APM384H1F HW Solution:

e HW11:
9.5.11: (a) Let & = (w0, —yo) where g = (20,y0). Now, let G(z,z0) = 5= In|z — x| +
+ In|z — zf|. Then, we have
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Moreover, for zy € R2 = {(z,y) : y > 0}, we have A;G(z,x9) = d(x — o) since
Ags=Injz —zj| = 0 on RZ.
(b) On the boundary of R2, we have 2 ﬁ = 0 and ‘9“ = gZ}y 0

second identity (with symmetry of G(z,z¢) in and :1:0), we have

= —h(x). By Green’s

z) = //Ri ulg, Gz, 20)dz) = /]R2+ f(zo)G(z,x0)dxo + /_Z h(z0)G (z; x0, 0)dxo.

9.5.14: For xyp = (z0,yo) in the first quadrant (i.e. zo,yo > 0), define z§ = (zo, —¥o),
xy* = (—xo,y0), and z§™ = (—x0, —yo). Now, define the Green’s function on the first
quadrant with zero boundary condition:

1 1 1 1
G(z,xo) = %hn |z — xo| — Py In|z —z§| — o In|z — 25| + Py In|z — 25|
Then, we have G = 0 for y = 0 with 2 > 0 and for x = 0 with y > 0. (You need to show
this.) Moreover, Agz(x,x0) = d(x — xo) for o in the first quadrant (since z§, x§", z;** are

not in the first quadrant.)
9.5.18: From Chapter 2, we have

o0 [o.¢]
= Z A,r" cosnf + Z B,rsinnd,

n=0 n=1
where A4 2T F(8)de,
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Apa”™ = — f(0) cosnfdf, and Bpa" = — f(0) sinnddo.
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Recall that ) 0° , o™ = 1% for |a] < 1.
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which is the Poisson’s formula.

9.5.19: In Subsection 9.5.9, we computed the Green’s function on the disk with zero
boundary condition, which we denote é(w,xo). Take ¢y = (x0,y0) € Dy = {0 < r <
a,0 < § < 7}, and define 2§ by § = (0, —yo). (In the polar coodinates, z{ = (1o, —bp) if
zo = (ro,6).) Now, define G(z,z0) = G(z,z0) — é(w,:z:f‘)) for &y € Dy. Then, G has the
desired properties. (Once again, you need to check the properties )

9.5.21: Recall that the Green’s function on R3 is given by —
function on the ball B(0,a) with zero boundary condition by

Define the Green’s

47r|:1: xo|”

1 n 1
dmlx — x| 4wl — x|

G(.’IJ,IL‘()) = -

for zyp € B(0,a) and z = Z—zxo (which is obtained by following the computation on p.431,
0

just by replacing r9 by po. Now, check that the G(z,z() thus obtained has the desired
properties.

9.5.22: (c) The Green’s function on R3 is given by Gy = —m. We will construct the
Green’s function on the infinite strip by inductive steps. In order to have G = 0 for x = 0,
we need to have a negative source at (—xo, Yo, 20). i.e. define G; = —47r‘m1_m0‘ + 47r|m1—z’5|'
Now, in order to have G = 0 at = L, we need to o and z about = L (which are
given by (—xo + 2L, yo, 20) and (zo + 2L, yo, 20)), and define

1 1

+
dr|x — (wo,y0,20)| 4wz — (—0, Y0, 20)|
1 1

+ = .
|z — (—wo + 2L, 5o, 20)|  4mlz — (w0 + 2L, o, 20)|

Gy =—

Now, one repeats this process indefinitely, and obtain

Co,20) = 1 1 1
T "ar Z\Je — (o + 20L,y0, %) &~ (—a0 + 2L, y0,20)] )

(d) By repeating the argument in part (c), we obtain the Green’s function in the infinite



strip 0 <z < L, —o0 < y < oo given by

- 1
Gloan) = 5= 3 (1l — (zo-+ 20L.0)] ~ Info — (= + 20L. )]
ne”L

1 T — 2nL
BB e
e |z — (=20 + 2nL, yo)|
Now, we need to make a reflection with respect to {y = 0} so that the resulting function
satisfies the zero boundary condition on {y = 0}. Hence, we obtain

1 — 2nL — 2nL, —
G(x,zo):Z(ln [ ~ (o + 2L, yo)| In [z ~ (@ + 2nL, y0)>

27 nez |$ - (_330 + 27’LL, y0)| ; "1" - (—I'() + 27’LL, _y0)|
_ 1 n |z — (zo + 2nL,yo)||x — (—x0 + 2nL, —yo)|
o = |z — (—x0 + 2nL, yo)||x — (o + 2nL, —yo)|

9.5.23: (a)

u(z) = /R2 f(xo)G(z,z0)dzo = % //R2 9(|zo|) In |z — zo|dzo

(b) Consider
1d ( du

rar\"ar

) =g(r) forr >0 (1)

— d%(r%) =rg(r).
First, let’s try to solve d% (r%) = F(r). What is a reasonable definition of the Green’s
function G for this problem? Suppose that G satisfies

dii (TCZG(C;:TO)) — §(r —rg). (2)

Then, by integration by parts (e.g. Green’s second identity), we have

° du(r) o0 d ( dG(r,rg)
/0 o <r I )G(r, rg)dr—/o u(r)dr <r i dr
L[ R [ 06l
0 0

"o dr dr dr
=0
du(r) | dG(r, mo)
+ G(r,ro)r ar |, u(r) el
ie.
U(T‘O) = / F(T)G(T) TO)dT - G(T, TO)Tdu(r) —+ u(r)rm (3)
0 d?” 0 dr 0




First, let’s solve (2) by integrating (2) in r. Assume that T%(T’)‘TZO = 0. Then,

we get r% = X[,ﬂom)(r), where x4 is the characteristic function of a given set A. i.e.

r% = X[rg,00)(7) = 1 for > rg and = 0 for r < ry. Note that %X[rom)(r) = 0(r — ro),

since Xrg,00)(r) has an (upward) jump of height 1 exactly at r = ro. Now, divide by r,
and integrate % = %X[ro,oo) (r). Then, (supressing r¢ in G(r,rg)), we have

G(r) = (In7 = In7o)X[ry,00) (1) + C(ro).
Choose C(rg) = Inrg. Then, we have

G(r) = InrX[rg,00) (1) + 70X (0,r0) ()

Note that G is continuous (in particular at r = ry) with this choice of C(rp).

Now, assume u decays fast to 0 as r — oo, and |u(0)|, |0,ru(0)| < co. (We could assume
9,u(0) = 0, since u is really defined on R? and it is independent of 6.) Then, from (3), we
have

u(rg) = /000 F(r)G(r,rg)dr

00 To
:/ lan(r)dr—i—lnro/ F(r)dr.

0 0

Hence, the solution to (1) is given by

u(r):/ rolnrog(ro)dro—i—lnr/ rog(ro)dro.
r 0

Note that assuming ¢ decays sufficiently fast as rg — oo, the first integral is always
convergent. On the other hand, as long as rog(rg) stays bounded near ro = 0 (which is a
reasonable assumption), the second integral is

T
lnr/ rog(ro)dro ~Inr x r — 0 asr — 0.
0

This is the reason why we chose C(rg) = Inrg. Other choices would give either the first
or the second integral divergent as r — 0 or r — oc.

(¢) In this part, we manipulate the result from part (a) to obtain the result in part (b).
Fix & with || = r. With |zq| = ro, write

1 1
u(x) = — // g(ro)In|z — zo|deo + — / g(ro)In|z — zo|dzo =: T + 1L
27 ro<r 2m ro>T
o On {rg < r}: Recall the Green’s second identity

// ulAv — vAudx = ?{ (uVv —ovVu) - nds. (4)
Q oN

In particular, if » is harmonic on a domain €2, then we have fag Ozuds = 0, where 05
denotes the normal derivative.



Now, note that In [z —z| is harmonic in 2o on {rg < r} From (4) with u = & In |z — (|

2
and v = %0 (note that Av =1 and Jz v = %), we have

1 1 R
// In |z — zo|dxy = — In |z — zg|dsg - —, for R<r.
ro<R 27 |ro|=R 2
Let f(R) = 5= o= I | — xo|dsg. Then, from above, we obtain
9 R
=7 | s,

Thus f(ro) = Cirg. Keeping z fixed, take r9 — 0. Then, we have C] = flro)
To 5 LomroInr = Inr. Therefore, we obtain I = lnrfo rog(ro)dro.

One can also use the mean value property of the harmonic function and obtain f(rg) =
Toﬁ j;\l‘o\:m In|x —zg|dsg = roIn x| = rolnr.
o On {ro > r}:

In the previous part, we showed 5 fm)':R In|z — xo|ds) = Rlnr for any R < r. In

particular, we have % f‘r = pin n 2= Olds 1 for any R < r. From here, we see that

||
1 lz—a0|

37 Froj=r I Tz 50 =1 for any R > r. (Maybe not so trivial to see this.)
Hence, we have

1

= — g(ro)/ In |2 — 20|dOgrodro :/ g(ro)ro Inrodro.
2w J, |zo|=r0 r

Therefore, the solutions in part (a) and (b) agree.

e HW6 (Suggested problems):
3.2.2 (a) Since z is odd, a, = 0 for all n > 0. b, = %f_LLatsin DIy = 2L(—1)nFL by

nm
integration by parts.
—L L
(b) ap = 21L fLL e dr = =45 Forn > 1, a, = }Jf_LL e " cos MEdx. Let I, =
[ e " cos “Trdz. Then, 1ntegrat1ng by parts twice, we have

L . onmx L (Y . nmx . L . nmx _, L? nrx L2
I, =% —sin —+— e Usin——dr =e¢ *—sin —e 55 COS - 2In.
nmw L nmJ_; L nmw L n4m L n°m
2.2 —x
: _ nemw —x L nrr _ ,—x L nmx | _ _Lnme nrxr L nnx
ie. I, = 2 rnia? {e ~sin “7% — e” T35 cos *pt } = i [sm T — a2 Cos T }

Hence, a,, = 11, = m(—l)”(eL—e L). The computation for b, = f_L e " sin "Ftdx
is similar and hence is omitted.
(¢) by =1 and b, =0 for all n > 2 and a,, = 0 for all n > 0..

(d) ap = 21L fOL zdr = £. For n > 1, we have a,, = %fOLazcos DLy = —F5 (cosmm — 1),

and b, = ¢ fo fsm ”zx T = ner( 1)"*+! by 1ntegrat10n by parts.

. 1)k .
(€) ap = 57 [*,dz = . Forn > 1, a, = fff£ cos iy = Zsin T = 7(2%+1)) if

n=2k+1is odd and = 0 if n is even. b, = 0 for all n > 1 since f is even.



3.3.2 (c) For n > 1, integrating by parts, we have B, = %fLL/Qmsin rdr = l{—

nm

x cos "TE ‘L/2+fL/QCos "”dw] = l[( DML+ L cos T — Login } =2L(—14+1(-1)k)

nm

when n = 2k is even and = 2£(1 — L (—1)¥) when n = 2k + 1 is odd.

nm
3.3.5 (c) Ay = %fLL/2 rdx = L‘Lﬂ = %. For n > 1, integrating by parts, we have

Ay = %ffﬂxcos%dx = l[msm”ZﬂL/foLL/Qsin%dx] = %{%sin"—;+$—ﬂ(cosnw—
Ccos ”7”)} = n%—ﬁQ(l — (=1)%) when n = 2k is even and = %(—1)"3 - n%—er when n =2k 41

is odd.
3.3.7¢e% = e”; + eLQeﬂ = cosh z + sinh z.

3.3.10 For x > 0, feven = l( 4+ 2%) and foqq = %(e‘x—xQ). For x < 0, feven =
3(z% + ) and fodd =122 —e).

3.3.17 (a) fo

—x

dr = arctanx‘o =7

l—l—z2 4

1 n 00 n 00 "

(B)s (0) Jy e = Jy s=chmyde fy Sno(=a%)"de = So(—1)" Jy @*"de = 00 S
1
Hence, 7 =4>">", 2n+)1 )
3.5.1 (a) (3.5.6) says v2 = Lo — & > n, odd n3 sin “7%. Then, using (3.3.11) and (3.3.12),
we have , . )
2 (22 (=)™ 4L2(1 - (-1)™)] . nmzx
2 _ g
x< = T; [ e - 33 sin ——. (5)

Note 1 — (—1)" =2 if n is odd and = 0 if n is even.

(b) 22 is continuous and x2|0 = 0. Thus, (3.5.12) is an equality for 0 < z < L (i.e. except
for L since xQ‘L #0.)

(c) Integrating (5) term by term (and multiplying by 3), we have

S C+Z [ 6L3(— )n+1 N 1203(1 — (—1)")} cos "™ (©)

3 is continuous. (No

where C' = 1 OL 3dr = LTB. (6) is an equality for all x € [0, L] since x
extra condition is needed for F.C.S.)

3.5.2 (a) Integrating (3.3.11) term by term (and multiplying by 2), we obtain

4172 nmx
X —C+Zn22 ST, (7)

where C' = Ay = %fOL 22dr = L&
(b) Integrating (7) term by term (and multiplying by 3), we obtain

nmwx

](—1)”sinL, 8)

x —L2x+D+Z S(~1)"sin —— =

n3rd  nm

1213 nmx 1203 2L3
ul D+§;[

where we used (3.3.11) and (3.3.12) in the second equality. By evaluating (8) at x = 0,
we see that D = 0.



3.5.4 (b)

coshz ~ Z by, sin nz:z 9)

n=1

. x —x . T__ ,—T .
Since coshzx = % and sinhx = =, we have J coshadz = sinhz + C. Then,
—bp L
nm

integrating (9) term by term, we have sinhe = C + Y7, cos “7*. Integrating term

by term once again, we obtain

—b, L?
e sin ? (10)

Evaluating (10) at z = 0 gives D = 1, and evaluating (10) at z = L gives C = L~ *(cosh L—
1)

cosh:c—Cm—i—D—FZ

Now, equate (9) and (10). Then, we have

o0
L2 nmx  coshL —1
1 bn = .
Z( + ) sin 7 7 r+1 (11)
n=1
Recall z ~ 00 | 2 (—1)n+lgin ML and 1 ~ > n, odd A gin 2L = 370 | 2 (1—(—1)")sin 27E.

Hence, from (11), we have

2,2 92 2
v (=1)""Y(coshL—1)+—

( 2nmw
L2 +n272 \nr nmw

bn = L2 + n2r2

(1—(—1)")) - (1—(—1)"cosh L).

3.5.7 Evaluating (3.5.6) at x = % we obtain ), (2(;?1]; = g—;



