APM346 (Summer 2019), Final Exam 1/22

Last (Family) Name: Carruth

First (Given) Name: Nathan

Student Number: [purposely omitted]

University of Toronto, Faculty of Arts and Science
APM346 H1Y, August 2019 Final Examinations

Instructor: Nathan Carruth

Duration: 3 hours. No aids allowed.

Please read the following instructions:

e Please fill out the front of this exam booklet, but do not begin writing the actual exam until the
announcements are over and the Exam Facilitator has started the exam.

e No aids of any form are allowed on this exam. Possessing an aid during this exam may result in your
being charged with an academic offence.

e All cell phones, smart watches, electronic devices, toasters, etc., must be turned off and placed in your
bag under your desk. All study materials must also be placed in your bag under your desk. Having
such items on your person after the exam has started may be an academic offence.

e [Your instructor does not recommend carrying toasters in your pockets anyway.]
e When you are done with your exam, please raise your hand and wait for someone to come and collect
it. Do not collect your bag and jacket while still in possession of the exam paper.

o If you are feeling ill and unable to finish your exam, please let an Exam Facilitator know this prior to
leaving the exam hall so it can be properly noted.

e In the event of a fire alarm, do not check your cell phone when escorted outside.

Special instructions:

e You must use the definition of the Fourier transform given in class. Use of a different definition
(including that given in the textbook) may result in lost marks.

e Use of an incorrect orthogonal set on a problem may result in a very low score for the entire problem.
Please check the sets you use. Sets which were derived in class, in the notes, or in the homework
solutions on the course webpage may be used without derivation. Other sets, if needed, may be stated
without derivation, but then no partial credit will be given for a partially correct set.

e This exam has eight questions, for a total of 125 marks. The weighting is indicated on each question.
Note that weighting may not directly correspond either to difficulty or to amount of writing required,
and that the ordering of the problems may not be the best order in which to write the exam. You
must show all of your work for credit.

e You may use the back sides of the pages, as well as the last four pages, to continue your solutions, as
long as this is clearly indicated.

e Unless otherwise stated, you must write out the full form of the final answer for full marks.
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1. [8 marks] Solve the following boundary-value problem on the unit cube
Q={(z,y,2)|z,y,z € 0,1]}:

z=1

1
2 . _ )
Veu =0, U|8Q — o, otherwise -

We have from class that the general solution to V2u = 0 on @ with u|,—¢ = u|z—1 = uly—¢ = uly=1 =0 is

U= Z Z sin /7 xsin mmy (agmsinh 7\ €2 + m2z 4 bycoshmy/ 02 + m22> . [2 marks]

=1 m=1

The boundary conditions then give

o
Um0 =0= Z sin frasin mny (bem, ) , [1 mark] S0 bem = 0 [1 mark]
l,m=1
o
ey =1= Z sin fzsin mmy (agmsinh T 02+ m2) [1 mark]
¢,m=1

1,1 1 1
apmsinh wy/ 02 + m?2 = 4/ / sin {rxsin mny dy dx = 4 (/ sin {mx dac) (/ sinmmy dy) [1 mark]
o Jo 0 0

1 1 1
) <——cosm7ry )
0 mm 0
4

=——(1- (—1)4) (1—(=1)™), [1 mark]

m20m

1
=r <—E cosflmx

so the solution is

U= Z Z sin (masin mrysinh mv/ €2 + m?2z. [1 mark]

2 : 2 2
(=1 Todd m=lmodd T tmsinh V(2 4+ m

NOTES. 1 mark was given if the form for the expansion was not quite correct. Writing out a sum over only
¢ and m odd (as done here) was not required. Taking the initial value of £ and m to be 0 instead of 1 should
typically result in a deduction of 0.5 marks, since in this case the final expression is meaningless.



APM346 (Summer 2019), Final Exam 4/22



APM346 (Summer 2019), Final Exam 5/22

2. [22 marks] Solve the following boundary-value problem on the spherical shell
{(r,0,0)]1 <r < 2}:

0, 0<0<= sin2p, 0<f<12

2, _ _ _
Viu=0, ul,— = sin 2¢, g<9§7r’u‘7":2_ 0, 7<O<m-

Recall Legendre’s equation: (1 —z?)P) —2xP]+¢({+1)P, = 0. [Can you see a
certain Py, hiding here?] The following identities may be useful: Pj,, —2FP; =
(L+1)Py, (26+1)P, = P, — P;_,. [Hint: the algebra is probably easiest if you
write everything in terms of derivatives of P, for various n before integrating.|

Your answer may include P,(0) for values of n for which this is nonzero. You

may also use the normalisation integral for Pp,,: fjl P2 (z)dx = %Tﬁ—l

We have the general solution

4

u(r,0,¢) = i Z Py (cosB) {COS me (Oégm’l“e + ﬁgmr_(eﬂ)) + sinmg (ere + (ng’l“_(e—’_l))} . [1 mark]
£=0 m=0

The first boundary condition [1 mark] then gives

oem + Bem =0, all,m [1 mark]
Yerm + Opm = 0, m# 2 [0.5 marks]
S 0, 0<f<Z
; Pya(cos ) (o2 + d2) = { 1 << ; [1 mark]
Similarly, the second boundary condition [1 mark] gives

2L + 27 B,, =0, alll,m [1 mark]
2ryem + 27, =0, m# 2 [0.5 marks]

= ¢ —(e+1) _J1, 0<0<3 ‘
;ng(cos 0) (2 Yoo + 2 542) = {0, T og< ; [1 mark]

Since the matrix

1 1 has | 1 2=+ 1
22 27(24,1) as 1mverse m 722 1 s

we see that ag,, = Ben = 0 for all £, m [1 mark], while v, = dp = 0 for all m # 2 [1 mark]. We now need
to expand the two functions appearing in the remaining two conditions. To do this, we note that

Ppy(z) = (1 — 2%)P}'[0.5 marks] = 2zP) — £(€ + 1)P,[0.5 marks| = 2 [P); — ((+ 1)P;] — £({ + 1) P,
(L+2)(¢+1)

=2P,  —((+2)({+1)P,=2P;, — 011 (Pl — Pj_4)
74€+2—(€2+3£+2)P, (€+2)(€+1)P, =1, +(€+2)(€+1)P,
- 20+ 1 1 20+ 1 =17 Ty 20+ 1 =

[3.5 marks]
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SO
(=1 L+2)(L+1)
[ Pt =S P s R R v

Thus (making the change of variables © = cos 6, as usual)

1

(e+2)! 2 ¢ —(e+1) (e-1) (C+2)(f+1)
[ 5 arks]| (2 2 = — P, AVA S = ) arks
[(62)!2£+1 [0.5 mar b]( Ye2 + 5@2) YRGS %+ 1 {4 10[05111’11 s]
430202+ 0 U(0—1) ()—WP 0
B 20+ 1 2041 w1 et
L, ue=1) (L+2)(+1) ‘
=2+ 20+ 1 Ppi1(0) - T_lefl(o), [1 mark]
while since Py, Pj_; are even or odd as £ is [1 mark],
(e+2)! 2 e[y e (L+2)(t+1)
|:(€2)!2€+1 (782+522) o ( 1) 2+ 20+ 1 Pg+1(0) 20+ 1 ngl(())

[0.5 marks] [0.5 marks]
Thus finally

Y2\ (£—=2)12041 1 o-(+1) 4 (—1)*
Sz ) (0+2) 2 2=+ 9t —2¢ 1 1

_ (-1)* 20+1 1 1
T2 g {(H S S T S s mpf—l((’)]

9—(t+1) _ (71)2
' ( —2 4 (—1)f >
[3.5 marks]

and we have the final answer

3 i 20+1
U= ; Pyo(cos 0)sin 2¢(g +2) 0+ 1) —1) (2—(e+1) — 2@)
. [ré ((_1)52—@-{-1) _ 1) _ D ((_1)324 B 1)i|
" Z:Q;)dd Pea{cos 0)sin 205y 57 {2(6 (S R mpz_1(0)]

: [ré ((f1)22—(z+1) . 1) — D) (—1)f2f - 1)} (0.5 marks

NOTES. One can also use the alternative (less general) form for the solution

oo /L

u(r, 0, ¢) = Z Z Py, (cos 0) (agm cosme + b sinme) (Cgmré + dgmr_(éﬂ)) .
£=0 m=0

However, in either case it is necessary to solve systems for all of the coordinates; and concluding too quickly
that (for example) ap,, = 0 for all £ and m led to lost marks. (This is analogous to problem 3 on the
midterm.) Additionally, the identity (2¢+1)P, = Py, — P,_, only applies to P, not to the P> with which
we need to work here: attempting to solve the problem that way probably led to little credit being given.

Beyond the foregoing, most lost marks on this problem were probably due to algebraic errors or simply
not finishing.

The alert reader will note that the marks above add up to 22.5, not 22. This was an inadvertant slip
on the part of the instructor which was felt not to be serious enough to attempt to correct once it was
discovered. Thus this problem had effectively 0.5 bonus marks attached to it.
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3. [9 marks] Solve the following boundary-value problem on the cylinder

{(pd,2)lp< 1, 0<z<2}:

Viu=0, ul.g=ul,.0=0, ul,_;=2zcos2¢p.

We have the general expansion
el nmw nmw nmw
u(p, &, z) Z Zl I, (7p) {cos maeLBnmsin 5z + sin m@d,msin - 2| [1.5 marks]
m=0n=

applying the boundary condition [1 mark] gives

Onm =0 for alln, m [1 mark]
Brm =0 for allm # 2 [0.5 marks]

Z I (mr) (ﬂngsm —z) = z; [1 mark]

thus (since f02 sin? 2z dz = 1 (0.5 mark])

2 2 2
2 4
Bnals (mr) = zsin =2 dz [( [0.5 marks] = | ——2z cos DT+ ——sin =2 [1 mark]
2 0 2 nw 2 7|, n*n? 2 7,
4 n+1
= —(=1)"", [1 mark]
nw
S0 Bna = 7:;1();1) [0.5 marks], and the solution is
4 nm
Jb, 2 I (— ) cos 2 )" sin —2z. 0.5 marks
p ¢ Z 2 P ¢( ) TL7TIQ (n_27r) ) [ ]

NOTES. Probably the single most common mistake on this problem was forgetting the factor of % in the z
separation constant, i.e., using nm instead of &* in the foregoing. This fails to give a correct answer since
{sinnmz} is not a complete set on the interval [0, 2]. This generally resulted in the deduction of 0.5 marks.
As with problem 1, beginning the sum for n at 0 instead of 1 should generally result in a deduction of 0.5
marks.
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4. [12 marks] Suppose that n € Z, n > 0. Solve the following problem on

(0,400) x R3, using Fourier transforms:

[\S][SV)

ou V2u+ (drt) Fe T, T) 7 e
— U m e i, Uli—n = — e .
ot =0 n?
Find the limit of the solution as n — oco. What does the initial data behave

like in this limit?

We have, upon Fourier transforming in space,

3 3 3
ot 2 . TN~z (T\2 _x2e?
6_17: = —47?|k|*a [1 mark] + (47715)7% <4> e~ 4 [kl Ul = (F) : (ﬁ) 2 ez
E 2 2
< k|
= —4n?|k|*a + e Am Ikt [1 mark] =e~ =2 [l mark]

whence, using the integrating factor et [kt [1 mark],

O ([ ark|?t A)
— e u) =1,
i (
@ = [@(0) [1 mark] 4 ¢ [1 mark]] e 4m Ikt
= te~4m Ikt 4 67‘k|2ﬂ2(4t+n%2), [0.5 marks]
whence we obtain upon inverse transforming

2
[x|

T O\ _x2 T e
=t ( ) ~7ar |1 mark _ 22 [1 mark
u o e [1 mark] + = (4t+ n_12) e [1 mark]

2
[x]

1 Ix|2 1 T
=—>—e  [0.5 marks] + ———————¢ e [1 mark].
st (m (4t +35))°
x 2
In the limit as n — oo, the second term becomes simply m 1)§ e_%, and the whole solution is
7t) 2
1 BT
u= (1 +t)e 3r. [1 mark]
(4mt)2
Since .
/ s %eflx‘zdxzﬂ'ig (—)5 :1,
R3

and

5
we see that the initial data is an approximate identity and behaves like the delta function 6(x) in the limit
n — 00.[1 mark]

NOTES. Probably the most common mistake here was incorrectly taking the forward or inverse Fourier
transform of a Gaussian. I think almost nobody correctly found the indicated limit of the initial data (many
people said it was zero, which is true only for x # 0).
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5. (a) [19 marks] Solve the following problem on (0,+00) x B, where B is the
unit ball {(r,0, )|r < 1}:
ou
==

[If you wish to use quantities like k;,, you must define them explicitly.] Find

V2u, ul—g = r?sin20sin2¢, wulyp = 0.

the limit of the solution as t — +oc.

(b) [4 marks] Suppose that the condition u|gp = 0 were replaced by the condi-
tion u|yp = cosf. Explain how you would solve the problem in this case (you
need not actually calculate anything). What would you expect the limit of the
solution to be in this case as t — +00? [You need not give an explicit formula,

but your answer must be a definite function, not just a description in words.]

(a) The Laplacian on B with Dirichlet boundary conditions has eigenfunctions

. cosmao
je (Ken1) Pom(cos 0) { sinma [1 mark]
(where k¢n, n = 1,2,..., is the nth positive root of j, [0.5 marks]) with corresponding eigenvalues App,, =
—rk7, [1 mark]. Suppose that we expand u in this basis as
oo /L [e'S)
u = Z Z Z Jo (Kent) P (c08 0) (apnm cos e + bpnmsinma) . [1 mark]

Then substituting into the equation gives

4 ']

Z Z Z Je (Kenr) Pom/(cos 0) (ap,,,, cosme + by,,,.sinme) |1 mark]

(=0 m=0n=1

oo £ oo
= Z Z Z 2,30 (Fent) Pom (cos 0) (apnm cos me + bepmsinme) ,

[1 mark]
SO
Wy = — Koo, Gnm, [1 mark] Yym = —Fanbenm, [1 mark]
and ) )
Aenm (t) = appm (0)e” "t [1 mark] benm (t) = benm (0)e™ " ent [1.5 marks]

The initial values can be obtained from wu|¢—o:

oo £ oo

Z Z Z Ge (Ken™) Porm (€08 0) (apnm (0) o8 Mm@ + bepm (0)sin me) = r?sin 20sin 2. [1 mark]

£=0 m=0n=1
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Since Psy(cos ) = 3sin 20, we see that by, (0) = 0 unless £ = m = 2 [0.5 marks|, and agn,, = 0 for all £, n,
m [1 mark]; finally

> 2
Z b2n2(0)J2 (Kanr) = %, [1 mark]
bans(0) = 1 k]/T 2 (zar) dr[1 mark] = / Ty (Agar) (0.5 marks]d
n = - mar — o (Kopr) dr[l mar s 5 As T .5 marks] dr
o J3 (Ka2n) 0 g /2 3]3 Kan) \ 2K2n 2
2 T 1 2
=———1/= J n) [1 kKl= ——" "
373 (K2n) \/;KQ%H 3 (2n) [1 mark] = 373 (Kan) 52n33(’€2
2
= ————10.5 marks
3]3 (KQn) Raon [ ]
and the final solution is
U= i]g (fig 7’) Poo (COS 9)sin 29%)#6_”3"75 [() 5 111a1'ks]
=1 " 373 (K2n) Kon ' '

Since ko, > 0 for all n, we see that u — 0 as ¢t — +o0. [1 mark]
(b) In this case we would first solve the problem on B

V23U, =0, Uilsp = cosb, [1 mark]
and then solve on (0, +00) x B
Qua _ o 20 20 0
5t = Voug, usli—g = r°sin“0sin2¢ — Uy, wuz|op = 0; [1 mark]

the full solution would be u = U + uy [1 mark]. We expect , 1irg1 u=U; [1 mark] in this case.
— 400

NOTES. Probably the biggest single reason for deducted marks in (a) was not deriving the equations satisfied
by the coefficients, but rather assuming the solutions from the outset. For (b), the single biggest quantitative
error was probably taking us|;—o = 7?sin 26sin 2¢ — cos §, or even dropping the subtracted term altogether.

Starting the n sum at 0 instead of 1 should not result in lost marks (since n is just a counter, which can
just as well be started at 0 as at 1, though in class we always started it at 1).

The curious asymmetry in marking the expressions for agnm, (t) and b, (t) was not intended to create
any asymmetry in practice, in that if only one appeared, it would be given the higher mark. (I probably had
some reason in mind when I wrote 1 mark for a and 1.5 marks for b, but I have long since forgotten what it
was.)
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6. [24 marks] Solve the following problem on the unit disk D = {(p, ¢)|p < 1}:
@ =V2u, ulpp=0, uli—g=0, % = p?sin 2¢.
ot? It |1
[As in problem 5, if you wish to use quantities like A,,;, you must define them
explicitly.] What is the lowest frequency occurring? [A symbolic answer is

sufficient.]

cosmao
sinmao

Jom(x) 0.5 marks]) with eigenvalues —\2; [1 mark]. Expanding u as

In this case we have the eigenfunctions J, (Amip) { [1 mark] (where A, is the ith positive root of

o0 oo
U= Z Z T (Amip) (@mi cosme + bpisinma) , [1 mark]
we have, upon substituting into the equation,

Z Z I (Amip) (@im; cosme + by, .sinme) [1 mark]

n=0:=1

— Z Z T (Amip) )\fm) (ami cosme + byisinme) , [1 mark]

m=0i=1
so that the a,,; and b,,; satisfy
al ;= =2, ami, [1 mark] b= —A2 by, [I mark]
SO
mi(t) = Qi €08 Appit + Bmisin Apit, bimi(t) = Ymi €08 At + OmiSin Ayt [1 mark]

Now we see that

and these initial values can be determined from the initial conditions for wu:

0= uli=o = Z Z Im (Amip) (ami(0) cosmae + b (0)sinme) [1 mark]

m=0 i=1
SO Qi = Ymi = 0 for all m, ¢ [1 mark];

p°sin 26 = usli—g = Z Z (Amip) (al,;(0) cosme + bl .(0)sinme) , [1 mark]

so al .(0) = 0 for all m, i [1 mark], which gives 8,,; = 0 and a,;(¢t) = 0 for all ¢, all m, ¢ [2 marks], while
b;m-(()) = 0 for all m # 2 [0.5 marks| , which gives d,,,; = 0, hence b, (t) = 0 for all ¢ [0.5 marks|, for m # 2
[1 mark]; finally,

P’ = Z J2 (Aaip) b5;(0), [1 mark]
i=1
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SO )
2 2 1 2
b, (0 :7/ 3Jy (Naip) dp = ————J3 (\o; = — 3.5 marks
21( ) Jg()\%) 0 P 2( 2p) P J32()\21) )\21' 3( 2) )\QiJS()\Qi) [ }
whence 5
09; = ———— 1 mark
2 s Ol [1 mark]
and we have finally for u
> 2
u(t, p, @) = ; m]g (A2ip) sin 2¢sin Ag;t. [1 mark]
The lowest frequency is thus )5—371 [1 mark]

NOTES. As with problem 5, probably the biggest reason for lost marks was starting directly with the
solutions for the coefficients rather than deriving them as here. For the last part of the question, an answer
21 was also acceptable (missing the factor of 27 did not result in lost marks): while technically only % is
the frequency, o1 is the so-called angular frequency, and since we didn’t spend much time on this point in
class I didn’t see a point in deducting marks for missing the 2.

As with problem 5, starting the ¢ sum at 0 should not result in lost marks.
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7. [18 marks| Solve the following problem on the unit cube @ (defined in
problem 1):

ou

1
V2u = sindrzsin 21y costz, —| =0, wu(=,
n oQ 2

11
~,o)=0.
2 2

(Here a% denotes the derivative in the normal direction to the surface 0Q).)

We have the eigenfunctions cos £7z cos mmy cos nwz [2 marks], with eigenvalues —? (EQ +m?+ n2) [1 mark].
Expanding u as

(e Ol SENe o)

u(z,y,z) = E g g Qprmn COS LTX COSMTTY COSNTZ, [1 mark]
£=0 m=0n=0

we see that the equation gives

o0

E —7? (62 +m? + n2) Qpmn COS LT COSMTY cOsNTZz = sin drxsin 27y cos T2, [1 mark]

£,m,n=0

whence we see that

—r? (62 +m? 4+ n2) Aommn = TeNmMn, / sin 4rrxsin 27y cos wz cos frx cos may cosnwz dV, (1)
Q

where ny =

2, ¢ . . L .
1’ ¢ fg is the appropriate normalisation constant. Now we see that the integral above

vanishes for n # 1, while
1 1t
/ sin 2kma cos rx dx[0.5 marks] = 5 / sin [(2k7 + ¢7) z] + sin [(2k7 — ¢m) z] dz[l mark]
0 0

[ =0if /= 21@] [1 mark]

1 1 ! 1 '
=—— | = 2k + ¢ —_— 2k — ¢
2 [(ka—i—ﬂ)ﬂcos[( + )Wx]OJr (2k—€)ﬂ'cos[( ) mal 0] ’
[0.5 marks] ¢ # 2k
1 w1 1 2%k N1
- 1)) [ — ) == (1 (-1
3 (- () T -
[1 mark]
so for (¢,m,n) # (0,0,0) we have
0, n # 1, or m = 2,[0.5 marks] or £ =4 [0.5 marks]
— ) nnm S (1-(-DHA-(-1)™) >
Qpmn ‘ Trz( ) 16—¢2 1 : otherwise
s [1 mark]m
B 0[0.5 marks], n # 1, or m or £ even[0.5 marks]
| -8 51z =2[0.5 marks] m [1 mark], otherwise.
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Now if £ = m = n = 0, then the integral in (1) is zero, as is the left-hand side. Thus this equation is consistent
but tells us nothing about aggg [1 mark]. However, since our series for u only has nonzero coefficients for ¢,

m, n all odd, and

1
cos ?ﬂ- cos % cos % =0 [1 mark]

in such a case, the final condition gives aggpp = 0 [1 mark]. Thus

o0

128 1 1 1
U= Z T I Ei_mEne Erm2 D) €08 (T COs MY COS TTZ. [1.5 marks]
¢,m=1,,m odd

NOTES. Again, some marks were lost by simply assuming the general form of the solution to Poisson’s
equation rather than deriving it as here (though this is less of an issue than with 5 and especially 6). Marks
were also lost for being insufficiently careful with the term aggo.
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8. [9 marks] Solve the following problem on R? (here z is the first coordinate
of x = (z,y, 2)):

ou ou )

— =V + u‘t:() - 67|X| :

ot ox

We have the Fourier transform:

i A
3_;6 = —47n?|k|2a[1 mark] + 27wikG[1 mark], dls—o = ﬂ%e_ﬂzlklz.[l mark]
The equation gives
g (e(4ﬂ'2|k|2—2ﬂ'ik1)t,&[1 mark}) _ 0,
ot
0= &(O)e—(4w2\k\2—2wik1)t

3 2.2 )
=qze ™ KUY 2mikit 11 k]

Since .
]:—1 |:7T%€_7T2|k‘2(4t+1):| — ﬂ-% (#) ’ e_iﬂ»zl — %6_4‘;121, [2 Inarks}
w(4t + 1) (4t +1)°
we see by properties of Fourier transforms that
1
- me*ﬁ(yﬂzﬂ(zﬂ)z). [2 marks]

NOTES. Again, probably the biggest issue with this problem was the mishandling of the relevant Fourier
transforms. Another issue which came up was failure to use the property

FIf(x = x0))(k) = 77 f (k).

Some solutions wrote effectively F [g—g] = %, probably by analogy with a similar (though correct) formula
for %: unfortunately this formula is not only wrong in actuality but meaningless even in principle, since
4 is a function of k and ¢ and hence does not depend on x. The point behind the analogous formula
for % is that we are taking a function of (¢,x) and transforming only in x, meaning that ¢ is essentially
a parameter with respect to which we can differentiate either before or after transforming (assuming, as
always, that our functions are sufficiently well-behaved that we are allowed to take the derivative inside the
integral representing the Fourier transform). z, however, is one of the variables with respect to which we
are transforming; i.e., it will be one of the variables over which we integrate, and hence it does not appear

in the transformed function and it makes no sense to speak of the derivative of the transform with respect

to it. More explicitly:
F % _ / @672ﬂik~x dx = 2 ue*?ﬂ'ikx dx
ot Rrs Ot ot Jrs

0 o
= L Flu] = =—
= G
while attempting to do the same thing with g—z leads to

au _ au —2mik-x
4 {ax] B /Rs az° ax,

and now there is no way to take the derivative outside of the integral since the integral over x includes an
integral over x: one needs instead to do an integration by parts, which leads to the formula

o

used here, as derived in class. (Here k; represents the component of k corresponding to x.)

F {aﬂ — ikl
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Scratch paper
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Scratch paper
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Scratch paper
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Scratch paper

— End of exam booklet —



