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ABSTRACT. The Lie algebra of the unipotent radical of the Mumford-Tate group of a polar-
izable mixed Hodge structure M naturally underlies a mixed Hodge structure. We shall give
an explicit characterization of this structure in the case that M has two weights. We then use
this characterization to study the unipotent radical of the Mumford-Tate group of the degree
one cohomology of a smooth complex projective curve minus a finite set of points, and of the
mixed Hodge structure on the space of iterated integrals of length ≤ 2 on a smooth complex
projective curve with possibly one puncture.

1. INTRODUCTION

LetM be a (rational) mixed Hodge structure. Let 〈M〉 be the full Tannakian subcategory
of the category of mixed Hodge structures generated by M. In view of the general theory of
Tannakian categories, a choice of fiber functor

ω : 〈M〉→ vector spaces over Q
gives rise to an equivalence of categories between 〈M〉 and the category of finite-dimensional
representations of an algebraic group G(M,ω) over Q. If one takes ω to be the forgetful
functor (or the Betti realization functor, if one thinks motivically) ωB, which sends an object
to its underlying rational vector space, the group G(M) := G(M,ωB) is called the Mumford-
Tate group ofM.

Let GrWM be the associated graded of M with respect to the weight filtration; it is a
direct sum of pure Hodge structures. The inclusion 〈GrWM〉 ⊂ 〈M〉 gives rise to a surjective
morphism G(M) → G(GrWM). The kernel of this map, which we denote by U(M), is a
unipotent group. If M is polarizable (so that G(GrWM) is reductive), U(M) is the unipotent
radical of G(M). Our main goal in the first part of this article (up to Section 3) is to give a
characterization of U(M) whenM has two weights.

The adjoint representation of G(M) induces canonical mixed Hodge structures on the Lie
algebras of U(M), G(M), and G(GrWM). The structure on Lie(G(GrWM)), which we denote
by Lie(G(GrWM)), is a direct sum of pure Hodge structures, while the one on Lie(U(M))
(denoted by Lie(U(M))) may not be so. The main result of the first part of this article gives
an explicit characterization of the latter mixed Hodge structure in the case that M has only
two weights. In this case, the group U(M) is abelian, so that the action of G(M) on U(M)
by conjugation factors through an action of G(GrWM), and the mixed Hodge structure on
Lie(U(M)) actually belongs to the category 〈GrW(M)〉.

We shall give a summary of the characterization of U(M) here. Let GrW(M) = L ⊕ N,
where L and N are pure Hodge structures of weights l and n with l < n, respectively. Thus
we have an exact sequence

0 → L → M → N → 0.
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For simplicity, let us assume here that L = Q(0) (see Section 3 for the more general case). By
choosing a section of the quotient map MQ → NQ (between the underlying rational vector
spaces of M and N), identify MQ = LQ ⊕ NQ (as vector spaces). We can naturally think of
G(M) as a subgroup of GLMQ = GLLQ⊕NQ . One can easily see that U(M) is then contained in
the subgroup

U0 := {

(
1 f
0 1

)
∈ GL(Q⊕NQ) : f ∈ NQ

∨}.

Hence we have
Lie(U(M)) ⊂ Lie(U0) ∼= NQ

∨.

By comparing the actions of G(M) on Lie(U(M)) and NQ
∨ (= N∨

Q) we see that, indeed,
the inclusion above is compatible with the Hodge structures, i.e. Lie(U(M)) is a Hodge
substructure of N∨. The main result of the first part of the article (Theorem 1, Section 3) is
the following characterization of Lie(U(M)).

Theorem. Suppose that the Mumford-Tate group of N is reductive (e.g. if N is polarizable).
Then the orthogonal complement

Lie(U(M))⊥ := {v ∈ N : f(v) = 0 for every f ∈ Lie(U(M))} ⊂ N
is the largest Hodge substructure S of N such that the restriction of the exact sequence

(1) 0 → Q(0) → M → N → 0

to S splits.

If G(N) is not reductive, then one only gets that Lie(U(M))⊥ contains any subobject S of
N such the restriction of the sequence (1) to S splits.

In the second part of the article (Sections 4 and 5), we give two applications of the above
theorem:

- In Section 4, we study U(H1(X− S)) for X a smooth complex projective curve of posi-
tive genus g and S a finite set of points. We determine this group in some situations
(see Theorem 2). As a corollary, we see that if End(H1(X)) = Q, then

dim(U(H1(X− S))) = 2g · rank(Jac(S)),
where Jac(S) is the subgroup of the Jacobian of X consisting of the points supported
on S. We also show that the formula is valid with no hypothesis on End(H1(X)) if
either side of the equation is zero (see Corollary 1).

Note that by a recent result of André [An19], for 1-motives over an algebraically
closed subfield K of C, the motivic Galois group (in the framework of Nori or Ayoub
motives over K) coincides with the Mumford-Tate group. Thus the group U(H1(X −
S)) can be thought of as the unipotent radical of the motivic Galois group ofH1(X−S)
(the latter considered as a motive over K, if K is an algebraically closed subfield of C
and X and S are defined over K).

- In Section 5, we use some results of Pulte [Pu88] and Kaenders [Ka01] to calculate
U(M) ifM is Hain’s mixed Hodge structure on the space of iterated integrals of length
≤ 2 on a smooth projective curve with at most one puncture (see Theorems 3 and 4).

We should mention that the study of the Mumford-Tate groups of pure Hodge structures
is a classical problem, particularly in the context of the work on Hodge conjecture for abelian
varieties. See B. Gordon’s survey article [Le99, Appendix B] and the references therin. As
for the mixed case, the reader can refer to [An92], [Be02] and [Be03] for some prior work,
focusing mostly on the case of 1-motives.
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We close this introduction with a word on the outline of the article. In Section 2 we recall
some generalities about Mumford-Tate groups. Section 3 gives the characterization of U(M)
for objects with two weights. Sections 4 and 5 specialize, respectively, to the mixed Hodge
structures on H1 and the space of iterated integrals of length at most 2 on a curve.

2. THE MUMFORD-TATE GROUP OF A MIXED HODGE STRUCTURE

2.1. For any commutative Q-algebra R, let ModR denote the category of R-modules. Through-
out, unless otherwise indicated, all mixed Hodge structures are over Q. We denote the cate-
gory of mixed Hodge structures by MHS. By Q(−n) we denote the unique Hodge structure
of weight 2n with underlying rational vector space Q. For any object M of MHS, we denote
by MQ the underlying rational vector space. If R is a commutative Q-algebra, MR denotes
MQ⊗R. We use the language and notation of [DM82] for the theory of Tannakian categories.

The category MHS is a (neutral) Tannakian category over Q. The forgetful functor ωB :
MHS → ModQ (sending an object to its underlying rational vector space) is a fiber functor
(i.e. a Q-linear exact faithful tensor functor MHS→ModQ).

LetM be a nonzero mixed Hodge structure. Let 〈M〉 denote the full Tannakian subcate-
gory of MHS generated by M, that is, the smallest full Tannakian subcategory of MHS that
containsM. Thus 〈M〉 is the smallest full subcategory of MHS that containsM, and is closed
under direct sums, tensor product, dualizing, and subquotients (hence also subobjects and
isomorphisms). Let ω : MHS→ModQ be a fiber functor. Then ω restricts to a fiber functor
ω|〈M〉 : 〈M〉→ModQ. Set

G(M,ω) := Aut⊗(ω|〈M〉).

Thus, denoting the categories of groups and commutative Q-algebras respectively by Groups
and AlgQ,

G(M,ω) : AlgQ → Groups
is the functor that sends

R 7→ Aut⊗(ω|〈M〉 ⊗ 1R) := the group of automorphisms of the functor

ω|〈M〉 ⊗ 1R : 〈M〉→ModR
respecting the tensor structure.

For an affine group scheme G over Q, let RepQ(G) be the category of finite-dimensional rep-
resentations ofG over Q. By the fundamental theorem of the theory of Tannakian categories,
G(M,ω) is representable by an affine group scheme over Q, and the functor

〈M〉→ RepQ(G(M,ω))

sending
A 7→ ω(A)

(with the natural action of G(M,ω) onω(A)) is an equivalence of categories.
Starting withM and Q(0), we can obtain every object of 〈M〉 by finitely many operations

of taking direct sums, duals, tensor products, and subquotients. It follows that the natural
map

G(M,ω)→ GLω(M) σ 7→ σM

(restricting to the action onω(M)) is injective, so that, indeed,G(M,ω) is an algebraic group
over Q.

Following [An92], we refer to the group G(M,ωB) as the Mumford-Tate group ofM. We
simply write G(M) for G(M,ωB).
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2.2. An objectM of MHS is called pure if there is some integer n such thatWn−1M = 0 and
WnM =M. The collection of objects which are isomorphic to a direct sum of a finite number
of pure objects is closed under taking direct sums, tensor product, dualizing and subquo-
tients, and thus form a full Tannakian subcategory HS of MHS. Let GrW : MHS→MHS be
the functor that sends an object to its associated graded with respect to the weight filtration
(thus GrW takes values in HS). For any object M of HS, there is a canonical isomorphism
between M and GrW(M). It is easy to see that an object of MHS is in HS if and only if it is
isomorphic to its associated graded.

A pure object M of weight n is called polarizable if there exists a surjective morphism
M⊗M→ Q(−n). A nonzero object M of MHS is called polarizable if GrWn M is polarizable
whenever it is nonzero. One can show that ifM ∈ HS is polarizable, then the Mumford-Tate
group ofM is reductive (see [An92], Lemma 2(b), for instance).

2.3. Recall that if C and C ′ are two Tannakian categories over Q and ω ′ : C ′ → ModQ is a
fiber functor, a tensor functor φ : C→ C ′ gives rise to a morphism

φ# : Aut⊗(ω ′)→ Aut⊗(ω ′ ◦ φ)
of group schemes over Q, sending to automorphism of ω ′ ⊗ 1R for any Q-algebra R to the
obvious automorphism induced on (ω ′ ⊗ 1R) ◦ φ = (ω ′ ◦ φ) ⊗ 1R. The morphism φ# is
faithfully flat if and only if φ is fully faithful and moreover, satisfies the following property:
for every X ∈ C, every subobject of φ(X) is isomorphic to φ of a subobject of X (see [DM82],
for instance).

2.4. Let M be an object of MHS. Let ι : 〈GrWM〉→ 〈M〉 be the inclusion functor. Let U(M)
be the kernel of

ι# : G(M)→ G(GrWM).

We have a short exact sequence

(2) 1 → U(M) → G(M)
ι#→ G(GrWM) → 1.

Considering the sequences of the form

0 → Wn−1M → WnM → GrWn M → 0,

one easily sees that U(M) is unipotent (see [An92], Lemma 2(c)). If M is polarizable, U(M)
is the unipotent radical of G(M).

2.5. Let M be as in the previous paragraph. The Lie algebra of U(M) naturally underlies a
mixed Hodge structure. Indeed, consider the adjoint respresentation

(3) Ad : G(M)→ GLLie(G(M))

(where for any algebraic group G, by Lie(G) we mean the Lie algebra of G). In view of the
equivalence of categories

(4) 〈M〉→ RepQ(G(M)) A 7→ AQ,

there is a canonical mixed Hodge structure Lie(G(M)) in 〈M〉with

Lie(G(M))Q = Lie(G(M)),

such that the natural action of G(M) on Lie(G(M)) (through the definition of G(M) as the
group of tensor automorphisms of the functor ωB) coincides with the adjoint representa-
tion (3). Similarly, one gets a canonical object Lie(G(GrWM)) of 〈GrWM〉 with underlying
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rational vector space Lie(G(GrWM), and through the action of G(M) on U(M) by conjuga-
tion, a canonical object Lie(U(M)) of 〈M〉 on the rational vector space Lie(U(M)). The exact
sequence

0 → Lie(U(M)) → Lie(G(M)) → Lie(G(GrWM)) → 0

coming from (2) is compatible with the actions of G(M), and hence isωB of an exact sequence

0 → Lie(U(M)) → Lie(G(M)) → Lie(G(GrWM)) → 0

in MHS.

3. OBJECTS WITH TWO WEIGHTS

In this section, we shall study the Mumford-Tate group of an object M with only two
weights. The goal is to give a characterization of the unipotent radical of this group when
G(GrW(M)) is reductive.

3.1. Let L,N be two nonzero pure Hodge structures, with L of a lower weight thanN. Thus
there are integers a < b such that Wa−1L = 0, WaL = L, Wb−1N = 0, and WbN = N. Let M
be an object of MHS fitting into an exact sequence

(5) 0→ L
i→M

q→ N→ 0.

Using the maps i and qwe identify

GrWa M = GrWa L = L, GrWb M = GrWb N = N

(where for simplicity of notation we have also identified pure objects with their associated
graded). We then have

GrWM = L⊕N.
Once and for all, we choose a section of the linear map q :MQ → NQ, and use it to identify

MQ = LQ ⊕NQ

(as rational vector spaces). Then the functorωB applied to the sequence (5) gives

(6) 0→ LQ → LQ ⊕NQ → NQ → 0,

where the second and third arrows are the natural inclusion and projection maps.
Let

ι : 〈GrWM〉 = 〈L⊕N〉→ 〈M〉
be inclusion. We have an exact sequence

1 → U(M) → G(M)
ι#→ G(L⊕N) → 1.

As discussed in the previous section, the action of G(M) on U(M) by conjugation gives a
canonical object Lie(U(M)) of 〈M〉whose underlying rational vector space is the Lie algebra
Lie(U(M)). We shall exploit this observation here to study U(M).

First, we describe the map ι# more concretely. Let σ be an element of G(M). Since σ is
an automorphism of the functorωB, we have a commutative diagram

0 LQ LQ ⊕NQ NQ 0

0 LQ LQ ⊕NQ NQ 0.

σL σM σN
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It follows that

σM =

(
σL f
0 σN

)
∈ GLLQ⊕NQ

for some f ∈ Hom(NQ, LQ). Let

GL
†
LQ⊕NQ

⊂ GLLQ⊕NQ

be the subgroup consisting of the elements which stabilize LQ. Regarding G(M) as a sub-
group of GLMQ = GLLQ⊕NQ (via σ 7→ σM), we have

G(M) ⊂ GL†LQ⊕NQ
.

Similarly, for any σ in G(L⊕N),

σL⊕N =

(
σL 0
0 σN

)
∈ GLLQ⊕NQ ,

so that thinking of G(L⊕N) as a subgroup of GLLQ⊕NQ (via σ 7→ σL⊕N), we actually have

G(L⊕N) ⊂ GL‡LQ⊕NQ
:= {

(
g 0
0 g ′

)
∈ GLLQ⊕NQ : g ∈ GLLQ , g

′ ∈ GLNQ}.

The map ι# is then the restriction of

φ : GL†LQ⊕NQ
→ GL

‡
LQ⊕NQ(

g ∗
0 g ′

)
7→ (

g 0
0 g ′

)
(g ∈ GLLQ , g

′ ∈ GLNQ).

Let
U0 := ker

(
φ : GL†LQ⊕NQ

→ GL
‡
LQ⊕NQ

)
.

Thus U0 is the subgroup of GLLQ⊕NQ consisting of the elements of the form(
ILQ ∗
0 INQ

)
.

We have a commutative diagram

(7)

1 U(M) G(M) G(L⊕N) 1

1 U0 GL
†
LQ⊕NQ

GL
‡
LQ⊕NQ

1,

ι#

φ

⊂ ⊂

where the arrows ↪→ are inclusion maps and the rows are exact. Thus

U(M) ⊂ U0.

In particular, U(M) is an abelian unipotent group. It follows that the action of G(M) on
Lie(U(M)) factors through an action of G(GrWM), so that indeed, the object Lie(U(M)) be-
longs to 〈GrWM〉 (and hence is in HS).

The Lie algebra of U0 can be identified with

Hom(NQ, LQ)
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(with trivial Lie bracket). The exponential map

exp : Lie(U0) = Hom(NQ, LQ)→ U0

is given by

exp(f) =
(
ILQ f

0 INQ

)
.

Let Hom(N, L) denote the inner hom object in the category MHS. We have

ωB(Hom(N, L)) = Hom(NQ, LQ).

The following observation is key to a more explicit determination of Lie(U(M)).

Proposition 1. The inclusion map

Lie(U(M))→ Hom(NQ, LQ)

is a morphism of Hodge structures

Lie(U(M))→ Hom(N, L).

(In other words, Lie(U(M)) is a subobject of Hom(N, L).)

Proof. In view of the equivalence of categories (4), it is enough to show that the natural
actions of G(M) on Lie(U(M)) and Hom(NQ, LQ) are compatible. In other words, we need
to show that given σ ∈ G(M), we have

σLie(U(M)) = σHom(N,L)|Lie(U(M)).

The canonical isomorphism Hom(N, L) ' N∨ ⊗ L and the evaluation map N ⊗ N∨ → Q(0)
give rise to commutative diagrams

Hom(NQ, LQ) NQ
∨⊗ LQ

Hom(NQ, LQ) NQ
∨⊗ LQ

σHom(N,L)

'

σ
N
∨
⊗L

=σ
N
∨ ⊗ σL

'
and

NQ ⊗NQ
∨ Q

NQ ⊗NQ
∨ Q .

σN⊗σ
N
∨ σQ(0)=I

From these one easily sees that the map σHom(N,L) is given by

f 7→ σL ◦ f ◦ σ−1N (f ∈ Hom(NQ, LQ)).

We now calculate the map σLie(U(M)). By definition, the action of G(M) on Lie(U(M)) is the
restriction of the adjoint representation of G(M) to Lie(U(M)). Let

f ∈ Lie(U(M)) ⊂ Lie(U0) = Hom(NQ, LQ).

Then σLie(U(M))(f) is characterized by

exp(σLie(U(M))(f)) = σM exp(f)σ−1M .

Writing

σM =

(
σL h
0 σN

)
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where h ∈ Hom(NQ, LQ), we have

σM exp(f)σ−1M =

(
σL h
0 σN

)(
ILQ f

0 INQ

)(
σ−1L −σ−1L ◦ h ◦ σ

−1
N

0 σ−1N

)
=

(
ILQ σL ◦ f ◦ σ−1N
0 INQ

)
= exp(σL ◦ f ◦ σ−1N ).

Thus
σLie(U(M))(f) = σL ◦ f ◦ σ−1N ,

as desired. �

Remark. The embedding
Lie(U(M)) ⊂ Hom(NQ, LQ)

is independent of the section of q used to identifyMQ = LQ ⊕NQ. Indeed, if we had chosen
a different section of the linear map q and hence a different identification ofMQ as LQ⊕NQ,
then the resulting embedding G(M) ↪→ GLLQ⊕NQ would differ from the previous one by
conjugation by an element of U0. Since U0 is abelian, the two embeddings agree on U(M).
Thus Lie(U(M)) is canonically identifiable as a Hodge substructure of Hom(N, L).

3.2. Before we proceed any further, let us recall a few constructions and introduce some
notation. The extension (5) gives an element of the (Yoneda) Ext group

Ext(N, L).

One has a canonical isomorphism

(8) Ext(N, L) ∼= Ext(L∨⊗N,Q(0)).

The element µ of the latter Ext group corresponding to (5) under the above isomorphism is
obtained as follows. Let

ev : L∨⊗ L→ Q(0)

be the natural pairing between L and its dual. Then µ is the pushforward of the extension

0 → L∨⊗ L
I
L
∨⊗i
−−−−→ L∨⊗M

I
L
∨⊗q
−−−−→ L∨⊗N → 0

(obtained by tensoring (5) by L∨) through the morphism ev. More precisely, µ is the extension

(9) 0 → Q(0)
i ′−→ M ′

q ′−→ L∨⊗N → 0,

where

- M ′ is the quotient of L∨⊗M by (I
L
∨ ⊗ i)(ker(ev)),

- i ′ is the composition

Q(0)
', induced by ev
−−−−−−−−−−→ (L∨⊗ L)

/
ker(ev)

induced by I
L
∨ ⊗ i

−−−−−−−−−−−→ M ′,

and
- q ′ is induced by I

L
∨ ⊗ q.
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For every subobject S of L∨⊗N, we let

µ|S ∈ Ext(S,Q(0))

be the extension

(10) 0→ Q(0)
i ′−→ q ′−1(S)

q ′−→ S→ 0,

where q ′−1(S) is the obvious subobject of M ′. In the language of homological algebra, µ|S is
the restriction of µ to S (or the pullback of µ along the inclusion S ⊂ L∨⊗N).

Consider the canonical nondegenerate pairing (i.e. a surjective morphism in MHS)

Hom(N, L) ⊗ (L∨⊗N) → Q(0)

given by
f⊗ (γ⊗ x) 7→ γ(f(x)).

For any subobject S of Hom(N, L) (resp. L∨ ⊗N), we denote by S⊥ the subobject of L∨ ⊗N
(resp. Hom(N, L)) orthogonal to S with respect to the above pairing. It is clear that S can be
recovered from S⊥ by S⊥⊥ = S.

3.3. Thanks to Proposition 1, we have a subobject

Lie(U(M))⊥ ⊂ L∨⊗N.

We are now ready to give the main result of this section, which characterizes the subspace
Lie(U(M)) of Hom(NQ, LQ). The notation (µ, µ|S, etc.) is as above.

Theorem 1. (a) If S is a subobject of L∨ ⊗ N such that µ|S is trivial (i.e. splits), then S is
contained in Lie(U(M))⊥.

(b) Suppose the group G(L ⊕ N) is reductive (e.g. this holds if M is polarizable). Then
Lie(U(M))⊥ is the largest subobject of L∨⊗Nwith the property that the restriction of
µ to Lie(U(M))⊥ is trivial.

The theorem can be easily deduced from the following lemma, which we prove first.

Lemma 1. Let S be a subobject of L∨⊗N. Then

S ⊂ Lie(U(M))⊥

if and only if the subgroup U(M) of G(M) acts trivially on q ′−1(S)Q.

Proof. We calculate the natural action of G(M) on M ′Q (see the extension µ , Eq. (9)) in terms
of its action on MQ. The section of q : MQ → NQ that we used to identify MQ = LQ ⊕ NQ
induces a section of q ′ :M ′Q → L∨

Q ⊗NQ. Use this section and the map i ′ to identify

M ′Q = Q⊕ (LQ
∨⊗NQ).

The functorωB applied to the quotient map

L∨⊗M → M ′

gives

(LQ
∨⊗ LQ)⊕ (LQ

∨⊗NQ)
ev⊕I−−−→ Q⊕ (LQ

∨⊗NQ).
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Let σ ∈ G(M). We have a commutative diagram

(LQ
∨⊗ LQ)⊕ (LQ

∨⊗NQ) Q⊕ (LQ
∨⊗NQ)

(LQ
∨⊗ LQ)⊕ (LQ

∨⊗NQ) Q⊕ (LQ
∨⊗NQ).

σ
L
∨
⊗M

=σ
L
∨⊗σM

ev⊕I

σM ′

ev⊕I

We can calculate σM ′ from this diagram. Given c ∈ LQ, d ∈ NQ, and γ1, γ2 ∈ LQ∨, we have

(11) (ev⊕ I)(γ1 ⊗ c+ γ2 ⊗ d) = γ1(c) + γ2 ⊗ d.

On the other hand, writing

σM =

(
σL f
0 σN

)
,

since
σ
L
∨(γ1) = γ1 ◦ σ−1L ,

we have

(σ
L
∨ ⊗ σM)(γ1 ⊗ c+ γ2 ⊗ d) = (γ1 ◦ σ−1L )⊗ σL(c) + σL∨(γ2)⊗ (σN(d) + f(d)).

Thus

(12) (ev⊕ I) ◦ (σ
L
∨ ⊗ σM) (γ1 ⊗ c+ γ2 ⊗ d) = γ1(c) + σL∨(γ2)(f(d)) + σL∨(γ2)⊗ σN(d).

Putting together (11) and (12) we see

σM ′ =

(
IQ ev ◦ (σ

L
∨ ⊗ f)

0 σ
L
∨ ⊗ σN

)
∈ GLQ⊕(LQ∨⊗NQ)

.

Let S be a subobject of L∨⊗N. Under the identificationM ′Q = Q⊕ (LQ
∨⊗NQ), we have

q ′−1(S)Q = Q⊕ SQ.

Then

σq ′−1(S) = σM ′ |q ′−1(S)Q =

(
IQ (ev ◦ (σ

L
∨ ⊗ f))|SQ

0 (σ
L
∨ ⊗ σN)|SQ

)
∈ GLQ⊕SQ .

So far we have calculated the representation of G(M) corresponding to q ′−1(S) for any sub-
object S of L∨ ⊗ N. Restricting to the action of the subgroup U(M), an element σ ∈ U(M)
with

σM =

(
ILQ f

0 INQ

)
acts on q ′−1(S)Q = Q⊕ SQ as (

IQ (ev ◦ (I
LQ

∨ ⊗ f))|SQ
0 ISQ

)
.

It follows that the action of U(M) on q ′−1(S)Q is trivial if and only if, for every(
ILQ f

0 INQ

)
∈ U(M) ⊂ U,

we have
(ev ◦ (I

LQ
∨ ⊗ f))|SQ = 0.
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In other words, the action of U(M) on q ′−1(S)Q is trivial if and only if, for every

f ∈ Lie(U(M)) ⊂ Hom(NQ, LQ),

we have
f ∈ S⊥Q.

The lemma follows. �

proof of Theorem 1. Suppose µ|S is trivial. Then q ′−1(S) ' Q(0) ⊕ S. Since both Q(0) and S
belong to the subcategory 〈GrW(M)〉, the group U(M) acts trivially on q ′−1(S)Q. In view of
the previous lemma, this gives Part (a). As for Part (b), we must show that the restriction of µ
to Lie(U(M))⊥ is trivial. Let S = Lie(U(M))⊥. By the lemma, the action of U(M) on q ′−1(S)Q
is trivial. It follows that the extensionωB(µ|S), as an extension of representations of G(M), is
indeed an extension of representations of

G(M)
/
U(M) ' G(L⊕N).

If this group is reductive, then ωB(µ|S) splits in RepQ(G(M)), and hence µ|S splits in MHS.
�

4. H1 OF A CURVE

We will use Theorem 1 to determine the unipotent radical of the Mumford-Tate group
of the degree one cohomology of a smooth complex projective curve minus a finite set of
points.

4.1. Notation. Given a pure Hodge structure H of odd weight 2k − 1, we denote by JH the
intermediate (rational) Carlson Jacobian

JH :=
HC

FkHC +HQ
.

Given any smooth complex variety X, by Hi(X) we mean the (possibly mixed) Hodge struc-
ture on the degree i Betti cohomology of X. We shall identifyHi(X)C withHidR(X) ( = smooth
complex de Rham cohomology) via the isomorphism of de Rham.

The Chow group of i-dimensional algebraic cycles on X (modulo rational equivalence)
is denoted by CHi(X). We write CHhom

i (X) for the homologically trivial subgroup of CHi(X).
We set CHi(X)Q := CHi(X)⊗Q (and similarly for the null-homologous subspace).

4.2. LetX be a smooth complex projective curve of positive genus g, and S a finite nonempty
set of points in X(C). We identify H1(X) as a subobject of H1(X− S) (via the map induced by
the inclusion X−S ⊂ X). Since X−S is affine, every element ofH1(X−S)C can be represented
by a meromorphic differential form on X with possible singularities only along S, and has a
well-defined residue at every p ∈ X(C). Indeed, if c = [ω] with ω a meromorphic form, set
resp(c) := resp(ω) ( = the residue of ω at p, which is 1/(2πi) times the integral of ω along a
small positively oriented loop around p). The subspace H1(X)C of H1(X− S)C consists of the
cohomology classes with zero residue everywhere (in other words, classes of differentials of
the second kind).

For any vector space or mixed Hodge structure V , we denote by (VS) ′ the kernel of the
map

VS → V (vp)p∈S 7→∑
p∈S

vp

(where the vp are in V).
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One has a short exact sequence of mixed Hodge structures

(13) 0 → H1(X) → H1(X− S)
2πi·resS→ (Q(−1)S) ′ → 0,

where the injective arrow is inclusion and resS : H1(X − S)C → (CS) ′ is the map c 7→
(resp(c))p∈S. (Recall that in our notation, the underlying rational vector space of Q(−1) is
Q. The factor of 2πi is included so that the map is defined over Q.)

4.3. By Section 3 (and in view of the exact sequence (13)), the determination of the group
U(H1(X− S)) ( = the unipotent radical of the Mumford-Tate group of H1(X− S)) amounts to
finding the subobject Lie(U(H1(X− S)))⊥ ofH1(X)∨⊗(Q(−1)S) ′. We use the Poincaré duality
isomorphism PD : H1(X)(1) → H1(X)∨ (given by [η] 7→ ∫

X

η ∧ −, where η is a closed smooth

1-form on X) and the isomorphism

H1(X)(1)⊗ (Q(−1)S) ′ → (H1(X)
S
) ′ c⊗ (ap)p∈S 7→ (apc)p∈S

to identify
H1(X)∨⊗ (Q(−1)S) ′ ∼= (H1(X)

S
) ′.

As in Section 3, we let µ be the element of Ext((H1(X)S) ′,Q(0)) corresponding to the sequence
(13) under the canonical isomorphisms

(14) Ext((Q(−1)S) ′, H1(X)) ∼= Ext(H1(X)∨⊗ (Q(−1)S) ′,Q(0)) ∼= Ext((H1(X)
S
) ′,Q(0)).

In view of Theorem 1, we are interested in the restrictions of µ to subobjects of (H1(X)S) ′.

4.4. Before we proceed to study restrictions of µ, let us recall some facts about extensions
of mixed Hodge structures. Let A be a pure Hodge structure of weight 1. Thanks to Carlson
[Ca80], there is a canonical isomorphism

Ext(A,Q(0)) → JA∨ =
A∨

C
F0(A∨

C) +A
∨
Q
.

The image of an element of Ext(A,Q(0)) represented by an exact sequence

0 → Q(0) → E → A → 0

under this isomorphism is obtained as follows: choose a Hodge section s of the map EC →
AC (i.e. a section that is compatible with the Hodge filtration), and a retraction r of the linear
map C→ EC which is defined over Q (i.e. restricts to a map EQ → Q). Then the isomorphism
of Carlson sends the extension class of the sequence above to the class of r ◦ s in JA∨. The
ambiguity of the choices of s and r is resolved by modding out by F0(A∨

C) + A
∨
Q. For the

proof of this map being an isomorphism, see [Ca80]. The isomorphism is functorial in A.
(Note: In [Ca80], Carlson proves the analogous result for integral mixed Hodge structures.
The proof of the rational case is identical.)

Suppose A = H1(X). Then the Abel-Jacobi map gives an isomorphism

CHhom
0 (X)Q → J(H1(X))∨

(sending the class of p − q, with p, q ∈ X, to the class of the functional
p∫
q

on the space of

harmonic 1-forms on X). In view of Carlson’s isomorphism, we thus have an isomorphism

(15) Ext(H1(X),Q(0)) ∼= CHhom
0 (X)Q.

We shall identify these two groups to simplify the notation.
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Back to arbitrary A of weight 1, since A∨ is pure of weight -1, the intersection of A∨
R

and F0(A∨
C) is zero. Thus the inclusion A∨

R ⊂ A∨
C induces an injection

A∨
R → A∨

C
F0(A∨

C)
.

Comparing dimensions as real vector spaces, we see that the above map is indeed an iso-
morphism. It induces an isomorphism

A∨
R

A∨
Q
→ JA∨.

(In particular, every element of JA∨ has a representative defined over R, i.e. that restricts to
an element of A∨

R.) On the other hand, we have an isomorphism

A∨
R

A∨
Q
→ Hom(AQ,R/Q) [f] 7→ f

∣∣
AQ

(mod Q).

Using the two isomorphisms above, we get an isomorphism

(16) JA∨ → Hom(AQ,R/Q),

which sends [f] ∈ JA∨ with f defined over R to f
∣∣
AQ

(mod Q). This isomorphism is also
functorial in A.

4.5. Let us consider the restrictions of µ to some obvious subobjects of (H1(X)S) ′. For each
p ∈ S, let ιp : H1(X) → H1(X)

S be the embedding into the the p-coordinate. Given p, q ∈ S,
we have a morphism

ιp − ιq : H1(X)→ (H1(X)
S
) ′

(which is an embedding if p 6= q).

Proposition 2. Via the identification (15), we have

(ιp − ιq)
∗(µ) = p− q

(where (ιp − ιq)
∗(µ) is the pullback of µ along ιp − ιq).

Before we prove the proposition, we need a lemma.

Lemma 2. If p and q are distinct,

F1H1(X− {p, q}) ∩ H1(X− {p, q})R 6= 0.

Proof. The exact sequence (13) for X − {p, q} together with strictness of morphisms of mixed
Hodge structures with respect to the Hodge filtration imply that F1H1(X−{p, q}) has complex
dimension g+ 1. Comparing real dimensions we see that the composition

H1(X− {p, q})R
inclusion→ H1(X− {p, q})C

quotient→ H1(X− {p, q})C
/
F1H1(X− {p, q})

must have a nontrivial kernel. �

Remark. We can paraphrase the lemma in terms of differential forms, as follows. LetΩ1(X logS)
denote the space of differential forms of the third kind with singularities along S. The
obvious map Ω1(X logS) → F1H1(X − S) (sending a differential form to its cohomology
class) is an isomorphism. The previous lemma asserts that there exists an element ωp,q of
Ω1(X log{p, q}) whose cohomology class in H1(X− {p, q}) is real (or equivalently, its integral
along any loop in X− {p, q} is real-valued). In particular, the residues ofωp,q belong to 1

2πiR,
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so that we can (and will) normalize ωp,q so that its residues at p and q are 1
2πi and − 1

2πi ,
respectively. Note that after the normalization,ωp,q is unique (as F1H1(X) ∩H1(X)R = 0).

Proof of Proposition 2. We may assume that p 6= q. Section 4.4 gives us isomorphisms

Ext(H1(X),Q(0)) ∼= JH1(X)∨ ∼= CHhom
0 (X)Q

∼ =

Hom(H1(X)Q,R/Q).

We shall show that the images of (ιp−ιq)∗(µ) and p−q coincide inHom(H1(X)R,R/Q). With
abuse of notation, let ιp also denote the embedding of Q(−1) as the p-coordinate of Q(−1)S.
Then we have a commutative diagram

Ext((Q(−1)S) ′, H1(X))
(ιp−ιq)∗→ Ext(Q(−1), H1(X))

∼ = ∼ =

Ext((H1(X)
S
) ′,Q(0))

(ιp−ιq)∗→ Ext(H1(X),Q(0)),

where the vertical isomorphisms are given by (8) and Poincaré duality (the one on the left
being (14)). In particular, to calculate

(ιp − ιq)
∗(µ) ∈ Ext(H1(X),Q(0)),

we first consider the pullback of the extension (13) along ιp− ιq : Q(−1)→ (Q(−1)S) ′, which
is the extension

(17)

0 → H1(X) → (2πi · resS)−1((ιp − ιq)(Q(−1)))
2πi·resp→ Q(−1) → 0.

=

H1(X− {p, q})

(Note that (2πi · resS)−1((ιp− ιq)(Q(−1))) consists of all the cohomology classes inH1(X−S)
which have zero residue at every point outside of {p, q}.) Recalling the construction of the
canonical isomorphism (8) from Section 3.2, the extension (ιp − ιq)

∗(µ) is thus given by the
sequence

(18) 0 → Q(0)
i ′→ (

H1(X)(1)⊗H1(X− {p, q})
)/

ker(∪)
Id
H1(X)(1)

⊗2πi·resp→ H1(X) → 0,

where ker(∪) is the kernel of the cup product map H1(X)⊗H1(X)→ H2(X) ( = the kernel of
the evaluation pairing between H1(X) and its dual, the latter being identified with H1(X)(1)
by Poincaré duality), and i ′ is the composition

Q(0)
', ev→ (

H1(X)(1)⊗H1(X)
)/

ker(∪) ⊂
(
H1(X)(1)⊗H1(X− {p, q})

)/
ker(∪).

Let s : C→ H1(X − {p, q})C be the section of the C-linear map 2πi · resp in the sequence (17)
defined by s(1) = [ωp,q] (with ωp,q as in the remark after Lemma 2 above); it is a Hodge
section defined over R. Then

s ′ : H1(X)C → (H1(X)C ⊗H1(X− {p, q})C
)/

ker(∪)
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sending

c 7→ c⊗ [ωp,q] (mod ker(∪))

is a Hodge section of IdH1(X)(1) ⊗ 2πi · resp which is defined over R. Fix a particular lifting

(19) H1(X,C)→ H1(X− {p, q},C) γ 7→ γ̃

defined over Q, and let r : H1(X − {p, q})C → H1(X)C be the dual map. Then r is a retraction
of the inclusion H1(X)C → H1(X− {p, q})C defined over Q. The map

r ′ :
(
H1(X)C ⊗H1(X− {p, q})C

)/
ker(∪)→ C

defined by

c⊗ d (mod ker(∪)) 7→ PD(c)(r(d))

is a retraction of the injection i ′ of (18) defined over Q. Thus r ′ ◦ s ′ represents the image
of (ιp − ιq)

∗(µ) in JH1(X)∨. Since r ′ ◦ s ′ is defined over R, the image of (ιp − ιq)
∗(µ) in

Hom(H1(X)Q,R/Q) is the map r ′ ◦ s ′
∣∣
H1(X)Q

(mod Q); given a (real) harmonic form η on X
with rational periods, it sends

[η] 7→ PD([η])(r([ωp,q])) (mod Q).

Note that, by definition of r,

PD([η])(r([ωp,q])) =

∫
γ̃η

ωp,q,

where γη ∈ H1(X,Q) is the homology class such that

PD([η]) =

∫
γη

on H1(X) (and γ̃η is as in (19)).
On the other hand, the image of p− q in Hom(H1(X)Q,R/Q) is the map

[η] 7→ p∫
q

η (mod Q),

where η is a harmonic form on Xwith rational periods and the integral is over any path in X
from q to p. Thus Proposition 2 is equivalent to the following statement: given any harmonic
form ηwith rational periods,

∫
γ̃η

ωp,q ≡
p∫
q

η (mod Q).

This is Lemma 9.1.2 of [Es18]. �
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4.6. We have an injection

(20) (QS) ′ → Hom(H1(X), (H1(X)
S
) ′) (ap)p∈S 7→∑

p∈S
apιp.

Identifying (QS) ′ with the degree zero subspace of Q[S], Proposition 2 asserts that the com-
position

(21) (QS) ′ (20)→ Hom(H1(X), (H1(X)
S
) ′)

φ7→φ∗µ−→ Ext(H1(X),Q(0)) ∼= CHhom
0 (X)Q

is simply modding out by the Q-span of principal divisors in (QS) ′. Combining with Theo-
rem 1, we have:

Proposition 3. Let
∑
p∈S

app ∈ (QS) ′. The following statements are equivalent:

(i) The restriction of µ to the image Im(
∑
p∈S

apιp) splits.

(ii)
∑
p∈S

app is zero in CHhom
0 (X)Q.

(iii) Im(
∑
p∈S

apιp) is contained in Lie(U(H1(X− S)))⊥.

In particular, we have the following result.

Corollary 1. The group U(H1(X− S)) is trivial if and only if the subgroup of the Jacobian of
X supported on S has zero rank.

Proof. Note that Lie(U(H1(X− S)))⊥ = (H1(X)
S
) ′ if and only if Im(ιp − ιq) is contained in

Lie(U(H1(X− S)))⊥ for every p, q ∈ S, which in turn is equivalent to p − q being zero in
CHhom

0 (X)Q for every p, q ∈ S. �

Remark. It is worth mentioning that U(H1(X− S)) is trivial if and only if the sequence (13)
splits, which in turn is equivalent to the following statement: for every p, q ∈ S, there exists
a nonzero element ofΩ1(X log{p, q}) whose cohomology class in H1(X− {p, q}) is rational.

4.7. We can use Proposition 3 to determine U(H1(X − S)) in some situations where this
group is possibly nontrivial.

Theorem 2. Let A be the subobject of (H1(X)S) ′ which is the sum of the images Im(
∑
p∈S

apιp)

with
∑
p∈S

app zero in CHhom
0 (X)Q. Suppose one of the following conditions holds:

(i) H1(X) is simple and |S| = 2.
(ii) The endomorphism algebra of H1(X) is Q.

Then Lie(U(H1(X− S)))⊥ = A.

Proof. We know by Proposition 3 that A ⊂ Lie(U(H1(X− S)))⊥. Suppose (i) holds with S =

{p, q}. Then ιp−ιq : H1(X)→ (H1(X)
S
) ′ is an isomorphism. The simplicity hypothesis implies

that the only possibilities for Lie(U(H1(X− S)))⊥ are (H1(X)
S
) ′ and zero. In the former case,

(ιp − ιq)
∗(µ) = 0, so that p− q is zero in CHhom

0 (X)Q and hence A = (H1(X)
S
) ′ as well.

Suppose (ii) holds. The semisimplicity of the category 〈H1(X)〉 together with the simplic-
ity of H1(X) imply that Lie(U(H1(X− S)))⊥, being a subobject of H1(X)S) ′, is a direct sum of
copies ofH1(X). Since the only endomorphisms ofH1(X) are the scalar maps, the only copies
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of H1(X) in (H1(X)
S
) ′ are the images of the morphisms of the form

∑
p∈S

apιp with
∑
p∈S

ap = 0.

For such a copy to be in Lie(U(H1(X− S)))⊥ we must have
∑
p∈S

app = 0 in CHhom
0 (X)Q. �

Corollary 2. If Condition (i) or (ii) of Theorem 2 holds, then the dimension of U(H1(X− S))
equals 2g times the rank of the subgroup of the Jacobian of X supported on S.

Proof. Let A be as in Theorem 2. Let d be the dimension of the kernel of (21). If β =

{(a
(r)
p )p∈S}1≤r≤d is a basis of the kernel of (21), then A is the sum of the images of the maps∑

p∈S
a
(r)
p ιp for 1 ≤ r ≤ d. One easily sees that the sum of these images is direct. (Indeed, if

{ηj}1≤j≤2g is a basis of H1(X)Q, then the elements (a(r)p ηj)p∈S of (H1(X)SQ)
′ with 1 ≤ r ≤ d and

1 ≤ j ≤ 2g are linearly independent.) The result now follows from Theorem 2. �

5. THE SPACE OF QUADRATIC ITERATED INTEGRALS ON A CURVE

We shall now use Theorem 1 to calculate the unipotent radical of G(M) forM the mixed
Hodge structure on the space of iterated integrals of length at most two on a smooth projec-
tive curve with possibly one puncture. We will use notation as in Section 4.1. All direct sums
in the section are internal.

5.1. Let X be a smooth complex projective curve of positive genus g. Let ∞ ∈ X(C) and
U = X − {∞}. Choose a base point e ∈ U(C). We identify H1(X) with H1(U) via the map
induced by the inclusion U ⊂ X, and simply write H1 for them.

Let V be U or X. Let I ⊂ Q[π1(V, e)] be the augmentation ideal (i.e. the kernel of the
homomorphism Q[π1(V, e)] → Q which sends the elements of π1(V, e) to 1). Let L2(V, e) be
Hain’s mixed Hodge structure on the underlying rational vector space(

I/I3
)∨
.

The reader can refer to [Pu88], [Ka01], or [DRS12] for a more detailed discussion of this
mixed Hodge structure. Here we recall some facts about L2(V, e). The proofs can be found
in the articles quoted above, for instance. For the general construction of the mixed Hodge
structure on the fundamental group of a smooth complex variety modulo powers of the
augmentation ideal (e.g. the description of the weight and Hodge filtrations), the reader
may consult [Ha87a] or [Ha87b].

As a complex vector space, L2(V, e)C is the direct sum of H1C (the elements of which are
considered as functionals on I in the obvious way), and the space of Chen iterated integrals
of the form ∫

ω1ω2 + ν,

whereω1,ω2, ν are complex-valued smooth 1-forms on V , withω1,ω2 closed andω1∧ω2+
dν = 0. (Such an integral is closed, i.e. its value at a loop based at e only depends on the
homotopy class of the loop in V . It thus gives a function on the fundamental group, and
hence, by extending linearly, a map C[π1(V, e)] → C. By properties of iterated integrals this
map vanishes on I3, hence restricting to an element of L2(V, e)C.)

One has an exact sequence of mixed Hodge structures

0 → H1 → L2(V, e)
q→ H1 ⊗H1,
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where the injective arrow is inclusion, and the map q sends an element f : I→ Q (vanishing
on I3) to the element of

H1Q ⊗H1Q ∼=
(
H1(V,Q)⊗H1(V,Q)

)
∨

given by

[γ1]⊗ [γ2] 7→ f((γ1 − 1)(γ2 − 1)).

(Here the γi are elements of π1(V, e), and 1 is the constant loop. This is indeed well-defined
because f vanished on I3.) The image of q is the kernel of the cup product map (for V)

H1 ⊗H1 → H2(V).

If V = U, then this is all of H1 ⊗H1. If V = X, we denote this kernel by (H1 ⊗H1) ′.
The inclusion U ⊂ X induces an injective morphism

L2(X, e)→ L2(U, e).

We shall identify L2(X, e) with its image under this map. We then have a commutative dia-
gram

(22)
0 → H1 → L2(X, e) → (H1 ⊗H1) ′ → 0

= ∩ ∩
0 → H1 → L2(U, e) → H1 ⊗H1 → 0

with exact rows. The top and bottom sequence, respectively, represent an element of

Ext((H1 ⊗H1) ′, H1) ∼= Ext((H1)∨⊗ (H1 ⊗H1) ′,Q(0))

and

Ext(H1 ⊗H1, H1) ∼= Ext((H1)∨⊗H1 ⊗H1,Q(0)).

Identifying (H1)∨ withH1(1) via the Poincaré duality isomorphismH1(1)→ (H1)∨ (given by
ω 7→ ∫

X

ω∧−), we thus get elements in

Ext((H1)⊗ (H1 ⊗H1) ′(1),Q(0)) and Ext(H1 ⊗H1 ⊗H1(1),Q(0))

corresponding to the top and bottom rows of (22). We call these extensions µe and µ∞e ,
respectively. It is clear that µe is the restriction of µ∞e to the subobject (H1)⊗ (H1⊗H1) ′(1) of
(H1)⊗3(1).

5.2. Let M be L2(X, e) or L2(U, e). Let us denote the image of q by N (thus N is either
(H1 ⊗H1) ′ or H1 ⊗H1). Our goal is to calculate the subspace

Lie(U(M)) ⊂ Hom(NQ, H
1
Q).

In view of Theorem 1, we will consider the restrictions of µ∞e to different subobjects of
(H1)⊗3(1).
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5.3. The Hodge structure (H1)⊗3(1) can be decomposed as follows. Let ξ∆ be the H1 ⊗ H1
Künneth component of the cohomology class of the diagonal of X in X2. Then we have

H1 ⊗H1 = Qξ∆ ⊕ (H1 ⊗H1) ′,
so that

(H1)⊗3 = H1 ⊗ ξ∆ ⊕ H1 ⊗ (H1 ⊗H1) ′.
To further decompose the second summand, consider the obvious (“wedging”) morphism

φ : H1 ⊗ (H1 ⊗H1) ′ →∧3
H1.

This is surjective (see [Pu88], Lemma 4.7). Since the Mumford-Tate group of H1 is reductive,
φ admits a section σ, so that

H1 ⊗ (H1 ⊗H1) ′ = ker(φ)⊕ σ
( ∧3

H1
)
.

Let Jac be the Jacobian of X. We identifyH1(Jac) withH1 (using X→ Jac given by x 7→ x−e),
and the cohomology of Jacwith the exterior algebra on H1. Let ξ∆ be the image of ξ∆ under
the quotient map H1 ⊗ H1 → ∧2H1. Then ξ∆ is an integral Kähler class of Jac, and the
Lefschetz decomposition on H3(Jac) gives∧3

H1 = H1 ∧ ξ∆ ⊕
( ∧3

H1
)
prim

,

where prim stands for primitive cohomology. In summary, we have

(23) (H1)⊗3 = H1 ⊗ ξ∆ ⊕ ker(φ) ⊕ σ(H1 ∧ ξ∆) ⊕ σ(
( ∧3

H1
)
prim

).

The latter three summands together form H1 ⊗ (H1 ⊗H1) ′.

5.4. The restrictions of µ∞e to the different summands of (H1)⊗3(1) given in (23) have been
studied by Pulte [Pu88] and Kaenders [Ka01] (also indirectly by Harris [Ha83]).

(i) It follows from a theorem of B. Harris and Pulte (Theorem 4.10 of [Pu88], also see
Section 3 of [Ha83]) that the restriction of the extension µe (= the restriction of µ∞e ) to
ker(φ)(1) is zero. (Note: Pulte [Pu88] considers the extension µe in the category of
integral Hodge structures. Theorem 4.10 therein implies that the restriction of µe to
ker(φ)(1) is 2-torsion in the category of integral mixed Hodge structures. Hence it is
zero in the category of rational mixed Hodge structures.)

(ii) The restriction of µe to

σ(

(∧3
H1
)
prim

)(1)

is zero if and only if B. Harris’ (base point independent) harmonic volume of X (de-
fined in [Ha83]) is torsion. This is easily seen from Theorem 3.9 of [Pu88] together
with the previous item.

(iii) Consider the morphism ψ : H1 → H1 ⊗ (H1 ⊗ H1) ′(1) defined by ω 7→ σ(ω ∧ ξ∆).
Corollary 6.7 of [Pu88] (also see Theorem 4.10 therein) asserts that under the identifi-
cation (15),

ψ∗µe = (2g− 2)e− K,

where K is the canonical divisor of X (and ψ∗µe the pullback of µe along ψ).
(iv) Consider the morphism ψ ′ : H1 → (H1)⊗3(1) defined by ω 7→ ω ⊗ ξ∆. By a theorem

of Kaenders (Theorem 1.2 of [Ka01]), under the identification (15), one has

ψ ′∗µ∞e = −2g∞+ 2e+ K.
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5.5. We now come back to the problem of determination of Lie(U(M)) (with M = L2(X, e)
or L2(U, e), as in Section 5.2), or equivalently, that of

Lie(U(M))⊥ ⊂ H1 ⊗N(1)

(where N is (H1 ⊗H1) ′ or H1 ⊗H1, depending on whether M is L2(X, e) or L2(U, e), accord-
ingly).

Theorem 3. Suppose the Hodge structuresH1 and (
∧3H1)prim(1) are simple and non-isomorphic.

Set

i =

{
1 if the harmonic volume of X is torsion
0 otherwise,

and

j =

{
1 if (2g− 2)e− K ∈ CHhom

0 (X)Q is zero
0 otherwise.

Then

Lie(U(L2(X, e)))⊥ = ker(φ)(1)⊕ σ((
∧3

H1)prim)(1)
i ⊕ σ(H1 ∧ ξ∆)(1)j.

Proof. By Theorem 1 and (i)-(iii) of the previous paragraph, ker(φ)(1) is in Lie(U(L2(X, e)))⊥,
and moreover, σ((

∧3H1)prim)(1) (resp. σ(H1 ∧ ξ∆)(1)) is in Lie(U(L2(X, e)))⊥ if and only if
i = 1 (resp. j = 1). The result now follows from that because of the hypotheses on H1 and
(
∧3H1)prim(1) and semisimplicity of the category 〈H1〉, the only subobjects of H1 ⊗ (H1 ⊗
H1) ′(1) containing ker(φ)(1) are the ones listed in the statement. �

The situation for L2(U, e) is only slightly more complicated. Let End(Jac) be the endo-
morphism ring of the Jacobian of X.

Theorem 4. Suppose the Hodge structuresH1 and (
∧3H1)prim(1) are simple and non-isomorphic.

Consider the following situations:

(A1) (2g− 2)e− K and −2g∞+ 2e+ K are both zero in CHhom
0 (X)Q.

(A2) (2g − 2)e − K and −2g∞ + 2e + K are not both zero in CHhom
0 (X)Q, but there exist

h, h ′ ∈ End(Jac)⊗Q, not both zero, such that h((2g−2)e−K)+h ′(−2g∞+2e+K) = 0.
(A3) The complement of (A1) and (A2) holds.
(B1) The harmonic volume of X is torsion.
(B2) The complement of (B1) holds.

Then Lie(U(L2(U, e)))⊥ equals:

(a) (H1)⊗3(1) if (A1) and (B1) hold.
(b) ker(φ)(1) ⊕ H1 ⊗ ξ∆ ⊕ σ(H1 ∧ ξ∆) if (A1) and (B2) hold.
(c) ker(φ)(1) ⊕ S ⊕ σ((

∧3H1)prim)(1) where S is an isomorphic copy of H1 in H1 ⊗
ξ∆ ⊕ σ(H1 ∧ ξ∆) (described precisely in the proof), if (A2) and (B1) hold.

(d) ker(φ)(1) ⊕ Swith S as in (c), if (A2) and (B2) hold.
(e) ker(φ)(1) ⊕ σ((

∧3H1)prim)(1) if (A3) and (B1) hold.
(f) ker(φ)(1) if (A3) and (B2) hold.

Proof. If g = 1, then (B1) and one of (A1) or (A3) hold (according to whether or not e −∞ is
zero in CHhom

0 (X)Q), and the result is immediate from Theorem 1, items (i) and (iv) of Section
5.4, and the fact that the only possibilities for Lie(U(L2(U, e)))⊥ are ker(φ)(1) and (H1)⊗3(1).
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Assume g > 1. The only subobjects of (H1)⊗3(1) that contain ker(φ)(1) are the ones
listed in (a)-(f) above. The only assertions that are not clear are the ones about the intersection
of H1 ⊗ ξ∆ ⊕ σ(H1 ∧ ξ∆) and Lie(U(L2(U, e)))⊥ when (A2) or (A3) holds. Note that if (A2)
or (A3) holds, then Lie(U(L2(X, e)))⊥ cannot contain the entirety of H1 ⊗ ξ∆ ⊕ σ(H1 ∧ ξ∆);
thus the intersection of the two objects in question is either zero, or a copy of H1. We will
show that these occur according to whether (A3) or (A2) hold, respectively. To simplify the
notation, let us call the two copies σ(H1 ∧ ξ∆) and H1 ⊗ ξ∆ of H1, respectively, A and A ′. Let
ψ and ψ ′ be the maps H1 → (H1)⊗3(1) as in (iii) and (iv) of Section 5.4 (thus ψ and ψ ′ are
the obvious embeddings of H1 in (H1)⊗3(1) with images A and A ′, respectively). Suppose
S is a copy of H1 in A ⊕ A ′, with α : H1 → (H1)⊗3(1) a fixed isomorphism onto S. Let
π, π ′ : S→ (H1)⊗3(1) be the projection maps to A and A ′, respectively. Let f, f ′ : H1 → H1 be
such that the diagram

H1 H1 H1

(H1)⊗3(1) S (H1)⊗3(1)

ψ

f

α

f ′

ψ ′

π π ′

commutes. Denoting the inclusion map S → (H1)⊗3(1) by j (= π + π ′), we then have j ◦ α =
ψ ◦ f+ψ ′ ◦ f ′. Pulling back µ∞e along j ◦ αwe get

α∗ ◦ j∗(µ∞e ) = f∗ ◦ψ∗(µ∞e ) + f ′∗ ◦ψ ′∗(µ∞e ).

Let h, h ′ ∈ End(Jac)⊗Q, respectively, induce f, f ′ on H1. Via the identification (15), the last
equation reads

α∗ ◦ j∗(µ∞e ) = h((2g− 2)e− K) + h ′(−2g∞+ 2e+ K).

Suppose (A3) holds. Then the right hand side is not zero, hence j∗(µ∞e ) 6= 0, so that S is not
contained in Lie(U(L2(U, e)))⊥. On the other hand, if (A2) holds, with h, h ′ ∈ End(Jac)⊗Q
not both zero and such that h((2g− 2)e−K) +h ′(−2g∞+ 2e+K) = 0, we run the argument
backwards: let f, f ′ : H1 → H1 be the pullbacks of h, h ′. Let S be the image of ψ ◦ f + ψ ′ ◦ f ′;
it is nonzero since f or f ′ is not zero. Let α = ψ ◦ f + ψ ′ ◦ f ′, with codomain restricted to S.
Simplicity of H1 implies that α is an isomorphism. We have α∗ ◦ j∗(µ∞e ) = 0 (with j : S →
(H1)⊗3(1) the inclusion map), so that j∗(µ∞e ) = 0 and thus S is in Lie(U(L2(U, e)))⊥. �
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