PERIODIC STOCHASTIC KORTEWEG-DE VRIES EQUATION WITH
THE ADDITIVE SPACE-TIME WHITE NOISE

TADAHIRO OH

ABSTRACT. We prove the local well-posedness of the periodic stochastic Korteweg-de Vries
equation with the additive space-time white noise. In order to treat low regularity of the
white noise in space, we consider the Cauchy problem in the Besov-type space 3‘;,00(11’) for
s = —%—!—, p = 2+ such that sp < —1. In establishing the local well-posedness, we use a
variant of the Bourgain space adapted to gf;’oc(']l‘) and establish a nonlinear estimate on
the second iteration on the integral formulation. The deterministic part of the nonlinear
estimate also yields the local well-posedness of the deterministic KAV in M (T), the space
of finite Borel measures on T.
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1. INTRODUCTION

In this paper, we prove the local well-posedness of the periodic stochastic KdV equation
(SKdV) with the additive space-time white noise:

du + (03u + udyu)dt = dW
M) {u(w, 0) = up(x)

where u is a real-valued function, (z,t) € T x Rt with T = [0,27), and W (¢t) = %—f is a
cylindrical Wiener process on L%(T). With e,(x) = \/%emm, we have W (t) = Bo(t)eo +
don £0 %ﬁn(t)en(x) where {8, }n>0 is a family of mutually independent complex-valued
Brownian motions (here we take (3y to be real-valued) in a fixed probability space (€2, F, P)
associated with a filtration {F;}¢>0 and B_,,(t) = B,(t) for n > 1. Note that Var(3,(1)) = 2
forn>1.

In [8], de Bouard-Debussche-Tsutsumi considered

{du + (03U + udyu)dt = pdW

@) u(x,0) = ug(z),
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where ¢ is a bounded linear operator in L?(T). They showed that (2) is locally well-posed
when ¢ is a Hilbert-Schmidt operator from L*(T) to H*(T) for s > —1. See [8] and the
references therein for the previous works in the periodic and nonperiodic settings.

In our present work, we consider the case when ¢ is the identity operator on L?(T). i.e.
we take the additive noise to be the space-time white noise gj—aB, where B(x,t) is a two

parameter Brownian motion on T x RT. Note that ¢ is a Hilbert-Schmidt operator from
L?(T) to H*(T) for s < —3 but not for s > —1.

Suppose that u is the solution to (1), or equivalently to (2) with ¢ = Id, the identity
operator on L(T). Let vy (z,t) = u(x + apt,t) — ap, where ag = the mean of ug. Then, vy
satisfies (1) with the mean 0 initial condition ug — ay. Now, let Py be the projection onto
the spatial frequency 0, and P, = Id — Py. Note that PoW (t) = Bo(t)eo(x) = \/%ﬂo(t).

By letting vo = vy — \/%ﬂo (t), we see that u satisfies (1) if and only if ve satisfies

dvy + (82112 + (vo + \/%,Bo(t))axvg)dt = Pp2odW
v2(,0) = uo(x) — ag

almost surely since (§y(0) = 0 a.s. By setting vs(z,t) = vo(x + ¢, (t),t) with ¢, (t) =
f(f \/%7 Bo(t")dt', it follows that vs satisfies

dvs + (033 + v30,v3)dt = AW
v3(2,0) = uo(z) — ao,

where W (z,t) = 2 n£0 %ﬂn(t)en(x +cu(t) = 2z %ﬂn(t)em%(t)en(x). i.e. vz solves
(2) where

(3) ¢ = diag(dn;n £ 0) with ¢, (£) = ™" and ¢, (t) = /t ﬁﬂo(t/)dt’
0

(with respect to the basis {e;, }nez.) Moreover, note that vs has the spatial mean 0 (as long
as it exists) since eg ¢ Range(¢). Therefore, in the remaining of the paper, we concentrate
on studying the local well-posedness of (2) with ¢ given by (3) and the mean 0 initial
condition ug, (which implies that u has the spatial mean 0 as long as it exists.)

Recall that w is called a (local-in-time) mild solution to (2) if u satisfies
¢ t
(@) u(t) = S(tyuo — 1 / St — ¢)0uu2(F )t + / S(t— ¢)(t"dW (1)
0 0

at least for t € [0, 7] for some T > 0, where S(t) = e~ 1%
Note that the first two terms in (4) also appear in the deterministic KdV theory. Thus,
we briefly review recent well-posedness results of the periodic (deterministic) KdV:

(5)

{ut—i-uxm—kuux =0 (2.£) €T x R.

u‘t:() = Yo,

In [1], Bourgain introduced a new weighted space-time Sobolev space X whose norm is
given by

(6) HUHXSJ’(TXR) = [[(n)*(T — n3>ba(n77—>”L%7T(ZxR)a
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where () =1+ |-|. He proved the local well-posedness of (5) in L?(T) via the fixed point
argument, immediately yielding the global well-posedness in L?(T) thanks to the conser-
vation of the L? norm. Kenig-Ponce-Vega [11] improved Bourgain’s result and established

the local well-posedness in H -3 (T) by establishing the bilinear estimate
(7) 10z (uv) S ull

for s > —% under the mean 0 assumption on v and v. Colliander-Keel-Staffilani-Takaoka-
Tao [5] proved the corresponding global well-posedness result via the I-method.

There are also results on (5) which exploit its complete integrability. In [2], Bourgain
proved the global well-posedness of (5) in the class M(T) of measures u, assuming that its
total variation ||u|| is sufficiently small. His proof is based on the trilinear estimate on the
second iteration of the integral formulation of (5), assuming an a priori uniform bound on
the Fourier coefficients of the solution u of the form

(8) sup [u(n,t)| < C
ne”L

L ol
X‘5’7§ X‘S’j X'S’j,

for all ¢ € R. Then, he established (8) using the complete integrability. More recently,
Kappeler-Topalov [9] proved the global well-posedness of the KAV in H~!(T) via the inverse
spectral method.

There are also results on the necessary conditions on the regularity with respect to
smoothness or uniform continuity of the solution map : ug € H*(T) — wu(t) € H5(T).
Bourgain [2] showed that if the solution map is C3, then s > —1. Christ-Colliander-Tao
[4] proved that if the solution map is uniformly continuous, then s > —1. (Also, see
Kenig-Ponce-Vega [12].) These results, in particular, imply that we can not hope to have a

local-in-time solution of KdV via the fixed point argument in H?, s < —%. Recall that, for

each fixed ¢, the space-time white noise gj—aB lies in N 1 Hs\ H -3 almost surely. Hence,
T 2

these results for KdV can not be applied to study the local well-posedness of (1).

Now, let us discuss the spaces which capture the regularities of the spatial and space-
time white noise. Recently, we proved the invariance of the (spatial) white noise for the
(deterministic) KdV in [13] (also see [14]) by first establishing the local well-posedness in
an appropriate Banach space containing the support of the (spatial) white noise. Define
the Besov-type space via the norm

1
~ ~

O Il =1y =sw e Ty =sw (3 I fmr)”.

In|~27 .
J N

In [13], using the theory of abstract Wiener spaces, we showed that gf;’oo contains the

full support of the (spatial) white noise for sp < —1. (The statement also holds true for

sp=—1.)
Let’s consider the stochastic convolution ®(t) given by

(10) @@zlsw4wwwww

where ¢ is given by (3). Define a variant of the X*° space adjusted to /b\;oo(']l‘). Let X;jg
be the completion of the Schwartz class S(T x R) under the norm

(11) lull o = 100)* G = %)%, ) 2
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Note that X;jg defined in (11) is the space of functions u such that S(—t)u(-,t) €
(bf)’oo)x(}'Lb’q)t, where FL" is defined via the norm

(12) 11720 = 1) F ()| s

In [13], we also showed that the local-in-time white noise is supported on FL%? for cq < —1.
This implies that the Brownian motion belongs locally in time to FL»4 for (b — 1)q < —1.
Hence, with b < § and ¢ = 2, we see that the local-in-time stochastic convolution n(t)®(t)

lies in X;;g almost surely, with sp < —1, b < % and ¢ = 2, where 7(t) is a smooth cutoff
supported on [—1,2] with 7(¢) =1 on [0, 1].

The argument by de Bouard-Debussche-Tsutsumi [8] is based on the result by Roynette
[15] on the endpoint regularity of the Brownian motion. i.e. the Brownian motion ((t)

belongs to the Besov space B;/f if and only if ¢ = co (with 1 < p < c0.) Then, they proved
a variant of the bilinear estimate (7) by Kenig-Ponce-Vega adjusted to their Besov space
setting, establishing the local well-posedness via the fixed point theorem. Note that the
use of a variant of the bilinear estimate (7) required a slight regularization of the noise in
space via ¢ so that the smoothed noise has the spatial regularity s > —%. Thus, they could
not treat the space-time white noise, i.e. ¢ = Id.

Our result is based on two observations. The first one is that our I5-based function spaces
?)\;700 in (9) and XZ:Z in (11) capture the regularity of the spatial and space-time white noise
for sp < =1, b < % and ¢ = 2. The second is that we can indeed carry out Bourgain’s
argument in [2], a nonlinear estimate on the second iteration, without assuming the a priori
bound (8), if we take the initial data ug € BZ,OO for s > —% with p > 2. Then, we construct
a solution u as a strong limit of the smooth solutions u”¥ (with smooth u)) and ¢~) of
(2). Note that our nonlinear estimate on the second iteration in Section 5 depends on the
stochastic term, whereas the bilinear estimate in [8] is entirely deterministic.

Finally, we present our main results.

Theorem 1. Let ¢ be as in (3) and p = 2+. Then, let s = —3 + & with % <6< %.
i.e. sp < —1. Also, let ug be Fo-measurable such that it has mean 0 and belongs to
b;oo(’]l‘) almost surely. Then, there exists a stopping time T,, > 0 and a unique process

u € C([O,Tw];gzjoo(’ﬂ')) satisfying (2) on [0,T,] almost surely.
As a corollary, we obtain the following:

Theorem 2. The stochastic KdV (1) with the additive space-time white noise is locally
well-posed almost surely (with the prescribed mean on ug.)

Remark 1.1. Our argument provides an answer to the question posed by Bourgain in
[2, Remark on p.120], at least in the local-in-time setting. The deterministic part of the
nonlinear estimate in Section 5 can be used to establish the local well-posedness of (5) for a
finite Borel measure ug = p € M(T) with ||u|| < oo without the complete integrability or the
smallness assumption on p. Note that p € E:fwo for sp < —1 since sup,, |(n)| < ||u]] < oc.
Hence, it can be used to study the Cauchy problem on M (T) for non-integrable KdV-
variants. Also, see [14].

Remark 1.2. Let FL*P(T) be the space of functions on T defined via the norm || f||zrs» =

~

[(n)°f(n)|lLz. Recall from [13] that FL*P(T) contains the support of the (spatial) white
noise when sp < —1. Then, Theorems 1 and 2 can also be established in FL*P(T) for
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s = —%—k, p = 24 with sp < —1. The modification is straightforward once we note that
| fllzrs—er SISl for any € > 0, and thus we omit the details.
p,00

This paper is organized as follows: In Section 2, we introduce some notations. In Section
3, we introduce function spaces along with their embeddings and state deterministic linear
estimates from [1] and [13]. In Section 4, we study some basic properties of the stochastic
convolution. In Section 5, we prove Theorem 1 by establishing the nonlinear estimate on
the second iteration of the integral formulation (4).

Acknowledgments: The author would like to thank Prof. Jeremy Quastel and Prof.
Catherine Sulem for suggesting this problem.

2. NOTATION

In the periodic setting on T, the spatial Fourier domain is Z. Let dn be the normalized
counting measure on Z. We say f € LP(Z), 1 < p < o0, if

1l = ( /Z \f(n>|pdn>’lj - <217T S| f(n>|p)’1’ .

If p = oo, we have the obvious definition involving the supremum. We often drop 27 for
simplicity. If a function depends on both z and ¢, we use "= (and ") to denote the spatial
(and temporal) Fourier transform, respectively. However, when there is no confusion, we
simply use " to denote the spatial Fourier transform, the temporal Fourier transform, and
the space-time Fourier transform, depending on the context.

For a Banach space X C §'(TxR), we use X to denote the space of the Fourier transforms
of the functions in X, which is a Banach space with the norm ||f|| ¢ = |7, }f]lx, where
F~1 denotes the inverse Fourier transform (in n and 7.) Also, for a space Y of functions
on 7, we use Y to denote the space of the inverse Fourier transforms of the functions in Y
with the norm || f||g = [[F f|ly. Now, define b;, ,(T) by the norm

(13) ||f”€;,,q(1r) = Hﬂ‘b;yq(Z) = H||<n>5f(n)HLp Hlj = (Z( Z <n>sp‘f(n)’p>%>5

|n|~2J - )
Jj=0 |n|~2J

for ¢ < oo and by (9) when ¢ = oco.

Throughout the paper, n(t) denotes a smooth cutoff supported on [—1, 2] with n(¢) = 1 on
[0,1], and let n,.(t) = n(T~t). We use ¢, C to denote various constants, usually depending
only on s, p, and §. If a constant depends on other quantities, we make it explicit. We use
A < B to denote an estimate of the form A < C'B. Similarly, we use A ~ B to denote
A < Band B S Aanduse A < B when there is no general constant C' such that B < C'A.
We also use a+ (and a—) to denote a + ¢ (and a — ¢), respectively, for arbitrarily small
e L

3. FUNCTION SPACES AND BASIC EMBEDDINGS

First, let X" denote the usual periodic Bourgain space defined in (6). We often use the

shorthand notation | - |5, to denote the X*° norm. Now, define XS;Z, the Bourgain space
adapted to b ., to be the completion of the Schwartz functions on T x R with respect to

the norm given by

b b
(14) Al yse = [1{n)*(r = n®)°t(n, 7)llpg__pa = sup [[(n)*(r —n?)"4(n, L7
3 ’ j n|~
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In the following, we take p = 2+ and s = —1+ = —1 +§ with § < pZ;pz (and § > %) such
that sp < —1. Lastly, given T > 0, we define X327 as a restriction of X% on [0,T] by

lll sr = el ey = 0F {1l e+ To ) = )

We define the local-in-time versions of the other function spaces analogously.
Now, we discuss the basic embeddings. For p > 2, we have |lan| r» < |an|[z2. Thus, we
have || fll;. < [/fl|#s, and thus
p,o0

(15) leell oo < ull s

By Holder inequality, we have

1

10y s = (0@ lmy ™24 ) s )

J

_ _lisn
(16) <sup [[(n) | [[(n) "2 f ()l < (11
j Lp—2 Pp,00
for s = —% + 6 with § > %. Hence, for s = —% + § with 6 > %, we have
(17) lull 150 S IIUHX;:g-

Now, we briefly go over the linear estimates. Let S(t) = e~ 1% and T < 1 in the following.
We first present the homogeneous and nonhomogeneous linear estimates. See [1], [10], [13]
for details of the proofs.

Lemma 3.1. For any s € R and b < §, we have ||S(t)ug| yspr S T%_bHungs .
p,2 p,00

1

Lemma 3.2. For any s € R and b < 5, We have

H /Ot St —t"F(x,t"dt

coar 1Pl + WPl
P,

t Y N g4 < 1
Also, we have H Jo St —t")F(x,t')dt HX;:IQ),T S HFHXZ,’S_I forb> 3.

The next lemma is the periodic L* Strichartz estimate due to Bourgain [1].

Lemma 3.3. Let u be a function on T x R. Then, we have [lul[p1 < ||UHX0,§-

Lastly, recall that by restricting the Bourgain spaces onto a small time interval [0,7], we
can gain a small power of T'. See Colliander-Oh [6] for the proof.

Lemma 3.4. For0<V <b< %, we have

—_ /_
lull oo = Inpull ewr o S T Ml o

4. STOCHASTIC CONVOLUTION

In this section, we study basic properties of the stochastic convolution ®(¢) defined in
(10). In particular, we prove that n® belongs to X;:g’T and is continuous from [0, 7] into

/b\;oo for T' < 1 almost surely for sp < —1 and (b—1)-2 < —1, where 7(t) is a smooth cutoff
supported on [—1,2] with n(¢) =1 on [0, 1].
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Before stating the main results, we point out the following. Let ¢ be the identity operator
on L?(T) or be as in (3). Then, we know that such ¢ is Hilbert-Schmidt from L?(T) into
H*(T) if and only if s < —%. In other words, with a slight abuse of notation, define

(18) ¢ = Z pen = Z Pnen

nez neZ
in view of ¢ = diag(¢,;n # 0). Then, we have ¢ € H*(T) if and only if s < —%. Moreover,
we have |||l gsr2;msy = |9llms, where || - |[[gg(z2,s) denotes the Hilbert-Schmidt norm

from L%(T) to H*(T). For such ¢, we also have ¢ € 3;700('11‘) if and only if sp < —1, and we
can use ||¢[|;, to discuss the regularity of ¢ in place of the Hilbert-Schmidt norm. This
D, 00

is one of the reasons for using this space. (We need only sp < —1 for our purpose since the
nonlinear estimate in Section 5 holds for s = —% and p = 2+ with sp < —1.)

Proposition 4.1. Let 0 < T <1 and p = 2+. Moreover, let s = —§+5 and b = %—5 with
% <6< %. i.e. sp < —1 and (b—1)-2 < —1. Then, for the stochastic convolution
®(t) defined in (10) with ¢ as in (3), we have

(19) E[IMCPHX;,gﬂ < C(n,s,p) < 0

X, 2+51 —6,T

In particular, ® € almost surely.

Before going into the proof of Proposition 4.1, recall the following. Let (8 and (2 be
independent real-valued Brownian motions on (2, F, P), and f1(t,w) and f2(t,w) be real-
valued stochastic processes independent of 31 and (>. Then, we can regard §8; and f; as
Bj(t,w) = B;(t,w1) and f;(t,w) = f;(t,w2), where w = (wi,w2) € Q1 x Qg = Q. Thus, in
taking an expectation, we can first integrate over wy € €)1. Then, for m € N, we have

{1 rowso { oo
(5 ) o' o)™

(20) :Em[z@g) o e >||LzabMufz< w)|i€maé§)}

n=0

In the computation above, we used the fact that, for each fixed wo, f; [i(t,w2)dB;(t,wr) is

a Gaussian random variable on §2; with variance || fj(-,wg)H%Q(a b

Proof. By Holder inequality, we have

1 s _ 1is5~
7 = 020, D)l < 17 = 0%) 1|2y I = 0®) 200, 7).
L=

T

9
i.e. We have ||n®|| 3t

ok < |In?®|| ks 38 long as & > 22 Thus, we will work in X2

1
2
2 ZDP

in the followmg "
Let g(t fo (r)dWi(r). ie. n(t)®(-,t) = S(t)g(-,t). Assume that each f,

is extended to a Browman motion on R in such a way that the family {8,}n>0 is still
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independent. Note that for ¢ € [0, 7], we have

(21) g9(n,1) Zn(t)/o n(r)e ™ ¢ (r) X0,y (r r) 75 dBn (7).

We have inserted n(r) and x[o7)(r) in the integrand since n(r)x[7)(r) = 1 for r € [0,] C
[0, T]. For notational simplicity, we use ¢n(r) to denote ¢y, (r)x(o,r)(r) in the following. i.e.
we assume that ¢y, is supported on [0,7]. By (3), we have |¢,(r)| <1 for r € R.

Now, we write the left hand side of (19) as

[e.e] 1
B0 L gor) SE|sup2e( S 2900 [ fgtunpar)?|
I n|~2d k=1 [l~2*
1
g(n, 1) |pd7'> p}

(22) - E[sup 2]8 Z /
Inj~2s 717
e Part 1: First, we estimate the second term in (22). Let
(23) Gn(r,7) = n(r)e_imggzﬁn(r)/ n(t)e " dt.

Also write 8, = ,(Lr) + zﬂg) where ﬂff) = Re 3, and @(j) = Im 3,. Then, by the stochastic
Fubini Theorem, we have, for m € N,

o1 -a(| [0 sl

(24) _ 2"”1}2(‘ /_ Gulr T)dﬁn(r)fm>

S E(’ /21 ReG(r, 7)dB) (1) — /21 ImG,,(r, T)dﬂgi)(r)’2m>

|<2

2 2 m
—|—E<‘ / TG (r, 7)dB) () + / ReGn(r,T)dﬁ;“(r)f )
—1 -1

Note that [ReGp(r, 7)|, ImGn(r, 7)| < |Gn(r,7)| < |[nllLilén(r)] < lInllzx(07) (7). Thus,
we have ||ReGy, (r, 7)||2% HImG (r, 7-)HL2 k) < |Inl|37 for k = 0,--- ,m. Then, by (20) along
with the independence of On,s Bn and Bn , we have
||§(7’L, 7-)HLQ’"(Q) <C= C(nvm)
independent of n and 7. Hence, for p € (2,4), we have
1 ~ ~ _
(25) Egn, D)) < 190,720 Hg(n,T)H149 S

by interpolation, where 6 € (0, 1) such that 1 =3  + 16 Then, the second term in (22) is
estimated by

(26) (22)§( Y o 2/

In|~2 |T|1<2

- <Z2(sp+1>j>5 <O < oo,
§=0

B [a(n. 7)) )Ps(i‘ézﬁp > 1)
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since sp < —1.
e Part 2: Next, we estimate the first term in (22). Let

( ) —irn3 “T

e —irT

2 7) = < > asn( .
Then, by the stochastic Fubini theorem and integration by parts, we have
(28)  V2(n,7) = / 21 G, 7)dBa(r) = / GO (1, 7)dBn(r / GO (1. 7)dBa(r)
— 100+ 1),
Thus, we have [g(n, 7)|P < ‘Iy(Ll)(T)‘p + }17(12) (T)!p.

First, we estimate the contribution from GS). For |7] ~ 2k we have

[e'e) , e—itT 5 [’ " e—itT ok
G dt’S\Tn(r)lJr/ ' (6) zdt]scnz,
T
' r

1T

(29)

by partial integration. Thus, we have ]Gg)(r, 7)| < 272k, Then, repeating a similar com-
putation as in Part 1, we obtain

1 _ _
(30) O] < 1D )0 D D50 S 272,
by (20) and interpolation. Hence, the contribution to (22) is estimated by
1
(31) (Zzﬂsp 3 szp 2+0) / E{;I}Ll)(r)\P]dT)P
T|~2k

In|~2i k=1 |

< (ZQj(sp-i-l)ZQk(— +5p+1)> <0< oo,

since sp < —1 and ——+5p+1<0

Now, we consider the contribution from I (2 )( ).  With ﬂn = ﬁff) + zﬂ,(f), we have

1122 < ‘ 12, G2 )dBl( ) ‘ 12, G2, 7)dpd (r )‘ . We only estimate the first
term since the second term is estimated in the same way. By Ito formula (c.f. [8]), we have
2
‘/G (r, 7)dB") (1) :/ ()|¢n7()|dt
1

+9Re / / 2 (r, 7)dB) (1) GD (¢, 7)AB (8) =: I (r) + I!(7).

The contribution from I/,(7) is at most

(32) (22) < <§:2jsp 3 i2kp(§+5) /T|~2k |T,_pdT</21 n4(t)dt>§>é

G=0  |n|~2 k=1 | -
1
< ||7’||L4(ZQJ(SP+1 Z2k 21 5p+l) ) <0 < oo,

since sp < —1 and 6 < %.
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We finally estimate the contribution from I)/(7). Write I]/( f Hy( )(t), where
H,(t) = [*__ Hu(r,0)dB) (r) with

(33) ﬁn(r, t) = 27-*2Re(n2(r)n2(t)ei(t—r)n3(bn(r)mei(t—r)r)_

Then, by Ito isometry and |¢,(w,t)| <1 for all (w,t) € Q x R, we have

E[|Z}(r) [ / Ho(£)d8)(t M / E[H2(t))dt
(34) / / H,(r,t)dg") dt // [|H(r,t)[?] drdt
/ / drdt<7

Hence, the contribution from I}/(7) is at most

1

22) < <Z2jsp SN kG E[u;;(f)y’é]dT)”
=0

In|~2i k=1 I7l~2"
00 1
. D P
) (v Xy [ @) ar)
=0 \n|N2J k=1 I7|~2
oo
S ( 2] (sp+1) ZZk( p+6p+1)) < (O < o0,
=0
forp§4,sp<—1,and6<%. O

We state a corollary to the proof of Proposition 4.1 for a general diagonal covariance
operator ¢(t,w) = diag(¢pn(t,w);n € Z), which is independent of {3, }n>1.

Corollary 4.2. Let 0 <T <1, p=2+, and 5,8 € R with s < s'. Moreover, letb= 3 —§
with %)2 <0< 372;1)2. i.e. (b—1)-2 < —1. Then, for the stochastic convolution ®(t) defined

n (10) with ¢ € LP([0,T] x b5 ), independent of {Bn}n>1, we have

) Y p,00
(36) E[an)”)(;:g’T] S C(nﬂSaSlvp)HngLP([QT}Xg;EIS)tooy

379,

In particular, ® € X;:2 almost surely.

Proof. In the proof of Proposition 4.1, we used |¢,(t)] < 1 whenever ¢,(t) appeared.
Now, we briefly go through the proof of Proposition 4.1, keeping track of ¢,(t). Since ¢
is independent of {8, },>1, we regard 3, and ¢, as (B,(t,w) = Bp(t,wi) and ¢, (t,w) =
¢n(t,w2), where w = (w1,w2) € Q1 x Qg = Q.
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In (25), we have E[|§(n,7’)|p] S Eq,l|fn (- we) [P

||L2[0,T]' Then, in (26), we have

1
2= (X2 S [ st lsgagt)
|n|~27
j(s—s")poss'p g
22 2 Z ”an w2)||LP([OTXQQ)
nf~2s

S ||¢||Lp<[o,T1xﬂ$;,’,oo>

since s — s’ < 0. A similar modification in (30) and (31) (and (32)) takes care of the

contribution from IT(LI)(T) (and I},(7), respectively.) Now, as for I//(7), we first integrate
only over € in (34) and obtain

o, (1P 57 [ [ 0t ont lont) o arar S 7l
Then, in (35), we have

b
E[|1(r)15) = Eo, (I, 1< Bo, (1) Faay) S 77 By l9nCown) oo

L2 ()
for p € [2,4]. The rest follows as before. O

Now, we discuss the continuity of the stochastic convolution. In the remaining of
this section, we show that the stochastic convolution ®(¢) defined in (10) belongs to

C([0,T7; bf, oo (T)) almost surely. With 3, = ﬂ,(f) +i8Y), we have

(37) (1) IZ/ S(t r)ends) “Z/ St r)endBy (r),

since ¢peg = 0 and ¢e, = ¢pen, n # 0. In the following, we only show the continuity
of the first Stochastic convolution in (37), which we shall denote by ®()(t). Also, let

W) = L Z ﬂn (t)en. As in Da Prato [7], we use the factorization method based on
the elementary 1dent1ty

™

sinma’

(38) /t(t —tho L — )yt =

with a € (0,1) for 0 < r <t <t. Using (38), we can write the first term in (37) as

(39) () () = ST / t S(t—t)(t — )1y (t)dt,
m 0

where

(40) Y(t') = ; St —r)(t' =) ¢(r)dW ) (r).

First, we present the following lemma which provides a criterion for the continuity of
(39) in terms of the L*™-integrability of Y (¢).
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Lemma 4.3 (Lemma 2.7 in [7]). Let T > 0, a € (0,1), and m > 5. For f €
L2™([0,T); b oo (T)), let

= /t St —t)(t -t Lfdt, 0<t<T.
0

Then, F € C([0,T7; b (T)). Moreover, there exists C = C(m,T) such that

» ¥p,00

HF(t)HE;’OO < CHf||L2m([O:T]§EZ,oo)’ 0<t<T.

Remark 4.4. Although Lemma 2.7 in [7] is stated for a Hilbert space H, its proof makes
no use of the Hilbert space structure of H. Thus the same result holds for b, . (T) as well.

In view of Lemma 4.3, it suffices to show that Y (¢') € L>™(]0, T7; b (T)) a.s.

» Yp,co

Proposition 4.5. Let T > 0, m > 2, s = —%—i—, and p = 2+ such that sp < —1. Let ¢

be as in (3). Then, the stochastic convolution ®)(t) is continuous from [0,T)] into 3;700
almost surely. Moreover, there exists

E( sup [V ) < C(m, T,5.p) <
t€[0,T

Proof. Let a € (21 ,%) and Y be as in (40). First, note that Y is real-valued since
b_n(s)e_p = dpn(s)e, and ﬂ 55[”. Note that {ﬂr(f)}n#o and ¢ are independent since ¢
depends only on 3y. Thus, we can regard ﬁy(f) and ¢ as ﬂr(f) (w) = BT(L (w1) and <;5( ) = ¢(w2),
where w = (w1, ws) € Q1 X Qy = Q. Then, for each fixed wy and ¢’ € [0,¢], Y( (n) is a
Gaussian random variable on ) with Varg, (}7(t\’)(n)) = Eq, [|}7(t\’)(n)|2]

Let Gn(r,ws) = (' — )~ =%¢ (r wy). Note that |Gyn(r,ws)| = (' — r)~* for
0 <r <t and n # 0. By Ito isometry, we have

[ cutrmasir.an]

1 t t
= / |G (1, wo)|?dr ~ / (t' —r)2dr.
2 Jo 0

Then, by Minkowski integral inequality (with p = 2+ < 2m) after replacing sup; by »_ i
we have

Boy (V7)) = 3 B |

2m

By (IY (¢ ) 2 ) = Ba, [(sup 3 )" ¥ (@)m)?) " |
T In|~2i
(Z > 2 (Ea, [V (0)(m) ™))™ ) ’

7=0 ‘n|~2]

~ (iZi(SP+1)>T </t (t' — r)_2adr>m < <(tl)12a>m
=0 0 ~ 1 -2« ’
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since sp < —1. Therefore, we have

T T
[ e i = [ Easa, (@R Jar

T N1-2a\ ™M
< / <(t) ) dt! < TI29m+ < C(m, T, 5, p) < c0.
0

1 -2«
In particular, it follows that Y (-,w) € LQm([O,T];E;OO) almost surely. Then, the desired
result follows from Lemma 4.3. O

5. NONLINEAR ESTIMATE ON THE SECOND ITERATION

Now, we present the crucial nonlinear analysis. First, we briefly go over Bourgain’s
argument in [2]. By writing the integral equation, the deterministic KdV (5) is equivalent
to

(41) ult) = S(t)uo — 3N (u, u)(t),

where N(-,-) is given by

(42) N(u, ug)(t) := / St — )0z (uyug) (t')dt.
0

In the following, we assume that the initial condition ug has the mean 0, which implies
that u(t) has the spatial mean 0 for each ¢ € R. We use (n,7), (n1,71), and (ng,m2) to
denote the Fourier variables for uu, the first factor, and the second factor u of wu in N (u, u),
respectively. i.e. we have n = ny +no and 7 = 71 + 7. By the mean 0 assumption on u
and by the fact that we have 9, (uu) in the definition of N (u,w), we assume n,ny,ng # 0.
We also use the following notation:

00 = (T —n?) and 0; := (7} — nf)

One of the main ingredients is the observation due to Bourgain [1]:
(43) nd — nzf - n% = 3nning, for n = ny + no,

which in turn implies that

(44) MAX := max(ao, gy, 0'2) 2 <nn1n2>.
Now, define
(45) Aj = {(n,n1,n2,7,71,72) € Z> x R®: 0; = MAX},

and let \V;(u, u) denote the contribution of N'(u,u) on A;. By the standard bilinear estimate
as in [1], [11], we have

(46) INo (s )|y 535 < oW ul® s 5 s

where o(1) = T? with some § > 0 by considering the estimate on a short time interval
[—T,T] (e.g. Lemma 3.4). See (2.17), (2.26), and (2.68) in [2]. Here, we abuse the notation
and use || - ||s, = || || xs» to denote the local-in-time version as well. Note that the temporal
regularity b = % —0< % This allowed us to gain the spatial regularity by 26. Clearly, we
can not expect to do the same for NVq(u,u). (By symmetry, we do not consider Na(u, u) in
the following.) The bilinear estimate (7) is known to fail for any s € R if b < 1 due to the
contribution from N (u, u). See [11]. Following the notation in [2], let

1 1
(47) Isp = |Ni(u,u)|| xsp and a:= 5 d < 5
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Then, by Lemma 3.2 and duality with [d(n,7)|[z2 <1, we have
48)  Lai-a=[M(wv)]-a1-a

l—ad 11—«
S Z deTl <n> a(nv T) a(nl, Tl) <Tl2> i(n27 7-2) 7
g 90 09
n=ni+ng T=T11+72
where
(49)  c(n2,7) = (na)~""Ya8 (g, 72) so that el 2 = llull—(1-aya = lull_1_51 5

The main idea here is to consider the second iteration, i.e. substitute (41) for @(n;, 1) in
(48), thus leading to a trilinear expression. Since 01 = MAX 2 (nning) > 1 on A;, we can
assume that

~ n ~ ~
(50) u(ny,m) = (/\/(u,u))/\(m,ﬁ) ~ ‘01| Z u(ns, 73)u(ng, 74)drs.
' PAI=NSHNU -y = oy

Note that @(ny, 1) can not come from S(t)ug of (41) since we have o1 ~ 1 for the linear
part. Moreover, by the standard computation [1], we have

00 kLk o
N(u,u)(z, t) = —i Z % Z el(na+n’t) /7](/\ —n3)0pu2(n, \)dA

k=1 n#0
. inT (1 — 7]) (T — n3) 33 iTt
+Zg;06 / P Opu?(n,7)e' T dr
. i(nx4+n3t (1 - 77) ()‘ - n3) )
-I-Zr%e( * )/ pp Opu?(n, A)dA
(51) =: My(u, u)(z, t) + Ma(u, u)(z, t) + Ms(u, u)(z, ).

Note that (M (u,u))"(n1, ) and (M3(u,u))"(n1,71) are distributions supported on {71 —
n? = 0}. i.e. o1 ~ 1. Hence, the only contribution for the second iteration on A; comes
from Mo (u,u) whose Fourier transform is given in (50). This shows the validity of the
assumption (50).

Note that the o appearing in the denominator allows us to cancel (n)1=% and (ng)!=
in the numerator in (48). Then, I_, -, can be estimated by

~ «

62 5 X W AT P g g, 2 ),

NN o7ty
n1=ngtng T1=T3+T4

Then, Bourgain divided the argument into several cases, depending on the sizes of

09, -+ ,04. Here, the key algebraic relation is
(53) n3 —n3 —n3 —ni = 3(ng +n3)(n3 +n4)(ng +na), with n = ny + n3 + ny.

Then, Bourgain proved -see (2.69) in [2]-
(54) I 1o <o(D)|ull—(—a)al-a1-a+ 0(1)”UH3_(1_a),a +o(D)|lull —(1-a),as

assuming the a priori estimate (8): |u(n,t)| < C for all n € Z, t € R. Indeed, the estimates
involving the first two terms on the right hand side of (54) were obtained without (8), and
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only the last term in (54) required (8), -see “Estimation of (2.62)” in [2]-, which was then
used to deduce

(55) [u(n, )z < C.

The a priori estimate (8) is derived via the isospectral property of the KdV flow and is false
for a general function in X ~(1=®)®_ (It is here that the smallness of the total variation ||u||
is used.)

Our goal is to carry out a similar analysis for SKAV (2) on the second iteration without
the a priori estimates (8) and (55) coming from the complete integrability of KdV. We

_ 5,-6
achieve this goal by considering the estimate in X 5 =X, 2+ , where p = 2+ and
P2 5 < B2 By (15) and (17) (recall —a = —1 —l— 6 and — (1 —a) = —1 — ), we have
(56) lull x~e.a < [lull x-e.a, and HUI\x—u—a»a S lullx-ge-

Then, it follows from (46) and (56) that
(57) Vo (u, )| x—ae < 0(1)[ul%-a.0-
p,2 p,2

Now, we consider the estimate on [|N1(u, u)| y-a.o. From (56) and a < 1 — a, it suffices
D,2

to control I_,1—o. As in the deterministic case, we consider the second iteration, and
substitute (4) for u(ny, 1) in (48). As before, there is no contribution from S(t)ug, or
M (u,u), Mz(u,u) defined in (51). Now, there are two contributions:
(i) M1 (Ma(u,u),u) from the deterministic nonlinear part: In this case, we can use the
estimates from [2] except when the a priori bound (8) was assumed. i.e. we need to
estimate the contribution from (2.62) in [2]:

(58) Z / 173'0742- a( n TQ) (n T3> (n T4)d7'2d7’3d7'4,

n
T=T2+T3+T74

where [|d(n,7)|;2 <1 and B = {0¢,02,03,04 < |n|”} with some small parameter
~v > 0. Note that this corresponds to the case ng = —n and n3 = ngy = n in (52)
after some reduction. In our analysis, we directly estimate R, in terms of ||ul| xsge

The key observation is that we can take the spatial regularity s = —« to be greater
than —§ by choosing p > 2.
(ii) N1(®,u) from the stochastic convolution ® in (10): In view of (56), we estimate

(59) E[[N (7@, u)|| x-a1-a]
via the stochastic analysis from Section 4.

Remark 5.1. In fact, we do not need to take an expectation in (59) since we establish
local well-posedness pathwise in w, i.e. for almost every fized w. Nonetheless, we estimate
(59) with the expectation since it shows how F{¥ and F¥ defined in (71) arise along with
their estimates.

e Estimate on (i): In [2], the parameter 7 = v(«), subject to the conditions (2.43) and
(2.60) in [2], played a certain role in estimating R, along with the a priori bound (8).
However, it plays no role in our analysis. By Cauchy-Schwarz and Young’s inequalities, we
have

(58) <led Mz (m) = 2l@(=n, )|l g l[a@(n )]l g a(n,m)ll o

T2 3 T4
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By Hélder inequality (with appropriate + signs) and the fact that —1 — o < —3a,

4

<led Mz [T~ o7 lles lofaEn, 7)lzs,

j=2
< ld()llzz, HuH3 —oa < HUHX a
where the last two inequalities follow by choosing o > % and p = 2+ < 6.
e Estimate on (ii): We use the notation from the proof of Proposition 4.1. It follows
from (28) and n(¢t)®(-,t) = S(t)g(-,t) that
(n®)"(n1,m) = g(n1, 71 — nf) = \}51511)( —nf) + \}51(2)( —nd).

Recall that o1 = (11 — n}) > (nning). Also, recall from the proof of Proposition 4.1 that

~

|¢ny ()] = Xjo,r)(r) is independent of w.

o Contribution from I (r, — n?): From (48) with (27), (28), and (29), we estimate (59)
by

n)1=%d(n, T no)%c(ng, T
w0 ] S [ anan ARO[ g, 0 2

09
n,ni
n=ni—+ng T=T1TT2

By Cauchy-Schwarz inequality in w and Ito isometry,

d(n,7) l¢nllz2p,m) lle(n2, 72)l L2 ()

(0%
)

61) < > / drdm

n,ni

3
5_5<n >%+6 oy
neny dny T=TIHT2 1

0y

By L}, L3 ;, L} ,-Hélder inequality along with Lemma 3.3, (16), (18), (49), and (56)

x,t) Hax, it

S TNz 191 o gy -3y ell @iz y < Tl oo s Nl -a-o0e)

0
ST HqﬁHL”([Qﬂ@;&)”“”LQ(Q;X;;'X)-

Remark 5.2. Strictly speaking, we need to take the supremum over {||d[|2 = 1} inside

the expectation in (60). However, we do not worry about this issue for simplicity of the
presentation, since we have

(59) < HN1(77‘1> u)||L2(Q~X—a,1—a)

(/54 0 5, | Pl

N=MAN2 7 4y

= sup
||d||Lgm—1

by Ito isometry. Also, recall that we have Iﬁ}l) (11 —n3) = fOT G’Sl) (7,71 — n3)d By, (r) where

Gg)(r, 7) is defined in (27). Hence, strictly speaking, we should replace GSR (r,71 —n3)

by 7 %|¢n, (r)| in (60) only after the application of Ito isometry. Once again, we do not
worry about this issue for simplicity of the presentation. The same remark applies in the
following as well.
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o Contribution from Ig?l)(n —n3):
First, suppose that max(og,o2) = <nn1n2)ﬁ. Say oo > <nn1n2)ﬁ. Then, (59) is
estimated by

n) "d(n, T ! no)=%c(ng, T
§E|: 7;;1 / deTIHU(;)i(’)Ull/O |¢n1(7“)’d5n1(7“)< 2) (ng, 72)

o
)

n=ni+ng 771 +72

62 < Y / drdm dﬁé&fg ”fb”;”LQ[ol,T] Hc(nzﬁzgllwm
n,ni on 01§+ (ny)2+o b

n=ni+ny T=T11T2

Then, we can conclude this case as before by Li’t, Li’t, th—Hélder inequality as long as

a — 2000 > %, which can be guaranteed by taking § > 0 sufficiently small, or equivalently,
taking p > 2 sufficiently close to 2.

Hence, assume max(0p, 02) < <nn1n2)ﬁ. Recall the following lemma from [5, (7.50)
and Lemma 7.4].

Lemma 5.3. Let
(63) Q(n)={neR:n=—-3nniny + o((nnina)

1(1)0) for some ny € Z with n = ny + na}.
Then, we have

(64) [ =% o (e - nr 1.

Note that (64) is stated with (7 —n3)~1 in [5]. However, by examining the proof of Lemma
7.4 in [5], one immediately sees that (64) is valid with (1 —n®)~% for any 8 > % + 5.

Then, (59) is estimated by
3

d(n, T ONE I g na) ~%c(ng, T
SE[ 7; / drdm U;( ,T) XQ(ny) (T1 1)/0 |¢>n1(r)|dﬁn1(7”)< )1 7% (na, )

o1 oS

n=nj+ng T=T1+72
By Cauchy-Schwarz inequality and Ito isometry,

d(n, 7) X)) (11 = 13) |60, | 220,77 le(n2, )| L2

65 < / drdr
(65) Z T oa > 5<n1>%+5 5

1
nn1 0 o
n=nj+ng T=T1172 1

By L}, L2, Ly -Holder inequality along with Lemmata 3.3, 5.3, (16), (18), (49), and (56),

z, bt Hax ity

9 _1l_5 —146
STONdl e [[() ™20 [l 220,11 [ X (11 = 1)y 2 HL%HL%HCHL%Q;L%’T)

0 0
=1 ”éHL%[o,T];H*%*é)|’“”L2<Q%X‘“‘°‘>’“> S TN ooy 1l 2 5oy

Now, we are ready to prove Theorem 1.
Proof of Theorem 1. Fix mean zero ug € 3;3‘;(?1‘) and ¢ as in (3), where o/ = £ — §— with
% <6< % such that (—a/)p < —1. Consider sequences of initial data u}’ € L?*(T) and
diagonal covariance operator ¢ € HS(L?; L?), given by

(66) uy =Peyug = Y Tg(n)e™ and ¢™ (t,w) := diag(¢n(t,w);0 < |n| < N)
In|<N
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where ¢, is given in (3). Now, fix a = 3 —§ > o/ as in (47). Note that such u{) converges
to ug in FL™*P(T), and thus in Z;go(']l‘) Also, ¢/ converges to ¢ in FL_%_’p(T) for each

o~ 1
t and w, and thus in bpoo (T). Then, by Monotone Convergence Theorem, ¢ converges

o~ 1
to ¢ in LP(]0,1] x Q; bpOo ). (Indeed, the convergence is in L>([0,1] x ;b % ), since we
have |¢n(t,w)| = 1 for all n, independent of ¢t € R and w € €.) Note that a slight loss of the
regularity —a < —a’ was necessary since uév defined in (66) does not necessarily converge
to ug in gg go’ (T) due to the L nature of the norm over the dyadic blocks. We can avoid

such a loss of the regularity if we start with ug € FL*P(T).
Now, let TV = FiVN be the map defined by
0

(67) 'y =T U—S() — IN(v,v) +noV,

where ®" is the stochastic convolution defined in (10) with the covariance operator ¢~. By
the well-posedness result in [8], there exists a unique global solution u”¥ € L>(R*; L?(T))N
C(R*; BY{(T)) a.s. to (67) for each N since ¢V € HS(L?; L?).

Now, we put all the estimates together. Note that all the implicit constants are inde-
pendent of N. Also, when there is no superscript NV, it means that N = co. From Lemma
3.1, we have

(68) HS(t)UéVHX;gT < Cillug'll,

for any s,b € R with C; = Cy(b). In particular, by taking b > 3, we see that S(t)ug is
continuous on [0, 7] with values in b, . Also, by taking b < 1, we gain a power of T'. From
the definition of Nj(-,-) and (57), we have

0
(69) IV (e, N)HX sar < CoT 1||UNH§(p—;,a,T + 2HN1(UN7UN)||X;;O~T-

Also, from (47) and (56), we have
(70) IV (™, )HX atear <IN

Recall that n® € X, 2" a.s. from Proposition 4.1. Moreover, by defining FlN and F2N
on T x R x € via their Fourier transforms:

_ . s 1 T
(71) FN(n,7) = ()3 (052 40 2 0) / 6(r)|dBa(r), and

F (n,7) = (n)™3 X (7 — %)y T+ / (6 ()|dBa(r)

for |n| < N, we have FN,F)¥ ¢ L2(Q;L2,) by Ito isometry and Lemma 5.3, which is
basically shown in the estimate on (ii). See (61) and (65). Then, from (54) and the
estimates on (i) and (ii), we have

(72) 1N, . <Cg(T92HuNHX wTI_a1 N

+ TN [ gr + T LY i ),

where LY = LN(FN, FN)(w) = |F @llzz, + ||F2N(w)||L2t < 00 a.s. Moreover, LY is
non-decreasing in N. 7 ’
For fixed R > 0, choose T' > 0 small such that C37% R < 1. Then, from (72), we have

(73) I < 203 (T%|u’Y H;*(,?,M + T LY ||| ng,a,T),
p, p,

a,l—a
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for ||’LLNHXP—;1,O<,T < R. From (67)~(73), we have

[l g = D0V gnr < Culla gy, + 3CoT* U™ 3

(74) +2C3 (T93 w5~ + T"‘*LfIIuNIIX—a,a,T) + C4H77<I>N(w)llx—a,a,
p,2 p,2 p,2

and

N N M M
MHX F F ||X aaT

||UN_U aaT — ||

0 M
< Cylud) - 0 le, + 1CT1(HuNHX oot + M | —gar)l|u” = uM |y —gar
(75) +05T93(|ruN||X;g,a,T 2 [l e [T —qu\X;;,a,T
+ 20570 LY ||uN — uMHX;g,a,T + 203T94E57M||uMHX;g,a,T

+ C4H77((I)N - (DM)HXP*?%

where
(76) LYM = HFIN_FIMHL;t+||F2N_F2]V[”L3,’t‘

Note that in estimating the difference I'Nu™ — T'MuM on A;, one needs to consider

(77) I aia =M@, u™N) = M (@™, ™) 0o

as in [2]. We can follow the argument on pp.135-136 in [2], except for R, defined in (58),
yielding the third term on the right hand side of (75). As for R,, we can write

(78) NN (u,u),u) = N(N(v,0),v) = NN (u+v,u—v),u) + NN (v,v),u —v)

as in (3.4) in [2], and then we can repeat the computation done for R, in Estimate on (i),
also yielding the third term on the right hand side of (75).
By definition of u))’, we have 2CI||U(])VHB—O¢ < 2C’1||upo_a + 1 for N sufficiently large.
p,00
Also, since ¢V converges to ¢ in LP([0,1] x € bp,g‘j), it follows from Corollary 4.2 and the

estimate on (ii) -see (61), (62), and (65)- that E[||n(®Y — (I))”X—;x,a] and E[LY"™] defined in
p,

(76) converge to 0. Hence, ||n(®" —®) HX aa + LY

(which we still denote with the index N. ) Then, by Egoroff’s theorem, given ¢ > 0, there
exists a set . with P(Q¢) < 271 such that ||n(®V — CI>)HXw o+ LY =0 uniformly in

— 0 a.s. after selecting a subsequence

Q.. In particular, 2C4|n®"N s < 2C4||n® o +3 for large N uniformly on (2.
n X, n X,

the following, we will work on Q
Now, let R,, = 2(C1lluo|lz-a + C4H77<I>(w)HX72a,a) +1, and define the stopping time T, by
p,00 p,

(79) T, = inf{T > 0 : max(C3T%”R,,, Pi(T, Ry, w), Po(T, Ry, w) > 3},

where

P(T,Ry,w) = 3CoT" R, + 2C5T% (R,,)? + 2C5T%L,,,  from (74)
Py(T,R,,,w) = CoT" R, + 2C5T%(R,,)?> + 2C3T% L,  from (75).
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The first condition in the definition of T}, guarantees (73), and hence (74) and (75), for
™| et < Ry, The second condition along with (74) indeed guarantees that
p,2

N
Cvar <
(80) [l -ger < R

for T' < T, from the following observation. Since we have the temporal regularity b = o < %,
we have HuN||X_a,a,T = lIxp0 T]uNHXﬂ,a, where x([o, 77 denotes the characteristic function of
p,2 ’ P2 ’

the time interval [0,7]. See Bourgain [3]. Hence, [|u"V]| \—a.a.r is continuous in T" since
P,2

N N N 0, N

B0 [Nl gorss — 0¥ g pne] < 0¥ g S I o

for sufficiently small § > 0. Note that the last term in (81) is finite for small ¢ since the
local-in-time solutions constructed in [8] are controlled in this norm (indeed in a stronger
norm adapted to the Besov space BSE-) Then, (80) follows from (74), the second condition
in (79), and the continuity of the norm in 7" since (80) clearly holds at 7" = 0.

From (75) along with the third condition in (79), we have

(82) Ju = g —gams < 201l — bl +ACSTO RUEN
D, , OO

+2C4|n(@" — @)

[—
Xp,2

The right hand side of (82) goes to 0 as N, M — oo since u))’ is Cauchy in E;go and
(@Y — @M)|| \—awa + LYM - 0 on Q. uniformly in N, M. Let u denote the limit in
p,2
et ,Tu
X, 0.
In the following, we give a brief discussion to show that the limit u is a solution to (4).

Clearly, S(t)ul) and n®" converge to S(t)up and n® in X;QO"O"Tw. It follows from (57) that
No(u?,uN) converges No(u,u) in X;g“mTw_ In view of (73), (75), and (77), we see that
/\/}-(uN, uY) is Cauchy in a slightly stronger space Xpig’lfa’T”, Jj = 1,2. Let v; denote the
corresponding limit. Thus, from (67), we have

(83) u = S(t)up — TN (u, u) — 3(v1 + v2) + 0.

Now, we need to show that N (u™, uV) indeed converges to Nj(u,u), j =1,2. By symmetry,
we only consider Nq(u,u) — Ni(u™,u). As before, we substitute (83) (and (67)) in the
first factor u (and u™) of N (-,-), respectively. There are three contributions to consider.

e (A) Contribution from the stochastic terms: We have
(84) Ni(n®,u) — N1 (@™ u) = Ni(n(®@ — V), u) + N1 (n®Y v — ulY).
From Estimate on (ii), we have

1(84) || y - < Egvoonuux_g,a,m + LN [N — ully-gams =0
P, P,

lx-
as N — oo, since HuHX;g,a,T < R, and Zi,vo" — 0 uniformly on ..
e (B) Contribution from Nj(-,-): In this case, we consider

(85) N1(No(u, u), u) — Ny (No(ulY, u), ulY).

Note that we have o1 > 0y, 02, 03, 04 from the definition of NVi(-,) and Ny(-,-). See (50) and
(52). Indeed, we have o1 > 0y, 02 since we are on A; defined in (45), and also o1 > 03,04
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since we are on the support of Ny(:,-) in the first factor of Nq(-,-). Once again, one can
easily follow the argument on p.136 in [2] and show

185 -gar S (HUNHX gt T HUHX aam)HuN ~ullx-aem —0.

In treating R,, —Rév defined in (58), one needs to proceed as before, using (78) and Estimate
on (i).

e (C) Contribution from v; and Nj(u¥,uV), j = 1 or 2: By symmetry, assume j = 1. In
this case, we have o1 > 0¢, 09 but o3 > 01, 04. i.e. we control (54) by the first term on the
right hand side. See (II.1) on p.126 in [2]. Now, we need to estimate

M (Ub ) Nl(Nl( , U )7UN)
(86) = Ni(v1 — N1 (¥, a™), u) + NN (0 oY), u — o) = T 410
Then, by proceeding as in [2] with (56) and (73), we have

~

Il —gaeme S 1% 1allt = 0¥l x-a-mpom S o= u™] g —en, —0.

By proceeding as in (IL.1) in [2] with |n1|® replaced by |n1|'~¢, followed by (56), we have
| Tllx—gamam S lor = M@, u™) -0y 1-alltl-(1-a).a

< v =M (uN7 uN)HX;’(;,l—cx,Tw HUHX;S“Q’T“’ — 0

since vy = limy_, o0 N1 (u,uV) in X;g’lfa’n by definition.
Hence, we have u = I'y,u for each w € Q.. i.e. u is a mild solution to (2) on [0, T,]. Let
QM = Q.. Now, we can recursively construct QU1 c Q \ U _,0® for j =1,2,--- with
P(Q\UL_, Q®)) < 277¢ such that [|n(®"N — )
each QU). Then, by repeating the argument, we can construct a solution « on U;’;l 128
Note that P(Q\ U372, Qb)) =o.

I X;g@ and L) converge to 0 uniformly in

We have constructed a solution u to (2) in X, 2 o with ug € 3; g; Since u is a solution,
the a priori estimate (74) holds with the regularlty (s,0) = (—d/, ) in place of (—a, ).
Then, we easily see that u € X a o T , by redefining R, and T, with this regularity. In
the remaining of the paper, we Work only with the spatial regularity s = —cd/, i.e. there is
no approximating sequences any more. Hence, for notational simplicity, we will use —« in
place of —a’ to denote the spatial regularity of the solution in the following.

We still need to take care of several issues. Note that the temporal regularity b = o =

% — ¢ of the solution w is less than % In particular, we need to show that the solution u
is continuous from [0, 7},] into B:; %- We also need to show its uniqueness and continuous
dependence on the initial data.

From Proposition 4.5, n® € C([0,T,,]; b;oo) a.s. Also, it follows from (68) with b = %4—5,

(70), (73), and symmetry on o1 and o9, that

S(t)uo + Ni(u,u) + Na(u,u) € X 5 NERRCY

a.s. Now, we consider Ny(u,u), i.e. when o9 = MAX. Note that the contribution comes
only from Ms(u,u) defined in (51). Let N3(u,u) denotes the contribution of Ny(u,u) on

{max(o1,02) > (nnyng) 10}, and Ny(u,u) = No(u, u) — Ns(u, u).

c C([0,T,]; b )

» ¥p,00



22 TADAHIRO OH

e Case (a): First, we consider N3(u,u). ie. max(o1,02) 2 <nn1n2>ﬁ. Say o1 2
<nn1n2>ﬁ. Then, by Lemma 3.2 and (15), we have
2 2
NGl o gssr 1000 oy S 100D g,
p,2 p,2

Then, by duality and (44), we have

_ 2 —
= sup Z / (n)'~*d(n,) H (nj)! O‘C(”j’Tj)deﬁ
i o
N AT j=1 7

c(ny, 1) c(ng, T
< sup Z / d(n,T) (a—lzo(:)La) ( 2a 2)dv'dﬁ
||dHL2 =1 nm _ 0q )
n,T n=ni+nsa T=T1+T72
where ¢(n,7) is defined in (49). Then, by L2, L}, L} -Holder inequality along with
Lemma 3.3, (49), and (56),

< lely, < ulf-mone Sl g < 00

e Case (b): Now, consider Ny(u,u). i.e. max(oy,09) < <nn1n2)ﬁ. Note that it suffices

to show that Ny(u,u) € X;f"o’T“’, since X;f"O’T‘” C C([0,T,];b,%). Then, by Cauchy-
Schwarz inequality, Lemma 5.3 and duality, we have

[Na(wu)ll a0 < 1102 ()l o -1m < [[I1{n) T = n%) " xam) (7 = )0 (@) (0, 7)1 3

_1 :
< {r = n) "2 xqamy (= 1)l 2 102 (W) |, -1 s

_ 2 1—

< sup Z / (n)l Ol‘d(n,T) H (n;) ac(”jaTj)deTl
ldl,2 =1 #m gt oy

Ln"r n=n71 in2 T=T1+T72 00 ]71

< sup Z / d(n,T) c(m, 1) e(nz, 72) drdr.

(0% (64
i,z =1 nn 91 73
Ly »Tt1 =
’ n=ni+ns T=T1+T2

The rest follows as before. Hence, the solution u is continuous from [0, 7;,] to 3; %-

Lastly, we show the uniqueness and the continuous dependence of the solutions on the
initial data. Let v and v be the mild solutions of (2) on [0, 7] with initial data ug and v
respectively. i.e.

(87) u—v="Tyyu—Tyv=S(t)(uy —v9) — 3 (N(u,u) — N(v,v)),
where T is defined in (67). Moreover, assume that

T—a T—a —a,a, Ty y —a,a, Ty S .
(55) ol ool Il gt ol s < B

Let /\~/}(u, v) = —1(Nj(u,u) — Nj(v,v)) for j = 1,---,4. First, note that
INa(u,v) ||y -aem S R? < oo from (a slight variation of) Case (b), and we have
p,1

3
I =) = N, 0)lygoere < | SO @0 = v0) + D N5 (0,0)]| s, S CLlR) < 00
| 2
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by Cauchy-Schwarz inequality with ¢ < §, followed by (68), (70), (73), Case (a), and (88).
Then, by interpolation and Cauchy-Schwarz inequality, we have

1—
e = vllogomagra) S = vlxpoms S =0l oo mlu=vl o,
(89) SC(B®llu=vl’ ),
p,2

with 3 = =5+ € (0,1). From (68) and the nonlinear estimates (see (69), (73), (75), (77)),
we have

— < — uall~ 0144 —
=l s S oo = vl + ColRIT =0l oy
Hence, for sufficiently small 7' > 0, we have

— < — wnll-
(90) =l y-s S = ol
Therefore, it follows from (89) and (90) that the solution map is Holder continuous with
the bound

= vll o 1.y < CalB)lluo = voll_, -
, o

In particular, the solution is unique. This completes the proof of Theorem 1. ]
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