ALMOST SURE LOCAL WELL-POSEDNESS OF THE CUBIC
NONLINEAR SCHRODINGER EQUATION BELOW [2

JAMES COLLIANDER, TADAHIRO OH

ABSTRACT. We consider the local well-posedness of the periodic cubic nonlinear
Schrodinger equation with initial data below L2. In particular, we exhibit nonlinear
smoothing when the initial data are randomized. Then, we prove that it is locally well-
posed almost surely for the initial data in the support of the canonical Gaussian measures
on H*(T) for each s > —1.

1. INTRODUCTION

Consider the initial value problem for the one dimensional periodic cubic nonlinear
Schrodinger equation (NLS):
(11) iUy — Ugpe £ ulul? =0

ult=0 = ug, ¢ € T =R/27Z.

In this paper, we establish almost sure local well-posedness for! (1.1) with respect to the
canonical Gaussian measure supported on H*(T) in the range —% < s < 0. This result
is motivated by (a) the well-posedness theory of nonlinear dispersive equations with low
regularity initial conditions and (b) construction of measures on phase spaces which are
invariant under the (1.1) evolution.

1.1. Low Regularity Well-Posedness Theory. The well-posedness theory for the
Cauchy problem (1.1) for rough data has been the subject of recent studies. In particular,
detailed studies of (1.1) have revealed diverse phenomena of the associated data-to-solution
map leading to ramified notions of ill-posedness and well-posedness. It is known that:

e The data-to-solution map H® 3 ug — u(t) € H® (for some t # 0) is well-defined
and analytic provided s > 0 [25, 1].

e Uniform continuity of the data-to-solution map from H® to H? fails for s < 0
[13, 4, 7]. Moreover, when s < 0, the data-to-solution map is discontinuous from
H?(T) even to the space of distributions (C*°(T))* [8, 18].

e The data-to-solution map is unbounded from H*(R) to H*(R) provided s < —3.
For example, the norm inflation phenomena identified in [7] shows there exist initial
data arbitrarily small in H*(R) which evolve into solutions which are arbitrarily
large in H*(R) in an arbitrarily short time.
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IWe actually consider the Wick ordered version (1.10) instead of (1.1) below.
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e The data-to-solution map is bounded from H*(R) to H*(R)? provided —% < s < 0
[15]. Moreover, there exist weak solutions associated to every ug € H*(R) in this
range. These weak solutions are not known to be unique.

It is unknown whether well-posedness with merely continuous dependence upon the initial
data for (1.1) holds true in H® for s > —%. In contrast to these negative results, this paper
establishes positive results on subsets of H*(T) for certain s < 0 which are full with respect
to natural Gaussian measures.

1.2. Invariant Gibbs Measures. Inspired by [17] and following an approach from [28§],
Bourgain constructed [2] the Gibbs measure for® (1.1) and established its invariance under
the (1.1) flow. Sufficiently regular solutions of (1.1) satisfy mass conservation

(1.2) [u(®)||2(ry = l[uollL2(r)
and Hamiltonian conservation
1 1
(13) Hlu)] = [ 3l & Jlu(o)l de = Hlu),
By the Hamiltonian structure of the equation, the Gibbs measure
(1.4) dp = el H du(z)
zeT

is formally invariant. The Gibbs measure is rewritten as a weighted Wiener measure

(1.5) dp =z teF1 [ ul'de g,

where

(1.6) dp = Z&le_% J Tua | dz H du(z)
zeT

is the Wiener measure.

The construction of the Gibbs measure proceeds by showing that the density e[ lultdz
is in L'(dy). Expressed in terms of Fourier coefficients, the Wiener measure describes a
Gaussian distribution for each |n|u(n). Thus, a typical element in the support of the Wiener
measure may be represented*

w _ gn(w) eina:
n|

(1.7) u=u

ne’l
where the {g, }nez are independent standard complex valued Gaussian random variables.
Almost surely in w, the series (1.7) defines a function u¥ € H %_(’]I‘). Thus, [ |u|tdz is

well-defined and the density eFi [ lultde may be shown® to be in L'(w).
The invariance of the Gibbs measure is established by studying a sequence of finite
dimensional approximations obtained by Dirichlet-projecting the dynamics of (1.1) onto

2M. Christ (with J. Holmer and D. Tataru) announced similar results [9] on T in April 2009 at IHP in
Paris.

3In fact, the construction and invariance of the Gibbs measure is proved for a family of (sub-)quintic
NLS equations containing (1.1) in [2].

4There is an issue regarding the zero Fourier mode which the reader is invited to ignore. The Wiener
measure will soon be adjusted using the conserved L2 norm into another formally invariant Gaussian measure
which avoids the n = 0 issue.

5In the defocusing case, this step is clear. The focusing case requires a more delicate analysis exploiting
an (invariant) L?(T) size cutoff (See [17] and [2]).
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finitely many modes using the fact that the (1.1) evoluiton is well-defined on the support
of the Wiener measure. Recall that the evolution for (1.1) is well-defined for all uy € L?(T)

so it is certainly well-defined on the support of the Gibbs measure living in H %7('11‘).

The questions of existence and invariance of the Gibbs measure associated to (1.1) (in
fact, associated to the Wick ordered version (1.10)) posed on the two dimensional torus T?
were investigated in [3]. In the two dimensional case, the representation (1.7) almost surely
in w defines a distribution in H%~(T?) but not in L?(T?). Since the data-to-solution map
is not well-defined on H*(T?) for s < 0 [4, 7], the issue of well-defined dynamics on the
support of the Gibbs measure is not at all obvious. Bourgain established [3] a well-defined
local-in-time dynamics on the support of the Wiener measure. In the defocusing case, he
proved global well-posedness almost surely on the support, exploiting the invariance of the
(finite dimensional) Gibbs measure. Now, recall that the two dimensional cubic NLS is
scaling-critical in L?(T?). Hence, the result in [3] should be viewed as the first supercritical
almost sure (global) well-posedness result, since the support of the Gibbs measure lies
strictly below L?(T?). An implicit observation following from [3] is that counterexamples
in the H?® supercritical regime are rare. This observation was made explicit in recent work
[5] of Burq and Tzvetkov on nonlinear wave equations.

1.3. Almost Sure Local Well-Posedness. Consider the canonical Gaussian measure on
H*(T):
dfo = Ztem2 [ IDultde I1 du(=)
zeT
where D = /—02. The Gaussian measure dp, corresponds to a collection of Gaussian

distributions of {|n|*%(n)}nez, so a typical element in the support may be represented® as
a random Fourier series

(1.8) u=u" = Meiw.

This series almost surely in w defines a function in H a_%_(T) but not in H 0‘_%(’]1‘). Note
that u§ in (1.8) can also be expressed as uf = > gne, where e, is another orthonormal basis
in H%(T) and {gy,} is another family of independent standard complex-valued Gaussian
random variables. In this respect, the Gaussian measure p, is canonical. See [16] for
discussions on the Gaussian measures on Banach spaces. Also, see [29].

Since ||u(t)|| 2 = ||uo| L2 under the flow of (1.1), we formally expect the Gaussian measure
on L?(T)
(1.9) dpo = Zo_le*%““'de H du(x)
zeT

to be invariant in view of the Hamiltonian structure of (1.1). This measure pg is the white

noise on the distributions on T and is supported on H_%_(T) \ oz (T), i.e. in the scaling
supercritical regime for (1.1). Nonetheless, it was shown in [22] that the white noise pg is
a weak limit of the invariant measures under the flow of (1.1). However, this result does
not establish the invariance of the white noise pg since the flow is not well-defined on its
support. See Remark 1.2. Invariance of white noise has recently been established for the
KdV equation on T [23, 20, 22]. See [21] for a summary of these results.

6The issue with the zero mode should be ignored; see (1.12) below.
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If we define v(t) = e*u(t), with v € R, where u solves (1.1), then v satisfies i0;v — vy &
[v[?v + v = 0. Recall that f |u|?dz := 5= [ |u|*dz is conserved under the flow of (1.1) for
ug € L*(T). Hence, by letting v = F2 { |u|?dz, (1.1) is equivalent to

(1.10)

i — Uy £ (ulul® — 2u £ |ul?dz) =0
uli=o = o,

at least for ug € L*(T). However, for ug ¢ L?(T), we can’t freely convert solutions of (1.10)
into solutions of (1.1). Bourgain [3] refers to (1.10) as the Wick ordered cubic NLS since it
may also be obtained from the Wick ordered Hamiltonian.

In the following, we choose to study (1.10) instead of (1.1) for ug ¢ L?*(T). See Remark
1.5. In particular, we consider ug of the form (slightly adjusted compared with (1.8))

(1.11) e
7% V14 |n|20‘

which can be regarded as a a typical element in the support of the Gaussian measure
(1.12) dpo = Z,, exp /|u| dx — / | D%ul? dac H du(z

By shifting the Laplacian as in [2, 3], i.e. replacing —uy; by —ug, +w in (1.1) or (1.10), we
can also regard ug of the form (1.11) as the functions in the support of the Gaussian measure
Da- (Strictly speaking, one needs to replace the denominator in (1.11) by (1 + |n[?)2.)

Note that u¢ in (1.11) is not in L?*(T) almost surely in w for o < % The following
theorem states the almost sure local well-posedness for each o € (%, %]

Theorem 1. Let a € (max($ + 3, s), 3] with s € [0,3]. Then, the periodic (Wick ordered)
cubic NLS (1.10) is locally well-posed almost surely in HO‘_%_(T). More precisely, there
exist ¢,6 > 0 such that for each T < 1, there exists a set Qp € F with the following
properties:

(i) P(Q5) = pa o ug(Q25) < e 75, where ug : Q — Ho‘féf(T).

(ii) For each w € Qp there exists a unique solution u of (1.10) in

e g + C([=T.T); HY(T)) C O([~T,T): H* "=~ (T))
with the initial condition u§ given by (1.11).

In particular, we have a.s. local well-posedness with respect to the Gaussian measure (1.12)
supported in H?(T) for each o > —%.

We conclude the introduction by stating several important remarks.

Remark 1.1. Uniqueness holds only in the ball centered at S(t)ug of radius 1 in 753
defined in (2.1) below. Continuous dependence on the initial data holds in H*(T) for some
s > 0. See Section 3. Also, Theorem 1 can not be applied to (1.1), since ug is almost surely
not in L?(T).

Remark 1.2. One should regard Theorem 1 as a local-well posedness result for a typical
element in H 0‘7%7(11‘) (independent of choice of a basis of H*(T) as mentioned before.)
Theorem 1 may also be viewed as progress towards showing local well-posedness of (1.10)
on the support of the white noise pg, corresponding to o = 0.
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Remark 1.3. Note that un(z,t) = ae!NT+N*F(al’t) golves the Wick ordered cubic NLS
(1.10) for a € C and N € N. Hence, by following the argument by Burq-Gérard-Tzvetkov
[4], we can show failure of uniform continuity of the solution map of (1.10) below L?(T).
Thus, it is still nontrivial to construct solutions of (1.10) in the negative Sobolev spaces.

As mentioned earlier, Molinet [18] showed that (1.1) is not well-posedness below L?(T)
by proving the weak discontinuity of the flow map in L?(T). We point out that his argument
does not apply to (1.10).

~

Remark 1.4. Define the function space FL*P(T) via the norm || f||zrse = [[{(n)°f(n) Lz .
On the one hand, it is known that uf of the form (1.11) is in FL*P almost surely for
s < a-— % and not in the smoother spaces. See [20, 21]. On the other hand, Christ [6]

constructed local-in-time solutions in FL%? for 2 < p < oo by his power series method.
Also see Griinrock-Herr [12] for the same result via the fixed point argument. Hence, it
follows from their result that (1.10) with u§ in (1.11) is almost surely locally well-posed for
a > 0, but the solution u lies in C([-T, T};]—"LO%‘*‘(T)).

In the following, we construct local-in-time solutions in C([-T,T]; H O‘_%_(’]I‘)) by ex-
hibiting nonlinear smoothing under randomization. See Section 3. In the forthcoming
paper [10], we extend the local solutions to the global ones (in the absense of invariant
measures) by exploiting such nonlinear smoothing.

Remark 1.5. In [3], the two dimensional Wick ordered (defocusing) cubic NLS appeared

as an equivalent formulation of (the limit of the finite dimensional) Hamiltonian equation,

arising from the Wick ordered Hamiltonian. Such renormalization on the nonlinearity was

a natural consequence of the Euclidean ¢§ quantum field theory. In our case, by taking

the initial data ug to be of the form (1.11) with o < 3, (1.10) also arises as an equivalent

formulation of (the limit of the finite dimensional) Hamiltonian equation from the Wick
1

ordered Hamiltonian, (at least for a > 7.) Moreover, such renormalization is needed to

obtain the continuous dependence on the initial data [6, 12].

In [3], the local solutions were constructed via the fixed point argument around the linear
solution S(t)ug with probabilistic arguments. (Also see Vargas-Vega [27], Burg-Tzvetkov
[5], Thomann [24] for related arguments. While [27] is deterministic, [5] and [24] use
probabilistic tools but less than the argument in [3] and the current paper. The argument
in [5, 24] depends more on the properties of the eigenfunctions.)

This paper is organized as follows. In Section 2, we introduce the basic function spaces
and notations. In Section 3, we set up the basic strategy for proving Theorem 1. In Section
4, we list some deterministic and probabilistic lemmata. Then, we prove the estimates of
the nonlinear term in Sections 5-7.

2. NOTATION

First, recall the Bourgain space X*°(T x R), c.f. [1], whose norm is given by
b~
lull o rxry = () (T = n?)*@(n, 7)1z L2

Since the X*2 norm fails to control L° H norm, we use a smaller space Z*°(T x R) whose
norm is given by

(2.1) ||U”stb(1er) = HUHXSJ’(TXR) + HUHYs,bf%(TxR)
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where (-) = 1+ | and [Jullysserxr) = [[{n)*(T — n2)%(n, T)|lizz1. We also define the

local-in-time version Z%»T on T x [T, T], by

ul| .60 = inf {Hﬂ”zs«b(ﬁrxﬂ%{) 0] [-T,T] = U}
The local-in-time versions of other function spaces are defined analogously.

If a function depends on both x and ¢, we use ** (and "*) to denote the spatial (and
temporal) Fourier transform, respectively. However, when there is no confusion, we simply
use " to denote the spatial Fourier transform, the temporal Fourier transform, and the
space-time Fourier transform, depending on the context. For simplicity, we often drop
27 in dealing with the Fourier transforms. If a function f is random, we may use the
superscript f“ to show the dependence on w.

Lastly, let n € C°(R) be a smooth cutoff function supported on [—2,2] with n = 1 on
[—1,1] and let n,.(t) = n(T~'t). We use ¢, C to denote various constants, usually depending
only on « and s. If a constant depends on other quantities, we will make it explicit. We
use A < B to denote an estimate of the form A < C'B. Similarly, we use A ~ B to denote
A < Band B S Aand use A < B when there is no general constant C' such that B < C'A.
We also use a+ (and a—) to denote a + ¢ (and a — €), respectively, for arbitrarily small
e L.

3. BASIC SETUP

In this paper, we follow the argument by Bourgain [3]. First, write (1.10) as an integral
equation:

(3.1) u(t) = Tu(t) == S(t)ug £ i /Ot St — N (u)(t')dt’

where S(t) = ety is as in (1.11), and N (u) = ulu|? — 2u f |ul?. Note that S(t)ug has
the same regularity as wug for each fixed t € R. ie. S(t)uf HO‘_’_( )\ HO‘_%(']I‘) a.s.
Hence, S(t)ug is strictly in the negative Sobolev space for a < 1 5 .8,

It turns out that fot S(t —t" )N (u)(t')dt’ lies in a smoother space H*(T) for some s > 0
even for a < 1. (c.f. [3], [5].) We indeed show that for each T > 0 there exists Qr with

complemental measure < e 7% such that T defined in (3.1) is a contraction on S(t)uy + B

for w € Qr, where B denotes the ball of radius 1 in Z 37T for some s >0.
Recall the following linear estimate [1], [11]:

t

(32) ) [ st ot @y
0

where 7,. is a smooth cutoff on [—27',2T. Then, it suffices to prove

(3.3) | (u)]] <79 6>0

STV ()]

1
s,—5,T"
7557 Znr

Zsf%TN

for w € Qp with P(Q5) < ¢~ 7. This also shows that the difference of the solution u® to
(3.1) and the linear solution S(t)uf is in C([-T,T] : H®).
Now, write N (u) as follows:

N(u) = ulul® — 2u][ |u|?
(34) = D Alm)u(ng)i(ng)e ™ EmIT N " gi(n) [d(n) 2™ =t Ny (u) — Na(w).

na#ni,ng n
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In the following sections, we will prove (3.3) by separately estimating the contributions from
Ni(u) and Na(u) with w € S(t)ug + B. i.e. u = S(t)uf + v for some v with HUHZS,%,T <1

Note that (3.2) and (3.3) imply only the boundedness of the map I' from S(t)u§ + B
into itself (for T > 0 small). In establishing the contraction property, one needs to consider
T'u; — Tug for uy,ug € S(t)ug + B. We omit the details since the argument is standard.
Lastly, suppose that ug = u§ is a good initial condition such that I' is a contraction on

S(t)ug + B. Let Ug be a function on T such that [|ug — ol|gs < 5. Denote by I the

solution map corresponding to the initial condition uy. Then, one can show that [ is also
a contraction on S(t)ug + B for T sufficiently small. Moreover, we have

[u(t) = @)l s < Clluo — uol|are

for |t| < T, where @ is the solution with the initial condition %g. For details, see [1], [3].

4. DETERMINISTIC AND PROBABILISTIC LEMMATA

First, recall the following algebraic identity related to the cubic NLS:
(4.1) n? — (n? —n3 +n3) = 2(ny — n1)(ng — n3)
for n = ny — no + ng. Let N1, N2 N3 be the decreasing ordering of Ny, Ny, N3, where

In;| ~ Nj, and let n? denote the corresponding frequency.

Lemma 4.1. Let

S, = {(n1,n2,n3) € AR Inj| ~ Nj,na # ni,ng, and 2(ny — n1)(ne —ng) = p}.
Then, we have
(4.2) #8, S (N1)OT N3,

Proof. By assumption, we have |u| < (N')2. Hence, the number of the divisors of p is
o((N1)?) for any e > 0. Without loss of generality, assume N3 ~ min(|nz|, |n3|).

First, suppose |na| ~ N3. For fixed ng, there are at most o((N!)°*) many choices
for d := ny — n1. Then, there are at most o((N')%*) many choices for n; and n3 since
ny =ny —d and n3 = ny — 4.

Next, suppose |n3| ~ N3. For fixed ng, there are at most o((N')°*) many choices
for d := ng — n3. Then, there are at most o((N!)°*) many choices for n; and ns since

ng = d+n3 and n; = d +n3 — 4. Hence, (4.2) holds in both cases. O

Next, recall that by restricting the Bourgain spaces onto a small time interval [-T,T],
we can gain a small power of T (at a slight loss of regularity on (7 —n?).) See [1].

Lemma 4.2. Forb < %, we have

1
(4.3) lull oo = Il xsnr S T2 |lull 0y o

Proof. By interpolation, we have

(4.4) lull o S NullSesolll 22
X )

[N

1
where a = 1—2b € (0,1). Recall n,(7) = T7(T7). Hence, we have [|7,[|za ~ T 17l pa ~

—1
7% . ie. we can gain a positive power of T as long as ¢ > 1. For fixed n, by Young and
Hoélder inequalities, we have

. — ~ 1_ _1 1
77 * @, )z < ligllpe- @, e S T2 I = n®) 72| 2+ (7 = n®)2a(n, )| L2



8 JAMES COLLIANDER, TADAHIRO OH
for some 6 > 0. Hence, for p > 2, we have

1_
(4.5) lullxso S T3 |l

1.
)
Then, (4.3) follows from (4.4) and (4.5). O

Lastly, we present several probabilistic lemmata related to the Gaussians.

Lemma 4.3. Let £,0 > 0. Then, we have
(4.6) lgn(w)| < CT3{n)"
for all n € Z for w outside an exceptional set of measure < e

Proof. Recall from [19] we have P(sup,,(n) ¢|gn(w)| > K) < e—°K*. Now, choose K ~
[
T 2. ([l

Lemma 4.4. Let f“(z,t) = 3 ¢ngn(w)e! ™70 where {g,} is a family of complex valued
standard i.i.d. Gaussian random wvariables. Then, for p > 2, there exists §, Ty > 0 such
that

P/l oerxora) > Cllenllz) < e 7

for T <Ty.

Proof. By separating the real and imaginary parts, assume that g, is real-valued without
loss of generality. From the general Gaussian bound (c.f. Burq-Tzvetkov [5]), there exists

C > 0 such that
1> cngn(w)]
n

for every r > 2 and every {c, }nez € I2. (This is also immediate from the hypercontractivity
property as well. See [26].) By Minkowski integral inequality, we have

LT (Q) < C\/’FHCHHZ?L

1
r

E(wa"zzyt(’]rx[—T,T})) < H”fw”U(Q)HL;t N \/FH”CHHZ%HL;t(Tx[—T,T})
S VT el
for » > p. Then, by Chebyshev inequality, we have

P(I| £l o(rxoziryy > A) < CTATTETT e[

1
Let A = CrT?||cyl;z and r = T—% with § = %D. Then, we have

]P’(Hf‘*’|,Lp(TX[_T7T]) > \) < eIV < =1

for T sufficiently small such that r > p. O

In Section 7, we also use the hypercontractivity properties related to the Gaussians. See
Sections 3 and 4 in Tzvetkov [26].
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5. ESTIMATE ON N> (u)
In this section, we prove the easier part of the estimate (3.3):
(5.1) IN2 (ur, uz, us)l| -y ST
for some 6 > 0, where

No(ur,ug,ug) =Y Ay (n, t)ia(n, t)ds(n, t)e™

n

with u; € S(t)ug + B outside an exceptional set of measure e T By Holder inequality,
we have

(n)®

(5.2) LHSof@l)§‘<%1_

/ ﬂl(n, Tl)ag(n, Tg)ag(n,Tg)dTldTQ

T=T1—T2+T3

2
Ln,T

Then, it suffices to show (5.2) < T? assuming wu; is either of the form

)

il t) = S92 inan2e)
(5.3) (I) : uj(z,t) = Tt |n|0‘€

or (IT) : u; = vj with HUjHZS’%’T <1.
We will carry out a case-by-case analysis pivoting on these forms.
We may insert the smooth cutoff function 7, supported on [—2T', 277 if necessary.
e Case (a): u; of type (II), j =1,---,3.
1

By Holder inequality with p large (% =57 + 1) we have

L2112

1 ~ =/ N~
(5-2):SSLH)”<T‘—’"2>_§TFHL3+‘<n>s // ul(nw71)u2(nw72)“3(nv73)d71d72‘

T=T1—T2+73

By Young and Hélder inequalities,

HHv]nT 7HL2~H H r—n? 6 UJ(TLTHL2HL2

w

By Lemma 4.2, Hélder and L2 C LY, we have for s>0

- V3 ( 1
<7t HH 3T—n>2v(n7')\|L6L2<T HijHznggT
J=1
e Case (b): u; of type (I), j =1,---,3.

By Lemma 4.3, we have |g,(w)| < CT -3 (n)® for w outside an exceptional set of measure

< e 5, Then, by Holder inequality with p large (% = ﬁ + ;1)) and Young’s inequality,

1
(5.2) S sup [[{r = n®) 72| 2
n

<imesignl [ im0 = it - n)dndn|

T=T1—T2+T3

S TH(n)* =2 ga(w) Pz S T2 ) =205 1y S T

L2LP

as long as 2s — 6+ 6e < —1 or a > §s+g.
e Case (c): Exactly two u;’s of type (I). Say ui(I), ua(I), and us(II).
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By Hoélder inequality with p large, Young’s inequality, and Lemmata 4.2 and 4.3, we have

(5.2) < sup (7 —n?) 72| 2
n

o T N B GRS TR UL

L21E
T=T1—T2+73
1_ _ ~ _
S T2 (sup(n)ga) 1{n)*T(n. )2 S T llwsll yuyr < T
n
for w outside an exceptional set of measure < e 7 as long as a > 0.
e Case (d): Exactly one u; of type (I). Say ui(I), ua(Il), and ug(II).
By Holder with p large, Young’s inequality, and Lemma 4.3, we have
(5.2) S sup {7 —n”) 77| 24
n
o I B GRS T e AU Y

T=T1—T2 +7'3

1
ST (Sup 7 gl HHH AR IR
T n

By Hélder inequality inn (3 = 1 + 1) and in 7 (3 =  + 1) followed by Lemma 4.2,

3
15 1,
ST27 27 H Y (r = n?) it (n, 7)| a2
5 3 1
ST 2T H (r=n*)20;(n, 7)|lpare ST

PR <
for w outside an exceptional set of measure < e 7% as long as a > —s.

6. ESTIMATE ON N (u): BAsic SETUP
In the next two sections, we prove the main part of the estimate (3.3):
(6.1) IV (s us)l .y or ST
for some 6 > 0, where

Ni(ur,ug,ug) = > Tr(na, t)ia(ng, t)iis(ns, te

n2#ni,ng

i(n1—n2+n3)z

with u; € S(t)uf + B outside an exceptional set of measure ¢~75. In the following, we
assume that w; is of type (I) or (II) as in (5.3). Note that we may simply write N; for
N (ur, ug, ug).

As in [3], let N', N2 N3 be the decreasing ordering of Ny, No, N3 and u',u?, u® be the
corresponding uj-factors. Also, let ol, 02,03 denote the corresponding oj = (15 — n?) In
the following, we use superscripts to imply that the functions (or variables) are arranged
in the decreasing order of the spatial frequencies Ny, No, N3.
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In the rest of this section, we consider basic cases. Recall the periodic L* Strichartz
estimate from [1]:

(62) s, S Mol o

Interpolating this with [ul|zz = [lu[|x0.0, we have

(6.3) lull g4 < lull yo.q+5 and [lull g2+ S fluflxoo+-

By Hélder’s inequality, we have ||| Sohr S ||N1|] 4+ as used above. Then, using

duality, we can estimate (6.1) by

(6.4) /((8x>8u1)u2u3 ~vdxdt
where ||1)HXO’ 31— <1 (with the complex conjugate on an appropriate ul.)

e Case (A): u! and u? are of type (I).
If u? is of type (II), then by Holder inequality, (6.2), and Lemma 4.2, we have

1_
(6.4) < [[{0) urllps lluallps Nuslips [lolls ST ||y o ll6?l] o g r 0] oy o < T2

as long as s > 0. If u? is of type (1) i.e. u® = S(t)ug, then apply dyadic decompositions on

N? and N3. Then, by Holder inequality with p large, (6.3), and Lemmata 4.4 and 4.2, we
have

(6.4) < [[{02) " | o+ lu?[| o+ 1w [ o lvll o+

1_
SOyl oyl o

outside an exceptional set of measure < e 79, If (15 — n?)if 2 (]\73)%70“r for u; of type
(1), or if (r — n2>%_ 2 (N3)%_°‘+, then (6.1) follows with § = 3— in view of Lemma 4.2.

Hence, in the following, we may assume
(6.5) (1 —n?) < (N*)*4F | and (1; — n?) < (N?)249F if 45 of type (IT).

e Case (B): u' of type (I), and u? of type (I).
Dyadically decompose the spatial frequencies for N2 and N3. First, suppose that u?
of type (II). By Hélder inequality with p large, (6.3), and Lemma 4.4, we have

(6.4) < [[{0a) " | o+ 1| o 1w | o o]l Lo+

S (N | g 19 ot 1] o dar

outside an exceptional set of size < e 10 If (15 — n?}i_ 2 (NQ)%_O‘+ for u; of type (II), or
if (7 — n2>i7 2 (NQ)%*“*, then (6.1) follows with § = J— in view of Lemma 4.2. Hence,
we may assume

(6.6) (r—n?) < (N?)*7%F and (r; — n3) < (N?)*7** if u; of type (II)

in the following.

Next, suppose that u? is of type (I). Again, by Hélder inequality with p large, (6.3),
and Lemma 4.4, we have

(6.4)

102} [ 2+ [[u?[| o 1| o [0 2

<
< (N2 |l | oo || 0] 0,047+
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outside an exceptional set of measure < e 78 If (01)%7 > (N?)1=2a+ or if (1 — n2>%7 >
(N?)1=20+ then (6.1) follows with § = 3— in view of Lemma 4.2. Hence, we can assume
(6.6) as well.

e Case (C): u! of type (I), and u?, u? of type (I).
Dyadically decompose all the spatial frequencies. Suppose (7 —n?) > o2, 3. By Hélder
inequality with p large and Lemmata 4.4 and 4.2, we have

1_
(6.4) < (N [lutllzolle®l| palle®l palloll g2+ S (NDF 270 @] o 3 21| o 3.2 0] o007

~

1_ 1_
ST (N2 a+||u2HX0,%,THUSHXO,%,THUHXO’MT

outside an exceptional set of measure < e 7%, Hence, (6.1) follows as long as (7 — n?) >

(N1)2s+1=2a+ " Qimilar results hold if 02 > o3, (1 — n?) or ¢® > o2, (r — n?). Hence, we
assume

(6.7) (1 —n?) < (NHZHI=20% " and (r; — nj2> < (N1)2HI=20F f 45 of type (0).

e Case (D): u! of type (I), and either u2(I), u(Il) or w?(I), u3(1).
Suppose that u? is of type (1) and that u? is of type (I). Moreover, suppose (1—n?) > 3.
By Holder inequality with p large and Lemmata 4.4 and 4.2, we have

(6.4) < (N1 llutllzollu®|lzolu® ] o+ ol 22 S (N1 7207 [0 oosr[ol] xo0r

~

1_ _
ST (N 25 By ol xoor

outside an exceptional set of measure < e~ 7. Hence, (6.1) follows as long as (7 — n?) >

(N1)2st2=4at  Similar results hold if o3 > (1 — n?), (or u? is of type (II) and u? is of type
(I).) Hence, we assume

(6.8) (1 —n?) < (NhH#T24et Dand (75 — n?) < (NhyZst2=dot f o of type (T0).
Summary: Given a function v(z,t), we can write v as

(6.9) v(z,t) = /<A>_;(Z(n>2s<)\>|@(n,n2 i )\)2)%{e“‘tZaA(n)ei(”””Qt)}d)\

- v(n,n*+)\) 2s 2 _
where ay(n) = S o Note that ), (n)**lax(n)|* = 1. For Hv||Xs% <1,
we have

(6.10) /|A<K<)\>§ (SN o(m.n + NP)*dx £ (log &)’

by Hélder inequality. See [3, (22) and (23)]. Note that (6.9) is a standard representation
for functions in X*? for b > 1. e.g. Klainerman-Selberg [14]. We have a logarithmic loss
in (6.9) since b =  in our case.

Now, consider (6.1) on a small time interval [-T,T]. First, replace N with Ny * M.
Then, by Holder and Young’s inequalities, we have, for each n € Z,

iy~ _1 . - 1=
I{r = n®) 72" 07« NMi(n, )2 < 7 = n®) 72| e 17 2 N2 (0, )l e S T2 [N ()l e
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Then, letting * = {(n1,n2,n3) € Z3 : n = ny —ng+n3, na # n1,n3} and *x = {(71, 72, 73) €
R3:7 =7 — 75+ 713}, we have

(6.11) LHS of (6.1) < T2 ||Ni||xs0r < T2"

];mlf

L2 L2

3
H ’LLj(’I’Lj,Tj)dTldTQH )

9n; (w)d(7;— 5 )

I+[n [ or

where u;(n;, ;) =

~ _1
uj(ng, 7;) = / (A" 2ei(Ag)an, (n)6(m5 — nf — Aj)dA;
{Injl<K}

1=

with 2, (n5)%*lax, (n)12 < 1, where ¢;00) = (32, (ms)? ()is(mg,n? + X)) . 1
any of u; is of type (II), then, we can pull the integral in the corresponding A; outside via
Minkowski integral inequality. For example, when wu; and ug are of type (II) and ug is of
type (I), we have

(611 /HX{'A <xy(N) 25 () Z H% 1gjd|5l3)‘a
2 o (@)
,nsi

> (! H earwci B

* :

d)\ld)\gd

(6.12) < (log K)% sup
A1,A2

where the last inequliaty follows from Holder inequality and (6.10). Strictly speaking, we
need to put an absolute value on the summand of >, in (6.12), which may prevent us from
exploiting the properties of the Gaussians g,. However, this can be avoided by integrating
only in two of the 7; variables and keeping L? outside Y, in (6.11). Then, we can integrate
in 7 after estimating the sum >, using the properties of the Gaussians as in the next
section.

Therefore, we can reduce the estimate into the following two cases (with § = £—):

e u! is of type (II):
From (6.5) and (6.6), we can assume that o; < (N3)2742F or (N2)2749F for u; of type
(I). Then, by (6.9) and (6.10), we can bound (6.1) as follows:

[T

(6.13) (6.1) < T/ M(N?, N3)<Z ‘ > al(nl)a2(nz)a3(n3)‘2> ;

n=ni—nz+n3
na#ni,ng

2_,2° 2, 2
n“=ni—ns+nz+u

where Y, |al(n)]? <1, a/(n) = % OF D\ N la?(n)|? < (N7)~25 for j = 2,3, and

(
Case (A): M(N?,N3) = (N3)%* and |p| < (N3)2~%et
Case (B): M(N2,N3) = (N2)%* and || < (N2)2—%o+,

Note that we did not apply dyadic decomposition on N!.

o u! is of type (1):
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From (6.7) and (6.8), we can assume that o; < (N1)?+2749F for 4; of type (1) since
o < 1. Then, by (6.9) and (6.10), we can bound (6.1) as follows:

N|=

(6.14) (6.1)5T9(N1)5+< Z ‘ Z a1(n1)a2(n2)a3(n3))2) ;
[n|<N1 n=ni—nz+n3

na#ni,na
292 o2 2
n=ni—ny+nz+u

where a'(n) = %, al(n) = % or 32 | (n)]* < (N7)7% for j = 2,3, and
Case (C): || < (N1)2sHl-2e+

Case (D): || < (N1)2s+2—det
All type (I): |u| < (N1)?,

Note that all the spatial frequencies are dyadically decomposed.

Suppose |ng| > 10(|n1|+|ns|). Then, |u| ~ |[(ng —n1)(ng —n3)| ~ |n2|?> ~ (N1)? by (4.1).
If u! = uy is of type (II), we have |u| < (N?)2742F <« (N1)? as long as a > 0. If u! = uy
is of type (I), we have |u| < (N1)25T2742+ <« (N1)2 since a > £. In both cases, we would
have a contradiction. Hence, we can assume that |ni| ~ N! or |n3| ~ N'. Moreover, by
symmetry between u; and ug, we assume |ni| ~ N in the following.

Lastly, we list all the different cases following [3]. We consider these cases in details in
the next section.

Case (a): n; = NY(I), ng = N%(1), n3g = N3(II) or ny = N3(1), n3g = N2(II).
Case (b): n; = NY(II), ng = N3(I), n3 = N%(I) or ny = N2(II), n3g = N3(I).
Case (c): n; = NY(1), ng = N2(II), n3g = N3(II).
Case (d): n; = NY(1), ng = N3(II), nz = N2(II).
Case (e): n; = NY(I), ng = N2(I), ng = N3(1).
Case (f): ny = NY(I), ny = N3(I), ng = N%(I).
Case (g): n1 = NY(I), ng = N?(I), ng = N3(II).
Case (h): n; = NY(I), ng = N3(I), ng = N2(I).
Case (i): n; = NY(1), ng = N3(I), n3g = N3(1).
Case (j): n1 = NY(1), ng = N3(I), n3g = N%(1).
Case (k): n; = NY(I), ng = N%(1), n3g = N3(I).
Case (1): n; = NY(1), ng = N3(1), n3g = N%(1).

7. ESTIMATE ON N7 (u1,us,u3): ALL DIFFERENT CASES

For notational simplicity, we use |n|® for 1 + |n|®. Also, we may drop the complex
conjugate on us when it plays no significant role.
Let

An - {(nl’n27n3) € ZS n=n _n2+n3)|nj| NN]?.] :2737

2_ .2 .2 2
ng # ni,n3, and n° =ni —ns +ng + u}

and B, = A, N{|n1| ~ N1}. Also, recall

(7.1) p=2(ng —n1)(n2 —ng) = 2(n —n1)(n —ng).
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1
2>2

e Cases (k), (1) : uy,uz,us of type (I). In this case, we have

(7.2) (6.14)§T9Nf+< Z ‘Z Ini Gna  Gns

gy 2l Insf?

First, we consider the contribution from nj # ngs. Let

Fo(w) = 91 (W) Gy (@) gns (w)
R [na|* |na|* |nsl®’

Cn
where C,, = B, N {n1 # n3}. Then, by hypercontractivity property related to the product
of Gaussians (cf. [26, Propositions 3.1 and 3.3]), we have ||F}, | zp(q) < p? [ Fll £2(q) for all

2
p > 2. Hence, it follows from Lemma 4.5 in [26] that P(|F,(w)| > ) < exp(—c||Fy, ||LQ3(Q )
3
By choosing A = T7%5N126||FnHL2(Q) with € = 0+, we have

cN§

3
(7.3) P(|Fa(w)] > T~ 2N2° | Fullpa) < € 7

By Lemma 4.1, we have

_3 s+ +
RHS of (7.2) S 7%~ 20N; "2 < > Z| 1|20f|n22°‘\ns|2°‘)

1
2

Inl<N: G
< TH NS aty 5+(N2)7Q(N3)fa+f
3
< 7039 NS atiHiet foroz<%
3 +3e+
170~ 5]\78 **ze for a > i

_3 _ fora>35+2 (witha <
< 0—26 O 3 6 =~
s HNJ fora > s (with o >

NN
SN—

outside an exceptional set of measure
_eNg _eNg e N (L) loa N s
< Z e~ 1 < Nye 1 SN{) o 75 Vit(1+)log 1<N10 e o
[n| SNy
Note that in this case we need to make sure that the measures of these exceptional sets

corresponding to different dyadic blocks are indeed summable and bounded by e~ 75, We
may not be explicit about this point in other cases. e.g. Cases (A)—(D) in Section 6. We do
not encounter this issue in using Lemma 4.3 since it gives one exceptional set of measure

< e 75 for all the frequencies.
Now, consider the contribution from n; = ns. It follows from (7.1) that there is

at most one choice of (ni,ng,n3) for each fixed n. Thus, ZIHlSNl ‘EBTUTLIZTLS 1|
2 n|<Ni 2_B,,ni=ny 1- Hence, by Lemmata 4.1 and 4.3, we have

3
1
< pi—36 prs—2a+2e+ pr 3 tE 0—36 0—
RHS of (7.2) < T772°N; N, <72 I[N
j=1
outside an exceptional set of measure < e 79 for a > § + %.

e Case (a) : (Case (b) can be treated in a similar way by replacing ng and ns.)
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In this case, we have p = 2(ny — n1)(n2 — n3) = o((N2)?2~4F). This implies that
In|, |ni|, |n3| < Nzﬁ for some 3 > 0 since ng # n1,n3. Now, let

Z ai(n gn2 3(”3),

Note that the above sum is over a ﬁmte set. Letting Ap = Ujpy|n, Ann, (e a disjoint
union over distinct ng), write

Gn(w) = ch,m%v where ¢, = Z |na|~“ai(ny)as(ns).

n2 An,n2

Then, by hypercontractivity of the Gaussians, we have |Gy ||rrq) < pe |Gnllz2(q) for all
p > 2. Hence, by Lemma 4.5 in [26], we have P(|Gp(w)| > A) < exp(— cHGnHL2 A2). By

choosing A = T7%5(N2)5|]GnHL2(Q) with € = 0+, we have

C(N2>26

1 —
(7.4) P(|Gn(w)| > T2 (N?F(|Grll o) < e 7
Note that (N?)¢ < Nfs since |ng| < NQ’B. Hence, we have

(6.13) < Te—g(N2)—a+ﬁa+(Z ‘ Z |a1(n1)a3(n3)‘2)

n,n2  Anong

N

by Hélder inequality (note that # A, ,, = O(NJT)),

S TQ“N_aJrﬁﬁ(ZZ a1 (n1)|?|as( n3)12)

(7.5) T0=5 Ny o0t Ny < T9 NJ~ N9~

for « > 0 and s > 0 outside an exceptional set of measure

c(N2)25 e o

< Y e m SNJe < NYTe ws NatIDlsz o -5

Note that |ng| < NQﬂ is crucial in the last inequality of (7.5) when s = 0, ng = N3, and
ng = N2.

In Case (b), we have u = 2(ng — n1)(n2 — ng) = o((N3)?74*T), which implies that
In|, |n1l, |ne| < N?? for some [ > 0 since ny # ni,n3. The rest of the argument follows as
above by replacing no and ns.

e Case (c) : (Case (d) can be treated in a similar way by replacing ns and ns.)

Let ba(n2) = |nz|°az(nz). Then, we have >, .\ N, |b2(n2)?> < 1. By Lemma 4.3 and

Hoélder inequality on n3 in the inner sum,

1
(6.14)§T9_7N5 a—‘re—l—N sN s( Z Z‘b2(n2)’2)2
[n| SN By

outside an exceptional set of measure < e~ 75, For fixed ng, it follows from (the proof of)
Lemma 4.1 that there are at most N{H terms in the sum. Hence, we have

(6.14) < T0=5 NF—otet N7s Ns < 70 NO~ NI~ NO-
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for a > s> 0.

e Case (e) : (Case (f) is basically the same.)
In this case, we have N2~4*% > |u| = |2(ng —n1)(ng —n3)|. This implies that |ny|, [n| <
Nég for some 8 > 0. Now, let

Fa(w) = Y an(on) 220 4l
An

9 a |n3’o¢ ’

By the observation above, this is a finite sum. Then, by hypercontractivity prop-
erty related to the product of two independent Gaussians (recall ny # ng), we have
[ Fnllze) < pllFnllz2) for all p > 2. Hence, it follows from Lemma 4.5 in [26] that
P(|F,(w)] > \) < exp(—c||Fn|y;§(Q)A). By choosing A = T7ON5||F, || 12(q) with & = 0+, we

have
cN§

2
P(|Fu(w)| = TON3 || Full2() < e 7

It follows from the proof of Lemma 4.1 and |ni| < NQﬁ that, for fixed nj, there are at most
O(NJT) many choices for ny and nz. Thus, we have

1

(6.13) S T976N2—0c+5+N3—a< Z Z ‘al(n1>|2> 2 S T975N2—a+6+N3—a < T9 NQO_Ng_

[l <Ny An
cN§

for a > 0 outside an exceptional set of measure < NQﬂ e 1.
e Case (g) : (Case (h) is basically the same.)

Let Fp(w) == > 5, g|211(‘i)%(‘(§)a3(n3). As in Case (e), we use the hypercontractivity
property related to the product of two independent Gaussians (recall n; # ng.) Then, we
have

cN§

1
P(F(w)] = T NF | Fullpaoy) < ¢ 7 -

By summing over n; for fixed ng and then over ns, it follows from (the proof of) Lemma
4.1 that

N

(6.14)§T9—5Nf*a+8+1v;a( y Z|a3(n3)\2)
In|SN1 Bn

3
/
STQ 6Nf a+a+N2 oaNgs ST@ HNJO
j=1
C/
for a > s > 0 outside an exceptional set of measure < N{) Te 79,

e Cases (i), (j) : The contribution for n; # ns in Case (i) (and in Case (j)) can be
estimated as in Case (h) (and as in Case (g), respectively) using the hypercontractivity.
Now, assume n; = ngs. It follows from (7.1) that there are at most two choices of (n1, na, n3)

2
for each fixed n. Thus, E\n\SNl | ZBn,m:ng |a2(n2)|| ~ Z\n\SM ZBMm:ng laz(n2)|?. By
Lemma 4.3 and by summing over ns, we have
3

(6.14) S T0—6Ni972a+2€+( Z Z |a2(n2)|2) 5 T6—5N1572a+2€+N275 < T@’ H N]Q,

n|<N:_ Bn j=1
ni=ns

(NI
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for a > § > 0 outside an exceptional set of measure < e 79.
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