
MAT135H1Y Weekly Questions - May 25 Summer 2017

Comments

These weekly questions are designed for you to review the material we cover in the class, or to
catch up if you miss a lecture. At the end of each of each weekly questions, you will see questions
assigned from the textbook. You are strongly advised to attempt all of these questions. If English
isn’t your first language, you are encouraged to solve the questions in the language you are most
comfortable with. You may then translate your answer to English. If there is anything that you
don’t understand, you can always ask to

• your instructor in office hours.

• your TA in tutorials.

• general math TAs in Math Aid Centre.

It is perfectly fine to be confused. These resources are there to help you. This is 12 hours of help
per week. For more information on these resources, see the syllabus. In addition to these, you are
very strongly encouraged to meet at least a couple of fellow students in your class. Even better,
create your own study group. Mathematics is usually easier and definitely more fun when shared
with others. You will not believe how much one can learn from different people’s perspectives.
Sometimes, one small comment from a friend can make an entire confusing section crystal clear.
Sometimes, you can realize that the section you thought you understand is not actually well un-
derstood when you see you can’t explain the first definition to your friends. This is a small class
and you can always find a coffee shop or an empty classroom to fit all of your study group.

Introduction to Limits

(1) Let f : R→ R be a function defined by the following rule:

f(x) =


x− 1 if x < 3,

7 if x = 3,

x+ 2 if x > 3

(a) Draw the graph of this function. (Functions of these form are usually called “piecewise”
defined functions.)

(b) Describe the graph of the function when the x values are smaller than 3 but very close
to 3.

(c) Describe the graph of the function when the x values are larger than 3 but very close to
3.

(2) Let g : R→ R be a function defined by the following rule:

g(x) =

{
10 if x = 0,

|x| ifx 6= 0

(a) Draw the graph of this function.

(b) Describe the behaviour of this function when x values are very close to 0 but not equal
to zero.



(3) For the following functions, draw the graph and describe the behaviour around the specified
point:

(a) x2 + 1 with specified point a = 0.

(b) x3 with specified point a = 1.

(c) sin(x) with specified point a = π.

(4) Remark. We have not talked about the epsilon-delta definition of limit in the lecture and
we will not talk about it at all. You do not have to learn it unless you are curious. If you
want, you can skip to question 5. We would like to make the previous ideas mathematically
concrete. So, consider the example in Question (1b). We want to say

“When the x values are getting closer to 3, but smaller than 3, the value of the function is
getting closer to 2.”

Let’s paraphrase this:

“If you zoom in around 2 in the y-axis, you will see that points on the x-axis which are close
to 3 but smaller than 3 will be mapped to the zoomed-in area around 2.”

Let’s try again:

“No matter how close you get to 2 in the y-axis, you can always zoom in near 3 on the
x-axis, just enough to see that anything less than 3 in this zoomed-in area around 2 goes to

near 2.”

One more time:

“No matter what interval you choose around 2, you can find an interval around 3 such that
anything less than 3 in this interval goes to the first interval.”

This sounds more mathematical! Now, we need something else: Let a be a real number.
An open interval around a with center a and radius c is the set of points which satisfy the
inequality |x− a| < c. This inequality really says “the distance between x and a is less than
c”. And this really defines an interval with center a and radius c. On the other hand, if we
just say 0 < |x − a| < c, this means we are looking at all points which have distance less
than c to point a, excluding the point a itself. And if we say 0 < x− a < c, this determines
points which are bigger than a and have distance less than c. Similarly, −3 < x − a < 0
determines points which are smaller than a and have distance smaller than c. Make sure that
you understand these things. Take your time. Draw some pictures if you want. When you
are convinced, let’s keep paraphrasing:

No matter what positive number ε > 0 we choose, we can find a positive number δ such that
anything in the interval −δ < x− 3 < 0 goes to the interval |f(x)− 2| < ε

Some people write this as

For all ε > 0, there is a δ > 0 such that −δ < x− 3 < 0 implies |f(x)− 2| < ε

and this is usually what people call “the epsilon-delta definition” of limit. We will not need
this level of abstraction in this course. But we will use the following notation:

lim
x→3−

f(x) = 2



(a) Similarly, convince yourself (see Question (1c)) that

“For all ε > 0, there is a δ > 0 such that 0 < x− 3 < δ implies |f(x)− 5| < ε”

or equivalently,

“No matter what interval you choose around 5, you can find an interval around 3 such
that anything larger than 3 in this interval goes to the first interval.”

This is denoted as

lim
x→3+

f(x) = 5

(b) Argue that in question 2, we have

lim
x→0+

g(x) = 0 = lim
x→0−

That is, both limit from the left and limit from the right are the same. In this case, we
just write

lim
x→0

g(x) = 0

and say that limit exists as x approaches to zero.

(5) Suppose that we have two functions f, g and let a be a number which is in the domain of both
f and g. Suppose that we know that limx→a f(x) and limx→a g(x) exist. Then, we have

lim
x→a

(f + g)(x) = lim
x→a

f(x) + lim
x→a

g(x)

and

lim
x→a

(f.g)(x) = lim
x→a

f(x). lim
x→a

g(x)

(6) For the function f(x) = x, we have limx→a f(x) = a. Convince yourself that this is true for
any value of a by looking at the graph of the function.

(7) Let c be a fixed real number. For the constant function f(x) = c, we have limx→a f(x) = c for
any value of a.

(8) Now we can combine Questions (5), (6) and (7) to do the following examples:

(a) limx→3 x = 3.

(b) limx→4 15 = 15.

(c) limx→2 x+ 15 = 17. (Hint: Use Q5)

(d) limx→3 x
2 = 9. (Hint: Use Q5)

(e) limx→2 x
2 + x− 5 = 1.

(f) limx→5 x
3 − x2 + x− 5 = 100.

(9) Using the same arguments, we can argue that for any polynomial function p(x) = a0 + a1x+
. . .+ anx

n, we have limx→a p(x) = p(a).

(10) By looking at the graph of trigonometric functions (you may use wolframalpha to plot the
graphs), calculate the following limits:



(a) limx→0 sin(x)

(b) limx→π cos(x)

(c) limx→π
6

sin(x) + cos(x)

(11) When we have that limx→a+ f(x) = limx→a− f(x) for a function f and a real number a, we
say that limit does not exist. For instance, even-though one sided limits at 3 exist for the
function in Q1, the limit does not exist at 3 for that function.

(12) Solve the following problems from the book (Edition 7, Edition 8):

(a) Section 2.2: 1,2,3,4,5,6,7,10,11,15,16.

(b) Read Section 2.3 and do exercises 1,2,3,4.


