
MAT135H1Y Weekly Questions - May 16 Summer 2017

Comments

These weekly questions are designed for you to review the material we cover in the class, or to
catch up if you miss a lecture. At the end of each of each weekly questions, you will see questions
assigned from the textbook. You are strongly advised to attempt all of these questions. If English
isn’t your first language, you are encouraged to solve the questions in the language you are most
comfortable with. You may then translate your answer to English. If there is anything that you
don’t understand, you can always ask to

• your instructor in office hours.

• your TA in tutorials.

• general math TAs in Math Aid Centre.

It is perfectly fine to be confused. These resources are there to help you. This is 12 hours of help
per week. For more information on these resources, see the syllabus. In addition to these, you are
very strongly encouraged to meet at least a couple of fellow students in your class. Even better,
create your own study group. Mathematics is usually easier and definitely more fun when shared
with others. You will not believe how much one can learn from different people’s perspectives.
Sometimes, one small comment from a friend can make an entire confusing section crystal clear.
Sometimes, you can realize that the section you thought you understand is not actually well un-
derstood when you see you can’t explain the first definition to your friends. This is a small class
and you can always find a coffee shop or an empty classroom to fit all of your study group.

A Review of Functions

(1) What is a function? Throughout this course, we will deal with several properties of functions.
But if you don’t understand what a function is to begin with, then it will be impossible to
understand a property of a function. We are not looking for a very mathematical definition
here. The question is simply to understand intuitively what a function is.

(2) In order to describe a function, one needs to know what the output is when the input is
specified. At some point, we want to keep a record of this. This record can be kept using
different languages and notations. However, at the end of the day, we want all these possibly
different record keepings to give us the same function. How many different ways do you know
to specify a function? Can you think of new ways to make this record keeping more efficient?
One of the goals of the first week is to familiarize yourself with different ways to describe a
function. We will need this later in the course.

(3) Have you ever used a vending machine? If yes, explain how it works in a short paragraph. If
not, there is a vending machine in Bahen Centre across the elevators. Learn how it works.
For each number you are allowed to enter as an input, there is an output, namely the item
you want. Does this describe a function?

(4) In this course, we will sometimes use some very common set notations. Make yourself com-
fortable with these notations. You are encouraged to ask questions at all times during the
lecture. But you are even more encouraged to stop the instructor and ask what the notation
means, if you are not sure about it. Because if you don’t understand what the instructor
wrote on the board, you will not understand what they mean. If you don’t understand what



they mean, you will not understand the ideas and mathematics is all about the ideas. As
you can see, we are in the fourth question and we haven’t written any numbers yet. Can you
understand what the following sentences mean? Can you write them down without using any
mathematical symbols? If there is any sentence that you don’t understand, you should ask
somebody: See the comments above. The purpose of this exercise is to see if you are familiar
with the language, not the mathematics.

(a) Let a, b ∈ R.

(b) Let f : [2, 3]→ R be a function.

(c) A function is called increasing if f(a) < f(b) whenever a < b.

(d) If c ∈ (0, 1), then c2 ∈ (0, 1).

(e) Let A ⊆ R and suppose x ∈ A.

(f) For any n ∈ N, we have n + 1 ≥ n.

(5) What is a linear function? Warning. The term linear function is used to describe different
things in different areas of mathematics. For instance, f(x) = 2x + 3 is a linear function in
calculus, but not in linear algebra. This may be frustrating, yes. But once we all agree on what
we mean by it, there is no confusion. Now, answer the following questions. Mathematically,
they are not challenging questions with a high school level precalculus background. The only
possible challenge is to get used to the language. As commented above, it may be a good idea
to translate them into your first language, solve it, then translate the solution to English.

(a) Is x2 + 1 a linear function?

(b) Is it possible to have a linear function f such that f(0) = 18, f(1) = 2, f(3) = 24. If you
think that this is possible, give an example of such a linear function f . If it is impossible,
explain why in a couple of sentences.

(c) Draw the graph of the linear function 3x + 5 defined on the closed interval [−2, 2].

(d) “If f, g : R → R two different linear functions, then there is always at least one c ∈ R
such that f(c) = g(c). In other words, the graph of two different linear functions always
intersect at a point”. This sentence is wrong. In order to prove that it is wrong, you
should find a counterexample. That is, find two different linear functions f and g such
that their graphs do not intersect.

(e) Is there a real number c ∈ R such that f(c) = g(c) where f(x) = 2x+3 and g(x) = 3x+4.

(6) Let’s go back to question 3. We are lucky that in University of Toronto, we don’t have to pay
for water. But in some parts of the world, tap water isn’t drinkible. In a subway station,
you may find a big vending machine which only sells one kind of bottled water. No matter
what number you punch in, you will get the same brand of bottled water of the same size.
We learned in class that such functions have a special name. What is it?

(7) It is important to understand how to construct new functions from old. This question aims to
focus on a small part of this phenomenon with an example. Suppose that we have a function
f : {0, 1, 2, 3, 4} → R defined by the rule

f(0) = 12, f(1) = 47, f(2) = 13, f(3) = 18, f(4) = 70

From this function, let us construct two different functions. First, let us define g : {0, 1, 2, 3, 4} →
R by

g(x) = f(x) + 5



and secondly, let us define h : {1, 2, 3, 4, 5} → R by

h(x) = f(x− 1)

Fill in the blanks:

g(0) = . . . , g(1) = . . . , g(2) = . . . , g(3) = . . . , g(4) = . . .

h(1) = . . . , h(2) = . . . , h(3) = . . . , h(4) = . . . , h(5) = . . .

(8) You are expected to know what the graph of f(x) = x2 looks like.

(a) Carefully draw the graph of x2 restricted to the closed interval [−3, 3].

(b) On your graph, specify the points (m, f(m)) on your graph where m ∈ {−3,−2,−1, 0, 1, 2}.
(This sentence is written in a very mathematical way, if you don’t understand what it
means, contact your instructor/TA or go to MAC.)

(c) Consider the function x2+1. Calculate the values of this function at x = −3,−2,−1, 0, 1, 2, 3.

(d) Carefully draw the graph of x2 + 1 restricted to the closed interval [−3, 3].

(e) Do the previous two parts for the function (x− 2)2.

(f) Convince yourself that (x− 2)2 = (x− 2)(x− 2) = x2 − 4x + 4. So, in the previous part,
you drew the graph of x2− 4x+ 4. Can you now draw the graph of x2− 4x+ 7? Notice
that this is just x2 − 4x + 4 + 3.

(g) Let’s do reverse engineering. If we wanted to draw x2 − 4x + 7 at the very beginning,
it would be too difficult. But, we can draw x2 − 4x + 4 = (x − 2)2 easily from the
previous step. Because we know how to draw x2 and we practiced this so-called “shifting”
phenomenon in question 7. So, by the same ideas here, can you draw the graph of
x2 − 4x− 4?

(h) Draw the graph of x2 − 6x + 11. Hint. 11 = 9 + 2.

(i) With words, explain how to draw the graph of a quadratic function of the form x2+bx+c
for arbitrary real numbers b, c.

(j) Challenge Problem Can you do the previous part for a quadratic function of the form
ax2 + bx + c. (We will come back to this in a few weeks.)

(9) Polynomial functions are functions of the form f(x) = anx
n +an−1x

n−1 + . . .+a2x
2 +a1x+a0

where n is some natural number and the coefficients ai are real numbers.

(a) Is it true that every linear function is a polynomial function?

(b) Is it true that every quadratic function is a polynomial function?

(c) Using a calculator find the value of f(−100) and f(100) for the polynomial function
f(x) = x3 + 12x + 14.

(10) Another function that you should be familiar with is the function 1
x . What does its graph

look like? Can you describe its behaviour for very large values of x? How about very small
values of x? How about negative numbers? Is this function defined at x = 0?

(11) A rational function is a function of the form p(x)
q(x) where p and q are polynomial functions.

For instance, 2x+3
x2+7

is a rational function.



(12) The function 2x is also a very important function. Can you think of a real life example?
Maybe you can think of a bacterial species which enjoy mitosis reproduction and you want to
estimate the number of bacteria in your lab after two days. Be creative and find an example.
As you can appreciate, 2 is not really too important mathematically here. You can also think
of the function 17x. In general, you can think of the function ax for any a > 0. As you can
imagine, your mathematical bacteria will grow in time. So, with time you will have lots and
lots of bacteria and the more bacteria you have, they will reproduce faster. Can you use this
information and try to guess what the graph of 2x looks like?

(a) Refresh your high school mathematics. Label the following statements as True or False:

• For all x, y ∈ R, we have 3x+y = 3x + 3y. (Don’t you remember it? Let x = 1, y = 2
and see if the equality holds!!)

• For any a > 0, we have a0 = 1.

• 5−1 = 1
5 .

Questions From the Book

(1) Section 1.2. 10, 11, 14

(2) Section 1.3. 1, 2, 3, 4


