−1End(Mn,r) and G(Gr(Mn,r) = G(Q(1)) = Gm). This field contains ζ(n−1),
2πi, and log(r). We do not know the forth generator (or the “new” period of Mn,r). Note that
because of the presence of the Kummer motive, Mn,r is not a mixed Tate motive over Z, so that
Brown’s work [Br] does not give us any information about the nature of the new period.

Let us build on this example. Consider M4,r. The objects M4,r(5) and L5 can be patched
together. The objects obtained have associated graded isomorphic to

Q(9)⊕Q(6)⊕Q(5)⊕ 1.
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It is interesting to note that here there is a family of objects which are obtained by patching together
M4,r(5) and L5, as the relevant Ext1 group in extensions panachées (i.e. Ext1(1,Q(9))) is nonzero.
Nonetheless, by Theorem 7, each of these objects has a large unipotent radical (note that the weights
are such that the pairwise differences are all distinct, so that the desired independence axiom holds).
The field generated by the periods of each of these objects contains 2πi, ζ(3), ζ(5), log(r), the new
period of M4,r, and according to the period conjecture two more new periods (as the motivic Galois

group here has dimension
(

4
2

)
+ 1). Actually by duality, one of these new periods (coming from the

quotient by Q(9)) is essentially the new period of M6,a, so that for each object there is really one
new period here. The reader can refer to §6.8 and §6.9 of [EM3] for more on these examples.

3. Algebraic cycles and Hodge theory of the fundamental group of a punctured
curve

Here we give a summary of [Es3]. All mixed Hodge structure in this section are integral. The
Ext groups are all in the category of integral mixed Hodge structures.

Let U be a smooth complex variety. Choose a base point e in U . Let I be the kernel of the
map Z[π1(U, e)] −→ Z given by γ 7→ 1 (where π1(U, e) is the topological fundamental group, with U
considered as a complex manifold). We have

I ⊃ I2 ⊃ · · · ⊃ In+1 ⊃ · · · .
By Hurewicz theorem, (

I

I2

)∨
∼= H1(U,Z)∨ ∼= H1(U,Z),

so that (I/I2)∨ underlies a mixed Hodge structure. Using the theory of K. T. Chen’s iterated
integrals2, Hain ([Hain1] and [Hain2]) was able to show that each (I/In+1)∨ underlies a mixed Hodge
structure. This mixed Hodge structure, which we denote by Ln(U, e), is not necessarily a direct
sum of pure Hodge structures even if U is projective. The elements of Ln(U, e) can be expressed
as iterated integrals of length at most n, explaining the notation Ln. If n > 1, the mixed Hodge
structure Ln(U, e) depends on the base point e.

The mixed Hodge structure Ln(U, e) is the Hodge realization of a mixed motive (over a subfield
K ⊂ C, if U and e are defined over K). As such, Beilinson-Bloch conjectures predict that certain
extensions that can be naturally constructed from Ln(U, e) (for suitable U) should be (after tensoring
with Q) in the image of Abel-Jacobi maps. This philosophy has been confirmed in certain situations.
The first work in this spirit is by Harris [Ha1] and Pulte [Pu]. From now on, let X be a smooth
projective curve X over C. Pulte studies the extension

0 −→ W1L2(X, e) −→ W2L2(X, e) −→ GrW2 L2(X, e) −→ 0.

He shows that, after suitable identifications, twice this extension (with respect to Baer sum) equals
the Abel-Jacobi image of the Ceresa cycle Xe−X−e ∈ CHhom

1 (Jac), where Jac is the Jacobian of X.
(Here as usual, Xe is the image of X under the map X −→ Jac given by [x] 7→ [x]− [e], and X−e is
the pushforward of Xe under the inversion map.)

Later, Kaenders [Ka] and Darmon, Rotger and Sols [DRS] considered the analogous extension
coming from L2 of a punctured curve. Building on the latter work, in [Es3] we consider an extension
arising from Ln(X − {∞}, e), where ∞ is a point in X. For simplicity, let us write H1 for H1(X −
{∞}) = H1(X) (identified via the map induced by the inclusion X − {∞} ⊂ X). For m ≤ n, one

2Recall that for a manifold M , 1-forms ω1, . . . , ωn on M and a (smooth) path γ : [0, 1] −→ M with γ∗ωi = fidt,
Chen’s iterated integral is defined as∫

γ

ω1 . . . ωn :=

∫
0≤t1≤···≤tn≤1

f1(t1) . . . fn(tn)dt1 . . . dtn.
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has WmLn(X − {∞}, e) = Lm(X − {∞}, e), and moreover, there is an isomorphism Ln/Ln−1(X −
{∞}, e) ' (H1)⊗n, given by∫

ω1 . . . ωn + lower length terms 7→ [ω1]⊗ · · · ⊗ [ωn]

with the ωi closed smooth 1-forms on X − {∞}. Let En be the extension

0 −→ GrWn−1Ln(X − {∞}, e) −→ Wn

Wn−2
Ln(X − {∞}, e) −→ GrWn Ln(X − {∞}, e) −→ 0

∼ = ∼ =

(H1)⊗n−1 (H1)⊗n

considered as an element of the Yoneda Ext group

Ext1
(
(H1)⊗n, (H1)⊗n−1

) Poincaré duality∼= Ext1
(
(H1)⊗2n−1(n− 1),Z(0)

)
(where M(n) is the twist of M by Z(n)). By a theorem of Carlson on classifying extensions in the
category of mixed Hodge structures [Ca], the latter extension group can be identified as a Künneth
direct summand in the Griffiths intermediate Jacobian JH2n−1(X2n−1) associated to H2n−1(X2n−1).
We have an Abel-Jacobi map

CHhom
n−1(X2n−1) −→ JH2n−1(X2n−1).

The main result of [Es3] is the following:

Theorem 9. The extension En is the Abel-Jacobi image of an explicitly given element Λn ∈ CHhom
n−1(X2n−1).

The algebraic cycle Λn is defined over a subfield K ⊂ C if X,∞ and e are defined over K.

See the article for the construction of Λn. The result has the following application to number
theory. For an integral Hodge class ξ in (H1)⊗2n−2, or equivalently, a morphism of Hodge structures
Z(1− n) −→ (H1)⊗2n−2, pulling back along ξ gives a map

ξ−1 : Ext1
(
(H1)⊗2n−1(n− 1),Z(0)

)
−→ Ext1

(
H1,Z(0)

)
.

Using the theorem of Carlson and the classical Abel-Jacobi map, the extension group on the right
can be identified with the complex points of the Jacobian of X. We show that if X, ∞, e are defined
over a subfield K ⊂ C and ξ is the cohomology class of an algebraic cycle on X2n−2 that is also
defined over K, then the point ξ−1(En) on the Jacobian of X is K-rational. We should point out
that for n = 2, this result is due to Darmon-Rotger-Sols [DRS].
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Publications Mathématiques de Besancon, vol.2, 2012, pp. 19-46.
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