
MAT240 Tutorial Problems - Week 10 Fall 2016

More on Linear Transformations and Matrices, Determinants.

(1) Find the mistake in the following proof of “2n = 3n for all n ≥ 0”. (Obviously, this is wrong.
So, there must be a mistake.)

“We will prove by strong induction. For n = 0, we have 20 = 1 = 30. So, we have the base
case. Now, suppose that the statement holds for all k ≤ n. We will prove the statement for
n+ 1 under this assumption. We have 2n+1 = 2n21 = 3n31 = 3n+1 where the second equality
follows from the induction hypothesis.”

(2) Let A ∈Mm×n(F ) and B ∈Mn×k(F ) be two matrices with entries in a field F .

(a) True or False. rk(AB) = min{rk(A), rk(B)}.
(b) True or False. Suppose that m = n = k so that both matrices are square matrices of

the same size. Then, rk(AB) = min{rk(A), rk(B)}.

(3) Suppose that we know the following properties of the function det : Mn(F ) → F : (i)
det(AB) = det(A) det(B). (ii) det(I) = 1.

(a) Show that if A is invertible, then det(A) 6= 0.

(b) Show that if A is invertible, then det(A−1) = det(A)−1.

(c) Show that if A and B are similar matrices, then det(A) = det(B). (Recall. A and B are
said to be similar if there is an invertible matrix S such that A = S−1BS.)

(d) Conclude that if f : V → V is a linear transformation and if α, β are two bases for V ,
then det[f ]α = det[f ]β.

(e) Give a reasonable definition for det f and show that your definition is well-defined. (This
is basically, part (d)).

(4) Recall that every row operation in Gaussian elimination is given by an invertible matrix. In
the following, one should be careful about the definition of a row operation. When we are
changing the row Ri, we are not allowed to multiply Ri by a scalar.

(a) Show that this last restriction ensures that the invertible matrix describing the row
operations has determinant 1.

(b) Conclude that determinant of a matrix is equal to determinant of an upper triangular
matrix obtained by from the original matrix.

(c) Show that the determinant of an upper triangular matrix is equal to the product of the
diagonal entries.

(d) Conclude that if A is not an invertible matrix, then det(A) = 0.

(5) Compute a lot of determinants.


