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Chapter 1

Fourier Series and Initial

Boundary Value Problems

Fourier - a French mathematician from the end of the 18th century to the beginning of the
19th century - proposed a partial differential equation (PDE) called the heat conductive
equation in modeling the heat conduction phenomenon. In order to study the PDE, he
also introduced Fourier series expansion. In this chapter, we discuss an approach to solve
PDEs, called Fourier’s method.

1.1 Fourier’s method

In order to discuss the method introduced by Fourier, let’s consider the following problem:

∂u

∂t
− ∂2u

∂x2
= 0, x ∈ [0, 1], t > 0, (1.1)

u(x, 0) = u0(x), x ∈ [0, 1], (1.2)

u(0, t) = u(1, t) = 0, t > 0. (1.3)

Equation (1.1) is called the heat conductive equation, or simply the heat equation.
Physically, it describes how the heat conducts through a thin rod of unit length over time.
In this case, u(x, t) represents the temperature of the rod at position x and time t. (1.2)
is called initial condition for (1.1) and it describes the temperature distribution of the
rod at time t = 0. The function u0(x) representing the initial temperature distribution is
called initial value. (1.3) is called boundary condition, describing that the temperature
is fixed to be zero at two ends x = 0 and x = 1. Boundary conditions which prescribe the
values of the solution at the boundary are called Dirichlet boundary conditions. We
call (1.1), (1.2), and (1.3) initial boundary value problem (IBVP) or mixed problem for
the heat conductive equation.

Fourier proposed (1.1)–(1.3) as a model to study the heat conduction phenomenon math-
ematically. In order to do any mathematical analysis, one needs to find a solution satisfying
(1.1)–(1.3). Hereupon, he introduced the following method for obtaining solutions.

Suppose that a solution can be written as a separated solution of the form

u(x, t) = X(x)T (t).

1
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If order for u(x, t) to satisfy (1.1), the following must hold:

X ′′(x)
X(x)

=
T ′(t)
T (t)

, x ∈ [0, 1], t > 0. (1.4)

Let us proceed without worrying about the case when X(x) or T (t) is 0. If (1.4) holds for
all x and t, then there exists a constant λ such that

λ =
X ′′(x)
X(x)

=
T ′(t)
T (t)

, x ∈ [0, 1], t > 0, (1.5)

since in this case, from (1.4), we have

X ′′(x1)

X(x1)
=
X ′′(x2)

X(x2)
=
T ′(t)
T (t)

, t > 0,

for any x1, x2 ∈ [0, 1]. i.e., X ′′(x)/X(x) is a constant independent of x. Similarly, one can
show that T ′(t)/T (t) is a constant independent of t. From (1.5), we have

X ′′(x) = λX(x), x ∈ [0, 1], (1.6)

T ′(t) = λT (t), t > 0.. (1.7)

Moreover, if T (t) 6≡ 0, then it follows from (1.3) that

X(0) = X(1) = 0. (1.8)

By solving (1.6) and (1.8), we find sinnπx, n = 1, 2, · · · . Let λn, Xn, and Tn denote λ,X,
and T corresponding to each n = 1, 2, · · · . i.e.,

λn = −(nπ)2,

Xn = sinnπx,

Tn = cne
−(nπ)2t.

Here, cn is a constant depending on n, which will be chosen to satisfy the initial condition
(1.2). Note that u0(x) is not a sine function in general. In this case, however we choose cn,
each term in the sequence of functions

un(x, t) = cne
−(nπ)2t sinnπx, n = 1, 2, · · ·

satisfies (1.1) and (1.3), but not (1.2). In order to handle this issue, Fourier hypothesized
that a function u0(x) can be written as an infinite series in terms of sines:

u0(x) =
∞∑

n=1

an sinnπx, (1.9)

where an is a suitable constant. The right-hand side of (1.9) is called Fourier series. If
(1.9) holds true, then by letting cn = an, the function u(x, t) given by

u(x, t) =
∞∑

n=1

un(x, t) =
∞∑

n=1

ane
−(nπ)2t sinnπx (1.10)
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is a solution to (1.1)–(1.3), at least formally.
This Fourier method contains several mathematically interesting problems. For exam-

ple, in solving the problem (1.6) with (1.8), one needs to find a function X(x) together with
a constant λ. Such a problem is called an eigenvalue problem, and λ and a solution X
corresponding to λ are called an eigenvalue and an eigenfunction, respectively.

Fourier’s method can be summarized as follows. First, construct un as a product of
sinnπx, a solution to the eigenvalue problem (1.6) and (1.8), and cne

−(nπ)2t, a solution to
the time evolution ordinary differential equation (1.7) with the corresponding λn = −(nπ)2.
Then, choose cn depending on the initial value, and add all un’s. We expect that a series in
un constructed in this way is a solution to the initial boundary value problem (1.1)–(1.3).
Note that we used the fact that if u and v are solutions to (1.1), then αu + βv, α, β ∈ R
is also a solution to (1.1). This is called the principle of superposition, and equations
satisfying the principle of superposition are called linear equations. Equations that are
not linear are called nonlinear equations. In general, in solving an initial boundary value
problem on a bounded domain Ω ⊂ Rn:

∂u

∂t
− ∆u = 0, x ∈ Ω, t > 0, (1.11)

u(x, 0) = u0(x), x ∈ Ω, (1.12)

u(x, t) = 0, x ∈ ∂Ω, t > 0, (1.13)

∆ =
n∑

j=1

∂2

∂x2
j

,

it suffices to find all the solutions (λ,w(x)) to the eigenvalue problem

∆w = λw, x ∈ Ω (1.14)

w(x) = 0, x ∈ ∂Ω. (1.15)

Here, ∂Ω denotes the boundary of the domain Ω. We will discuss this problem in detail in
Chapter 3.

Fourier’s method leaves several important questions. For what kind of functions u0(x)
does the hypothesis (1.9) hold? Even if (1.9) holds, in what sense does the series on the
right-hand side of (1.9) or (1.10) converge? If term-by-term differentiation on the right-
hand side of (1.10) is valid, then we can say that u(x, t) in (1.10) is a solution to (1.1)–(1.3).
These issues are not at all obvious, and need to be proven mathematically.

Although Fourier himself gave a proof to these issues, it was incomplete from the view-
point of modern mathematics. However, these incomplete issues brought up an awareness
of new problems and a new perspective to the mathematical community at that time and
contributed greatly toward the development of mathematics.

1.2 Mathematical analysis on Fourier’s method

In this section, we provide a rigorous mathematical analysis on Fourier’s method introduced
in Section 1.1. There are two main mathematical issues on Fourier’s method.

(I) What kind of function u0 can be written as a series of sine functions as in (1.9)?
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(II) In what sense does the series in (1.10) converge? Also, can we differentiate the series
(1.10) term-by-term?

Before discussing these issues, let us introduce some notations. Let L2(0, 1) denote the
collection of real-valued measurable functions on (0, 1) that are square-integrable. Also, set

‖f‖L2 =

(∫ 1

0
|f(x)|2dx

) 1

2

,

(f, g) =

∫ 1

0
f(x)g(x)dx.

As for (I), we have the following well-known fact.

Theorem 1.2.1. Any f ∈ L2(0, 1) can be uniquely written as a Fourier since series:

f(x) =
∞∑

n=1

2(f, sinnπx) sinnπx.

Here, the equality holds in L2(0, 1). i.e. the above series converges in L2(0, 1), and

∥∥∥∥f −
m∑

n=1

2(f, sinnπx) sinnπx

∥∥∥∥
L2

−→ 0, as t→ 0.

We postpone the proof of this theorem until Chapter 3 (see Theorem 3.6.1) since the proof
requires some functional analysis.

Next, we consider (II). First, suppose that u0 ∈ C2([0, 1]) and

u0(0) = u0(1) = 0. (1.16)

In order to find a solution u(x, t) of (1.1)–(1.3) in C([0, 1]× [0,∞)), the initial value u0(x)
needs to satisfy (1.16) due to the boundary condition (1.3), The condition (1.16) is called
a compatibility condition. From Theorem 1.2.1 and (1.9), an in (1.10) is given by

an = 2(u0, sinnπx), n = 1, 2, · · · .

Since we have

|an| ≤ 2 sup
x∈[0,1]

|u0(x)|, n = 1, 2, · · · ,

we have, for any τ > 0,

∣∣∣∣
∞∑

n=1

ane
−(nπ)2t sinnπx

∣∣∣∣ ≤
∞∑

n=1

|ane
−(nπ)2t sinnπx|

≤ 2

(∑
e−(nπ)2t

)
sup

x∈[0,1]
|u0(x)|, for t ≥ τ.



1.2. MATHEMATICAL ANALYSIS ON FOURIER’S METHOD 5

From this, we see that the series in (1.10) converges uniformly on {(x, t) : 0 ≤ x ≤ 1, t ≥ τ}.
Moreover, after differentiating (1.10) k times in x and l times in t, we have

∣∣∣∣
∞∑

n=1

∂k+l

∂kx∂lt

(
ane

−(nπ)2t sinnπx
)∣∣∣∣ ≤

∞∑

n=1

∣∣∣∣
∂k+l

∂kx∂lt

(
ane

−(nπ)2t sinnπx
)∣∣∣∣

≤ 2

(∑
(nπ)k+le−(nπ)2t

)
sup

x∈[0,1]
|u0(x)|, for t ≥ τ.

This holds for any positive integers k, l and any τ > 0. i.e., the term-by-term differentiated
series also converges uniformly on {(x, t) : 0 ≤ x ≤ 1, t ≥ τ}. Therefore, u(x, t) in (1.10) is
infinitely differentiable in x and t on {(x, t) : 0 ≤ x ≤ 1, t > 0}, and its derivatives agree
with the right-hand side of (1.10) after term-by-term differentiation. In particular, this
shows that u(x, t) in (1.10) satisfies (1.1) and (1.3).

Finally, we show that u(x, t) satisfies the initial condition (1.2). Note that u0(x) ∈
C2([0, 1]) and satisfies the boundary condition (1.16). Thus, integrating by parts twice, we
have

an = 2(nπ)−2

(
∂2

∂xx
u0, sinnπx

)
.

Thus, we have

|u(x, t) − u0(x)| =
∞∑

n=1

∣∣1 − e−(nπ)2t
∣∣|an| ≤ 2

{ ∞∑

n=1

(nπ)−2
∣∣1 − e−(nπ)2t

∣∣
}

sup
x∈[0,1]

|u′′0(x)|.

Let supx∈[0,1] |u′′0(x)|. Then, given ε > 0, there exists a positive integer N such that

4
∑

n≥N

(nπ)−2 < M−1ε.

Hence, for all sufficiently small t > 0, we have

sup
x∈[0,1]

|u(x, t) − u0(x)| ≤ 4M
∑

n≥N

(nπ)−2 + 2M
N−1∑

n=1

(nπ)−2
∣∣1 − e−(nπ)2t

∣∣ ≤ ε.

This proves that u(x, t) converges uniformly to u0(x) as t→ 0+.
We have just proven the following theorem.

Theorem 1.2.2. Let u0 ∈ C2([0, 1]) and satisfy (1.16). Then, the function u(x, t) given
by

u(x, t) =
∞∑

n=1

2e−(nπ)2t(u0, sinnπx) sinnπx (1.17)

is in C([0, 1]× [0,∞))∩C∞([0, 1]× (0,∞)), and is a solution to the initial boundary value
problem (1.1)–(1.3).

Remark 1.2.3. (i) In Theorem 1.2.2, we assumed that u0 ∈ C2([0, 1]). It actually holds
with weaker assumption. For example, u0 ∈ C1([0, 1]) is enough.

(ii) It follows from Theorem 1.2 that a solution u(x, t) is in C∞ for t > 0 even if u0

is only a C2-function. This phenomenon is called smoothing effect, which is a common
property among parabolic PDEs including the heat equation.
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We basically verified the mathematical validity of Fourier’s method in the above ar-
gument. There is still one important issue to be considered. It is the uniqueness of a
solution. Does the initial boundary value problem (1.1)–(1.3) have only one solution un-
der the same initial and boundary conditions? For example, does a solution obtained by
Fourier’s method agree with a solution by a different method? We will consider this issue
in the remaining part of this section.

Fix u0 ∈ C2([0, 1]) satisfying (1.16) as before. Suppose that u(x, t) and v(x, t) are
solutions to (1.1)–(1.3) with the initial condition u0 in

C([0, 1] × [0,∞)) ∩ C2([0, 1] × (0,∞)). (1.18)

Let w(x, t) = u(x, t) − v(x, t). Then, w satisfies

∂w

∂t
− ∂2w

∂x
= 0, x ∈ [0, 1], t > 0, (1.19)

w(x, 0) = 0, x ∈ [0, 1], (1.20)

w(0, t) = w(1, t) = 0, t > 0. (1.21)

Multiplying both sides of (1.19) by w, integrating in x over [0, 1], and integrating by parts,
we obtain

1

2

d

dt
‖w(t)‖2

L2 = −
∥∥∥∥
∂w

∂x

∥∥∥∥
2

L2

≤ 0, t > 0.

Integrating this in t,
∫ 1

0
|w(x, t)|2dx = ‖w(t)‖2

L2 ≤ ‖w(0)‖2
L2 = 0, t > 0.

Hence, w(t) = 0 for all t > 0. i.e., u(t) = v(t) for all t > 0. Thus, we have proved the
following uniqueness theorem.

Theorem 1.2.4. Let u0 ∈ C2([0, 1]) and satisfy (1.16). Then, a solution to (1.1)–(1.3) in
class (1.18) is unique.

Remark 1.2.5. (i) In Theorem 1.2.4, we assumed that u0 ∈ C2([0, 1]). The proof works
for u0 ∈ C([0, 1]).

(ii) Theorem 1.2.4 does not discuss existence of solutions. All it says is the following. If
a solution exists in class (1.18), then it is unique regardless of existence proofs and methods
of constructing solutions.

Exercise 1.2.1. (i) Let a > 0. Show the following:

0 ≤
√
at e−at ≤ e−1, t ≥ 0.

(ii) Assume the hypothesis of Theorem 1.2.2. Let u(x, t) be a solution to (1.1)–(1.3) given
by (1.17). Show the following:

∣∣∣∣
∂2u

∂x2
(x, t)

∣∣∣∣ ≤ At−1/2, t > 0,

∣∣∣∣
∂u

∂t
(x, t)

∣∣∣∣ ≤ Bt−1/2, t > 0,

where A and B are positive constants independent of t > 0.



1.3. ASYMPTOTIC BEHAVIOR OF SOLUTIONS 7

1.3 Asymptotic behavior of solutions

According to Theorem 1.2.2, a solution to (1.1)–(1.3) is given by (1.17). Let us use this to
study a long-time behavior of solutions. From (1.17),

u(x, t) =

∞∑

n=1

2e−(nπ)2t(u0, sinnπx) sinnπx

= e−π2t

{
2(u0, sinπx) sinπx+ e−3π2t

∞∑

n=2

2e−(n2−4)π2t2(u0, sinnπx) sinnπx

}
.

Hence, we have

|eπ2tu(x, t)−2(u0, sinπx) sinπx|

≤ 2e−3π2t

( ∞∑

n=2

e−(n2−4)π2t

)
sup

x∈[0,1]
|u0(x)|, x ∈ [0, 1], t ≥ 1. (1.22)

From (1.22), we see that u(x, t) → 0 uniformly in x ∈ [0, 1] as t→ ∞. In addition, we can
see how u(x, t) converges to 0. Namely, as t → ∞, a solution u(x, t) converges to 0 at the
same rate as e−π2t. Moreover, by magnifying the solution by a factor of eπ

2t, we see that
it basically looks like a constant multiple of sinπx.

Let us apply this observation to the physical model which (1.1)–(1.3) are describing.
Consider temperature distribution of a rod of unit length in vacuum, where the temperature
of two ends is kept at 0. If the initial temperature distribution is given by u0(x) ≥ 0, then
we see that the temperature distribution goes to 0, keeping a profile

c sinπx, c = 2

∫ 1

0
u0(x) sinπxdx

where the size is reduced by a factor of e−π2t.
Let us state the discussion above as a theorem.

Theorem 1.3.1. Let u0 ∈ C2([0, 1]) and satisfy (1.16). Then, the solution u(x, t) to
(1.1)–(1.3) satisfies

sup
x∈[0,1]

|eπ2tu(x, t) − c sinπx| −→ 0 as t→ ∞,

where c = c = 2
∫ 1
0 u0(x) sinπxdx.

Remark 1.3.2. If c = 0, one can easily modify the proof of Theorem 1.3.1 to conclude the
following. The solution u(x, t) decays to 0 at the rate e−(2π)2t. Moreover, after magnifying
the solution by a factor of e(2π)2t, we see that the asymptotic profile is given by

c′ sin 2πx, c′ = 2

∫ 1

0
u0(x) sin 2πxdx.

In a similar manner, we can study the asymptotic behavior of solutions even if c = c′ = 0.
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1.4 Nonhomogeneous initial boundary value problem

So far, we only considered the case where the right-hand side of (1.1) is 0. It is, however,
possible to have an external forcing term f(x, t). For example, if we place a rod of unit
length in the air instead of the vacuum, the rod can gain or lose the heat from the sur-
rounding air. In this case, by adding an external forcing term f(x, t) on the right-hand side
of (1.1), we obtain the following:

∂u

∂t
− ∂2u

∂x2
= f(x, t), x ∈ [0, 1], t > 0, (1.23)

u(x, 0) = u0(x), x ∈ [0, 1], (1.24)

u(0, t) = u(1, t) = 0, t > 0. (1.25)

We say that (1.23) is nonhomogeneous if f 6≡ 0 and that it is homogeneous if f ≡ 0.
Let v1 be the solution to the following homogeneous problem:

∂v1
∂t

− ∂2v1
∂x2

= 0, x ∈ [0, 1], t > 0, (1.26)

v1(x, 0) = u0(x), x ∈ [0, 1], (1.27)

v1(0, t) = v1(1, t) = 0, t > 0. (1.28)

By letting v2 = u− v1 where u is a solution to (1.23)–(1.25), we see that v2 is a solution to
the following nonhomogeneous problem with the initial value 0.

∂v2
∂t

− ∂2v2
∂x2

= f(x, t), x ∈ [0, 1], t > 0, (1.29)

v2(x, 0) = 0, x ∈ [0, 1], (1.30)

v2(0, t) = v2(1, t) = 0, t > 0. (1.31)

Conversely, if we find solutions v1 to (1.26)–(1.28) and v2 to (1.29)–(1.31), it follows
that u = v1 + v2 is a solution to (1.23)–(1.25). Since the solution v1 to (1.26)–(1.28) is
uniquely determined by Theorem 1.2.2, it suffices to find a solution to (1.29)–(1.31).

In solving the nonhomogeneous problem (1.29)–(1.31) with zero initial value, let us
introduce a parameter s ≥ 0, and consider the following homogeneous problem where the
initial value f(x, s) is given at time t = s.

∂w

∂t
− ∂2w

∂x2
= 0, x ∈ [0, 1], t > s, (1.32)

w(x, s) = f(x, s), x ∈ [0, 1], (1.33)

w(0, t) = v1(1, t) = 0, t > s. (1.34)

If w(x, t; s) denotes the solution to (1.32)–(1.34) on {(x, t) : x ∈ [0, 1], t ≥ s}, then

v2(x, t) =

∫ t

0
w(x, t; s)ds. (1.35)

is a solution to (1.29)–(1.31). Indeed, v2 defined in (1.35) satisfies
(
∂

∂t
− ∂2

∂x2

)
v2(x, t) = w(x, t; t) +

∫ t

0

(
∂

∂t
− ∂2

∂x2

)
w(x, t; s)ds = f(x, t).
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Hence, v2 defined in (1.35) satisfies (1.29). (1.30) and (1.31) are clearly satisfied.

From Theorem 1.2.2, a solution w to (1.32)–(1.34) is given by

w(x, t; s) =
∞∑

n=1

2e−(nπ)2(t−s)(f(s), sinnπx) sinnπx,

since we can find a solution to a homogeneous problem with initial value at time t = s from
a solution to the same homogeneous problem with the same initial value at time t = 0 after
shifting the time by s. From this, we see that

v2(x, t) =

∫ t

0

∞∑

n=1

2e−(nπ)2(t−s)(f(s), sinnπx) sinnπxds

is a solution to (1.29)–(1.31). Hence, we have found a solution u = v1 +v2 to the nonhomo-
geneous problem (1.23)–(1.25). This method of finding a solution to the nonhomogeneous
problem (1.23)–(1.25) from a solution to the homogeneous problem (1.32)–(1.34) is called
Duhamel’s principle.

We omit the proof of the uniqueness of solutions since it can be proven in a similar
manner as in Section 1.2. From above, we obtain the following theorem on the existence
and uniqueness of solutions to (1.23)–(1.25).

Theorem 1.4.1. Let u0 ∈ C2([0, 1]) and satisfy (1.16). Also, suppose that f ∈ C2([0, 1] ×
[0,∞)) with

f(0, t) = f(1, t) = 0, t ≥ 0.

Then, there exists a unique solution u(x, t) to (1.23)–(1.25) given by

u(x, t) =
∞∑

n=1

2e−(nπ)2t(u0, sinnπx) sinnπx

+

∫ t

0

∞∑

n=1

2e−(nπ)2(t−s)(f(s), sinnπx) sinnπxds. (1.36)

Remark 1.4.2. The solution u(x, t) given in Theorem 1.4.1 is differentiable twice in x and
once in t. See Exercise 1.4.1. However, as mentioned in Remark 1.2.3 (i), Theorem 1.4.1 is
known to hold with weaker differentiability condition on initial value and nonhomogeneity.

Exercise 1.4.1. Let f(x, t) be as in Theorem 1.4.1. Show that the function

h(x, t) =

∫ t

0

∞∑

n=1

2e−(nπ)2(t−s)(f(s), sinnπx) sinnπxds

is differentiable twice in x and once in t for x ∈ [0, 1] and t > 0. (This show that a solution
u(x, t) given by (1.36) in Theorem 1.6 is also differentiable twice in x and once in t.) [HINT:
use Exercise 1.2.1.]
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1.5 Application to other equations

We can apply Fourier’s method to other initial boundary value problems than the heat
equation. Let us use Fourier’s method to solve the following initial boundary value problem
for the wave equation:

∂2u

∂t2
− ∂2u

∂x2
= 0, x ∈ [0, 1], t ∈ R, (1.37)

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = u1(x), x ∈ [0, 1], (1.38)

u(0, t) = u(1, t) = 0, t ∈ R. (1.39)

The equation (1.37) is called the wave equation. Consider a flexible, elastic homogeneous
string of length 1 which is tightly stretched with two fixed ends. Let u(x, t) represent
displacement of the string from the equilibrium position at position x and time t. Then,
the initial boundary value problem (1.37)–(1.39) is a mathematical model for the vibrating
string with initial displacement u0(x) and initial velocity ∂u/∂t = u1(t) at time t = 0 .

As in Section 1.1, we look for a separated solution of the form

u(x, t) = X(x)T (t).

Then, X(x) and T (t) satisfy

X ′′(x) = λX(x), x ∈ [0, 1], (1.40)

X(0) = X(1) = 0, (1.41)

T ′′(t) = λT (t), t ∈ R. (1.42)

The solutions to the eigenvalue problem (1.40)–(1.41) are

(
Xn(x), λn

)
=
(
sinnπx,−(nπ)2

)
, n = 1, 2, · · · .

From (1.42), the function Tn(t) corresponding to λn = −(nπ)2 satisfies

T ′′
n (t) = −(nπ)2Tn(t), t ∈ R, n = 1, 2, · · · .

This is a second-order linear ordinary differential equation with constant coefficients. Thus,
the solution Tn is given by

Tn(t) = an cosnπt+ bn sinnπt,

where an and bn are to be determined later. By adding solutions

un(x, t) = (an cosnπt+ bn sinnπt) sinnπx, n = 1, 2, · · ·

corresponding to λn, we obtain

u(x, t) =
∞∑

n=1

(an cosnπt+ bn sinnπt) sinnπx. (1.43)
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From Theorem 1.2.1, we can write the initial value u0 and u1 in the Fourier since series
expansion:

u0(x) =
∞∑

n=1

2(u0, sinnπx) sinnπx,

u0(x) =
∞∑

n=1

2(u1, sinnπx) sinnπx.

Then, by letting

an = 2(u0, sinnπx), (1.44)

bn =
2

nπ
2(u1, sinnπx), (1.45)

for each n = 1, 2, · · · , we see that the function u in (1.43) satisfies the initial value (1.38).
Hence, we have found a solution to (1.37)–(1.39), at least formally. However, the conver-
gence issue of the series in (1.43) for the wave equation is slightly complicated unlike that
for the heat equation.

First, let us extend the notion of differentiation.

Definition 1.5.1. Let k ∈ N.

(i) A function that is integrable over any closed interval [a, b] ⊂ (0, 1) is called a locally

integrable function on (0, 1). Note that if a function is integrable on (0, 1), then it is
locally integrable on (0, 1). However, the converse is not always true.

(ii) Define the space Ck((0, 1)) as follows:

Ck
0 ((0, 1)) = {ϕ ∈ Ck((0, 1)) : there exists ε > 0 such that

ϕ(x) = 0 for x ∈ (0, ε] ∪ [1 − ε, 1)}

Given a locally integrable function v(x) on (0, 1), we say that w is the k-th weak derivative

of v, denoted by w = dkv/dxk, if there exists a locally integrable function w on (0, 1) such
that (

v,
dk

dxk
ϕ

)
= (−1)k(w,ϕ), ϕ ∈ Ck

0 ((0, 1)).

If v has weak derivatives up to kth order, then we say that v is kkk-times weakly differ-

entiable. If v is once weakly differentiable, it is simply called weakly differentiable.

(iii) For Ck([0, 1]), we define a norm by

‖u‖Hk =

(
k∑

j=0

∥∥∥∥
dju

dxj

∥∥∥∥
2

L2

)1/2

.

(See Definition A.3.5 for the definition of a norm.) Then, we define Hk(0, 1) to be a
completion (= closure, roughly speaking) of C∞([0, 1]) under a metric induced by the norm:

d(u, v) = ‖u− v‖Hk , u, v ∈ Hk(0, 1).
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Remark 1.5.2. (i) If u ∈ C1([0, 1]), then it is weakly differentiable, and its weak derivative
and ordinary derivative (sometimes called classical derivative) agree. If v ∈ Hk(0, 1), then
one can easily show that it is k-times weakly differentiable. Weak differentiation is a special
case of distributional differentiation which we will discuss in Chapter 2.

(ii) The function spaceHk(0, 1) defined in Definition 1.5.1 (ii) is called a Sobolev space.
If we define H̃k(0, 1) by

H̃k(0, 1) =

{
v :

djv

dxj
∈ L2, 0 ≤ j ≤ k

}

(djv/dxj denotes a weak derivative), then one can show that Hk(0, 1) = H̃k(0, 1). (It
is clear from their definition that Hk(0, 1) ⊂ H̃k(0, 1). See Exercise 1.5.1 for the other
inclusion.)

We have the following lemma for Sobolev spaces.

Lemma 1.5.3. Let k ∈ N. If v ∈ Hk(0, 1), then v ∈ Ck−1([0, 1]). Moreover, we have

sup
x∈[0,1]

∣∣∣∣
djv

dxj
(x)

∣∣∣∣ ≤ 2

(∥∥∥∥
dj+1v

dxj+1

∥∥∥∥
L2

+

∥∥∥∥
djv

dxj

∥∥∥∥
L2

)
, 0 ≤ j ≤ k − 1. (1.46)

Remark 1.5.4. Recall that functions in L2(0, 1) are identified if they are equal almost
everywhere. Hence, Lemma 1.5.3 states that v ∈ Hk(0, 1) can be identified with a Ck−1

function after appropriate modification on a set of measure 0. Lemma 1.5.3 is a special
case of Sobolev embedding theorem (Proposition 4.3.1.)

Proof. We prove the lemma only for k = 1. The general case follows similarly.
First, we show (1.46) with k = 1 for v ∈ C∞([0, 1]). By Fundamental Theorem of

Calculus, we have

|v(x)| =

∣∣∣∣v(y) +

∫ x

y
v′(z)dx

∣∣∣∣ ≤ |v(y)| +
∫ 1

0
|v′(z)|dz, x, y ∈ [0, 1].

Integrating both sides in y from 0 to 1,

|v(x)| =

∫ 1

0
|v(x)|dy ≤

∫ 1

0
|v(y)|dy +

∫ 1

0

∫ 1

0
|v′(z)|dzdy

=

∫ 1

0
|v(y)|dy +

∫ 1

0
|v′(z)|dz, x ∈ [0, 1].

Since C∞([0, 1]) is dense in H1(0, 1), for given v ∈ H1(0, 1), there exists a sequence {vn} ⊂
C∞([0, 1]) such that

‖vn − v‖H1 −→ 0, as n→ ∞.

Hence, the above inequality holds for v ∈ H1(0, 1). This shows that (1.46) holds for
k = 1.

Definition 1.5.5. Let k ∈ N. We define Hk(0, 1) to be a completion (roughly speaking,
closure) of C∞

0 ((0, 1)) under the norm of Hk(0, 1).
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Remark 1.5.6. Define H̃k
0 (0, 1) by

H̃k
0 (0, 1) =

{
v ∈ Hk(0, 1),

djv

dxj
(0) =

djv

dxj
(1) = 0, 0 ≤ j ≤ k − 1

}

It follows from Lemma 1.5.3 that v ∈ Hk(0, 1) is in Ck−1([0, 1]). Thus, the derivatives up
to (k − 1)-st order makes sense at the endpoints x = 0, 1. In this case, it is known that
Hk

0 (0, 1) = H̃k
0 (0, 1). (It is clear from their definition that Hk

0 (0, 1) ⊂ H̃k
0 (0, 1).)

Lemma 1.5.7. Let k = 1 or 2. Then, v ∈ L2(0, 1) is in Hk(0, 1) ∩H1
0 (0, 1) if and only if

∞∑

n=1

n2k|(v, sinnπx)|2 <∞. (1.47)

Proof. We show that (1.47) holds for k = 1 when v ∈ H1
0 (0, 1). First, assume v ∈

C∞
0 ((0, 1)). From Theorem 1.2.1, we can write v in the Fourier sine series:

v =
∞∑

n=1

2(v, sinnπx) sinnπx.

Integrating by parts, we have

|(sinnπx, v)| ≤ (nπ)−k sup
x∈[0,1]

∣∣∣∣
dk

dxk
v(x)

∣∣∣∣, k = 1, 2, · · · . (1.48)

Let ϕ ∈ C∞
0 ((0, 1)). Then, from the definition of weak derivatives and integration by

parts, we have

(v′, ϕ) = −(v, ϕ′) = −
∞∑

n=1

2(v, sinnπx)(sinnπx, ϕ′)

=
∞∑

n=1

2nπ(v, sinnπx)(cosnπx, ϕ).

The series on the right-hand side converges in view of (1.48). By letting ϕ = v′,

‖v′‖2
L2 =

∞∑

n=1

2nπ(v, sinnπx)(cosnπx, v′)

=
∞∑

n=1

2(nπ)2(v, sinnπx)(sinnπx, v)

=
∞∑

n=1

2(nπ)2|(v, sinnπx)|2. (1.49)

The left-hand side of (1.49) is finite, since v ∈ H1(0, 1). Since C∞
0 ((0, 1)) is dense in

H1
0 (0, 1), (1.49) holds for v ∈ H1

0 (0, 1). Hence, (1.47) holds for k = 1. The converse follows
from (1.48) and (1.49).

The proof for k = 2 follows in a similar manner and we omit details.
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Definition 1.5.8. Let (X, ‖ · ‖) be a Banach space. (For example, think of X as Lp(0, 1)
or Hk(0, 1).) Let u(t) be a X-valued function with a parameter t ∈ [a, b]. We say that u is
continuous on [a, b] if we have

‖u(t) − u(s)‖ −→ 0, as s→ t.

for each t ∈ [a, b]. We say that u is differentiable at t if there exists w ∈ X such that

∥∥∥∥
u(t+ h) − u(t)

h
− w

∥∥∥∥ −→ 0, ash→ 0.

In this case, w is said to be the derivative of u at t, written as w =
du

dt
(t). We say that

u is continuously differentiable on [a, b] if
du

dt
(t) is continuous on [a, b]. We denote the

collection of continuously differentiable functions on [a, b] by C1([a, b];X), and the collection
of k-times continuously differentiable functions on [a, b] by Ck([a, b];X).

Now, we can prove the following theorem.

Theorem 1.5.9. Let u0 ∈ H2(0, 1) ∩H1
0 (0, 1) and u1 ∈ H1

0 (0, 1). Define u(x, t) by

u(x, t) =
∞∑

n=1

(an cosnπt+ bn sinnπt) sinnπx, (1.50)

an = 2(u0, sinnπx),

bn =
2

nπ
(u1, sinnπx).

Then, u(x, t) is in
C(R;H2(0, 1) ∩H1

0 (0, 1))) ∩ C2(R;L2(0, 1)), (1.51)

and is a unique solution to the initial boundary problem (1.37)–(1.39).

Proof. It follows from (1.43)–(1.45) that u satisfies (1.37), at least formally.
Now, we show that u is in class (1.51). Let ϕ ∈ C∞

0 ((0, 1)). From (1.50) and integration
by parts, we have

−
(
u,

∂2

∂x2
ϕ

)
= −

∞∑

n=1

(an cosnπt+ bn sinnπt)

(
sinnπx,

∂2

∂x2
ϕ

)

=
∞∑

n=1

(an cosnπt+ bn sinnπt)
(
(nπ)2 sinnπx, ϕ

)

=

( ∞∑

n=1

(nπ)2(an cosnπt+ bn sinnπt) sinnπx, ϕ

)
.

Thus, we conclude that

∂2u

∂x2
= −

∞∑

n=1

(nπ)2(an cosnπt+ bn sinnπt) sinnπx.
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From Lemma 1.5.7, we see that the series on the right-hand side converges in L2(0, 1).
Hence, for each t ∈ R,

∂2u

∂x2
(·, t) ∈ L2(0, 1)

Also, we have, for each t ∈ R,
∂u

∂x
(·, t) ∈ H1(0, 1)

Since u is expressed in terms of the Fourier sine series, it is clear that u(0, t) = u(1, t) = 0.
(Indeed, the series on the right-hand side of (1.50) converges uniformly in x.) Therefore,
for each t ∈ R, we have

u(·, t) ∈ H2(0, 1) ∩H1
0 (0, 1).

Differentiability in t and uniqueness of solutions are left as exercises at the end of the
section.

Next, consider the following nonhomogeneous problem:

∂2u

∂t2
− ∂2u

∂x2
= f(x, t), x ∈ [0, 1], t ∈ R, (1.52)

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = u1(x), x ∈ [0, 1], (1.53)

u(0, t) = u(1, t) = 0, t ∈ R. (1.54)

From Theorem 1.5.9 and Duhamel’s principle, we have the following theorem for the non-
homogeneous problem.

Theorem 1.5.10. Let u0 ∈ H2(0, 1) ∩H1
0 (0, 1) and u1 ∈ H1

0 (0, 1). Moreover, assume that
the external forcing term f satisfies

f(·, t) ∈ C(R;H1
0 (0, 1)).

Then, the function u(x, t) defined by

u(x, t) =
∞∑

n=1

(an cosnπt+ bn sinnπt) sinnπx

+

∫ t

0

∞∑

n=1

cn(s) sinnπ(t− s) sinnπx ds, (1.55)

where

an = 2(u0, sinnπx), bn =
2

nπ
(u1, sinnπx), and cn =

2

nπ
(f(·, s), sinnπx),

belongs to class (1.51) and is a unique solution to the nonhomogeneous initial boundary
value problem (1.52)–(1.54).
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Remark 1.5.11. In general, we can not solve the heat equation for t < 0. However, we
can solve an initial boundary value problem of the wave equation for t < 0 just as for t > 0.
This is a reflection of different characteristics of the physical phenomena the equations are
describing. On the one hand, information is lost over time through heat conduction process.
On the other hand, information is preserved under wave propagation. For example, consider
a piece of ice floating on the water. It is difficult to know the precise shape of ice after
it has completely melted. However, human voice propagates as sound wave, and we can
understand what is said even in distance. Solution to the heat and wave equations depict
these physical phenomena in accurate manner.

Exercise 1.5.1. Prove the following.

(i) H̃k(0, 1) ⊂ Hk(0, 1).

(ii) H̃k(0, 1) ⊂ Hk(0, 1).

Exercise 1.5.2. Assume the hypothesis of Theorem 1.5.9, and that u is given by (1.50).
(i) For t ∈ R and h ∈ R, show the following:

| cosnπ(t+ h) − cosnπt| ≤ nπt|h|
| sinnπ(t+ h) − sinnπt| ≤ nπt|h|

(ii) Define v1 and v2 by

v1 =
∞∑

n=1

(nπ)(−an sinnπt+ bn cosnπt) sinnπx

v2 = −
∞∑

n=1

(nπ)2(an cosnπt+ bn sinnπt) sinnπx.

Show the following: ∥∥∥∥
u(·, t+ h) − u(·, t)

h
− v1(·, t)

∥∥∥∥ −→ 0, as h→ 0,

∥∥∥∥
v1(·, t+ h) − v1(·, t)

h
− v2(·, t)

∥∥∥∥ −→ 0, as h→ 0.

In particular, we have
d

dt
u(t) = v1(t) and

d2

dt2
u(t) = v2(t),

where the derivatives are interpreted as in Definition 1.5.8.

Exercise 1.5.3. Let u be a solution to (1.37)–(1.39) in class (1.51).
(i) Prove the energy identity.

∥∥∥∥
∂

∂t
u(·, t)

∥∥∥∥
2

L2

+

∥∥∥∥
∂

∂x
u(·, t)

∥∥∥∥
2

L2

= ‖u1‖2
L2 +

∥∥∥∥
∂

∂x
u0

∥∥∥∥
2

L2

, t ∈ R.

[HINT: Multiply (1.37) by ∂
∂tu(x, t) and integrate over [0, 1] in x.]

(ii) Use the energy identity to prove uniqueness of solutions to (1.37)–(1.39) in class
(1.51). [HINT: Suppose that there exist two solutions u and v with the same initial value
u0 and u1. Consider the equation for w = u− v.]



Chapter 2

Distributions and Fundamental

Solutions

Let us consider the Poisson’s equation:

−∆u(x) = f(x), x ∈ Rn, n ≥ 3 (2.1)

u(x) −→ 0, as |x| → ∞, (2.2)

where

∆ =
n∑

j=1

∂2

∂x2
j

.

Note that we can not in general solve (2.1) by quadrature - simple integration. First, let
us consider the following special case:

−∆E(x) = δ(x), x ∈ Rn, n ≥ 3, (2.3)

where the function δ(x) satisfies the following:

x 6= 0 =⇒ δ(x) = 0 (2.4)

f ∈ C(Rn) =⇒
∫

Rn

δ(x)f(x)dx = f(0). (2.5)

If we can find a solution E(x) for (2.3), then the function u(x) given by

u(x) =

∫

Rn

E(x− y)f(y)dy (2.6)

is a solution to (2.1), since by a formal computation with (2.3) and (2.5), we have

−∆u(x) =

∫

Rn

(
− ∆xE(x− y)

)
f(y)dy =

∫

Rn

δ(x− y)f(y)dy = f(x).

We call a solution E(x) of (2.3) the fundamental solution since solutions to (2.1) are
given by (2.6). Hence, solving (2.1)–(2.2) is reduced to solving (2.3).

There are three problems in this method. The first problem is; what is this function
δ(x)? A function satisfying both (2.4) and (2.5) seems to be a strange one. If we consider

17
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(2.4) within the class of continuous functions or Lebesgue-measurable functions, then δ(x)
has to be a function that is identically zero. Of course, such a function does not satisfy (2.5).
This function δ(x) is called Dirac’s delta function after a British theoretical physicist
Paul Dirac. (Mathematicians and physicists had a basic notion of this function before
Dirac.) Dirac himself called this function “improper function” - function in wider sense (as
improper integrals are understood as integrals in wider sense.) This viewpoint of Dirac’s was
very reasonable. However, it was much later that this function was formulated in a rigorous
mathematical manner. Schwartz established the theory of distributions including Dirac’s
δ function, which fundamentally changed the theory of linear partial differential equations.
The second problem is; how do we find a solution to (2.3) even if we manage to formulate
Dirac’s δ function? This issue can be resolved by considering a class of distributions called
tempered distributions and introducing Fourier transforms on them. The third problem is;
under what condition does the integral in (2.6) make sense such that u(x) satisfies (2.2)?
We resolve this issue by studying the properties of the distribution E(x).

In this chapter, we first discuss fundamental facts on the theory of distributions. Then,
we construct fundamental solutions by Fourier transform. Lastly, we solve various partial
differential equations using the fundamental solutions.

2.1 Distributions

In this section, we define distributions and discuss their basic properties. First, we go
through the preliminaries. Let Ω be a non-empty set in Rn and ϕ ∈ C(Ω). Define the
support of ϕ by

suppϕ = {x ∈ Ω;ϕ(x) 6= 0}.
Here, the closure is considered in the relative topology of Ω. Given a multi-index α =
(α1, · · · , αn), αj ∈ N ∪ {0}, we use the following notations:

|α| = α1 + · · · + αn

α! = α1! · · ·αn!

∂α
x =

∂|α|

∂xα1

1 · · · ∂xαn
n

xα = xα1

1 · · ·xαn
n .

We denote by C∞
0 (Ω) the collection of functions in C∞(Ω) with compact supports. Now,

we endow the vector space C∞
0 (Ω) with topology.

Definition 2.1.1. Let {ϕm} ⊂ C∞
0 (Ω) and ϕ ∈ C∞

0 (Ω). We say that {ϕm} converges to

ϕ in D(Ω) and write
ϕm −→ ϕ in D(Ω)

if the following two conditions hold:
(i) There exists a compact set K ⊂ Ω such that suppϕm ⊂ K and suppϕ ⊂ K.
(ii) For any k ∈ N, we have

∑

|α|≤k

sup
x∈K

∣∣∂α
x (ϕm(x) − ϕ(x))

∣∣ −→ 0 as m→ ∞.
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This is called pseudo-convergence or pseudo-topology. The space C∞
0 (Ω) equipped

with this pseudo-topology is called the space of test functions, denote by D(Ω).

Remark 2.1.2. It is impossible to endow C∞
0 (Ω) with a topology which agrees with the

pseudo-convergence. As we see later, only the notion of continuity of a linear map from
C∞

0 (Ω) into C is needed in defining distributions. Hence, the pseudo-convergence in Def-
inition 2.1.1 suffices at least at the beginning level, and we do not worry about the true
topology (inductive limit topology. See [4].)

Next, we define distributions.

Definition 2.1.3. (i) Let E be a vector space over C. A map from E into C is called a
functional on E.

(ii) A continuous linear functional T on D(Ω) is called a distribution on Ω. i.e., a
distribution T is a map from D(Ω) into C, satisfying

(a) (linearity) T (αu+ βv) = αT (u) + βT (v), α, β ∈ C, u, v ∈ D(Ω).

(b) (continuity) Let {ϕm} ⊂ D(Ω) and ϕ ∈ D(Ω). Then, we have

ϕm −→ ϕ in D(Ω) =⇒ T (ϕm) −→ T (ϕ).

We denote by D′(Ω) the space of distributions on Ω.

Remark 2.1.4. (i) If we take a vector space E over R in Definition 2.1.3 and replace C
by R in the following, we can define real-valued distributions. In the following, we consider
complex-valued distributions unless otherwise stated.

(ii) By the linearity of T , it suffices to consider ϕ = 0 in Definition 2.1.3 (ii.b) since we
can consider {ϕm − ϕ} in place of {ϕm} if ϕ 6= 0.

(iii) It is known that a linear functional is not necessarily continuous in infinite dimen-
sional vector spaces.

Here, we list several examples of distributions.

Example 2.1.5. Let δ(x) be Dirac’s delta function. Define Tδ by

Tδ(ϕ) := ϕ(0) = “

∫

Rn

δ(x)ϕ(x)dx ”, ϕ ∈ D(Rn).

Then, Tδ is a linear functional on D(Rn). Moreover, Tδ is continuous since

ϕm −→ ϕ in D(Rn) =⇒ Tδ(ϕm) = ϕm(0) −→ ϕ(0) = Tδ(ϕ).

Hence, Tδ ∈ D′(Rn). By identifying δ(x) with Tδ, we have δ ∈ D′(Rn).

Let L1
loc(Ω) denote the collection of locally integrable functions on Ω. i.e.,

L1
loc(Ω) = {f measurable on Ω; f integrable over any compact K ⊂ Ω}.
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Example 2.1.6. For f ∈ L1
loc(Ω), define Tf by

Tf (ϕ) =

∫

Ω
f(x)ϕ(x)dx, ϕ ∈ D(Ω).

It is clear that Tf is a linear functional on D(Ω). Moreover, suppose that ϕm −→ ϕ in
D(Ω). Then, there exists a compact set K ⊂ Ω such that

suppϕm, suppϕ ⊂ K.

Hence, we have

∣∣Tf (ϕm) − Tf (ϕ)
∣∣ ≤

(∫

K
|f(x)|dx

)
sup
x∈K

|ϕm(x) − ϕ(x)| −→ 0.

Therefore, Tf is continuous on D(Ω), and Tf ∈ D′(Ω).

Remark 2.1.7. From Example 2.1.6, we see that f ∈ D′(Ω) by identifying f ∈ L1
loc(Ω)

with Tf .

Definition 2.1.8. Let T ∈ D′(Ω) and x = (x1, · · · , xn). We define a derivative ∂T/∂xj of
T with respect to xj by

∂T

∂xj
(ϕ) = −T

(
∂ϕ

∂xj

)
, ϕ ∈ D(Ω).

Then, we have ∂T/∂xj ∈ D′(Ω). Higher derivatives are defined in a similar manner.

From definition, ∂T/∂xj is clearly a linear functional on D(Ω). Moreover, we have

ϕm −→ ϕ in D(Ω) =⇒ ∂ϕm

∂xj
−→ ∂ϕ

∂xj
in D(Ω)

=⇒ ∂T

∂xj
(ϕm) = −T

(
∂ϕm

∂xj

)
−→ −T

(
∂ϕ

∂xj

)
=
∂T

∂xj
(ϕ).

Hence, ∂T/∂xj is continuous and thus ∂T/∂xj ∈ D′(Ω).

Remark 2.1.9. All distributions T ∈ D′(Ω) are infinitely differentiable in the sense of
Definition 2.1.8.

Example 2.1.10 (Heaviside function). The Heaviside function H(x) is defined as

H(x) =

{
1, x > 0

0, x < 0.

As in Example 2.1.6, define TH by

TH(ϕ) =

∫

R

H(x)ϕ(x)dx, ϕ ∈ D(Ω).

Then, we have
(
d

dx
TH

)
(ϕ) = −

∫

R

H(x)ϕ′(x)dx = −
∫ ∞

0
ϕ′(x)dx = −ϕ

∣∣∞
0

= ϕ(0), ϕ ∈ D(Ω).

Hence,
d

dx
H(x) = δ(x) in D′(R).
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Remark 2.1.11. The Heaviside function H(x) is not differentiable in classical sense (it is
not even continuous.) However, it is infinitely differentiable in distributional sense.

Even if a function is not differentiable in classical sense, we can still differentiate it in
distributional sense as long as it makes sense as a distribution. If a function is differentiable
in classical sense, does a distributional derivative agree with a classical one? The following
proposition provides an answer to this question.

Proposition 2.1.12. If f ∈ C1(Ω), then a distributional derivative agree with a derivative
in classical sense. Namely, we have

(
∂

∂xj
Tf

)
(ϕ) = T ∂f

∂xj

(ϕ), ϕ ∈ D(Ω).

Proof. Note that if ϕ ∈ D(Ω), ϕ = 0 in a neighborhood of the boundary of Ω. From the
definition of distributional derivatives and partial integration, we have

(
∂

∂xj
Tf

)
(ϕ) = −

∫

Ω
f(x)

∂ϕ

∂xj
(x)dx =

∫

Ω

∂f

∂xj
ϕ(x)dx = T ∂f

∂xj

(ϕ).

If a function is not differentiable at a point, what is happening to its distributional
derivative at this point? We examine a simple case in the following.

Proposition 2.1.13. Let f ∈ C1(R \ {x0}) for some x0 ∈ R, and assume that

lim
x→x0+

f(x) = α, lim
x→x0−

f(x) = β, α, β ∈ R.

Moreover, assume that {f ′(x)} ∈ L1
loc(R), where {f ′(x)} is defined by

{f ′(x)} =

{
f ′(x), x 6= x0

0, x = x0.

Then, the following equality holds:

f ′(x) = (α− β)δ(x− x0) + {f ′(x)} in D′(R).

In particular, if α = β, then we have

f ′(x) = {f ′(x)} in D′(R).

Proof. From the definition of distributional derivatives and partial integration, we have

d

dx
Tf (ϕ) = −

∫

R

f(x)ϕ′(x)dx = −
∫ x0

−∞
fϕ′dx−

∫ ∞

x0

fϕ′ dx

= −fϕ
∣∣x0

−∞ +

∫ x0

−∞
{f ′}ϕdx− fϕ

∣∣∞
x0

+

∫ ∞

x0

{f ′}ϕdx

= − lim
x→x0−

(
f(x)ϕ(x)

)
+ lim

x→x0+

(
f(x)ϕ(x)

)
+

∫ ∞

−∞
{f ′}ϕdx

= (α− β)ϕ(x0) + T{f ′}(ϕ), ϕ ∈ D(Ω).
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For compact K ⊂ Ω, define

DK(Ω) = {v ∈ D(Ω); supp v ⊂ K}.

Proposition 2.1.14. Let T ∈ D′(Ω) and K be a compact subset of Ω. Then, there exist
m ∈ N and C > 0 such that

|T (ϕ)| ≤ C
∑

|α|≤m

sup
x∈K

|∂α
xϕ(x)|, ϕ ∈ DK(Ω).

Proof. We give a proof by contradiction. Suppose that the proposition does not hold. Then,
there exists compact K ⊂ Ω such that for any k ∈ N, there exists ϕk ∈ DK(Ω) such that

|T (ϕk)| > k
∑

|α|≤m

sup
x∈K

|∂α
xϕk(x)|.

By linearity of T , we can assume that T (ϕk) = 1 after renaming ϕk/T (ϕk) by ϕk. Then,
we have

∑

|α|≤m

sup
x∈K

|∂α
xϕk(x)| <

1

k
−→ 0 as k → ∞

=⇒ ϕk −→ 0 in D(Ω)

=⇒ T (ϕk) −→ 0 (continuity of T ).

This contradicts with T (ϕk) = 1.

Definition 2.1.15. Let T ∈ D′(Ω). We say that T is a distribution of finite order if
there exists non-negative integer m such that the following holds. For any compact K ⊂ Ω,
there exists C such that

|T (ϕ)| ≤ C
∑

|α|≤m

sup
x∈K

|∂α
xϕ(x)|, ϕ ∈ DK(Ω). (2.7)

The smallest non-negative integer m for which (2.7) holds is called the order of a distri-
bution T . In this case, we say that T is a distribution of order mmm.

Remark 2.1.16. Let Ω′ be an open set such that Ω′ is a compact subset of Ω. Then, if
T ∈ D′(Ω), then T ∈ D′(Ω′). Moreover, from Proposition 2.1.14, we see that T has a finite
order as a distribution on Ω′.

Definition 2.1.17. Let {Tm} ⊂ D′(Ω) and T ∈ D′(Ω). If

Tm(ϕ) −→ T (ϕ) as m→ ∞, ϕ ∈ D(Ω),

then we say that {Tm} converges to T in D′(Ω) and write

Tm −→ T in D′(Ω).

This convergence is called simple convergence or pointwise convergence.
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Theorem 2.1.18. Let {Tm} ⊂ D′(Ω) such that {Tm(ϕ)} is a Cauchy sequence in C for
each ϕ ∈ D(Ω). Then, a functional T on D(Ω) defined by

T (ϕ) = lim
m→∞

Tm(ϕ), ϕ ∈ D(Ω)

is a distribution on Ω. i.e., T ∈ D′(Ω).

Remark 2.1.19. The topology on D′(Ω) which is consistent with simple convergence in
Definition 2.1.17 is called the topology of simple convergence or topology of pointwise

convergence. (See [1, 4] for the topology on D′(Ω).) Theorem 2.1.18 states that D′(Ω) is
“complete” in this topology. In terms of functional analytic language, simple convergence
is called weak ∗∗∗ convergence. See Definition A.7.

Theorem 2.1.18 follows from convergence in the weak∗ topology (i.e., pointwise conver-
gence) and Banach-Steinhaus theorem (also known as principle of uniform boundedness.)
See Theorem A.3.18 (iv).

Definition 2.1.20. Let Ω′ ⊂ Ω be open and T ∈ D′(Ω). We say that a distribution T is

0 on Ω′ if we have

T (ϕ) = 0, for all ϕ ∈ D(Ω) with suppϕ ⊂ Ω′.

We define the support of T by

suppT = Ω \ OT ,

where OT is the union of all open sets on which T is 0.

Remark 2.1.21. From the definition, suppT is closed in the relative topology on Ω. Also,
T is 0 on OT . Note that the second fact is not an obvious statement. See Theorem 6.23 in
[5].

Definition 2.1.22. For T ∈ D′(Rn), an n× n orthogonal matrix A, and b ∈ Rn, define

(
T ◦ (A+ b)

)
(ϕ) =

1

|detA|T (ϕ̃), ϕ ∈ D(Rn)

ϕ̃(x) = ϕ(A−1(x− b)).

Note that T ◦ (A+ b) ∈ D′(Rn).

Remark 2.1.23. Given T ∈ D′(Ω), we sometimes write T (x) like a function of variable x.
Note the difference between T (x) and T (ϕ) for ϕ ∈ D(Ω). With this notation, we can write

(
T ◦ (A+ b)

)
(x) = T (Ax+ b).

In particular, when A = I (= the identity matrix), then T ◦ (I + b) is called a translation

of a distribution. Also, T (ϕ) is often written as 〈T, ϕ〉, and we will mainly use the latter
notation in the following. Lastly, we have used Tf for a locally integrable function f when
it is regarded as a distribution. For simplicity, we will write f even when it is regarded as
a distribution.
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Definition 2.1.24. Let T ∈ D′(Ω) and a(x) ∈ C∞(Ω). We define a product between a
distribution T and a C∞-function a by

〈aT, ϕ〉 = 〈T, aϕ〉, ϕ ∈ D(Ω).

Note that aϕ ∈ D(Ω).

Example 2.1.25. Let a ∈ C∞(Rn). Then,

〈aδ, ϕ〉 =〈δ, aϕ〉 = a(0)ϕ(0) = a(0)〈δ, ϕ〉, ϕ ∈ D(R6n)

=⇒ a(x)δ(x) = a(0)δ(x) in D′(Rn).

Remark 2.1.26. In general, we can not define a product between two distributions T1 and
T2, satisfying both associativity and commutativity. See Example 2.1.27.

Example 2.1.27. We define the distribution p.v.(1/x) on R by

〈
p.v.

1

x
, ϕ

〉
= lim

ε→0+

{∫ ∞

ε

1

x
ϕ(x)dx+

∫ −ε

−∞

1

x
ϕ(x)dx

}
, ϕ ∈ D(R).

First, let us check that it is indeed a distribution. Let K be a compact subset of R. Then,
for ϕ ∈ D(R) with suppϕ ⊂ K, we have

∣∣∣∣
〈

p.v.
1

x
, ϕ

〉∣∣∣∣ =
∣∣∣∣ lim

ε→0+

{
log |x|ϕ

∣∣∣
∞

ε
−
∫ ∞

ε
log |x|ϕ′(x)dx

+ log |x|ϕ
∣∣∣
−ε

−∞
−
∫ −ε

−∞
log |x|ϕ′(x)dx

}∣∣∣∣

=

∣∣∣∣
∫ ∞

−∞
log |x|ϕ′(x)dx

∣∣∣∣

≤
(∫ ∞

−∞

∣∣ log |x|
∣∣dx
)
× sup

x∈K
|ϕ′(x)|.

Hence, p.v.(1/x) ∈ D′(R). “p.v.” in p.v.(1/x) stands for the principal value integral (of
1/x.) Since the function 1/x does not belong to L1

loc(R), we can not make sense of 1/x as
a distribution on R. From the definition of p.v.(1/x), we have

x p.v.
1

x
= 1 in D′(R).

If we had a product between two distributions satisfying associativity and commutativity,
then we would have

0 = 0 p.v.
1

x
=
(
xδ(x)

)
p.v.

1

x
(from Example 2.1.25)

=
(
δ(x)x

)
p.v.

1

x
(commutativity)

= δ(x)

(
xp.v.

1

x

)
(associativity)

= δ(x) in D′(R).

i.e., we would have δ(x) = 0 in D′(R). This is clearly a contradiction.
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Theorem 2.1.28. Let T ∈ D′(Ω) such that suppT = {x0} for some x0 ∈ Ω. Then, there
exist a non-negative integer m and Cα ∈ C, |α| ≤ m, such that

T (x) =
∑

|α|≤m

Cα∂
α
x δ(x− xo) in D′(Ω).

Moreover, this representation is unique if
∑

|α|=m |Cα| 6= 0.

Proof. For ε > 0, let Bε(x0) = {|x− x0| < ε}. Choose ε such that B3ε(x0) ⊂ Ω, and define
η ∈ C∞

0 (Ω) by

η(x) =

{
1, x ∈ Bε(x0)

0, x ∈ Ω \B2ε(x0).

By letting ηk(x) = η(k(x− x0) + x0), k ∈ N, we have

T = ηkT, k = 1, 2, · · · . (2.8)

since suppT = {x0}. From Proposition 2.1.14 (see Exercise 2.1.1 (ii)), there exist m ∈ N
and C > 0 such that

|〈T, ϕ〉| ≤ C
∑

|α|≤m

sup
x∈Ω

|∂α
xϕ(x)|, ϕ ∈ D(Ω).

Fix ϕ ∈ D(Ω) and let ϕm be the remainder of the Taylor series of ϕ:

ϕm(x) = ϕ(x) −
∑

|α|≤m

(∂α
xϕ)(x0)

α!
(x− x0)

α.

By Taylor’s theorem, we have

∂β
xϕm(x) = O(|x− x0|m+1−|β|) as |x− x0| → 0, |β| ≤ m

sup
x∈Ω

|∂γ
xηk(x)| = O(k|γ|) as k → ∞.

With ψk(x) = ϕm(x)ηk(x), we have

|〈T, ψk〉| ≤ C
∑

|α|≤m

sup
x∈Ω

|∂α
xψk(x)|

≤ C
∑

|β+γ|≤m

(
sup

x∈B 2ε
k

(x0)
|∂β

xϕm(x)|
)(

sup
x∈B 2ε

k
(x0)

|∂γ
xηk(x)|

)

≤ C
∑

|β|+|γ|≤m

k−(m+1−|β|)k|γ|

≤ Ck−1 −→ 0 as k → ∞.

From (2.8), we see that 〈T, ψk〉 is independent of k. Thus, we have

〈T, ψ1〉 = lim
k→∞

〈T, ψk〉 = 0.
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Then, from the definition of ψ1, we have

〈T, ϕ〉 = 〈T, ϕη1〉 = 〈T, (ϕ− ϕm)η1〉

=

〈
T,

( ∑

|α|≤m

(∂α
xϕ)(x0)

α!
(x− x0)

α

)
η1(x)

〉

=
∑

|α|≤m

〈T, (x− x0)
αη1〉

α!
(∂α

xϕ)(x0).

Hence, we have

〈T, ϕ〉 =

〈 ∑

|α|≤m

Cα∂
α
x δ(x− x0), ϕ

〉
,

where

Cα = (−1)|α|
〈T, (x− x0)

αη1〉
α!

.

Since the choice of ϕ was arbitrary, we have shown that T can be written as a linear
combination of δ(x− x0) and its derivatives.

Next, we show the uniqueness of the representation when
∑

|α|=m |Cα| 6= 0. Suppose
that

T =
∑

|α|≤m

Cα∂
α
x δ(x− x0) =

∑

|α|≤m′

C ′
α∂

α
x δ(x− x0).

By considering 〈T, (x − x0)
αη1〉, |α| > m, we see that m′ ≤ m. Also, by considering

〈T, (x− x0)
αη1〉, |α| ≤ m, we conclude that Cα = Cα′ .

Theorem 2.1.29. Let Ω = (a, b), −∞ ≤ a < b ≤ ∞. Then, the following holds:

f ∈ L1
loc(Ω), f ′ ∈ L1

loc(Ω), where f ′ =
d

dx
f in D′(Ω)

⇐⇒ f is absolutely continuous on any bounded closed interval in Ω.

In this case, the distributional derivative coincides with the classical derivative almost ev-
erywhere (a.e.)

Remark 2.1.30. From Lebesgue integration theory, it is known that if a function f is
absolutely continuous on a bounded closed interval [a, b], then f is differentiable a.e. and
its derivative is integrable on [a, b].

Proof of Theorem 2.1.29. We prove =⇒ in two steps.
• Step 1: Suppose that f ′ ≡ 0. We show that f is constant. For η ∈ D(Ω) with∫ b
a η(x)dx = 0, let

ϕ(x) =

∫ x

a
η(y)dy.

Then, ϕ ∈ D(Ω), and thus we have

0 = 〈f ′, ϕ〉 = −〈f, ϕ′〉 = 〈f, η〉.

Hence, we have 〈f, η〉 = 0 for any η ∈ D(Ω) with
∫ b
a η(x)dx = 0.
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Fix ψ ∈ D(Ω) with
∫ b
a ψ(x)dx = 1. For ϕ ∈ D(Ω), write

ϕ(x) =
(
ϕ(x) − cψ(x)

)
+ cψ(x),

where c =
∫ b
a ϕ(x)dx. Noting that

∫
(ϕ− cψ)dx = 0, we have

〈f, ϕ〉 = c〈f, ψ〉 = K

∫ b

a
ϕ(x)dx = 〈K,ϕ〉,

where K = 〈f, ψ〉. Therefore, f = K = constant, since the choice of ϕ was arbitrary.
• Step 2: Now, we consider general f ′. For c ∈ (a, b), let F (x) =

∫ x
c f

′(y)dy. (Note that
we do not know if F (x) = f(x) − f(c) at this point.) For ϕ ∈ D(Ω) with suppϕ ⊂ [a1, b1],
a < a1 ≤ b1 < b, we have

〈f, ϕ′〉 = −
∫ b1

a1

f ′(x)ϕ(x)dx = −F (x)ϕ(x)
∣∣∣
b1

a1

+

∫ b1

a1

F (x)ϕ′(x)dx

=⇒ 〈f − F,ϕ′〉 = 0, ϕ ∈ D(Ω)

=⇒ f − F = constant (from Step 1)

=⇒ f is absolutely continuous and
d

dx
f(x) = f ′(x), a.e. x ∈ Ω.

The other direction (⇐=) can be shown easily, and thus we omit its proof.

The following corollary basically follows from Theorem 2.1.29.

Corollary 2.1.31. Let Ω = (a, b), −∞ ≤ a < b ≤ ∞. If f ∈ L1(Ω) and f ′ ∈ L1(Ω) where
f ′ is the distributional derivative of f , then f is absolutely continuous on any bounded
closed interval in Ω. In particular, f ∈ C(Ω).

Exercise 2.1.1. Let T ∈ D′(Ω) with compact support. Show the following statements.
(i) For η ∈ D(Ω) with η ≡ 1 in some neighborhood of suppT , we have

〈T, ϕ〉 = 〈ηT, ϕ〉 = 〈T, ηϕ〉, ϕ ∈ D(Ω).

(ii) There exist non-negative integer m and C > 0 such that

|〈T, ϕ〉| ≤ C
∑

|α|≤m

sup
x∈Ω

|∂α
xϕ(x)|, ϕ ∈ D(Ω).

[HINT: (i) Write ϕ = ηϕ+ (1 − η)ϕ and use the second fact in Remark 2.1.21. (ii) Apply
Proposition 2.1.14 to ηT . (From this, we see that a distribution with a compact support is
of finite order.)]

2.2 Tempered distributions

For applications to partial differential equations, it turns out that the space D′(Rn) of
distributions is a little too large. In other words, the space D(Rn) of test functions is a
little too small. This is due to the fact that no condition is imposed on behavior of elements
in D′(Rn) in neighborhoods of infinity since functions in D(Rn) have compact support. In
this section, we consider a certain class of distributions, called tempered distributions,
whose behavior is mildly controlled near infinity.

Let us start by introducing a space of test functions that is slightly larger than D(Rn).
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Definition 2.2.1. We say that v ∈ C∞(Rn) is rapidly decreasing function if for any
l,m ∈ N, we have ∑

|α|≤l

sup
x∈Rn

(1 + |x|)m|∂α
x v(x)| <∞.

We denote the collection of rapidly decreasing functions by S(Rn) (of simply S) and call it
the Schwartz space.

Example 2.2.2.

v ∈ D(Rn) =⇒ v ∈ S(Rn).

The converse is not true. For example, e−|x|2 ∈ S(Rn) but e−|x|2 /∈ D(Rn)

Definition 2.2.3. Let {vk} ⊂ S and v ∈ S. If for any l,m ∈ N, we have

∑

|α|≤l

sup
x∈Rn

(1 + |x|)m
∣∣∂α

x (vk(x) − v(x))
∣∣ −→ 0 as k → ∞,

then we say that {vk} converges to v in S and write

vk −→ v in S.

Remark 2.2.4. We can introduce a metric that is compatible with the convergence in
Definition 2.2.3. In this case, S becomes a complete metric space. See [1, 4, 5] for the
topology on S.

Definition 2.2.5. For v ∈ S(Rn), define

Fourier transform : F [v](ξ) =
1

(2π)n

∫

Rn

e−ix·ξv(x)dx

Inverse Fourier transform : F−1[v](x) =

∫

Rn

eix·ξv(ξ)dξ,

(2.9)

where i =
√
−1 and x · ξ = x1ξ1 + · · · + xnξn. We also write v̂(ξ) and

̂
f(x) for F [v](ξ) and

F−1[v](x), respectively.

Theorem 2.2.6. Let v ∈ S and α be a multi-index. Then, the followings hold:

F [∂α
x v](ξ) = i|α|ξαv̂(ξ),

F [xαv](ξ) = i|α|∂α
ξ v̂(ξ),

F−1[∂α
ξ v](x) = (−i)|α|xα

̂
v(x),

F−1[ξαv](x) = (−i)|α|∂α
x

̂
v(x).
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Proof. We prove the first equality for (∂/∂xj)v. Integrating by parts,

F
[
∂v

∂xj

]
(ξ) =

1

(2π)n

∫

Rn

e−ix·ξ ∂v
∂xj

(x)dx

=
1

(2π)n

∫

Rn−1

e−i(x1ξ1+···+xj−1ξj−1+xj+1ξj+1+···+xnξn)

×
{
e−ixjξjv(x1, · · · , xj , · · · , xn)

∣∣∣
xj=∞

xj=−∞

+ iξj

∫ ∞

−∞
e−ixjξjv(x1, · · · , xj , · · · , xn)dxj

}
dx1 · · · dxj−1dxj+1 · · · dxn

= iξjv(ξ).

The other cases follow similarly.

Theorem 2.2.7. F and F−1 are continuous mapping from S into S.

Remark 2.2.8. Indeed, the following holds:

F−1F = FF−1 = I, I = identity map on S.

(See Theorem 2.2.22.) From this, we see that F ,F−1 : S → S are bijective.

Proof. It follows from Theorem 2.2.6 that

v ∈ S =⇒ v̂,

̂
v ∈ S.

Now, we prove the continuity. Let vk → v in S and l,m ∈ N. For |α| ≤ l, |β| ≤ m,

|ξβ∂α
ξ (v̂k − v̂)(ζ)| ≤ (−1)|α|+|β|

(2π)n

∫
|eix·ξ||∂β

x (xαvk(x) − xαv(x))|dx

≤ C

∫

Rn

(1 + |x|)−(n+2)dx

×
∑

|γ|≤m

sup
x∈Rn

(1 + |x|)l+n+2|∂γ
x(vk(x) − v(x))|

−→ 0 as k → ∞.

Hence, F : S → S is continuous.

Definition 2.2.9. A continuous linear functional T on S(Rn) is called a tempered dis-

tribution on Rn. i.e., a tempered distribution T is a map from S(Rn) into C, satisfying

(a) (linearity) T (αu+ βv) = αT (u) + βT (v), α, β ∈ C, u, v ∈ S.

(b) (continuity) Let {ϕm} ⊂ S. Then, we have

ϕm −→ 0 in S =⇒ 〈T, ϕm〉 −→ 0.

We denote by S ′(Rn) (or simply S ′) the space of tempered distributions on Rn.
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Remark 2.2.10. Note that
S ′(Rn) ( D′(Rn).

For example, e|x|
2 ∈ D′(Rn) but e|x|

2

/∈ S ′(Rn)

Definition 2.2.11. Let {Tk} ⊂ S ′ and T ∈ S. If

〈Tk, ϕ〉 −→ 〈T, ϕ〉 as k → ∞, ϕ ∈ S,

then we say that {Tk} converges to T in S ′ and write

Tk −→ T in S ′.

Remark 2.2.12. It is impossible to introduce a metric on S ′ which is compatible with the
notion of convergence in Definition 2.2.11. See [1, 4, 5] for the topology on S ′.

Proposition 2.2.13. Given T ∈ S ′, there exists m ∈ N and C > 0 such that

|〈T, ϕ〉| ≤ C
∑

|α|≤m

sup
x∈Rn

(1 + |x|)m|∂α
xϕ(x)|, ϕ ∈ S.

Theorem 2.2.14. Let {Tk} ⊂ S ′ such that {〈Tk, ϕ〉} is a Cauchy sequence in C for each
ϕ ∈ S. Then, a linear functional T on S defined by

〈T, ϕ〉 = lim
k→∞

〈Tk, ϕ〉, ϕ ∈ S

is a tempered distribution on Rn. i.e., T ∈ S ′.

The proof of Proposition 2.2.13 is basically the same as that of Proposition 2.1.14, and
hence is omitted. Theorem 2.2.14, like Theorem 2.1.18, follows from Banach-Steinhaus
theorem.

Remark 2.2.15. It follows from Proposition 2.2.13 that a tempered distribution T ∈ S ′

is a distribution of finite order.

Definition 2.2.16. Let T ∈ S ′. We define its Fourier transform T̂ and inverse Fourier
transform

̂
T as follows:

〈T̂ , ϕ〉 = 〈T, ϕ̂〉, ϕ ∈ S
〈
̂
T , ϕ〉 = 〈T,

̂
ϕ〉, ϕ ∈ S.

Remark 2.2.17. From Theorem 2.2.7, we see that

{ϕk} ⊂ S, ϕk −→ 0 in S =⇒ {ϕ̂k} ⊂ S, ϕ̂k −→ 0 in S.

Hence, T̂ ∈ S ′. The same remark holds for the inverse Fourier transform.

Remark 2.2.18. Note that

ϕ ∈ D(Rn), ϕ 6= 0 =⇒ ϕ̂ /∈ D(Rn).

Hence, we can not define the Fourier transform within D′(Rn) as in Definition 2.2.16. This
is one of the main reasons for introducing the class S ′ of tempered distributions.
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Example 2.2.19. For 1 ≤ p ≤ ∞, we have

v ∈ Lp(Rn) =⇒ v ∈ S ′(Rn).

Given u ∈ S(Rn), we have

‖u‖Lq ≤ ‖(1 + |x|)−n−1‖Lq · sup
x∈Rn

(1 + |x|)n+1|u(x)|

for 1 ≤ q ≤ ∞. Let M = ‖(1+ |x|)−n−1‖Lq and 1/p+1/q = 1. Then, by Hölder’s inequality
(Theorem A.2.3),

|〈u, v〉| =

∣∣∣∣
∫

Rn

v(x)u(x)dx

∣∣∣∣ ≤ ‖v‖Lp‖u‖Lq

≤M‖v‖Lp · sup
x∈Rn

(1 + |x|)n+1|u(x)|.

Hence, v ∈ S ′(Rn).

Example 2.2.20. Let δ(x) be the Dirac δ function on Rn.

〈δ̂, ϕ〉 = 〈δ, ϕ̂〉 = ϕ̂(0) =
1

(2π)n

∫
ϕ(x)dx =

〈
1

(2π)n
, ϕ

〉
, ϕ ∈ S.

=⇒ δ̂ =
1

(2π)n
in S ′.

Example 2.2.21. For ε > 0, let

ρε(x) =
1

2n(επ)n/2
e−

1

4ε
|x|2 .

Then, the following holds:

ρε −→ δ(x) in S ′ as ε→ 0 + .

Noting that
∫

Rn ρε(x)dx = 1, define

Iε :=

∫
ρε(x)(ϕ(x) − ϕ(0))dx = 〈ρε, ϕ〉 − ϕ(0), ϕ ∈ S.

Fix η > 0. Then, there exists δ > 0 such that

|ϕ(x) − ϕ(0)| < η for |x| ≤ δ. (2.10)

Next, let M = supx∈Rn(|ϕ(x)| + |ϕ(0)|). Then, there exists ε0 > 0 such that

M

∫

|x|>δ
ρε(x)dx < η for 0 < ε < ε0, (2.11)

since by change of variables y = x/
√
ε, we have

∫

|x|>δ
ρε(x)dx =

1

2nπn/2

∫

|y|>δ/
√

ε
e−

1

4
|y|2dy −→ 0 as ε→ 0 + .
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By separating the domain of integration:

Iε =

∫

|x|≤δ
+

∫

|x|>δ
= I1ε + I2ε,

we have

(2.10) =⇒ |I1ε| < η,

(2.11) =⇒ |I2ε| < η, 0 < ε < ε0.

Thus, for any η > 0, there exists ε0 > 0 such that |Iε| ≤ 2η for 0 < ε < ε0. Hence, we
conclude that

〈ρε, ϕ〉 −→ ϕ(0) = 〈δ, ϕ〉 as ε→ 0 + .

Theorem 2.2.22. F−1F = FF−1 = I, I = identity map on S.

Proof. We only prove F−1F = I. For ϕ ∈ S and ε > 0, let

Iε(x) = F−1
[
e−ε|ξ|2F [ϕ]

]
(x).

Then, by Fubini theorem (Theorem A.2.2), we have

Iε =

∫

Rn

eix·ξe−ε|ξ|2 1

(2π)n

∫

Rn

e−iy·ξϕ(y)dydξ

=
1

(2π)n

∫

Rn

ϕ(y)

∫

Rn

e−ε|ξ|2+i(x−y)·ξdξdy.

Note that

e−ε|ξ|2+i(x−y)·ξ = e−
1

4ε
|x−y|2

n∏

j=1

e−ε(ξj− i
2ε

(xj−yj))
2

.

Applying change of variables zj = ξj − i
2ε(xj − yj) and shifting paths of the integral on the

complex plane (see Example 2.5.10 for detail of this transformation), we obtain

∫

Rn

e−ε|ξ|2+i(x−y)·ξdξ = e−
1

4ε
|x−y|2

n∏

j=1

∫ ∞− i
2ε

(xj−yj)

−∞− i
2ε

(xj−yj)
e−εz2

j dzj

= e−
1

4ε
|x−y|2

n∏

j=1

∫ ∞

−∞
e−εz2

j dzj

=
(π
ε

)n/2
e−

1

4ε
|x−y|2 .

From this and Example 2.2.21,

Iε =
1

2n(επ)n/2

∫

Rn

e−
1

4ε
|x−y|2ϕ(y)dy =

〈
1

2n(επ)n/2
e−

1

4ε
|x−y|2 , ϕ(y)

〉

−→ 〈δ(x− y), ϕ(y)〉 = ϕ(x) as ε→ 0 + .

On the other hand, we have

Iε = F−1[e−ε|ξ|2ϕ̂] −→ F−1[ϕ̂] in S as ε→ 0+,
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since ϕ̂ ∈ S and e−ε|ξ|2ϕ̂→ ϕ̂ in S. Therefore, we have

(F−1F)[ϕ] = ϕ, ϕ ∈ S.

Corollary 2.2.23. F and F−1 are continuous bijection from S ′ onto S ′, and

F−1F = FF−1 = I, I = identity map on S ′.

Theorem 2.2.24. Let T ∈ S ′. The followings hold:

F [∂α
xT ](ξ) = i|α|ξαT̂ (ξ),

F [xαv](ξ) = i|α|∂α
ξ T̂ (ξ),

F−1[∂α
ξ T ](x) = (−i)|α|xα

̂
T (x),

F−1[ξαT ](x) = (−i)|α|∂α
x

̂
T (x).

Moreover, by letting (τaT )(x) = T (x+ a), a ∈ Rn, we have

F [τaT ](ξ) = eia·ξT̂ ,

F−1[τaT ](ξ) = e−ia·ξ
̂
T .

Proof. Let ϕ ∈ S. We show only the first and fifth identities. The first one follows from

〈F [∂α
xT ], ϕ〉 = (−1)|α|〈T, ∂α

x ϕ̂〉 = (−1)|α|〈T, i−|α|ξ̂αϕ〉 = 〈i|α|ξαT̂ , ϕ〉.

Next, we prove the fifth identity. From Definition 2.1.22, we have

〈F [τaT ], ϕ〉 = 〈T, τ−aϕ̂〉 =

〈
T,

1

(2π)n

∫

Rn

e−i(x−a)·ξϕ(ξ)dξ

〉

= 〈T, êia·ξϕ〉 = 〈eia·ξT̂ , ϕ〉.

Exercise 2.2.1. Show that (1 + |x|)−n−1 ∈ Lp(Rn) for all 1 ≤ p ≤ ∞.

2.3 Tensor products and convolutions and of distributions

Definition 2.3.1. For T ∈ D′(Rm) and U ∈ D′(Rn), we define the tensor product (direct
product) of T and U by

〈T ⊗ U,ϕ〉 = 〈T (x), 〈U(y), ϕ(x, y)〉〉, ϕ ∈ D(Rm
x × Rn

y ).

Remark 2.3.2. Let T ∈ D′(Rm), U ∈ D′(Rn), and ϕ ∈ D(Rm+n). From Proposition
2.1.14, one can easily see that

(a) 〈U, φ(x, ·)〉 ∈ D(Rm).
(b) ϕj −→ 0 in D(Rm+n) =⇒ 〈U, φ(x, ·)〉 −→ 0 in D(Rm).



34 CHAPTER 2. DISTRIBUTIONS AND FUNDAMENTAL SOLUTIONS

Then, it follows that
T ⊗ U ∈ D′(Rm+n).

Moreover, we have T ⊗ U = U ⊗ T . i.e., the following holds:

〈T (x), 〈U(y), ϕ(x, y)〉〉 = 〈U(y), 〈T (x), ϕ(x, y)〉〉, ϕ ∈ D(Rm+n).

Note that this commutativity of tensor products is not an obvious fact. See [2, Theorem
4.3.3] for the proof. We can similarly define a tensor product T ⊗ U ∈ S ′(Rm+n) for
T ∈ S ′(Rm) and U ∈ S ′(Rn).

Proposition 2.3.3. Let T,U ∈ D′(Rn), where suppU is compact. Define T ∗ U by

〈T ∗ U,ϕ〉 = 〈T (x) ⊗ U(y), ϕ(x+ y)〉, ϕ ∈ D(Rn). (2.12)

Then, T ∗ U ∈ D′(Rn). Moreover, if we take η ∈ D(Rn) such that η = 1 in a neighborhood
of suppU , then

〈T ∗ U,ϕ〉 = 〈T (x) ⊗ U(y), η(y)ϕ(x+ y)〉, ϕ ∈ D(Rn).

Proof. Since η = 1 in a neighborhood of suppU , we have

T ⊗ U = T ⊗ (ηU) in D′(R2n).

Thus, for ϕ ∈ D(Rn), we have

〈T ∗ U,ϕ〉 = 〈T (x) ⊗ U(y), η(y)ϕ(x+ y)〉, ϕ ∈ D(Rn), η(y)ϕ(x+ y) ∈ D(R2n).

Hence, T ∗ U is a linear functional on D(Rn). Moreover, ϕj → ϕ in D(Rn) implies

η(y)ϕj(x+ y) −→ η(y)ϕ(x+ y) in D(R2n).

Then, the continuity of T ∗ U follows from that of T ⊗ U , and hence T ∗ U ∈ D′(Rn).

Remark 2.3.4. (i) From the commutativity of the tensor product of T and U , it is enough
if one of T or U has a compact support in Proposition 2.3.3.

(ii) Following the proof of Proposition 2.3.3, one can show that T ∗ U ∈ S ′(Rn) for
T,U ∈ S ′(Rn) where suppU is compact

Now, we define a convolution of two distributions. It is a useful tool in applying the
theory of distributions to partial differential equations.

Definition 2.3.5. Let T,U ∈ D(Rn), where suppU is compact. We define the convolution

T ∗ U of T and U by (2.12) in Proposition 2.3.3.

Remark 2.3.6. We can not define T ∗ U for arbitrary T,U ∈ D(Rn). Note that T ⊗ U ∈
D′(R2n) but that ϕ(x+y) /∈ D(R2n). Hence, we can not define the right-hand side in (2.12).
The condition that one of the supports of T and U is compact is a sufficient condition for
defining T ∗U as a distribution. This condition, however, is too strong for application. We
will relax this condition in the following. Lastly, note that commutativity of convolutions
follows from that of tensor products.
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Let us list several examples of convolution products.

Example 2.3.7. Let T ∈ D′(Rn) and η ∈ D(Rn) such that η(x) = 1 for |x| < 1. Since
supp δ = {0}, it follows from Proposition 2.3.3 that

〈δ ∗ T, ϕ〉 = 〈δ(x) ⊗ T (y), η(x)ϕ(x+ y)〉
= 〈T (y), 〈δ(x), η(x)ϕ(x+ y)〉〉
= 〈T, ϕ〉, ϕ ∈ D(Rn).

Hence, δ ∗ T = T .

Example 2.3.8. For T,U ∈ L1(Rn), we have

(T ∗ U)(x) =

∫

Rn

T (x− y)U(y)dy ∈ L1(Rn).

Since
∫

Rn

∣∣∣∣
∫

Rn

T (x− y)U(y)dy

∣∣∣∣dx ≤
∫

Rn

|U(y)|
∫

Rn

|T (x− y)|dxdy <∞,

it follows from the definition (2.12) of T ∗ U , change of variables, and Fubini Theorem
(Theorem A.2.2) that

〈T ∗ U,ϕ〉 =

∫

Rn

T (x)

∫

Rn

U(y)ϕ(x+ y)dydx

=

∫

Rn

ϕ(x)

∫

Rn

T (x− y)U(y)dydx, ϕ ∈ D(Rn).

Hence, we have

(T ∗ U)(x) =

∫

Rn

T (x− y)U(y)dy.

For usual functions T and U , we use this to define a convolution.

We have the following theorem for the convolution f ∗ g of f, g ∈ S.

Theorem 2.3.9. Let f, g ∈ S. Then, we have

F [f ∗ g](ξ) = (2π)nf̂(ξ)ĝ(ξ),

F [fg](ξ) = (f̂ ∗ ĝ)(ξ),
F−1[f ∗ g](x) =

̂
f(x)

̂
g(x),

F−1[fg](x) =
1

(2π)n
(

̂
f ∗
̂
g)(x).

Proof. We prove only the first identity. By Fubini theorem (Theorem A.2.2),

F [f ∗ g](ξ) =
1

(2π)n

∫

Rn

e−ix·ξ
∫

Rn

f(x− y)g(y)dydx

=
1

(2π)n

∫

Rn

∫

Rn

e−i(x−y)·ξf(x− y)e−iy·ξg(y)dydx.



36 CHAPTER 2. DISTRIBUTIONS AND FUNDAMENTAL SOLUTIONS

By change of variables z = x− y,

F [f ∗ g](ξ) = (2π)n

[
1

(2π)n

∫

Rn

e−iz·ξf(z)dz

][
1

(2π)n

∫

Rn

e−iy·ξg(y)dy

]

= (2π)nf̂(ξ)ĝ(ξ).

Theorem 2.3.10. Let T,U ∈ §′(Rn), where suppU is compact. Then, we have

F [T ∗ U ](ξ) = (2π)nÛ(ξ)T̂ (ξ).

Remark 2.3.11. If U ∈ S ′(Rn) and suppU is compact, then Û ∈ C∞(Rn). Moreover, for
any non-negative integer m, there exist C > 0 and p ∈ N such that

∑

|α|≤m

|∂α
ξ Û(ξ)| ≤ C(1 + |ξ|)p, ξ ∈ Rn.

(See (2.14) below.) Hence, Û T̂ ∈ S ′(Rn).

Proof of Theorem 2.3.10. Let η ∈ D(Rn) such that η = 1 in a neighborhood of suppU , and
ϕ ∈ S(Rn). Then,

〈F [T ∗ U ], ϕ〉 = 〈T ∗ (ηU), ϕ̂〉
= 〈T (x) ⊗ U(y), η(y)ϕ̂(x+ y)〉

=

〈
T,

1

(2π)n

〈
U, η(y)

∫

Rn

e−i(x+y)·ξϕ(ξ)dξ
〉

y

〉

x

,

where 〈·, ·〉x denotes the dual pairing between a distribution and a test function. By re-
garding e−ix·ξ as a distribution in ξ and noting that

η(y)e−iy·ξϕ(ξ) ∈ S(Rn
y × Rn

ξ ),

we have, from the commutativity of tensor products,
〈
U, η(y)

∫

Rn

e−i(x+y)·ξϕ(ξ)dξ
〉

y
= 〈U, 〈e−ix·ξ, η(y)e−iy·ξϕ(ξ)〉ξ〉y

= 〈U(y) ⊗ e−ix·ξ, η(y)e−iy·ξϕ(ξ)〉

=

∫
e−ix·ξ〈U, η(y)e−iy·ξ〉y ϕ(ξ)dξ. (2.13)

Let 1(ξ) := 1 for any ξ ∈ Rn. Once again, from the commutativity of tensor products, we
have

〈Û , ϕ〉 = 〈U, ηϕ̂〉 =
1

(2π)n

〈
U, η(y)

∫

Rn

e−iy·ξϕ(ξ)dξ
〉

y

=
1

(2π)n
〈U(y) ⊗ 1(ξ), η(y)e−iy·ξϕ(ξ)〉

=
1

(2π)n
〈1(ξ), 〈U, η(y)e−iy·ξϕ(ξ)〉y〉ξ

=
1

(2π)n
〈〈U, η(y)e−iy·ξ〉y, ϕ〉ξ, ϕ ∈ S.
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Hence, we have

Û(ξ) =
1

(2π)n
〈U(y), η(y)e−iy·ξ〉y in S ′. (2.14)

(Remark 2.3.11 follows from (2.14) and the fact that U is a distribution of finite order.)
From (2.13), (2.14), and Remark 2.3.11, we have

〈F [T ∗ U ], ϕ〉 =

〈
T,

1

(2π)n

∫
e−ix·ξ〈U, η(y)e−iy·ξ〉y ϕ(ξ)dξ

〉

x

=

〈
T,

∫
e−ix·ξÛ(ξ)ϕ(ξ)dξ

〉

x

= (2π)n〈T,F [Ûϕ]〉x
= (2π)n〈T̂ , Ûϕ〉ξ
= (2π)n〈Û T̂ , ϕ〉.

Let us compare the proofs of Theorem 2.3.9 and Theorem 2.3.10. On the one hand,
Fubini theorem played an important role in Theorem 2.3.9. On the other hand, the com-
mutativity of tensor products played an analogous role in Theorem 2.3.10. i.e. The com-
mutativity of tensor products of distributions can be regarded as a generalization of Fubini
theorem for exchanging the order of integrations. With this in mind, we see that although it
is a little more complicated, the proof of Theorem 2.3.10 basically follows the same path as
in the proof of Theorem 2.3.9. In this way, properties of integrable functions are naturally
extended to distributions, and they are formulated in a way that is easy to apply.

2.4 Sobolev spaces Hs

In this section, we introduce the Sobolev spaces - important function spaces to the theory of
partial differential equations - and discuss their properties. First, define the inner product
(·, ·) on L2(Rn) by

(u, v) =

∫

Rn

u(x)v(x)dx, u, v ∈ L2(Rn).

The next theorem is called Plancherel’s theorem, and it plays a fundamental role in
the L2-based theory of Sobolev spaces.

Theorem 2.4.1 (Plancherel’s theorem).

v ∈ L2(Rn) =⇒ v̂,
̂
v ∈ L2(Rn).

Moreover, we have
(u, v) = (2π)n(û, v̂). (2.15)

Remark 2.4.2. From Example 2.2.19, we have

v ∈ L2 =⇒ v ∈ S ′.

Hence, for v ∈ L2(Rn), we can define its Fourier transform v̂ and inverse Fourier transform̂
v by regarding v as an element in S ′.
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Proof. Let u, v ∈ S. First, let us start with a formal computation that is incorrect in
rigorous sense. Since u = F−1[û] and v = F−1[v̂], we formally exchange the order of
integrations:

(u, v) =

∫

Rn

u(x)v(x)dx

=

∫

Rn

(∫

Rn

eix·ξû(ξ)dξ

)(∫

Rn

e−ix·ξ v̂(η)dη

)
dx

=

∫

Rn

û(ξ)

∫

Rn

(∫

Rn

eix·(ξ−η)dx

)
v̂(η) dηdξ

= (2π)n(û, v̂).

In the last equality, we used δ(ξ − η) = F−1[(2π)−n](ξ − η) in S ′. Note that the third
equality is not correct since the function eix·(ξ−η) is not integrable with respect to x and
thus Fubini theorem (Theorem A.2.2) is not applicable. i.e., it was prohibited to exchange
the order of integrations as we did above. For the correct argument, letting

Iε =

∫

Rn

e−ε|x|2u(x)v(x) dx, ε > 0,

it suffices to show that

Iε −→ (u, v) and Iε −→ (2π)n(û, v̂) as ε→ 0 + .

For details, see the proof of Theorem 2.2.22 where we used an analogous argument.
Once we have (2.15) for u, v ∈ S, we have, in particular,

‖û‖2
L2 = (2π)−n‖u‖2

L2 , u ∈ S.

From this and density of S in L2, we conclude that û ∈ L2 for u ∈ L2.

Remark 2.4.3. By replacing u and v by

̂
u and

̂
v in (2.15), we obtain

(2π)n(u, v) = (

̂
u,

̂
v). (2.16)

From Theorem 2.4.1 and Remark 2.4.3, we can regard the Fourier transform F and
the inverse Fourier transform F−1 as maps from L2(Rn) into L2(Rn). Then, by applying
Theorem 2.4.1 and Remark 2.4.3 again, we obtain the following corollary.

Corollary 2.4.4. The maps F ,F−1 : L2(Rn) → L2(Rn) are linear continuous bijections.

Now, we are ready to define the Sobolev spaces. We define them through the Fourier
transform.

Definition 2.4.5. Let s ∈ R. We define the Sobolev space Hs(Rn) (or simply Hs) on Rn

and its norm ‖ · ‖Hs as follows:

Hs(Rn) = {v ∈ S ′(Rn); (1 + |ξ|2)s/2v̂(ξ) ∈ L2(Rn)}
‖v‖Hs = (2π)n/2‖(1 + |ξ|2)s/2v̂‖L2
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Theorem 2.4.6. Let s ∈ R. The Sobolev space Hs is a Banach space under its norm
‖ · ‖Hs.

Proof. It is clear that ‖ · ‖Hs is a norm on Hs. Define a metric d(·, ·) on Hs by

d(u, v) = ‖u− v‖Hs , u, v ∈ Hs.

We will prove that (Hs, d(·, ·)) is complete as a metric space. Given a Cauchy sequence
{vk} in Hs, define

wk = F−1[(1 + |ξ|2)s/2v̂k].

From Theorem 2.4.1 and the definition of the norm,

‖wk − wl‖L2 = (2π)n/2‖(1 + |ξ|2)s/2(v̂k − v̂l)‖L2

= ‖vk − vl‖Hs −→ 0 as k, l → ∞.

Hence, {wk} is a Cauchy sequence in L2. By completeness of L2, there exists w ∈ L2 such
that

wk −→ w in L2.

By letting v = F−1[(1 + |ξ|2)−s/2ŵ], we have

(1 + |ξ|2)s/2v̂ ∈ L2 (⇐⇒ v ∈ Hs).

Hence, we have

‖vk − v‖Hs = (2π)n/2‖(1 + |ξ|2)s/2(v̂k − (1 + |ξ|2)−s/2ŵ)‖L2

= (2π)n/2‖ŵk − ŵ‖L2

= ‖wk − w‖L2 −→ 0 as k → ∞.

Therefore, {vk} converges to v in Hs.

Remark 2.4.7. By endowing Hs with an inner product

(u, v)Hs = (2π)n
(
(1 + |ξ|2)s/2û, (1 + |ξ|2)s/2v̂

)
, u, v ∈ Hs

Hs becomes a Hilbert space.

Theorem 2.4.8. Let m ∈ N. Define H̃m and its norm as follows:

H̃m(Rn) = {v ∈ L2(Rn); ∂α
x v ∈ L2(Rn), |α| ≤ m}

‖v‖
H̃m =

( ∑

|α|≤m

‖∂α
x v‖2

L2

)1/2

.

Note that ∂α
x v in the above definition is a derivative in distributional sense. Then, we have

H̃m = Hm, and there exists C > 0 such that

1

C
‖v‖Hm ≤ ‖v‖

H̃m ≤ C‖v‖Hm , v ∈ Hm. (2.17)
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Remark 2.4.9. The equality “H̃m = Hm” means that they are isomorphic as Banach
spaces. (See Definition A.5 (ii).) Theorem 2.4.8 roughly states that Hs is the collection of
distributions whose distributional derivatives up to order s belong to L2.

Proof. From the definition of H̃m and Theorem 2.2.24,

v ∈ H̃m ⇐⇒ ∂α
x v ∈ L2, |α| ≤ m

⇐⇒ i|α|ξαv̂ ∈ L2, |α| ≤ m

⇐⇒ v ∈ Hm.

Hence, we have H̃m = Hm as sets.
Moreover, from Theorem 2.4.1, we have

‖v‖2
H̃m = (2π)n

∑

|α|≤m

‖ξαv̂‖2
L2

= (2π)n

∫

Rn

( ∑

|α|≤m

|ξ2α|
)
|v̂|2dξ,

‖v‖2
Hm = (2π)n‖(1 + |ξ|2)m/2v̂‖L2

= (2π)n

∫

Rn

(1 + |ξ|2)m|v̂|2dξ.

Then, (2.17) follows once we note that there exists C > 0 such that

1

C
(1 + |ξ|2)m ≤

∑

|α|≤m

|ξ2α| ≤ C(1 + |ξ|2)m.

Regarding the identity operator I as a map from H̃m into Hm and applying Theorems
A.3.8 and A.3.11, we see that H̃m and Hm are isomorphic as Banach spaces.

Theorem 2.4.10. Let s ∈ R. Then, S(Rn) is dense in Hs(Rn).

Proof. By density of S in L2, given v ∈ Hs, there exists a sequence {vk} ⊂ S such that

v̂k −→ (1 + |ξ|2)s/2v̂ in L2 as k → ∞.

Then, by letting ŵk = (1 + |ξ|2)−s/2v̂k, we see that wk ∈ S. Moreover, we have

‖wk − v‖Hs = (2π)n/2‖(1 + |ξ|2)s/2(ŵk − v̂)‖L2 −→ 0 as k → ∞.

This shows that S is dense in Hs.

What is the relation between Sobolev spaces and classical spaces of continuously differ-
entiable functions? In order to consider the relation between them, let us introduce spaces
of bounded continuously differentiable functions. For m ∈ N ∪ {0}, define

Cm
b (Rn) = {v ∈ Cm(Rn); ∂α

x v ∈ L∞(Rn), |α| ≤ m}
‖v‖Cm

b
=
∑

|α|≤m

sup
x∈Rn

|∂α
x v(x)|.
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Remark 2.4.11. Cm
b (Rn) is a Banach space under the norm ‖ · ‖Cm

b
.

The following theorem shows a particular relation between Sobolev spaces and spaces
of continuously differentiable functions.

Theorem 2.4.12. Let m ∈ N∪{0} and s > n/2+m. Then, Hs(Rn) ⊂ Cm
b (Rn). Moreover,

there exists C > 0 such that

‖v‖Cm
b

≤ C‖v‖Hs , v ∈ Hs. (2.18)

Proof. We will prove Theorem 2.4.12 for m = 0. The proof for m ≥ 1 follows similarly.
Let v ∈ S. By Schwarz inequality, we have

|v(x)| =

∣∣∣∣
∫

Rn

eix·ξ v̂(ξ)dξ

∣∣∣∣

≤
∫

Rn

(1 + |ξ|2)−s/2(1 + |ξ|2)s/2|v̂(ξ)|dξ

≤
(∫

(1 + |ξ|2)−sdξ

)1/2(∫
(1 + |ξ|2)s|v̂(ξ)|2dξ

)1/2

, x ∈ Rn.

Using the polar coordinates and the condition s > n/2,
∫

(1 + |ξ|2)−sdξ =

∫

|ω|=1

∫ ∞

0
(1 + r2)−s rn−1drdω

≤ C1

∫ ∞

0
(1 + r2)−2s+n−1dr <∞,

where C1 = C1(s, n). Hence, we obtain the following inequality:

sup
x∈Rn

|v(x)| ≤ C‖v‖Hs , v ∈ Hs (2.19)

for some C = C(s, n). This shows that (2.18) holds for v ∈ S.
Next, we show that if s > n/2, then v ∈ Hs is in Cb(R

n) and (2.19) holds for all v ∈ Hs.
By density of S in Hs, given v ∈ Hs, there exists a sequence {vk} ⊂ S such that

vk −→ v in Hs.

From (2.19), we have

sup
x∈Rn

|vk(x) − vl(x)| ≤ ‖vk − vl‖Hs −→ 0 as k, l → ∞.

Hence, {vk} is a Cauchy sequence in Cb(R
n) and there exists w ∈ Cb(R

n) such that

vk −→ w in Cb(R
n). (2.20)

Although v and w are limits of the same sequence {vk}, the topologies of convergence are
different. In the following, we show that v and w indeed coincide. Let ϕ ∈ S. On the one
hand, from (2.20), we have

〈vk, ϕ〉 = (vk, ϕ) −→ (w,ϕ) = 〈w,ϕ〉 as k → ∞.
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On the other hand, from Theorem 2.4.1, we have

〈vk, ϕ〉 = (vk, ϕ) = (2π)n(v̂k, ϕ̂)

= (2π)n
(
(1 + |ξ|2)s/2v̂k, (1 + |ξ|2)−s/2ϕ̂

)

−→ (2π)n
(
(1 + |ξ|2)s/2v̂, (1 + |ξ|2)−s/2ϕ̂

)

= (2π)n(v̂, ϕ̂) = (v, ϕ)

= 〈v, ϕ〉.

Therefore, we conclude that

w = v in S ′, v ∈ Cb(R
n).

The inequality (2.18) follows from applying (2.19) to vk and letting k → ∞.

Remark 2.4.13. Theorem 2.4.12 is a special case of Sobolev embedding theorem. See
Proposition 4.3.1.

Exercise 2.4.1. Prove Theorem 2.4.12 for m ≥ 1.

2.5 Fundamental solutions to PDEs

For m ∈ N, define a differential operator L by

L =
∑

|α|≤m

aα∂
α
x , aα ∈ C.

We say that E ∈ D′(Rn) is a fundamental solution of the differential operator L if

LE = δ(x) in D′(Rn). (2.21)

Remark 2.5.1. In general, there is no uniqueness for a fundamental solution E. For
example, if there exists non-trivial E0 ∈ D′(Rn) such that

LE0 = 0 in D′(Rn),

then Ẽ = E + E0 also satisfies (2.21). (The same holds even if we replace D′(Rn) by
S ′(Rn).)

Example 2.5.2. Let L = d/dx and H(x) be the Heaviside function as in Example 2.1.10.
Then, by letting E = H(x) + C for given C > 0, we have

d

dx
E = δ(x) in D′(R). (2.22)

Now, define

L̂(ξ) =
∑

|α|≤m

aαi
|α|ξα,

N(L) = {ξ ∈ Rn; L̂(ξ) = 0}.
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If we look for a fundamental solution E of L in S ′(Rn), then it suffices to find Ê ∈ S ′(Rn)
such that

L̂(ξ)Ê =
1

(2π)n
in S ′(Rn). (2.23)

Formally, we can find E by taking the inverse Fourier transform of Ê defined by

Ê(ξ) =
(
(2π)nL̂(ξ)

)−1
(2.24)

Does Ê thus defined always belong to S ′(Rn)? If Ê ∈ S ′(Rn), then we can compute the
inverse Fourier transform of Ê and the above computation can be justified.

Remark 2.5.3. If N(L) = ∅, then it is easy to see that

(
L̂(ξ)

)−1 ∈ S ′(Rn).

It turns out that even if N(L) 6= ∅, we can find Ê ∈ S ′(Rn) satisfying (2.23), which
shows existence of a fundamental solution of L. This is called Ehrenpreis-Malgrange-

Hörmander theorem.

Example 2.5.4. Let L = d/dx. Then, L̂(ξ) = iξ and N(L) = {0}. In this case, we have

(
L̂(ξ)

)−1
/∈ L1

loc(R).

Nonetheless, by defining Ê = i−1p.v.(1/ξ), Ê ∈ S ′(R) satisfies (2.23). Recall that the
tempered distribution p.v.(1/ξ) is as in Example 2.1.27.

In the following, we first study the case when we have a fundamental solution E ∈
D′(Rn) of a differential operator L. Consider the following differential equation:

Lu = f(x) in D′(Rn). (2.25)

Theorem 2.5.5. Let E ∈ D′(Rn) be a fundamental solution of a differential operator L,
and f ∈ D′(Rn).

(i) If we can define E ∗ f as an element in D′(Rn), then u = E ∗ f is a solution to
(2.25).

(ii) A solution to (2.25) is unique in a class XE = {v ∈ D′(Rn); E ∗ v ∈ D′(Rn)} of
distributions. i.e., XE consists of distributions, where a convolution of an element in XE

with E is well-defined in D′(Rn).

We postpone the proof of Theorem 2.5.5 for a while. The next lemma will be used for
the proof of Theorem 2.5.5. Moreover, it shows an important property of a convolution
between distributions.

Lemma 2.5.6. Let T,U ∈ D′(Rn) and α be a multi-index. Then, if a convolution T ∗ U
exists in D′(Rn), then (∂α

xT ) ∗ U and T ∗ (∂α
xU) exist in D′(Rn), and satisfy

∂α
x (T ∗ U) = (∂α

xT ) ∗ U = T ∗ (∂α
xU) in D′(Rn).
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Proof. Let ϕ ∈ D(Rn). In the following, 〈·, ·〉x denotes the dual pairing between a distribu-
tion and a test function with respect to the variable x. From the definition of a convolution
(see (2.12)), we have

〈
∂

∂xj
(T ∗ U), ϕ

〉
= −

〈
T ∗ U, ∂

∂xj
ϕ

〉

=

〈
T (x) ⊗ U(y),

∂

∂xj
ϕ(x+ y)

〉

= −
〈
U(y),

〈
T (x),

∂

∂xj
ϕ(x+ y)

〉

x

〉

y

=

〈
U(y),

〈
∂

∂xj
T (x), ϕ(x+ y)

〉

x

〉

y

=

〈(
∂

∂xj
T

)
(x) ⊗ U(y), ϕ(x+ y)

〉

x,y

=

〈(
∂

∂xj
T

)
∗ U,ϕ

〉
.

By noting that
∂

∂xj
ϕ(x+ y) =

∂

∂yj
ϕ(x+ y), we can show

〈
∂

∂xj
(T ∗ U), ϕ

〉
=

〈
T ∗

(
∂

∂xj
U

)
, ϕ

〉

in a similar manner.

Remark 2.5.7. Let T,U ∈ D′(Rn). Even if

(
∂

∂xj
T

)
∗U and T ∗

(
∂

∂xj
U

)
exist in D′(Rn),

T ∗ U does not necessarily exist in D′(Rn). Moreover, we do not always have

(
∂

∂xj
T

)
∗ U = T ∗

(
∂

∂xj
U

)
.

See Example 2.16 below. Lemma 2.5.6 holds only under the assumption that T ∗ U exists
in D′(Rn).

Example 2.5.8. Let H(x) be the Heaviside function as in Example 2.1.10. Then, we have

(
d

dx
H

)
∗ 1 = δ ∗ 1 = 1,

H ∗
(
d

dx
1

)
= H ∗ 0 = 0.

Hence, (
d

dx
H

)
∗ 1 6= H ∗

(
d

dx
1

)
.
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Remark 2.5.9. From Lemma 2.5.6, we see that the associativity of convolutions between
distributions do not hold in general. Indeed, we can show the following from Lemma 2.5.6.

(
H ∗ d

dx
δ

)
∗ 1 =

(
d

dx
H ∗ δ

)
∗ 1 = δ ∗ 1 = 1,

H ∗
(
d

dx
δ ∗ 1

)
= H ∗

(
δ ∗ d

dx
1

)
= H ∗ 0 = 0.

Proof of Theorem 2.5.5. (i) From Lemma 2.5.6, we have

L(E ∗ f) =
∑

|α|≤m

aα∂
α
x (E ∗ f) =

( ∑

|α|≤m

aα∂
α
xE

)
∗ f = δ ∗ f = f in D′(Rn).

(ii) Suppose that u, v ∈ XE are two solutions to (2.25). i.e., we have

Lu = f, Lv = f in D′(Rn).

Thus, we have

L(u− v) = 0 in D′(Rn),

Note that (u− v) ∗ E ∈ D′(Rn). Then, from Example 2.3.7 and Lemma 2.5.6, we have

u− v = (u− v) ∗ δ = (u− v) ∗ (LE) = (L(u− v)) ∗ E = 0 in D′(Rn).

Hence, u = v in D′(Rn).

In the following, we will compute fundamental solutions to several partial differential
equations. Let R+ = (0,∞) and consider the following time-evolution partial differential
equations:

∂E

∂t
= LE in D′(Rn ×R+),

lim
t→0+

E(x, t) = δ(x) in D′(Rn ×R+).





(2.26)

∂E

∂t
= LE in D′(Rn ×R+),

lim
t→0+

E(x, t) = δ(x) in D′(Rn ×R+).





(2.27)

Solving a differential equation with initial value at some initial time (t = 0 in this case)
is called the Cauchy problem (or initial value problem.) A solution E of (2.26) is
called a fundamental solution to the Cauchy problem (2.27). If a fundamental solution
E exists, then

u = E(t) ∗ u0 (∗ = convolution with respect to x) (2.28)

is a solution to the Cauchy problem (2.27) as long as the right-hand side of (2.28) makes
sense in D′(Rn) for each t > 0.
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Example 2.5.10 (Heat equation).

∂R

∂t
− ∆E = 0, (x, t) ∈ Rn ×R+, (2.29)

E(0, x) = δ(x).

By taking a Fourier transform in x, we obtain

∂Ê

∂t
+ |ξ|2Ê = 0, Ê(ξ, 0) =

1

(2π)n
. (2.30)

By regarding ξ as a parameter, (2.30) is just an initial value problem for an ordinary
equation. Multiplying (2.30) by an integrating factor exp(t|ξ|2) and integrating both sides,
we obtain

Ê(ξ, t) =
1

(2π)n
e−t|ξ|2 ∈ S ′(Rn), t > 0. (2.31)

Now, let us compute the inverse Fourier transform of Ê:

E = F−1[Ê]

=
1

(2π)n

∫

Rn

eix·ξe−t|ξ|2 dξ

=
1

(2π)n
e−

1

4t
|x|2

n∏

j=1

∫ ∞

−∞
e−t(ξj− i

2t
xj)

2

dξj .

Thus, we need to compute a path integral on the complex plane. By letting zj = ξj − i
2txj ,

change the path of the integration as in Figure 2.1. Cauchy’s theorem allowed us to change
integration paths since the exponential function is analytic on the complex plane.

Noting that
∣∣∣∣
∫ ±R− i

2t
xj

±R
e−tz2

j dzj

∣∣∣∣ −→ 0 as R→ ∞,

∣∣∣∣
∫ ±∞− i

2t
xj

±R− i
2t

xj

e−tz2
j dzj

∣∣∣∣ −→ 0 as R→ ∞,

we obtain the following by taking the limit as → ∞:

E =
1

(2π)n
e−

|x|2

4t

n∏

j=1

(
lim

R→∞

∫ R

−R
e−tz2

j dzj

)

=
1

(4πt)n/2
e−

|x|2

4t . (2.32)

Here, we have used the well-known fact:
∫ ∞

−∞
e−tz2

j dzj =

√
π

t
.

Figure 2.1: Changing integration paths on the complex zj-plane (when xj > 0)
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We will introduce new notations and function spaces to solve the Cauchy problem for
the heat equation.

Definition 2.5.11. Let X be a Banach space, and f be a X-valued function on [0, T ] with
T > 0. We say that f is differentiable at t ∈ (0, T ) if there exists v ∈ X such that

∥∥∥∥
f(t+ h) − f(t)

h
− v

∥∥∥∥
X

−→ 0 as h→ 0. (2.33)

For t = 0 and t = T , we replace h → 0 in the above definition by h → 0+ and h →
T− respectively. Then, we say that f is differentiable from the right at t = 0 and
differentiable from the left at t = T . A X-valued function v(t) on [0, T ] satisfying
(2.33) for each t ∈ [0, T ] is called the derivative of f , denoted by df(t)/dt. We say that
f is continuously differentiable if its derivative df(t)/dt is continuous with respect to t.
For m ∈ N ∪ {0}, define

Cm([0, T ];X)

= {f : [0, T ] → X; m times continuously differentiable as a X-valued function}.

For simplicity, we write C([0, T ];X) for C0([0, T ];X).

Now, we state the existence and uniqueness theorem for the Cauchy problem for the
heat equation.

Theorem 2.5.12. Let s ∈ R, u0 ∈ Hs(Rn), and E be as in (2.32). Then, u = E ∗ u0 is a
solution to (2.29) with initial condition u(0) = u0 in

C([0,∞);Hs(Rn)) ∩ C1([0,∞);Hs−2(Rn)).

Moreover, a solution to the Cauchy problem (2.29) is unique in this class.

Proof. Since E(x, t) ∈ S(Rn
x) for each t > 0, we have

∫

Rn

E(x, t)ϕ(x+ y)dx ∈ S(Rn
y ), t > 0

for ϕ ∈ S(Rn). If ϕk → ϕ in S(Rn), then we have

∫

Rn

E(x, t)ϕk(x+ y)dx −→
∫

Rn

E(x, t)ϕ(x+ y)dx in S(Rn).

On the other hand, for ϕ ∈ S(Rn), we have

〈E ∗ u0, ϕ〉 = 〈E(x, t) ⊗ u0(y), ϕ(x+ y)〉
= 〈u0(y), 〈E(x, t), ϕ(x+ y)〉x〉y.

Hence,
E(t) ∗ u0 ∈ S ′(Rn), t > 0.

Next, let u0 ∈ Hs. Then, from (2.31), it is easy to see that the map t 7→ (2π)n(1 +
|ξ|2)s/2Ê(ξ, t)û0(ξ) is continuous in t as an L2(Rn)-valued function, and that the map
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t 7→ (2π)n(1+ |ξ|2)(s−2)/2Ê(ξ, t)û0(ξ) is continuously differentiable in t as an L2(Rn)-valued
function. Noting that û(t) = (2π)nÊû0, we conclude that

u(·, t) ∈ C([0,∞);Hs) ∩ C1([0,∞);Hs−2).

Lastly, uniqueness of a solution follows from uniqueness of a solution to the following
ordinary differential equation with a parameter ξ:

dû

dt
+ |ξ|2û = 0,

û(ξ, 0) = û0(ξ), ξ ∈ Rn.

Next, we consider the Cauchy problem for the heat equation in the presence of an
external heat source:

∂u

∂t
− ∆u = f in D′(Rn × R+),

u(x, 0) = u0(x).





(2.34)

Theorem 2.5.13. Let s ∈ R. Suppose that

u0 ∈ Hs(Rn) and f(t) ∈ C([0,∞);Hs(Rn)).

Then, the function u defined by

u(t) = E(t) ∗ u0 +

∫ t

0
E(t− τ) ∗ f(τ)dτ (2.35)

is a solution to (2.34), belonging to

C([0,∞);Hs(Rn)) ∩ C1([0,∞);Hs−2(Rn)).

Moreover, a solution to (2.34) is unique in this class.

Proof. For each fixed τ > 0, define

v(t; τ) = E(t− τ) ∗ f(τ).

Then, it follows from Theorem 2.5.12 that v(t; τ) is a solution to

∂v

∂t
− ∆v = 0 in D′(Rn × (τ,∞)),

v(x, τ) = f(τ).

i.e. a solution to the Cauchy problem with initial condition u(τ) = f(τ) at initial time
t = τ . Now, let

w =

∫ t

0
v(t; τ)dτ.
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Then, we can prove

w ∈ C([0,∞);Hs(Rn)) ∩ C1([0,∞);Hs−2(Rn))

as in the proof of Theorem 2.5.12. From Duhamel’s principle, w is a solution to (2.34) with
u0 ≡ 0. Indeed, we have

∂

∂t
w − ∆w = v(t; t) +

∫ t

0

∂

∂t
v(t; τ)dτ −

∫ t

0
∆v(t; τ)dτ

= f(t) in Hs−2(Rn), t ≥ τ,

w(x, 0) = 0.

From the linearity of the equation and Theorem 2.5.12, we conclude that (2.35) is a solution
to (2.34).

Uniqueness of solutions to (2.34) follows from the linearity of the equation and the fact
that u ≡ 0 is the only solution to

∂u

∂t
− ∆u = 0 in Hs−2(Rn), t ≥ 0

u(0) = 0,

which follows from the uniqueness statement of Theorem 2.5.12.

As seen in Example 2.5.10, we obtained the fundamental solution to the heat equation
by computing the inverse Fourier transform of an exponential function. However, it is rare
that we can actually compute an inverse Fourier transform in an explicit manner as in
Example 2.5.10. Hence, we sometimes find it useful to compute a fundamental solution of
a given equation from a fundamental solution of another equation. In the following, we
discuss the method of descent which is particularly useful among such methods.

Method of descent: Let (x, t) ∈ Rn × R, and l,m0, · · · ,ml ∈ N. Consider the following
differential operator:

L = L0 +
l∑

j=1

∂j

∂tj
Lj ,

Lj =
∑

|α|≤mj

aj
α∂

α
x , aj

α ∈ C, 0 ≤ j ≤ l.

Moreover, for f ∈ D′(Rn), consider the following partial differential equation:

Lu = f(x)δ(t) in D′(Rn × R). (2.36)

Here, we wrote the tensor product f(x) ⊗ δ(t) as f(x)δ(t) for simplicity.

Definition 2.5.14. Let 1(t) denote the function that is identically equal to 1. We say that
u ∈ D′(Rn+1) can be extended from a linear functional on D(Rn+1) to a linear functional
on D̃(Rn+1) defined by

D̃(Rn+1) = {ψ(x, t); ψ(x, t) = φ(x, t) + ϕ(x)1(t), φ ∈ D(Rn+1), ϕ(x) ∈ D(Rn)},
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if the following holds: Let {ηk} be a sequence in D(R) satisfying (a) and (b).

(a) For any compact set K ⊂ R, there exists N ∈ N such that ηk(t) = 1, t ∈ K, k ≥ N .

(b) For any p ∈ N, there exists Cp > 0 such that

p∑

j=0

∣∣∣∣
dj

dtj
ηk(t)

∣∣∣∣ ≤ Cp, t ∈ R, k ∈ N.

Then, the following limit exists:

〈u, ϕ(x)1(t)〉 = lim
k→∞

〈u, ϕ(x)ηk(t)〉, ϕ ∈ D(Rn),

and this limit is independent of {ηk}.
If this condition holds, we can extend u to be a linear functional on D̃(Rn+1) by setting

〈u, ψ〉 = 〈u, φ〉 + 〈u, ϕ(x)1(t)〉

for ψ(x, t) = φ(x, t) + ϕ(x)1(t) with φ ∈ D(Rn+1) and ϕ ∈ D(Rn). In particular, by
considering the case φ = 0, u can also be regarded as an element in D′(Rn) (sometimes
called descent of u.) See Remark 2.5.15 (ii).

Remark 2.5.15. (i) The sequence {ηk} in Definition 2.5.14 satisfies the following:

ηk(t) −→ 1 as k → ∞, t ∈ R.

(ii) If a descent of u ∈ D′(Rn+1) exists in the sense of Definition 2.5.14, then it is an
element of D′(Rn). The mapping

ϕ(x) ∈ D(Rn) 7−→ 〈u(x, t), ϕ(x)ηk(t)〉

belongs to D′(Rn) for each k. By completeness of D′(Rn) under the weak ∗ topology, we
see that the mapping

ϕ(x) ∈ D(Rn) 7−→ 〈u(x, t), ϕ(x)1(t)〉
also belongs to D′(Rn). Regarding u ∈ D′(Rn+1) as if it is a regular function, we say that
we reduced the number of variables from n + 1 to n. However, keep in mind that we first
extended the domain of definition from D(Rn+1) to D̃(Rn+1) and then restricted u onto a
space of functions of the form ϕ(x)1(t), ϕ(x) ∈ D(Rn).

Theorem 2.5.16. If a descent v of a solution u ∈ D′(Rn+1) to (2.36) exists in D′(Rn) in
the sense of Definition 2.5.14, then v satisfies

L0v = f ∈ D′(Rn). (2.37)

Proof. Let {ηk} be a sequence as in Definition 2.5.14. Then, for any l ∈ N a sequence{
ηk(t) + dl

dtl
ηk(t)

}
has the same property, and the following holds:

lim
k→∞

〈u, ϕ(x)η
(l)
k (t)〉 = lim

k→∞
〈u, ϕ(x)

(
ηk(t) + η

(l)
k (t)

)
〉 − lim

k→∞
〈u, ϕ(x)ηk(t)〉

= 〈u, ϕ(x)1(t)〉 − 〈u, ϕ(x)1(t)〉
= 0, ϕ ∈ D(Rn). (2.38)
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Let tLj and tL be the transposed operators of Lj and L given by

tLj =
∑

|α|≤mj

(−1)|α|aα∂
α
x , 0 ≤ j ≤ l,

tL = tL0 +
l∑

j=1

(−1)j
(
tLj

) ∂j

∂tj
.

Noting that 〈v, ϕ〉 = 〈u, ϕ(x)1(t)〉, we have from (2.36) and (2.38),

〈L0v, ϕ〉 = 〈v, tL0〉

= lim
k→∞

〈
u, tL0

(
ϕ(x)ηk(t)

)
+

l∑

j=1

(−1)j
(
tLj

) ∂j

∂tj
(
ϕ(x)ηk(t)

)〉

= lim
k→∞

〈u, tL
(
ϕ(x)ηk(t)

)
〉

= 〈Lu, ϕ(x)ηk(t)〉
= 〈f(x) ⊗ δ(t), ϕηk〉
= lim

k→∞

(
〈f(x), ϕ(x)〉〈δ(t), ηk(t)〉

)

= 〈f, ϕ〉, ϕ ∈ D(Rn).

Hence, v satisfies (2.37) in D′(Rn).

Remark 2.5.17. The method of finding a solution of a PDE with n variables from a
solution with n + 1 variables as in Theorem 2.5.16 is called Hadamard’s method of

descent.

Let us present a sufficient condition for a descent of u ∈ D′(Rn+1) to exist in D′(Rn) in
the sense of Definition 2.5.14.

Lemma 2.5.18. (i) Let u(x, t) ∈ L1
loc

(Rn+1) and

∫ ∞

−∞
|u(x, t)|dx ∈ L1

loc(R
n).

Then, a descent of u ∈ D′(Rn+1) exists in D′(Rn) in the sense of Definition 2.5.14, and it

is given by

∫ ∞

−∞
u(x, t)dx.

(ii) Let f ∈ D′(Rn) and u(x, t) = f(x)δ(t). Then, a descent of u ∈ D′(Rn+1) exists in
D′(Rn) in the sense of Definition 2.5.14, and it is given by f(x).

Proof. Let {ηk} be a sequence in D(Rn) as in Definition 2.5.14.
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(i) By Fubini theorem and Lebesgue dominated convergence theorem, we have

lim
k→∞

〈u, ηk(t)ϕ(x)〉 = lim
k→∞

∫

Rn+1

u(x, t)ηk(t)ϕ(x)dxdt

= lim
k→∞

∫

Rn

∫

R

u(x, t)ηk(t)dt ϕ(x)dt

=

∫

Rn

∫

R

u(x, t) lim
k→∞

ηk(t)dt ϕ(x)dt

=

〈∫ ∞

−∞
u(x, t)dt, ϕ

〉
, ϕ ∈ D(Rn).

Hence, a finite limit exists, independent of {ηk}. Therefore, a descent of u exists in the
sense of Definition 2.5.14.

(ii) In this case, we have

lim
k→∞

〈u(x, t), ϕ(x)ηk(t)〉 = lim
k→∞

(
〈f(x), ϕ(x)〉〈δ(t), ηk(t)〉

)

= 〈f, ϕ〉, ϕ ∈ D(Rn).

Once again, a finite limit exists, independent of {ηk}. Therefore, a descent of u exists in
the sense of Definition 2.5.14.

Example 2.5.19 (Laplace equation). We will compute the fundamental solution of the
Laplace equation:

−∆E = δ(x) in D′(Rn), n ≥ 3.

In finding the fundamental solution E ∈ S ′(Rn), we only have to solve

|ξ|2Ê(ξ) =
1

(2π)n
in S ′(Rn).

For n ≥ 3, we need to compute

E = F−1

[
1

(2π)n|ξ|2
]
.

However, it is not easy to compute this directly. We will use the method of descent to
compute a fundamental solution of the Laplace equation from the fundamental solution of
the heat equation. From Example 2.5.10, the fundamental solution Ẽ of the heat equation
can be written as

Ẽ(x, t) =
1

(4πt)n/2
e−

|x|2

4t .

Let F (x, t) = H(t)Ẽ(x, t), where H(t) is the Heaviside function. Then,

∂

∂t
F − ∆F = H ′Ẽ +H

(
∂

∂t
− ∆

)
Ẽ

= δ(t)Ẽ(x, t)

= δ(t)δ(x) in D′(Rn+1).
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On the other hand, we have F ∈ L1
loc(R

n+1). Then, from Theorem 2.5.16 and Lemma
2.5.18 (i), we have

E(x) =

∫ ∞

−∞
F (x, t)dt

=
1

2nπn/2

∫ ∞

0

1

tn/2
e−

|x|2

4t dt.

By change of variables s = |x|2/4t,

E(x) =
1

4πn/2|x|n−2

∫ ∞

0
s

n
2
−2e−sds

=
Γ
(

n
2 − 1

)

4πn/2
|x|−(n−2)

= [(n− 2)ωn]−1|x|−(n−2),

where ωn is the surface area of the n-dimensional unit sphere and Γ is the gamma function
defined by

Γ(s) =

∫ ∞

0
xs−1e−x dx, s > 0.

When n = 1 and n = 2, we have
∫ ∞

−∞
F (x, t)dt = ∞, x ∈ Rn.

Hence, we can not proceed as in Example 2.5.19. i.e. the condition in Lemma 2.5.18 is
not satisfied. However, by directly computing inverse Fourier transforms, we obtain the
following fundamental solutions:

E(x) =

{
1
2π log |x| n = 2

−1
2 n = 1.

Hadamard introduced the method of descent to compute a fundamental solution of the
wave equation in even dimensions 2k from the fundamental solution in odd dimensions
2k+ 1. We will not discuss the further details here. Next, let us compute the fundamental
solution of the wave equation using Fourier transform.

Example 2.5.20 (Wave equation).

∂2E

∂t2
− ∆E = 0 in D′(Rn × R+),

lim
t→0+

E(x, t) = 0 in D′(Rn),

lim
t→0+

∂E

∂t
(x, t) = δ(x) in D′(Rn).





(2.39)

A solution E to (2.39) is called the fundamental solution to the following Cauchy problem
for the wave equation:

∂2u

∂t2
− ∆u = f(x, t) in D′(Rn × R+),

u(x, 0) = u0(x),
∂u

∂t
(x, 0) = u1(x).





(2.40)
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Taking the Fourier transform of (2.39) with respect to x, we have

∂2Ê

∂t2
+ |ξ|2Ê = 0,

Ê(ξ, 0) = 0,
∂Ê

∂t
(ξ, 0) =

1

(2π)n
.

By solving this initial value problem for an ordinary differential equation with a parameter
ξ, we obtain

Ê(ξ, t) =
1

(2π)n

sin t|ξ|
|ξ| . (2.41)

Now, let

u =
∂E(t)

∂t
∗ u0 + E(t) ∗ u1,

where E is the inverse Fourier transform of Ê in (2.41). Then, u is a solution to (2.40) with
f = 0.

In the following, we make an explicit computation for E when n = 1. From (2.41), we
have

Ê(ξ, t) =
1

2π

sin t|ξ|
|ξ| =

1

2π

sin tξ

ξ
.

With θ(x) =

{
1, |x| < 1,

0, |x| > 1
, we have

θ̂(ξ) =
1

2π

∫

R

e−ixξθ(x) dx =
1

2π

∫ 1

−1
e−ixξ dx

=
1

2π

[
− 1

iξ
e−ixξ

]1

−1

=
1

πξ

eiξ − e−iξ

2i

=
sin ξ

πξ
.

Hence,

E(x, t) =
1

2
θ
(x
t

)
.

Therefore, when n = 1 and f = 0, a solution u to the Cauchy problem (2.40) can be written
as

u(x, t) =
1

2

{
u0(x+ t) + u0(x− t)

}
+

1

2

∫ x+t

x−t
u1(y)dy.

This is called d’Alembert’s formula.

When n ≥ 2, the computation for E becomes quite messy. We simply state the solution
formulas of (2.40) for n = 2, 3 and f = 0.

• n = 2: Poisson’s formula

u(x, t) =
1

2π

∂

∂t

∫∫

|x−ξ|≤t

u0(ξ)√
t2 − |x− ξ|2

dξ

+
1

2π

∫∫

|x−ξ|≤t

u1(ξ)√
t2 − |x− ξ|2

dξ.
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• n = 3: Kirchhoff’s formula

u(x, t) =
∂

∂t

(
1

4πt

∫∫

|x−ξ|=t
u0(ξ) dSξ

)

+
1

4πt

∫∫

|x−ξ|=t
u1(ξ)dSξ.

Proceeding as in the proof of Theorems 2.5.12 and 2.5.13, we obtain the following
theorem for the Cauchy problem of the wave equation.

Theorem 2.5.21. For s ∈ R, let

u0 ∈ Hs(Rn), u1 ∈ Hs−1(Rn), and f ∈ C([0,∞);Hs−1(Rn)).

Then, the function u defined by

u(t) =
∂E

∂t
(t) ∗ u0 + E(t) ∗ u1 +

∫ t

0
E(t− τ) ∗ f(τ)dτ

is a solution to (2.40), belonging to

2⋂

j=0

Cj([0,∞);Hs−j(Rn)).

Moreover, a solution of (2.40) is unique in this class.

Example 2.5.22 (Schrödinger equation). Consider the following equation:

i
∂u

∂t
+ ∆u = 0 in D′(Rn × R+). (2.42)

This is called the Schrödinger equation, and it plays an important role in quantum
mechanics. We can find its fundamental solution by solving (2.42) with initial condition:

lim
t→0+

u(x, t) = δ(x) in D′(Rn).

The fundamental solution to the Schrödinger equation is given by

E(x, t) =
1

(4πit)n/2
ei

|x|2

4t . (2.43)

(Compare (2.43) with (2.32).)

In the following, we consider the following Cauchy problem:

i
∂u

∂t
+ ∆u = f(x, t) in D′(Rn × R+),

u(x, 0) = u0(x).





(2.44)

Proceeding as in the proof of Theorems 2.5.12 and 2.5.13, we obtain the following theorem.
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Theorem 2.5.23. For s ∈ R, let

u0 ∈ Hs(Rn) and f ∈ C([0,∞);Hs(Rn)).

Then, the function u defined by

u(t) = E(t) ∗ u0 +

∫ t

0
E(t− τ) ∗ f(τ)dτ

is a solution to (2.44), belonging to

C([0,∞);Hs(Rn)) ∩ C1([0,∞);Hs−2(Rn)).

Moreover, a solution of (2.44) is unique in this class.

Remark 2.5.24. The wave equation in Example 2.5.20 and the Schrödinger equation in
Example 2.5.22 can be solved for t < 0 exactly in the same manner.

Exercise 2.5.1. Let E(x, t) be the fundamental solution to the heat equation in Example
2.5.10. Let ϕ ∈ S(Rn) and {ϕk} ⊂ S(Rn) such that ϕk −→ ϕ in S(Rn). For t > 0, let

ψk(x, t) =

∫

Rn

E(y, t)ϕk(y + x)dy,

ψ(x, t) =

∫

Rn

E(y, t)ϕ(y + x)dy.

Show that, for each t > 0,

ψ(·, t) ∈ S(Rn), ψk(·, t) −→ ψ(·, t) in S(Rn).

Exercise 2.5.2. Show that the fundamental solution E of the Schrödinger equation is
given by (2.43) by explicitly compute the inverse Fourier transform of Ê = e−it|ξ|2 . [HINT:
Follow the computation in Example 2.5.10 and use the following Fresnel integral

∫ ∞

−∞
e−ix2

dx =

√
π

i

in inverting the Fourier transform.]

2.6 Asymptotic behavior of solutions to the Schrödinger

equation

In this section, we consider the Schrödinger equation as an example, and study the prop-
erties of the fundamental solution as t→ ∞.

i
∂u

∂t
+ ∆u = 0, (x, t) ∈ Rn × R,

u(x, 0) = u0(x).





(2.45)

From the fundamental solution E of the Schrödinger equation in Example 2.5.22, we
obtain the following proposition.
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Lemma 2.6.1 (Dispersive estimate). Let u0 ∈ S(Rn). Then, for a solution u to the Cauchy
problem (2.45), we have

‖u(t)‖L∞ ≤ (4π|t|)−n/2‖u0‖L1 , t 6= 0.

Proof. From Example 2.5.22, we have

u(x, t) = E(t) ∗ u0 =
1

(4π|t|)n/2

∫

Rn

e
i|x−y|2

4t u0(y) dy.

Hence, we have
|u(x, t)| ≤ (4π|t|)−n/2‖u0‖L1 , t 6= 0, x ∈ Rn.

As a consequence of Lemma 2.6.1, we have the following corollary.

Corollary 2.6.2. Let u0 ∈ S(Rn). Then, for a solution u to the Cauchy problem (2.45),
we have

‖u(t)‖L∞ = O(|t|−n/2) as t→ ∞.

Now, let us study how a solution u(t) of the Schrödinger equation converges to 0 as
t→ ±∞ in a more detailed manner than Corollary 2.6.2.

Lemma 2.6.3. Let u0 ∈ S(Rn), and

ψ(x, t) =
(π
it

)n/2
e

i|x|2

4t û0

( x
2t

)
, |t| > 1.

Then, we have

‖E(t) ∗ u0 − ψ(t)‖L∞ ≤ C|t|−n
2
−1
∥∥|x|2u0

∥∥
L1 , |t| > 1,

where the constant C is independent of t and u0.

Proof. First, note the following identity:

ψ(x, t) =
(π
it

)n/2
e

i|x|2

4t
1

(2π)n

∫

Rn

e−
ix·y
2t u0(y)dy

=
1

(4πit)n/2

∫

Rn

e
i|x−y|2

4t

(
e−

i|y|2

4t u0(y)
)
dy

= E(t) ∗
(
e−

i|x|2

4t u0

)
, |t| > 1.

Thus, we have

E(t) ∗ u0 − ψ(t) = E(t) ∗
{
(1 − e−

i|x|2

4t )u0

}

=
i

4t
E(t) ∗

{(∫ 1

0
e−

i|x|2

4t
θdθ|x|2

)
u0

}
, |t| > 1.

Hence, by Lemma 2.6.1, we have

‖E(t) ∗ u0 − ψ(t)‖L∞ ≤ C|t|−n
2
−1
∥∥|x|2u0

∥∥
L1 , |t| > 1,
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Theorem 2.6.4. Let u0 ∈ S(Rn). Then, for a solution u = E(t)∗u0 to the Cauchy problem
(2.45), we have

∥∥∥∥
(
it

π

)n/2

e−
i|x|2

4t (E(t) ∗ u0) − û0

( x
2t

)∥∥∥∥
L∞

−→ 0 as t→ ±∞.

Proof. This follows directly from Lemma 2.6.3.

Remark 2.6.5. Let u0 ∈ S(Rn). Corollary 2.6.2 states that a solution u to (2.45) converges
to 0 at the rate |t|−n/2 as t→ ±∞. Theorem 2.6.4 tells us more details. By magnifying the

solution u by a factor of |t|n/2, we see that a product of û0

(
x
2t

)
and a phase oscillation e

i|x|2

4t

appears as t → ±∞. In other words, a solution u of the Schrödinger equation oscillates,

but if we ignore the phase oscillation e
i|x|2

4t , then the solution decays to 0 at the rate |t|−n/2,
keeping the profile of û0

(
x
2t

)
.



Chapter 3

Laplace Operator and Eigenvalue

Problems

3.1 Boundary value problems for the Laplace equation

3.2 Existence of weak solutions

3.3 Eigenvalue problems

3.4 Compact Hermite operators

3.5 Eigenvalues and eigenfunctions of the Laplace operator

3.6 One-dimensional eigenvalue problems

Theorem 3.6.1.
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Chapter 4

Initial Value Problem for

Nonlinear Schrödinger Equations

4.1 Nonlinear Schrödinger equations

4.2 Various inequalities

4.3 Existence of unique local-in-time solutions

The following proposition is called Sobolev embedding theorem, and it plays an impor-
tant role in nonlinear analysis.

Proposition 4.3.1. Let 2 ≤ p ≤ ∞ and 0 ≤ a ≤ 1 such that

1

p
=

1

2
(1 − a) +

(
1

2
− 1

n

)
a.

Then, except for (n, p) = (2,∞), the following inequality holds:

‖v‖Lp ≤ C‖v‖1−a
L2 ‖∇v‖a

L2 , v ∈ H1.

From this, we have
H1 ⊂ Lp

except for (n, p) = (2,∞).

4.4 Existence of global-in-time solutions

4.5 Non-existence of global-in-time solutions
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Chapter 5

Standing Wave Solutions to

Nonlinear Schrödinger Equations

5.1 Standing wave solutions

In Chapter 4, we considered the Cauchy problem of Nonlinear Schrödinger Equations (NLS).
In this chapter, we investigate special solutions called standing wave solutions and their
properties.

For simplicity, we consider NLS of the following form in this chapter.

i
∂u

∂t
+ ∆u = −|u|p−1u, x ∈ Rn, t ∈ R. (5.1)

First, let us start by describing standing wave solutions. Given ω > 0, let w(x) denote
the solution to the following nonlinear elliptic problem:

−∆w + ωw − |w|p−1w = 0, x ∈ Rn, w 6≡ 0. (5.2)

By letting
v(x, t) = eiωtw(x), (5.3)

one can easily check that the function v(x, t) satisfies (5.1). Solutions of the form (5.3) are
called standing wave solutions, or simply standing waves. Among solutions of the
form (5.3), the simplest ones in general have the following shape depicted in Figure 5.1.

Figure 5.1: Shape of a standing wave solution

Standing wave solutions are solitary wave solutions, and they play an important role in
physics and engineering. In applications, we often observe standing waves that are stable
under small perturbations. Therefore, it is very important not only to study the existence
of standing wave solutions but also to investigate their stability. For example, consider a
standing wave solution perturbed by a small perturbation at time t = 0 as in Figure 5.2
(a). If the shape of the solution persists as in Figure 5.2 (b) over some time, we say that the
standing wave solution is stable. On the other hand, if the shape of the solution collapses
as in Figure 5.2 (c), we say that the standing wave solution is unstable.
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Figure 5.2: Stability and instability of a standing wave solution

5.2 Variational formulation

In studying the existence of non-obvious solutions to (5.2), we use the variational method.
First, let us recall the differentiation of operators in Banach spaces.

Definition 5.2.1. Let (X1, ‖ · ‖X1
) and (X2, ‖ · ‖X2

) be real Banach spaces. Denote by
B(X1, X2) the collection of bounded, linear operators from X1 into X2. Let F be a map
from X1 into X2.

(i) F is said to be Fréchet differentiable at x ∈ X1 if, for given x ∈ X1, there exists
A ∈ B(X1, X2) such that

lim
‖h‖X1

→0

‖F (x+ h) − F (x) −Ah‖X2

‖h‖X1

= 0.

Such A is called the Fréchet derivative of F at x, denoted by A = dF (x). We simply say
that F is Fréchet differentiable if F is Fréchet differentiable at each x ∈ X1.

(ii) F is said to be Gâteaux differentiable at x ∈ X1 if the limit

lim
t→0

F (x+ ty) − F (x)

t

exists for any y ∈ X1. We call the above limit the Gâteaux derivative and denote it by
dF (x, y).

Remark 5.2.2. (i) dF (x, y) in the definition of Gâteaux derivatives need not be linear in
y.

(ii) In an analogy with the usual differentiation in multivariable calculus, Fréchet deriva-
tives correspond to total derivative, and Gâteaux derivative correspond to partial (or di-
rectional) derivatives.

(iii) From the definition, it is clear that if F is Fréchet differentiable, then it is Gâteaux
differentiable, and Fréchet and Gâteaux derivatives agree. On the other hand, Gâteaux
differentiable F is known to be Fréchet differentiable, if dF (x, y) is linear in y and dF (x, ·)
is a continuous map from x ∈ X1 to dF (x, ·) ∈ B(X1, X2).

Let p∗(n) be as in (f2) in Chapter 4, i.e., p∗(n) = ∞ for n = 1, 2, and = n+2
n−2 for n ≥ 3.

For 1 < p < p∗(n) and ω > 0, define Sω(u) by

Sω(u) = ‖∇u‖2
L2 + ω‖u‖2

L2 −
2

p+ 1
‖u‖p+1

Lp+1 , u ∈ H1. (5.4)

Definition 5.2.3. Define a real Hilbert space H1
real and its inner product (·, ·)H1

real
as follows:

H1
real = {u;u ∈ H1} and

(u, v)real = Re

∫

Rn

(
u(x)v(x) + ∇u(x) · ∇v(x)

)
dx, u, v ∈ H1

real.
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We regard Sω(u) : H1
real → R as a functional on H1

real. If Sω(u) is Gâteaux differentiable,
we denote its Gâteaux derivative by dSω(u, v), v ∈ H1

real.

Remark 5.2.4. H1
real consists of complex-valued functions in H1. However, it is a real

Hilbert space, since the coefficient are taken to be real numbers. It is analogous to regarding
C as R2 by separating into the real and imaginary parts.

Theorem 5.2.5. Let n ≥ 1, 1 < p < p∗(n), and ω > 0. Then, the functional Sω is defined
on all of H1. As a functional on H1

real, its Gâteaux derivative dSω(u, v), v ∈ H1
real exists

for all u ∈ H1
real. Moreover, the Gâteaux derivative dSω(u, v) can be written as follows:

dSω(u, v) = ∂uSω(u)v + ∂ūSω(u)v̄

= 2Re
[
∂uSω(u)v

]
, u, v ∈ H1, (5.5)

where, for each u ∈ H1, ∂uSω(u) and ∂ūSω(u) are bounded linear functional from H1 into
C given as follows:

∂uSω(u)v = (∇v,∇u) + ω(v, u) − (v, |u|p−1u), v ∈ H1

∂ūSω(u)v = ∂uSω(u)v̄.

Proof.

5.3 Extreme value problem

5.4 Existence of standing wave solutions and their stability

(1 < p < 1 + 4/n)

5.5 Existence of standing wave solutions and their instability

(1 + 4/n < p < p∗(n))
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Appendix A

Some Background Materials

A.1 Calculus

Theorem A.1.1 (Divergence theorem). Let D be a bounded domain in Rn with piecewise
smooth boundary ∂D. Suppose u = (u1, · · · , un) : D → Rn belongs to C1(D). Then, we
have ∫

D
divudx =

∫

∂D
u · νdS,

where divu = ∂u1/∂x1 + · · · + ∂un/∂xn, ν is the outward unit normal vector on ∂D, and
dS is the surface measure on ∂D.

Theorem A.1.2 (Implicit function theorem). Let D ⊂ R2 and (x0, y0) ∈ D. Suppose that
f ∈ C1(D) satisfies

f(x0, y0) = 0, fy(x0, y0) 6= 0.

Then, there exists a unique C1-function g(x) on some neighborhood U ⊂ R of x = x0 such
that

y0 = g(x0), f(x, g(x)) = 0 for x ∈ U.

Moreover, if f ∈ Cm(D), then g ∈ Cm(U).

Theorem A.1.3 (Lagrange multiplier method). Let D be a domain in R2 and f(x, y),
g(x, y) ∈ C1(D). Also, let E = {(x, y) : f(x, y) = 0}. Suppose that g(x, y) takes an extreme
value at (x0, y0) ∈ E under the condition f(x, y) = 0. Then, there exists a constant λ ∈ R
such that

gx(x0, y0) − λfx(x0, y0) = 0,

gy(x0, y0) − λfy(x0, y0) = 0.

A.2 Lebesgue integration

In the following, we simply use “measure” and “measurable” for the Lebesgue measure and
Lebesgue-measurable, unless stated otherwise. Also, we take Ω to be a measurable set in
Rn.
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First, we define the Lebesgue spaces Lp(Ω) for 1 ≤ p ≤ ∞ as follows:

Lp(Ω) = {f : Ω → C, measurable, and ‖f‖Lp <∞},

where

‖f‖Lp =

(∫

Ω
|f(x)|pdx

)1/p

, 1 ≤ p <∞,

‖f‖L∞ = ess sup
x∈Ω

|f(x)|.

Theorem A.2.1 (Lebesgue dominated convergence theorem). Let f be measurable on Ω,
and {fn} be a sequence of measurable functions on Ω such that

fn(x) → f(x) as n→ ∞, a.e. x ∈ Ω.

Suppose that there exists nonnegative g ∈ L1(Ω) such that

|fn(x)| ≤ g(x), a.e. x ∈ Ω, n ≥ 1.

Then, we have

lim
n→∞

∫

Ω
|fn(x) − f(x)|dx = 0.

In particular, we have

lim
n→∞

∫

Ω
fn(x)dx =

∫

Ω
f(x)dx.

Theorem A.2.2 (Fubini theorem). Let Ω1 and Ω2 be measurable sets in Rm and Rn.
Then, for f(x, y) ∈ L1(Ω1 × Ω2), we have

∫∫

Ω1×Ω2

f(x, y)dxdy =

∫

Ω2

(∫

Ω1

f(x, y)dx

)
dy =

∫

Ω1

(∫

Ω2

f(x, y)dy

)
dx.

Theorem A.2.3. Let p and q be constants such that

1

p
+

1

q
= 1, 1 ≤ p, q ≤ ∞.

Then, for f ∈ Lp(Ω) and g ∈ Lq(Ω), we have

∫

Ω
|f(x)g(x)|dx ≤ ‖f‖Lp‖g‖Lq . (A.1)

(A.1) is called Hölder’s inequality in general. When p = q = 2, it is called Schwarz’s

inequality.



A.3. FUNCTIONAL ANALYSIS 69

A.3 Functional analysis

Definition A.3.1. (i) Let X be a non-empty set. A map d : X×X → R is called a metric

if d satisfies the following.

d(x, y) ≥ 0, and d(x, y) = 0 ⇐⇒ x = y (A.2)

d(x, y) = d(y, x), x, y ∈ X (A.3)

d(x, z) ≤ d(x, y) + d(y, z), x, y, z ∈ X (A.4)

A set X equipped with a metric d is called a metric space, denoted by (X, d).

(ii) Let (X, d) be a metric space. We say that a sequence {xn} ⊂ X is Cauchy if

d(xm, xn) → 0, as m,n→ ∞.

It is called convergent if there exists x ∈ X such that

d(xn, x) → 0, as n→ ∞.

In this case, x is called a limit of the sequence {xn}. We say that a metric space (X, d) is
complete if every Cauchy sequence in X is convergent.

(iii) Let A ⊂ X and x ∈ X. x is called an accumulation point of A if there exists a
sequence {xn} ⊂ A such that

xn → x as n→ ∞, and xn 6= x, n ≥ 1.

The closure A of A is defined as a union of A with all of its accumulation points. A set
A is said to be closed if A = A. A is said to be open if the complement of A is closed. If
A = X, then we say that A is dense in X. Lastly, we say that X is separable if it has a
countable dense subset.

(iv) A subset A of X is called bounded if

sup
x,y∈A

d(x, y) <∞.

(v) A closed subset A of X is called compact if every sequence {xn} ⊂ A contains a
convergent subsequence.

Remark A.3.2. For X = Rn, a subset A is compact if and only if it is closed and bounded.

Theorem A.3.3 (Contraction mapping principle). Let (X, d) be a complete metric space.
If a map T : X → X satisfies

d(Tx, Ty) ≤ kd(x, y), x, y ∈ X (A.5)

for some k ∈ (0, 1), then T has a unique fixed point x0, namely Tx0 = x0, in X.

Remark A.3.4. A map T satisfying (A.5) is called a contraction.
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Definition A.3.5. (i) Let X be a vector space over C. A norm on X is a map ‖·‖ : X → R
satisfying

‖x‖ ≥ 0, and ‖x‖ = 0 ⇐⇒ x = 0 (A.6)

‖λx‖ = |λ| ‖x‖, x ∈ X, λ ∈ C (A.7)

‖x+ y‖ ≤ ‖x‖ + ‖y‖, x, y ∈ X (A.8)

A vector space X equipped with a norm ‖·‖ is called a normed space, denoted by (X, ‖·‖).
(ii) Given a normed space (X, ‖ · ‖), define

d(x, y) = ‖x− y‖, x, y ∈ X.

Then, d is a metric on X. X is called a Banach space if it is complete with respect to
the metric d induced by its norm.

Remark A.3.6. If we consider a vector space over R instead of C in Definition A.3.5, then
we can define a real normed space.

Definition A.3.7. Let X1, X2 be normed spaces. A vector subspace of a normed space
is simply called a subspace. A linear map T from a subspace D of X1 into X2 is called
a linear operator from X1 into X2. In this case, the domain of T , denoted by D(T ),
is the subspace D on which T is defined. The image T (D(T )) of D(T ) under T is called
the range of T , denoted by R(T ). If X1 = X2, then a linear operator from X1 intoX1 is
simply referred to as a linear operator on X1. Let x ∈ D(T ). An operator T is said to
be continuous at x if we have limn→∞ Txn = Tx for any sequence {xn} ⊂ D(T ) with
limn→∞ xn = x. T is said to be continuous if it is continuous at every point in D(T ).

Theorem A.3.8. Let (X1, ‖ · ‖1), (X2, ‖ · ‖2) be normed spaces, and T be a linear operator
from X1 into X2. Then, the following three conditions are equivalent:

T is continuous (A.9)

T is continuous at some point in D(T ) (A.10)

There exists γ > 0 such that ‖Tx‖2 ≤ γ‖x‖1, x ∈ D(T ) (A.11)

Definition A.3.9. (i) Let X1, X2 be normed spaces, and T be a linear operator from X1

into X2. If D(T ) = X1 and T satisfies (A.11), then T is called a bounded linear operator.
We denote by B(X1, X2) the collection of bounded linear operators from X1 into X2. If
X1 = X2, we simply write B(X1).

(ii) Two Banach spaces X1 and X2 are said to be homeomorphic (or isomorphic) if
there exists a bijective bounded linear operator T from X1 onto X2 with a bounded inverse
T−1.

Theorem A.3.10. Let (X1, ‖ · ‖1), (X2, ‖ · ‖2) be normed spaces. For T ∈ B(X1, X2),
define

‖T‖ = sup
x∈X1

x 6=0

‖Tx‖2

‖x‖1
.

Then, ‖ · ‖ is a norm on B(X1, X2), and (B(X1, X2), ‖ · ‖) becomes a normed space. More-
over, if X2 is a Banach space, then (B(X1, X2), ‖ · ‖) is also a Banach space.
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Theorem A.3.11. Let (X1, ‖ · ‖1), (X2, ‖ · ‖2) be normed spaces. Then, T ∈ B(X1, X2)
has a continuous inverse if and only if there exists γ > 0 such that

‖Tx‖2 ≥ γ‖x‖1, x ∈ X1. (A.12)

In this case, if X1 is a Banach space, then the range R(T ) of T is a closed subspace of X2.

Remark A.3.12. T ∈ B(X1, X2) is said to be invertible if R(T ) = X2 and (A.12) is
satisfied.

Definition A.3.13. Let X be a normed space over C. A mapping from X into C is called a
functional. The collection of bounded linear functionals on X, namely B(X,C), is called
the dual space of X, denoted by X∗. Note that X∗ is a Banach space since C is a Banach
space with the norm given by the absolute value. In a similar manner, we can define X∗∗ =
the dual space of X∗, its dual X∗∗∗, etc. For f ∈ X∗ and x ∈ X, we may write 〈f, x〉 for
f(x). We say that X is reflexive if X∗∗ = X. See Remark A.3.15.

Remark A.3.14. For a real normed space X, we can similarly define its dual space with
B(X,C) replaced by B(X,R). In the literature, one often finds 〈x, f〉 for the dual pairing
〈f, x〉 between x ∈ X and f ∈ X∗

Remark A.3.15. For x ∈ X, a mapping

f ∈ X∗ 7−→ 〈f, x〉

is a bounded linear functional on X∗. Thus, we can regard x ∈ X as an element in X∗∗,
and hence, X ⊂ X∗∗.

Definition A.3.16. Let X be a Banach space.

We say that a sequence {xn} ⊂ X converges weakly to x ∈ X and write

xn → x weakly, or xn
w−→ x

if, for any f ∈ X∗, we have

〈f, xn〉 → 〈f, x〉 as n→ ∞.

We say that a sequence {fn} ⊂ X∗ converges to f ∈ X∗ in the weak ∗∗∗ topology and write

fn → f ∗weakly, or fn
w∗−→ f

if, for any x ∈ X, we have

〈fn, x〉 → 〈f, x〉 as n→ ∞.

For clarity, we sometimes refer to the norm convergence as strong convergence and write

fn → f strongly.

Remark A.3.17. Weak convergence and weak ∗ convergence coincide if X is reflexive.
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Theorem A.3.18. Let X be a Banach space.

(i) For x ∈ X and {xn} ⊂ X,

xn → x strongly =⇒ xn → x weakly.

(ii) For f ∈ X∗ and {fn} ⊂ X∗,

xn → x weakly =⇒ xn → x ∗weakly.

(iii) Let x ∈ X and {xn} ⊂ X. If xn → x weakly, then {xn} is bounded in X and

‖x‖X ≤ lim inf
n→∞

‖xn‖X .

(iv) Let f ∈ X∗ and {fn} ⊂ X∗. If fn → f ∗weakly, then {fn} is bounded in X∗ and

‖f‖X∗ ≤ lim inf
n→∞

‖fn‖X∗ ,

where ‖ · ‖X∗ denotes the norm in X∗.

Theorem A.3.19. (i) Let X be a reflexive Banach space. A bounded sequence {xn} in X
always has a weakly convergent subsequent.

(ii) Let X be a separable Banach space. A bounded sequence {fn} in X∗ always has a
convergent subsequent in the weak ∗ topology.

Theorem A.3.20. Let (X, ‖ · ‖X) be a Banach space and (X∗, ‖ · ‖X∗) be its dual space.

(i) For x ∈ X, we have

‖x‖X = sup
‖f‖X∗≤1

|〈f, x〉|.

(ii) For f ∈ X∗, we have

‖f‖X∗ = sup
‖x‖X≤1

|〈f, x〉|.

Definition A.3.21. Let H be a vector space over C. A map (·, ·) : H ×H → C is called
an inner product or scalar product on H if it satisfies the following.

(x, y) = (y, x), (A.13)

(x+ y, z) = (x, z) + (y, z), (A.14)

(αx, y) = α(x, y), (A.15)

(x, x) ≥ 0, and (x, x) = 0 ⇐⇒ x = 0. (A.16)

If H has an inner product, then it is called an inner product space or pre-Hilbert space.
With ‖x‖ =

√
(x, x), ‖ · ‖ is a norm on H. H is called a Hilbert space if a pre-Hilbert

space is complete with respect to the norm induced by its inner product.

Remark A.3.22. A Hilbert space is a Banach space. The converse is not necessarily true.
Namely, we can not always construct an inner product from a norm.
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Theorem A.3.23 (Riesz representation theorem). Let (H, (·, ·)) be a Hilbert space. Given
f ∈ H∗, there exists unique x0 ∈ H such that

〈f, x〉 = (x, x0), x ∈ H.

Moreover, we have
‖f‖H∗ = ‖x‖H ,

where ‖ · ‖H and ‖ · ‖H∗ denote the norms of H and H∗.

Remark A.3.24. By Theorem A.3.23, we can identify H∗ and H. In particular, Hilbert
spaces are reflexive.

A.4 Interpolation inequalities

Theorem A.4.1 (Riesz-Thorin interpolation theorem). For Ω ⊂ Rn, suppose that a linear
operator T satisfies the following:

‖Tv‖Lq1 (Ω) ≤M1‖v‖Lp1 (Ω), v ∈ Lp1(Ω)

‖Tv‖Lq2 (Ω) ≤M2‖v‖Lp2 (Ω), v ∈ Lp2(Ω),

for some 1 ≤ pj , qj ≤ ∞. Let p and q be given by

1

p
=

θ

p1
+

1 − θ

p2
,

1

q
=

θ

q1
+

1 − θ

q2
, 0 < θ < 1.

Then, T is a bounded linear operator from Lp(Ω) into Lq(Ω) such that

‖Tv‖Lq(Ω) ≤M θ
1M

1−θ
2 ‖v‖Lp(Ω), v ∈ Lp(Ω).

For measurable functions f and g on Rn, define their convolution f ∗ g by

(f ∗ g)(x) =

∫

Rn

f(x− y)g(y)dy.

Theorem A.4.2 (Young’s inequality). Let p, q, r be constants such that

1

r
+ 1 =

1

p
+

1

q
, 1 ≤ p, q, r ≤ ∞.

Then, for f ∈ Lp(Rn) and g ∈ Lq(Rn), we have

‖f ∗ g‖Lr ≤ ‖f‖Lp‖g‖Lq .

Theorem A.4.3 (Hardy-Littlewood-Sobolev inequality). Let p, q, r be constants such that

1

r
+ 1 =

1

p
+

1

q
, 1 < p, q, r <∞.

Then, there exists C = C(p, q, r) such that for g ∈ Lq(Rn), the following inequality holds:
∥∥|x|−n/p ∗ g

∥∥
Lr(Rn)

≤ C‖g‖Lq(Rn).

Remark A.4.4. p, q, r can assume 1 and ∞ in Theorem A.4.2 but not in Theorem A.4.3.
Note that Theorem A.4.3 does not follow from Theorem A.4.2 since |x|−n/p /∈ Lp(Rn).

A.5 Symmetric-decreasing rearrangement
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Appendix B

Classification of PDEs

In Appendix B, we provide a brief summary the classification of the second order partial
differential equations following REFERENCE??. Let Ω be a domain in Rn, and consider
the following second order linear partial differential equation with constant coefficients on
Ω:

n∑

i,j=1

aij
∂2u

∂xi∂xj
+

n∑

j=1

bj
∂u

∂xj
+ cu = f(x), x = (x1, · · · , xn) ∈ Ω, (B.1)

where u and f are real-valued functions on Ω and aij , bj , c are constants. In the following,
we assume that u ∈ C2. Thus, we can assume that

aij = aji, 1 ≤ i, j ≤ n

without loss of generality. Since A = (aij) is a real symmetric matrix, there exists an
orthogonal matrix U such that

tUAU =




λ1 0 0 · · · 0
0 λ2 0 · · · 0
0 0 λ3 · · · 0
...

...
...

. . .
...

0 0 0 · · · λn



,

where tU denotes the transpose of U and λ1, · · · , λn are the eigenvalues of A. Now, define

Λ =




η1 0 0 · · · 0
0 η2 0 · · · 0
0 0 η3 · · · 0
...

...
...

. . .
...

0 0 0 · · · ηn



,
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where ηj =

{
|λj |−1/2, λj 6= 0

0, λj = 0
. Then, by letting T = UΛ, we have

tTAT =




α1 0 0 · · · 0
0 α2 0 · · · 0
0 0 α3 · · · 0
...

...
...

. . .
...

0 0 0 · · · αn,




where αj = +1, 0, or −1. We can change the order of α1, · · · , αn by re-selecting an orthog-
onal matrix. However, the number of αj with value ±1 and the number of αj with value 0
remain the same.

Let T = (Tij) as above, and consider the following change of variables:

ξ =



ξ1
...
ξn


 = T



x1
...
xn


 .

Then, (B.1) is transformed to

n∑

k,l=1

ãkl
∂2u

∂ξk∂ξl
+ first and zeroth order terms = f(x), (B.2)

where

ãkl =

n∑

i,j=1

aijTkiTlj

= the (k, l)-component of the matrix tTAT.

From the above observation, we can assume that there exists m (≤ n) such that





ãkk = +1 or − 1, 1 ≤ k ≤ m

ãkk = 0, m+ 1 ≤ k ≤ n (if m < n)

ãkl = 0, k 6= l.

(B.3)

Now, we are ready to classify (B.1).

Definition B.0.1. (i) Suppose that we reduce the second order linear partial differential
equation (B.1) to (B.2) by change of variables satisfying (B.3). Then, (B.2) is called that
canonical form of (B.1).

(ii) (B.1) is classified as follows: We say (B.1) is

(1) elliptic if m = n and all the ãkk’s have the same sign.

(2) hyperbolic if m = n and exactly one ãkk has the opposite sign.

(3) ultrahyperbolic if m = n and there are at least two positive ãkk’s and two negative
ones.
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(4) parabolic in a broad sense if m < n. In particular, when m = n− 1, we say that
(B.1) is parabolic in a narrow sense or simply parabolic, if ãkk, k = 1, · · · ,m,
have the same sign and the coefficient of ∂u/∂ξn is not 0.

Example B.0.2. The Laplace, heat, and wave equations are elliptic, parabolic, and hy-
perbolic partial differential equations, respectively:

∆u = 0 Laplace equation

∂u

∂t
− ∆u = 0 heat equation

∂2u

∂t2
− ∆u = 0 wave equation.
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