ALMOST SURE GLOBAL SOLUTIONS OF THE PERIODIC CUBIC
NONLINEAR SCHRODINGER EQUATION BELOW [2

JAMES COLLIANDER, TADAHIRO OH

ABSTRACT. We continue our study of the well-posedness of the periodic cubic nonlinear
Schrodinger equation with random initial data below L?. In this paper, we prove that
it is globally well-posed almost surely for the initial data in the support of the Gaussian
measures on H°(T) for each s > —1%.
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1. INTRODUCTION

In this paper, we continue our study on the well-posedness problem of the periodic
nonlinear Schrédinger equation (NLS) with cubic nonlinearity:

. _ 2 _
(1.1) {zut Ugy = ulul 0

uli=0 = U

for random initial data in the negative Sobolev spaces. In particular, we take the initial
data ug to be of the form

(1.2) uo(z) = ug (z e
T;Z V1+ ]n\%‘

for x € T = [0,27), where {gn}nez on a probability space (€2, F,P). Note that a function
with Fourier coefficient
that ug in (1.2) is in [
differentiability under the Gaussian randomization on the Fourier coefficients (c.f. Burqg-
Tzvetkov [9].) Recall that Bourgain proved the global well-posedness (GWP) result in

el . 1 -
71+\1n|a is in H® for s < a — 1 but not in H* 2. This implies

1
S oa—5 : : . .
s<a—1 H* \ H* 2, since there is almost surely no smoothing in
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L?(T) in [2]. Hence, we assume that o < 3 in the following so that ug lies strictly in the
negative Sobolev spaces.
Note that = f |u]?dz = 5= [ |u[*dz is conserved under the flow of (1.1) as long as it

+2iut

makes sense. By letting u — e u, we see that (1.1) is equivalent to

{iut — Ugy & (ulul? = 2u £ Jul’dz) =0

(1.3)
uli—o = up

at least for ug € L*(T). In the following, we study the Cauchy problem (1.3) instead of
(1.1). (c.f. Bourgain [5], Christ [11].) Bourgain [5] refers to (1.3) as the Wick ordered cubic
NLS since it may also be obtained from the Wick ordered Hamiltonian. In [13], we proved
that (1.3) is locally well-posed (LWP) a.s. in w for any a > . ie. as. in H® for each
5> —%. Our main goal here is to show that (1.3) is globally well-posed a.s. for each fixed
a € (o, 3] with some ag > %.

First recall that we can regard up in (1.2) as a typical element in the support of the
Gaussian measure:

_ -1 1 2, 1 a, |2
(1.4) dpa = Z exp< 5 |u|*dx 5 | D%ul d:n) grdu(x),

where D = /—02. From the basic theory of Gaussian measures on Hilbert/Banach spaces

(c.f. Kuo [16] and Zhidkov [24]), it follows that ug € H*(T) \ H‘k%(T) a.s. for s <a—3
Also, note that p, corresponds to (the leading term of) the Gibbs measure and the white
noise for &« = 1 and « = 0, respectively.

So far, there is basically only one method known for proving the a.s. global well-posedness
of PDEs with random initial data of type (1.2). In [3], Bourgain proved the invariance of
the Gibbs measures for NLS. In dealing with the super-cubic nonlinearity, (where only the
local well-posedness result was available), he used a probabilistic argument and the approx-
imating finite dimensional ODEs (with the invariant finite dimensional Gibbs measures) to
extend the local solutions to the global ones almost surely on the statistical ensemble and
showed the invariance of the Gibbs measures. We point out that this method can be ap-
plied in a general setting, provided that the local well-posedness is obtained with a “good”
estimate on the solutions (e.g. via the fixed point argument) and that we have a formally
invariant measure such as the Gibbs measure or the white noise (where the leading term
corresponds to (1.4) for « = 1 and a = 0.) See Bourgain [4, 5], Burq-Tzvetkov [8, 10], Oh
[18, 19], and Tzvetkov [21, 22].

From [13], we have the local solutions in the support of the Gaussian measure p, in
(1.4) for a € (%, 3], which we would like to extend to the global ones. Since the values
of «a is strictly between 0 and 1, the initial condition ug in (1.2) is not in the support of
an invariant measure for (1.3) (i.e. (the leading term of) the Gibbs measure or the white
noise.) Therefore, Bourgain’s probabilistic argument [3] is not applicable here.

Now, we briefly review the idea behind the argument in [13]. By writing (1.3) as an
integral equation, we have

(1.5) u(t) = Tu(t) == S(t)ug £ i /Ot St —t" )N (u)(t')dt

where S(t) = e~y is as in (1.2), and N (u) = ulul? — 2u § |ul?>. Note that S(t)ug has
the same regularity as wo for each fixed t € R. ie. S(t)uf € HO‘_%_(']I‘) \ HO‘_%(’]I‘) a.s.
Hence, S(t)up is a.s. strictly in the negative Sobolev space for o < 3.
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However, it turned out that the nonlinear part f(f S(t —t" )N (u)(t')dt’ lies almost surely
in a smoother space L?(T) even for o < £. (Also, see [5], [9].) We indeed showed that for

each § > 0 there exists {15 with complemental measure < e such that T defined in (1.5)
is a contraction on S(t)u§ + B for w € Qs on the time interval [0, §], where B denotes the

ball of radius 1 in the Bourgain space 79329 defined in (2.1) below.

This observation led us to consider the Bourgain’s high-low method [6] since this kind
of nonlinear smoothing is the crucial ingredient for the method. Moreover, as you see
below, the implementation of the Bourgain’s high-low method naturally lets us apply our
probabilistic local theory iteratively since the data for the difference equations have random
Fourier coefficients at each step.

Let s=a — %— with a < % i.e. s < 0. By the large deviation estimate, we have

(1.6) P(]|uo(w) | s > K) < e

In the following, we restrict ourselves on Qx = {w € Q : [Jug(w)|[ms < K}. By writing
uy = ¢o + Yo, where ¢y := P<yug = ZInIS ~ Uo(n)e™, the low-frequency part ¢g is in
L*(T), and it satisfies ||¢po|2 < N~%|do|lgs < N7°K.

Let u' denote the solution of (1.3) with the initial data ¢ on some time interval [0, d],
where § is the time of local existence, i.e. 6 = §(N°K) < §(||¢ol|z2). Then, we have

{i@tul —02ut £+ N(ul) =

1.7
(L.7) u'l=o = ¢o.

From the L? well-posedness theory of Bourgain [2], (1.7) is globally well-posed with the

L%-conservation: |[ul(t)||;2 = ||dollr2 < N7°K for any t € R. Moreover, from the local
theory, we have

1 < < —s
(18) I T PR

Now, let v! be a solution of the following difference equation on [0, §]:

{i@tvl — 920t + (N(u! +01) = N(u') =0

1 gn(w) i
lt=0 = Yo = X pjs v Thpae "

i.e. we have u(t) = u!(t) + v!(t) as long as the solution v! of (1.9) exists. Note that 1y has
Gaussian-randomized Fourier coefficients. Hence, we can use our probabilistic local theory
in [13] to study (1.9).

Suppose that, by the local theory in [13], we can show that (1.9) is locally well-posed on

(1.9)

the time interval [0, J] except on a set of measure e 5. i.e. we have vi(t) = S(t)o +w(t),
where the nonlinear part w'(¢) is smoother and is in L?(T) for all ¢ € [0,6]. Note that due

to the appearance of the external function u! in (1.9) with the large ZO’%"S—norm, we need
to refine our argument from [13] in order to have a good estimate on ||w’(¢)|| 2.

At time ¢t = 0, we redistribute the data. i.e. write u(d) = ¢1 + ¥1, where ¢ =
ul (8) + w'(8) and 1 := S(d)vo. Let u? denote the solution of (1.3) with the initial data
¢1 starting at time t = 4. i.e.

. 2,2
u !t:5=¢1=u (6 )+ 1(8) € L*(T).
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Then, (1.10) is globally well-posed. Also, from the local theory, we have

(11 2l 5 S 101022 < Nt @)z + 0! (B)2 S NK + [l ()2 S NK
as long as
(1.12) lw' ()]l S NTK.

Now, let v? be the solution of the difference equation on [4, 24]:
i0pv? — 0202 £ (N (u? + v?) — N(u?)) =0
isn? .
U2|t:5 =Y = Z|n|>N gnl(:i|)2‘a einT .
Once again, v¢; has Gaussian-randomized Fourier coefficients. Hence, we can use our local
theory in [13] to study (1.13). '
In this way, we iterate the deterministic local theory to the “low-frequency” part «/ and

the probabilistic local theory to the high-frequency part v/ to prove that (1.3) is well-posed
on [0, T for arbitrary 7' > 0. For details, see Section 3.

Theorem 1. Let o € (3,3]. Then, the periodic (Wick ordered) cubic NLS (1.3) is globally
well-posed almost surely in Haféf(T). More precisely, for almost every w € ) there exists
a unique solution u of (1.3) in

e~y + C(R; LA(T)) € C(R; H* 2~ (T))

with the initial condition u§ given by (1.2).
In particular, we have a.s. global well-posedness with respect to the Gaussian measure
(1.4) supported in H*(T) for each s > —%.

(1.13)

Let us make several remarks.

Remark 1.1. A linear part of a solution constructed in Theorem 1 indeed lies in
C([-T,T); B(T)) for any Banach space B(T) > H*(T) such that (H*, B, p,) is an ab-
stract Wiener space (roughly speaking, any Banach space B containing H® where the
Gaussian measure p, makes sense as a countable additive probability measure.) In this
case, a solution u to (1.3) lies in

u=e"2lyy 4+ (—id, + 02) " 'u € C(R; B(T)) + C(R; L*(T)).

As examples of B, we can take the Sobolev spaces WP with s < o — %, and the Fourier-

Lebesgue spaces FL%P with s < a — %, where FL*P is defined via the norm || f||zrs» =

H(n>s]/”\(n)\|Lg See Bényi-Oh [1] for regularity of p, (and ug in (1.2)) in different function

spaces. In [1], we study the regularity of p, for @ = 1 but it can be easily adjusted for any
1

a. We can also take the Besov space B; 2 for example. For global-in-time argument, it is
important that the large deviation estimate (1.6) still holds for these spaces.

Remark 1.2. On the one hand, uniqueness for “low-frequency” part «’ in the jth step
1
holds in C([(j — 1)6, 58], L2(T)) N Z%2[(j — 1)4, j6] as usual. On the other hand, uniqueness

for the high-frequency part v7 in the jth step holds only in the ball centered at S(t)y;_1

of small radius in Z%2 [(j — 1)8,76]. Also, continuous dependence for v/ holds in L?(T) in
the following sense. For simplicity, take j = 1. Suppose the solution v! of (1.9) with initial
condition 1y = 9§ exists on [0,0]. Let vy be a function on T such that ||¢g — Vo2 <
C(N, ). Then, we have |[v!(t) —0(t)||z2 < c|luo — Uol|z2 for |t| < &, where ¥ is the solution
of (1.9) with the initial condition vy. See [5], [13].
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Remark 1.3. The periodic cubic NLS (1.1) is known to be ill-posed in H*(T) for s < 0.
See Molinet [17] for the most recent work and the references therein. As for the Wick
ordered cubic NLS (1.3), note that uyq(z,t) = ae!NT+N*1Fal’t) golyes (1.3) for a € C
and N € N. Then, we can follow the argument by Burq-Gérard-Tzvetkov [7] to show the
ill-posedness of (1.3) below L?(T). Also, see Christ-Colliander-Tao [12].

Remark 1.4. Recall that the white noise corresponds to a = 0 in (1.4) (up to constants).
We would like to treat the case aw = 0. Our result in [13] and Theorem 1 are partial results
in this direction. R R

Given a function f =Y, , fne™ € HO(T), define uf = >, .7 gn(w) fre™*. Then, one
can consider the local well-posedness problem of (1.3) with these randomized data ug. See
Burg-Tzvetkov [9] Thomann [20]. However, we do not pursue this issue here.

Remark 1.5. Note that u§ in (1.2) can also be expressed as uf = Y gne, where e, is
another orthonormal basis in H*(T) and {g,} is another family of independent standard
complex-valued Gaussians. (Strictly speaking, we need to replace 1 + [n|* by (1 + |n|)* in
(1.2).) i.e. One should regard Theorem 1 as a global well-posedness result for a typical

element in H O‘_%_(']I“) (independent of choice of a basis.)

This paper is organized as follows. In Section 2, we introduce the basic function spaces
and notations. In Section 3, we present the proof of Theorem 1, assuming Proposition 3.2.
In Section 4, we set up the basic strategy for proving Proposition 3.2. In Section 5, we
list some deterministic and probabilistic lemmata. Then, we prove the estimates of the
nonlinear term in Sections 6-8.

2. NOTATION
First, recall the Bourgain space X*?(T x R), c.f. [2], whose norm is given by
b~
”uHstb(’]I‘xR) = [[{n)*(T — ”2> U(n»T)Hl%Lz-

Since the X2 norm fails to control L$° H? norm, we use a smaller space Z%°(T x R) whose
norm is given by

(2.1) 1wl zsp(rxry = lull xsb(Txr) + ”uHYS’b_%('H‘x]R)
where (-) = 1+|-| and [|ullyss(rxr) = | (n)®(r—n2)’7(n, 7)|li2 1 - We define the local-in-time

version Z5%9 on T x [—4, 4], by
ull zo.0.5 = inf {12l 75 (rxmy * Ul(-s,5) = u -

We also define the local-in-time version Z;’b = Z%%[a,b] on an interval I = [a,b]. The
local-in-time versions of other function spaces are defined analogously.

If a function depends on both x and ¢, we use * (and "*) to denote the spatial (and
temporal) Fourier transform, respectively. However, when there is no confusion, we simply
use " to denote the spatial Fourier transform, the temporal Fourier transform, and the
space-time Fourier transform, depending on the context. For simplicity, we often drop
27 in dealing with the Fourier transforms. If a function f is random, we may use the
superscript f“ to show its dependence on w.

Lastly, let n € C2°(R) be a smooth cutoff function supported on [—2,2] with n = 1 on
[—1,1] and let 7, (t) = n(61t). We use ¢, C to denote various constants, usually depending
only on a. If a constant depends on other quantities, we will make it explicit. We use
A < B to denote an estimate of the form A < C'B. Similarly, we use A ~ B to denote
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A < Band B S Aanduse A < B when there is no general constant C' such that B < C'A.
We also use a+ (and a—) to denote a + ¢ (and a — €), respectively, for arbitrarily small
e 1.

3. PROOF OF MAIN RESULT

First, we prove Theorem 1, assuming the following proposition.

Proposition 3.1. Let o € (£,3]. Give T > 0 and ¢ > 0, there exists Qr. € F with the
following properties:

(i) P(Q5.) = pa 0 up(Q5..) < &, where ug : @ — H* 3 (T).
(ii) For each w € Q. there exists a unique solution w of (1.3) in
e g + O([-T, T} IA(T)) € (=T, T} H*2~(T))
with the initial condition u§ given by (1.2).

Proof of Theorem 1. For fixed € > 0, let T = 2/ and g = 27Je. Apply Proposition 3.1
and construct 7, ... Then, let . = ﬂ;’;l Qr, ¢, Note that (1.5) is globally well-posed on

Q. with P(QS) < e. Now, let Q = UzsoQe. Then, (1.5) is globally well-posed on Q and
P(Q°) = 0. O
Now, we present the proof of Proposition 3.1.

Proof of Proposition 3.1. First, recall the following argument which relates the time of local
existence d and the size of the initial condition. Consider (1.3). From the deterministic
local theory (especially Bourgain’s L? Strichartz [2] and Lemma 5.2 below), we have

/t St —t" N )at
0

1
< Jluol 2 + Co%jull?

(3.1) lull o35 < Iluollzz + C18°~

ZO,—%,&
0,3,6°
In proving LWP via the fixed point argument, we require

(3.2) 52 full?y 5 S 1

0,3.6 ~
on the ball {u : HUHZO’%"S < 2[Jugl|z2}. Hence, we can choose 0 ~ |luo|| ;2 -

Let T'> 0 and € > 0 be given, and we continue the argument from Section 1. First, in

1

view of (1.6), choose K ~ (log1)? so that P(||lug(w)|ss > K) < ie. In the following, we
assume |[ugl|grs < K. Now, fix § ~ N4~ K4~

Before proceeding further, we present an important proposition whose proof is given in
the remaining sections of the paper.

Proposition 3.2. Let s = o — 3— with o € (2,3]. Given T > 0 and K > 0, there exists

82
N sufficiently large with § ~ N*~ K4~ such that the following holds. Suppose that
7 —s
such that 5%7Huj(t)||2 ) <1 (see (3.2)) for j=1,---,[%]. Write the solution v’

Z%2((j-1)6,55) ~
of the following difference equation:

{i@tvj — %07 £ (N (u? +v7) = N(w!)) =0

gn(w)ei(j—l)énQ

(3.4) ;
V=15 = ¥j=1 = Xjpjon " g€

inT
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asvI(t) = S(t—(j —1)0)vj—1 +wI(t). Then, (3.4) is locally well-posed on the time interval

[(7 —1)0, 0] except on a set of measure e~ for each j =1,--- ,[%] Moreover, we have
the following bound on the nonlinear terms:

[T/
(35) S w9z S N,

j=1

Now, we continue the proof of Proposition 3.1. Our choice of § guarantees that (1.7)
is well-posed on [0, ] with the bound (1.8). Then, by Proposition 3.2, (1.9) is well-posed

on [0, 0] except on a set of measure e~ with the bound (1.12), which in turn shows that
(1.10) is well-posed on [, 20] with the bound (1.11).

Write the solution v? of (1.13) as v2(t) = S(t — §)y1 + w?(¢). It follows from (1.11)
and Proposition 3.2 that (1.13) is well-posed on the time interval [0,2J] except on a set of

_L
measure e~ s¢. Moreover, we have
2

(36) Sl ()2 S NTK,
j=1

At time t = 20, write u(28) = ¢2 + 2, where ¢o := u?(26) +w?(26) and Vg := S(0))y =
S(20)1pg. Then, (3.6) guarantees that the solution u? to
0 — 92 J) =
(3.7) zatu Oou! £ N(u?) =0
W (j—1)s = -1

with j = 3 satisfies

2
< llgollzz + 3w (59)l2 S N7°K.
j=1

3
(38) 190 03

Clearly, we can iterate this argument to show that (1.3) is well-posed on [0, 7], assuming
(3.5). Lastly, note that the measure of the exceptional sets can be estimated by

T 1+ opro1 11 1
[S}e e <e 5 ¢ <e 26¢<§s

for sufficiently small § > 0, i.e. for sufficiently large N = N(T',¢). This completes the proof
of Proposition 3.1. g
4. BAsIC SETUP

In the remaining sections of the paper, we prove Proposition 3.2. In the following, fix
T>0and K >0, andlets:a—%— and

(4.1) §~ N¥~ K4~

where N = N(T, K) to be determined later.
First, consider the following difference equation:

10w — 020 + (N (u® +v) = N(u?)) =0
U|t:0 _ w _ z‘nb]\[ clnf‘nn(r;) einx
where |c,| = 1 for all n € Z and u° is a given function such that

(4.3) |u®(t) <CN°K

(4.2)

||Zo,%,a
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satisfying (3.2). Let w denote the nonlinear part of the solution v of (4.2). i.e. it is given
by

t
(4.4) w(t) :== w(t;v, ¥, u’) = :I:i/ St —t) (N’ +v) = N (@) (#)dt
0
for t € [0,9]. From the linear estimate [2], [14], we have
(4.5) lho(@)llze S llns(Owll o35 S 87NN (U +0) = N (@] Lo -3 5
where 7, is a smooth cutoff on [—24,26]. Suppose that we have
(4.6) IV (1 +0) = N(W)]] oy 5 S NPT

for some small v > 0 except on a set of measure e, Then, it follows that the mapping

I" defined by
(4.7) Tw(t) := S(t)y + w(t;v, ¥, u°)

is a contraction on S(t)y¥* + B on the time interval [0, ] except on a set of measure 6_5%,

where B denotes the ball of radius ~ N3~ in 2039 Moreover, from (4.5) and (4.6), we
have

T
(4.8) gHw(5)H 2 STSIN3Y STKY NN S NT°K

for sufficiently large N = N (T, K'). Note that (4.5) and (4.6) imply only the boundedness
of the map I' from S(t)y* + B into itself. In establishing the contraction property, one
needs to consider I'v; — I'vy for vy, ve € S(t)yY* + B. We omit the details of this part since
the argument is standard. For details, see [2], [5].

Finally, note that the bound (3.3) on «’ is uniform in j in Proposition 3.2. Hence, the
above LWP result can be applied to (3.4) on [(j — 1)d, 6] for j = 1,-- ,[£], and moreover

3.5) follows from (4.8). Therefore, it remains to prove (4.6) for a € (2, 21] (and for large
872
N.)

By letting

(4.9) {/\/1 (ur, ug, uz) () = 30,20y g U1 (1)U (n2)z(ng)elm—n2tns)e

Na(ur,ug, uz)(z) = 2, w1 (n)uz(n)uz(n)e™™,

we have NV(u) = ulul? — 2u { |u?dz = N7 (u, u,u) — No(u,u,u). Then, (4.6) follows, once
we prove

(410) H'/\/’j(ul)u%u?)) S Ngs_’y_’ j = 1’2)

HZO*’%"; ~

_1 .
except on a set of measure e” 3¢, where u; is either of type

(I) random, less regular:

ujet) = S = 3 f"fﬁfﬁi e with Jo,| = 1, or
[n|>N

(IT) deterministic, smoother:

(4.11) uj = w with Hw|]207%’5 < N3, or u° with HUOHZO,%,(S < N7°K satistying (3.2),

~
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except for the case u; = u? for all j = 1,2,3. We may insert the smooth cutoff function s
supported on [—24, 20] if necessary.

Note that «° has a larger norm than w since s < 0. Thus, we assume that u; = ul if Uj
is of type (II), unless u; is of type (II) for all j = 1,2,3. In the latter case, we may assume
that two of u;’s are u? and the remaining uj is w, and it suffices to prove
(412) NG (0, )y s S NP, =12,
in view of (3.1) and (3.2). In the following sections, we prove (4.10) by separately estimating
the contributions from A; and Ns.

5. DETERMINISTIC AND PROBABILISTIC LEMMATA

In this section, we state several useful lemmata. See [13] for the proofs. First, recall the
following algebraic identity related to the cubic NLS:

(5.1) n? — (n? —n3 +n3) = 2(ng — n1)(ng — n3)

for n = n1 — ng + ng. Let N' N2 N3 be the decreasing ordering of Ny, Ny, N3, where
|nj| ~ Nj, and let n/ denote the corresponding frequency.

Lemma 5.1. Let

S, = {(n1,n2,n3) € 73 |nj| ~ Nj,na # ni,ng, and 2(ny —n1)(ne —ng) = p}.
Then, we have
(5.2) #S, S (ND) N2,

Next, recall that by restricting the Bourgain spaces onto a small time interval [, d], we
can gain a small power of § (at a slight loss of regularity on (7 — n?).)

Lemma 5.2. Forb < %, we have

1 g
(5:3) lullxons = lIngull xsms S 627 ull o g5

Recall that the proof basically follows from

N =1 a=1
(5.4) 175/l ~ 0 @ lnllpe ~ 0,
where 7, (7) = 07(07), and interpolation. Lastly, we present several probabilistic lemmata
related to the Gaussians.
Lemma 5.3. Let ¢, > 0. Then, for § > 0, we have

_B

(5.5) |gn(w)| < €672 (n)*
for alln € Z for w outside an exceptional set of measure < e

Lemma 5.4. Let f¥(z,t) =) cngn(w)ei("“”Qt), where {gn} is a family of complex valued
standard i.i.d. Gaussian random variables. Then, for p > 2, there exists §, dg > 0 such
that

_ L

P/l e (rxisep > Clicnlliz) < €75
for 6 < dg.
Note that we have §y ~ e PP from the proof of this lemma in [13].

In Section 8, we also use the hypercontractivity properties related to the Gaussians. See
Sections 3 and 4 in Tzvetkov [23].
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6. ESTIMATE ON N>

In this section, we prove the estimate (4.10) for Na(u1, ug2, u3) defined in (4.9). By Holder
inequality with p large (% = ﬁ + %), we have
1

(7 —n2)2~

N2 (1, uz, us)|

/ u1(n, 71)u2(n, 2)uz(n, 73)drdm

T=T1—T2+7T3

1
ZO,—§,5 ~ ’ )
L’VL,T

By Holder inequality with p large (5 = ﬁ + %),

(6.1) < sup (7 —n2) 2|21
n

/ al(n, 7'1)@2(7’&,72>a3(n77'3)d7'1d7'2‘

T=T1—T2+7T3

L2172
In the following, we omit details if the computation is basically the same as in Sections 5
of [13].

e Case (a): u; of type (II), j=1,---,3.
In this case, we prove (4.12). By Young and Hoélder inequalities in 7, followed by Holder
inn, L2 C L%, and Lemma 5.2, we have

1, _
6.1) < TTlr = 28500, ) zgze < 616012, 4 Sl 0
11

<

%—N&S—’Y 5 N3s—'y

N
>,

for s <0.
e Case (b): uj of type (I), j =1,---,3.
By Lemma 5.3, we have |g,(w)| < co3 (n)¢ for w outside an exceptional set of measure
<ewe. Then, by Young’s inequality,
_ _ _33_ _
(61) £ 8 m)*lgn@)Pll iz, S5 I 0) e
< 51—%B—N—30¢+%+32 < N3s—2a4 pr—d— < p3s—y—
for oo > %’y > 0.
e Case (c): Exactly two u;’s of type (I). Say u(I), ua(I), and us(II).
By Young’s inequality and Lemmata 5.2 and 5.3, we have
(6.1) S 3% sup (m) " gu[*) [u0(n, 7
In|>N
< N3sf2a+K737 < N33777

P e Y

for a > %7 > 0 outside an exceptional set of measure < e,
e Case (d): Exactly one u; of type (I). Say ui(I), ua(Il), and ug(II).

By Young’s inequality, followed by Holder inequality in n (% = i—l—i) and in 7 (% = %—F
and Lemmata 5.2 and 5.3, we have

(6.1) £ 63~ ( sup (m)lgn)||[[un, 7| 4
[n|>N Lz

18 -1 ity0
272N sup (7 — ) T[4l = n?) a0 (n, )| 12
n

=
S~—

L3

N
>,

<OV ETN T (r — n2) 3T (n,7) |2 S NPTOHE T2 S NS
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. . _1
for w outside an exceptional set of measure < e” 3¢ as long as a > i + %’y > i.

7. ESTIMATE ON N7: BASIC SETUP

In the next two sections, we prove the main part of the estimate (4.10):
(7.1) |]N1(u1,u2,u3) < N3sTY-

||Z0,—%,5 ~
for some small v > 0, where

Ni(ut,ug,ug) = > Gr(na, t)ia(ng, t)tis(ng, t)e'm 2 tns)e
n2#n1,n3
with u; of type (I) or (II). Once again, we omit details in the following when the computation
basically follows from Sections 6 and 7 of [13].

As in [5] and [13], let N', N2, N3 be the decreasing ordering of Ny, N2, N3 and u!,u?, u?
be the corresponding u;-factors. Also, let ol, 02, 0% denote the corresponding oj = <Tj—n?>.
In the following, we use superscripts to imply that the functions (or variables) are arranged
in the decreasing order of the spatial frequencies Ny, No, N3.

In the remaining of this section, we consider the basic cases. Recall Bourgain’s periodic
L* Strichartz [2]:

(7.2) lullzs, S lull o
Interpolating this with [ul|z2 = [lu[|x0.0, we have

z,
(7.3) lull y < lull yo.q5 and [full 2+ S fluflxoo+

By Holder inequality, we have le”ZO’_l’T s ||w1||XO,_%+,T. Then, using duality, we can
estimate (7.1) by

2

(7.4) /u1u2u3 v dxdt
where ||UHX07 3—r <1 (with the complex conjugate on an appropriate ul.)

e Case (A): u! and u? are of type (II).
Suppose that u3 is of type (II). In this case, we prove (4.12) instead of (7.1). By Hélder
inequality, (7.2), Lemma 5.2, and (4.11), we have

1_ _
(7.4) < Junllza s usllza lollgs, < 65 1), 3 llwll og.s S NS

If u3 is of type (I) i.e. u® = S(t)v, then apply dyadic decompositions on N2 and N3.
Then, by Hoélder inequality with p large, (7.3), and Lemmata 5.4 and 5.2, we have

1_
(7.4) < Jutllzas [wll o o vl ov S (N?)27 ]

072114,_75 ”UHZO,%-&-,J

1 1 1
outside an exceptional set of measure < e~ 5. If (7; —n2)a~ 2 (N®)2 T N=35T7F¢ for v

of type (II), or if (r — n2)i~ > (N3)2 T N=35+7+¢ then it follows from (4.1), (4.11), and
Lemma 5.2 that
(74) 5 5%—N—25K2N3s—7—€ § N3s—'y—

for N sufficiently large. Recall N3 > N, s = o — %—, and v = 0+. Hence, in the following,
we may assume

(7.5) (1 —n?) < (N?)87162F " and (1; — n?) < (N3)B109t if oy of type (IT).
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e Case (B): u' of type (I), and u? of type (I).

Dyadically decompose the spatial frequencies for N? and N3.
o Subcase (B.1): u? is of type (II). By Hélder inequality with p large, (7.3), and Lemma
5.4, we have

S o]

1
X0’7xf+’5

1_
(7.4) < llutllgas (| ol [ o+ lollas S (N2 2™l 44

1

1
outside an exceptional set of size < e~ & . If (1; — nzﬁ_ 2> (N2 @t N =357+ for u; of

j
type (I), or if ( —n2)1~ > (N2)2~*F N=35+7+ then (7.1) follows as in Case (A). Hence,
in the following, we may assume

(7.6) (1 —n?) < (N?)8 162 and (r; — n?) < (N?%)816at if 4 of type (II).

o Subcase (B.2): u? is of type (I). Again, by Hélder inequality with p large, (7.3), and
Lemma 5.4, we have

(7.4) < Jlut | o lu?l| 2o l|u’ | o llvll 2+ S (NP 720 0 xo0es][v]l xo.00.5.

~

outside an exceptional set of measure < e~3°. If (O‘l)%_ > (N%H)1=204 N=2547F or if (7 —
n2>%_ > (N?)1=2a+ N=25t7+ then (7.1) follows from (4.1), (4.11), and Lemma 5.2 for N
sufficiently large. Hence, in the following, we can assume

(7.7) (r—n?) < (N?)*73F and (r; — n3) < (N?)*75F if u; of type (II).

e Case (C): u' of type (I), and u?, u? of type (I).
Dyadically decompose all the spatial frequencies. Suppose (1 —n?) > o2, 03. By Hélder
inequality with p large, Lemmata 5.4 and 5.2, and (4.11), we have

1
(7.4) < e lw? [l all?llpallvll ze S (NP2l 5 s vl xoors
<617 (NY2 P N2 K2y yo.0+
outside an exceptional set of measure < e Hence, as before, (7.1) follows for large N

as long as (1 — n2>%_ > (Nl)%_o‘+N*4s+7+. Similar results hold if o2 > o3, (r — n?) or
0% > 0% (r —n?). Hence, we assume

(7.8) (r—n?) < (NY?1%% “and (r; — n?) < (N1)P71997F if u; of type (D).

e Case (D): u! of type (I), and either «?(1), u3(I) or w?(I), u3(1).
Suppose that u? is of type (1) and that u? is of type (II). Moreover, suppose (1—n?) > 3.
By Hélder inequality with p large, Lemmata 5.4 and 5.2, and (4.11), we have
(7.4) < [lutflpelw®(|zollu® || 2+ [0l 2 S (ND2F 0| xo.04 0| x0.0

<627 (N2 N K [u]| o0

outside an exceptional set of measure < e Hence, (7.1) follows as long as (1 —n?)2~ >
(N1)1=2at N=25%7F Similar results hold if 0® > (7 —n?2), (or u? is of type (II) and u? is of

type (I).) Hence, we assume

(7.9) (r —n?) < (NY78F and (1 — n?) < (NYA89Fif 45 of type (IT).

N
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Summary: Given a function v(z,t), we can write v as

(7.10) v(x,t) = /<)\>—§ <Z<)‘>W(n7”2 4 )\)’2)%{€i)\t Za)\(n)ei(nx+n2t)}d)\

n

where ay(n) = GARe) . Note that Y, lax(n)[* = 1. For [0l 0,3 < €, we have

(3, [30mm2+)[2)2
1
(7.11) / N3 (S Ia0n? + NP £ Cllog K)
A|<K n
by Hoélder inequality. See [5, (22) and (23)]. Note that (7.10) is a standard representation
for functions in X*? for b > 1. e.g. Klainerman-Selberg [15]. We have a logarithmic loss
in (7.10) since b = 3 in our case.

D=

Now, consider (7.1) on a small time interval [—§, ¢]. First, replace /\//\1 with 7, */\/71 Then,
by Holder and Young’s inequalities, we have, for each n € Z,

1 = _1 N — 1 =
I(m =072 g, « NMi(n, )z < 10— n®) 72| 2 71| 2= N1 (0, )l 22 S 627 IV, )l 2
Then, letting * = {(n1,n2,n3) € Z> : n = ny —ng+ng, na # n1,n3} and *x = {(11, 72, 73) €

R3:7 =1 — 1+ 73}, we have

LHS of (7.1) < 527 || V1| xe0s < 02~

3
ZH/ Haj(nj,Tj)dTldTQHLZ
« G

TL%

gn; (w)do(r;—n3)

where @;(nj,7j) = e or

uj(ng, 7;) = / (M) 2ei(A)an, (n)do(rj — g — Aj)dA;
{InjI<K}

with 37, (n;)*[ay; (n;)* < 1 and ¢;();) = (an<)\j>|@(na‘an§ + Ag‘)|2)§7 where dy is
the Dirac delta function supported at 0. Therefore, we can reduce the estimate into the
following two cases.
e u!l is of type (II): By (7.10) and (7.11), we can bound (7.1) as follows:
1
- 2\ 2
(7.12) (7.1) £ 82~ M(N, NZ,N?’)(Z‘ > al(”l)“?(n2)a3(n3)‘ > :
n n=ni—nz2+ns

na#ni,ng

2,2 2, 2
ne=ni—ns+nz+u

where 37, Ja! (n)[? < 1, a3(n) = {25, a*(n) = 2290k or Cpyjona la*(n)? < 1, and
Case (A): M(N, NQ,N?’) - (N3)0+N—2s and |p| < (N3)8—16a+
Subcase (B.1): M(N,N?,N3) = (N?)* N=2% and |u| <« (N?)316a+
Subcase (B.2): M(N,N? N3) = (N?)* N~ and |u| < (N?)*8+,

Note that we did not apply dyadic decomposition on N1.

e u! is of type (I): By (7.10) and (7.11), we can bound (7.1) as follows:

SIS

@3 @nssEeum( X[ Y et

In|<N1 n=ni—ng+ng
na#ni,ng

22 o2 2
n=ni—ns+nz+un
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i (@) ; .
where a'(n) = 1+|n1\a’ al(n) = % OF D\ N la?(n)|> < 1 for j = 2,3, and
Case (C): M(N) = N72% and |u| < (N1)>~10a+
Case (D): M(N)=N—* and |u| < (N1)4=8a+
All type (I):  M(N)=1 and |p| < (N1)2.

Note that all the spatial frequencies are dyadically decomposed.

By symmetry between u; and us, we assume |ni| ~ N or |ns]

Moreover, in Subcase (B.2) and Case (D), we may assume that |n|

have |na| > 10(|n1| + |n3|). Then, |u| ~ |(ng — n1)(ng — n3)| ~ |ne
these two cases, we have |u| < (N7)4782F <« (N1)? as long as a >
contradiction.

Lastly, we list all the different cases following [5] and [13]. We
details in the next section.
® 71 :Nl‘
Case (a): n; = NY(IM), ng = N2(I), ng = N3(W) or ny = N3(I
Case (b): ny = NY(II), ny = N3(I), n3g = N%(1)
Case (c): n1 = NY(I), ng = N2(I), ng = N3(I0).
Case (d): ny = NY(1), ng = N3(W), ng = N2(I0).
Case (e): ny = NY(IT), no = N%(1), n3 = N3(1).
Case (f): ny = NY(IT), ng = N3(1), n3g = N%(1).
Case (g): n1 = NY(1), ng = N%(1), n3g = N3(II).
Case (h): n; = NY(1), ng = N3(1), n3g = N2(II).
Case (i): ny; = NY(1), ng = N2(II), n3 = N3(1).
Case (j): n1 = NY(1), ng = N3(II), n3 = N2(1).
Case (k): All type (I).
e ny = N1:
Case (a’): ng = NY(II), ny = N?(1), ng = N3(II) 3
Case (b"): ng = NY(IT), ny = N3(II), n3 = N2(1) or ny = N2(Il), ng
Case (¢'): ng = NY(1), ny = N%(II), ng = N3(II).
Case (d'): ng = N(I), ny = N3(Il), ng = N2(I).
Case (k’): All type (I).

8. ESTIMATE ON MNi:

For notational simplicity, we use |n|® for 1+ |n|*. We may drop
on ue when it plays no significant role. Now, let

~ N in the following.
If not, say, we
)2 by (5.1). In

%. i.e. we would have a

~ NL.
~ (Nl

| 2

consider these cases in

)7 n3 = NQ(H)'

or ng = N2(II), ng = N3(1).

ALL DIFFERENT CASES

the complex conjugate

An:{(nth,ng)€Z3:n:n1—n2+n3,|nj|w ]73223

ng # ni,ng, and n? = nl
and B, = A, N{|n1| ~ N1}. Also, recall
(8.1)

§ ~ N¥~ K4~ from (4.1), s =

1
06—5—,

n2+n3+,u}

p=2(n2 —n1)(nz2 —n3) = 2(n —n1)(n — n3),

and N; > N if u; is of type (I).
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e Cases (k), (k’): u1,ug,us of type (I). In this case, we have

1_ 9n 9ns  9n
(8.2) (7.13) < 62 < Z ’ Z ’nl‘la ’n;a \ngT

[n| SN

Q

[\
\_/
NI

First, we consider the contribution from n; # ns. Let

F (w) o g”l (w) %(w) gns (w)
S i@ |ng|®  |ng|®’

where C,, = B,N{n1 # ns}. Then, by hypercontractivity property related to the product of
Gaussians (cf. [23, Propositions 3.1 and 3.3]), we have || F,[|zr(q) < ps | Fnll 2 (q) for all p >
2

2

2. Hence, it follows from Lemma 4.5 in [23] that P(|F,(w)| > \) < exp(—{/||F, ||L2§(Q 3).
By choosing A = 5_%C(N1)%EHFnHL2(Q) with € = 04, we have

c/(Nl)s

_3, 3 _
(83) P(|Fp(w)] = 072N 2% Pl o) < e o

In this case, we have N1, No, N3 > N. Then, by Lemma 5.1, we have

i (X% )
’ 1‘2a‘n2|2a|n3’2a

In|<N1 Cn,

RHS of (8.2) <52~

3
c—(Nl)—a-i—%e-l—(NQ)—a(N?))—a—i-% 5 N25—3a+%+ < N3s—7— HN]O,
j=1

for o > i + i*y > i and sufficiently large N outside an exceptional set of measure

1

N G < N1 T < (V)0 VD I BV (N1Y0- o

Note that in this case we need to make sure that the measures of these exceptional sets
corresponding to different dyadic blocks are indeed summable and bounded by e~ . We
may not be explicit about this point in other cases. e.g. Cases (A)—(D) in Section 7. We do
not encounter this issue in using Lemma 5.3 since it gives one exceptional set of measure

< e~ for all the frequencies.

Now, consider the contribution from n; = ns. It follows from (8.1) that there is
at most one choice of (n1,n2,n3) for each fixed n. Thus, >, <y ‘ZBn,m:ns 1‘2 =
E‘n|<N1 ZBn,m:na 1. Hence, by Lemmata 5.1 and 5.3, we have

3

RHS of (82) 5} (5%7557(]\7 )0+N 2o¢+28N OH-E(N3 % <N 3s5—vy— HNO—

1
for a > % + %’y > i and sufficiently large N outside an exceptional set of measure < e™5°.

e Case (a) : (Cases (b), (a’), and (b’) can be treated in a similar way by replacing ng with
ns, ng with ny, and (ny,n2,n3) with (ng, n3, n1), respectively.)
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In this case, we have p = 2(na — n1)(n2 — n3z) = o((N2)¥1%F). This implies that
Inl, |n1], Ing] < NJ for some g > 0 since ng # ny,n3. Now, let

Gn(w) = Z al(nl)%(w) as(ns),
An

|na|™

Note that the above sum is over a finite set. Letting A, = Ujp,|n, Anm, (6. a disjoint
union over distinct ngy), write

Grn(w) :ch,m%, where ¢y, = Z |na|~“a1(nq)as(ns).

n2 An,ng

Then, by hypercontractivity of the Gaussians, we have |Gy ||rr(q) < p%HGn”LQ(Q) for all
p > 2. Hence, by Lemma 4.5 in [23], we have P(|Gp(w)| > A) < exp(—c’||Gn||Z§(Q)>\2). By

choosing A = 5_%C(N2)E||Gn||L2(Q) with € = 04, we have

C/(N2>25

1
(8.4) P(|Gn(w)] > 6 29 (N?)°(|Gul o)) S e &
Note that (N?)* < N. By Holder inequality (note that #A, ,, = O(NST)), we have

1
(7.12) £ 655 Ny N2 (305 Jas (1) Plas (ns) )
n A,

< 5%_%_N2_a+q6+N_25 < NBS—V—NS—N:?—
for a > % + %7 > % and sufficiently large N outside an exceptional set of measure <
c/(N2 2e .
Nje~ s . Note that the factor NJ appears since we need to sum up the measures of

the exceptional sets for each n.

e Case (c) : (Cases (d), (¢’), and (d’) are basically the same.)
By Lemma 5.3 and Hélder inequality on ng in the inner sum,

(7.13)55%*§*N;Q+S+N*28( > Zlaz(nz)lz)é

In|SNT Bn

outside an exceptional set of measure < e~ 5. For fixed na, it follows from (the proof of)
Lemma 5.1 that there are at most Ni” terms in the sum. Hence, we have
3
— n—otet pr—2 35—y— 0—
Nyotet N2 S N3 T NS
j=1

(7.13) < 6273

for a > % + i’y > % and sufficiently large N.

e Case (e) : (Case (f) is basically the same.)
In this case, we have Ny~ 5% > |u| = |2(ng —n1)(ng —n3)|. This implies that |nq|, |n| <
N for some g > 0. Now, let

Fuw) =" a1<n1)9|72(|°”>9n3 ()
An

9 a |n3’o¢ ’

By the observation above, this is a finite sum. Then, by hypercontractivity prop-
erty related to the product of two independent Gaussians (recall ny # ng), we have
[ Fnllzr) < pllFnllr2) for all p > 2. Hence, it follows from Lemma 4.5 in [23] that
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P(|Fp(w)| > A) < exp(—c’||FnH221(Q))\). By choosing A = §7N5 || Fy || 2 () with &€ = 0+, we
have

/NS
P(|Fo(w)| > 67 °N5||Fullp2(0)) < e o .
It follows from the proof of Lemma 5.1 and |nq| < NJ that, for fixed nq, there are at most
O(NJT) many choices for ny and nz. Thus, we have

1

(7.02) £ 637N, NN (3D D fa(m)?)
n|<Ng An

1 c— pr—atet ar—at ar—s 35—y— 70— p70—
< 62707 Ny ot Ny ot NS < N3 N9 NS

for o > i + i’y > % and sufficiently large N outside an exceptional set of measure

' N§ % 1
< Nge——“éf < N9t Ns—(ah)los(N2) o NO-—¢™ 57

e Case (g) : (Case (h) is basically the same.)
Let Fy(w) == > p In () T () asz(ng). As in Case (e), we use the hypercontractivity

1] [n2f®
property related to the product of two independent Gaussians (recall n; # ny.) Then, we
have

! NE
¢ Ny

P([Fn(w)] = 67Ny [ FnllL2(e)) < €75

By summing over n; for fixed ng and then over ns, it follows from (the proof of) Lemma
5.1 that

1
(7.13) S 0~ NT NN T (3D Y Jas(ng) )
In|<N1 Bn

3
1 n—atet y—an— 3s—y— 0—
552 c Nla € N2aN S§NS ~ HNj
j=1
for >1 i + %’y > % and sufficiently large N outside an exceptional set of measure <
N{)_e_TC.
e Cases (i), (j) : The contribution for n; # ns in Case (i) (and in Case (j)) can be
estimated as in Case (h) (and as in Case (g), respectively) using the hypercontractivity.
Now, assume n; = ns. It follows from (8.1) that there are at most two choices of (n1, ng, n3)

2
for each fixed n. Thus, Z\n\SNl | > By ni=ns |a2(n2)H ~ Z\n\SM > By m=ns laa(n2)|?. By
Lemma 5.3 and by summing over ng, we have

(713) Sé%—C—Nf2a+2E+N—S( Z Z |CL2(7’I,2)|2)%

[n|SN1 Bn
ni=ns

3
1 _c— nr—2a42e+ p7—s 35—y— 0—
SO02TNY N7 <N H N;
Jj=1
1
for ao > % + %7 > % and sufficiently large N outside an exceptional set of measure < e™ 3.
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